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We have studied the effect o f charge fluctuations on the behviour o f  a magnetic impurity in a metal, by applying the 
functional integral m ethod to the Anderson model. In the high correlation limit, as the distante trom the impurity level to 
the Fermi level is varied, we obtain a Progressive demagnetization of the impurity.

1. Introduction

The functional integral method has been extensiv- 
ely applied [1.5] to  the study o f  the Anderson model 
[6 ]. This method, which was originally introduced by 
Stratonovich and Hubbard [7] consists o f  replacing 
the electrostatic interaction of  the two electrons at 
the impurity site by a time-dependent field acting on 
the localized electrons. This field has to be averaged 
with a Gaussian weight to obtain the partition func- 
tion.

A second possibility is to introduce two fields £ 
and r¡ acting, respectively, on the spin density 
and on the charge density «f + n j.  ln this paper, we 
present results obtained within this two field method. 
As happens with the functional integral method, one 
must resort to approximations in order to obtain 
results beyond formal solutions. We have worked 
within the static approximation, in which the fields £ 
and 17 are time-independent. It can be shown that this 
method gives exact results in two limiting cases: finite 
electrostatic repulsión U and vanishing width T or 
finite width T and no electrostatic repulsión.

In order to  get manageable expressions one usually 
applies the extremal approximation on the r¡ field [2 , 
4 ,5].  As is known, this implies a neglect o f  the fluc­
tuations associated with this field. This approach has 
been critized by Bari [8 ] on the grounds that,  although 
higher in energy [2 ], charge fluctuations are strictly

* Partially supported by the OAS “ M ultinational Physics 
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non-vanishing at T  =£ 0 and their neglect leads to the 
wrong partition function as T 0 .

For this reason we have tried to improve on the 
extremal approximation by taking the valué of tj. or 
equivalently choosing the valué of the charge density. 
that makes the free energy an extremun for each 
valué of  the % field. This is an adiabatic mean of 
including the charge fluctuations. Proper considera- 
tions of  the stochastic nature of these fluctuations [9] 
would in fact require to include the high frequencv 
components o f  the tj field in the spirit of the RPA' [1 ]. 
for instance. This approach will be the subject of a 
forthcoming paper.

We have studied the behaviour of the static mag­
netic susceptibility as the energy of the localized level 
is varied. In real systems, this parameter may be 
governed by pressure [ 1 0 ] or alloying. as is probabiy 
the case for Ce impurities in a La-Th matrix [11]. lt 
is seen that the susceptibility goes from a Curie law 
in the symmetric case to a temperature independent 
form as the level moves relative to the Fermi level.

2. Functional integral scheme

We start by considering the Anderson Hamiltonian
[6 ] which is given by:

H  = H0 + H x ,

H 0 = Z ' /CkCtoCko + S  F-oKbo  + S ( K kdC*0¿ 0
ka a ko
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+  ^  k < l b 0 C k a )  >

/ / ,  = U n ^ n i \ n a = b*ab a ,

( 1)

where we have used the usual notation. H j could be 
rewritten in the followine form:

= \ U [ ( n t + « 4) 2 - ( / i t -  / i ; ) 2 ] . (2)
Now. a straightforward application of  the Stratano- 
vich-Hubbard method [7] gives for the partition 
function

Z  = f  úZ(t) dr¡(T) Z(!¿, r¡) e x p { - I l  J  [£(r) 2 + tj( t ) 2 ]
o

X d t , , (3)

where

i
Z(¡¡, r7) = tr r  exp{-(3 J  H ( t )  dr]  = p(£, r?), (4.a)

0 ): and that the above condilions eorrespond lo the 
evaluation o f  the original partition function in the 
Hartree approximation.

In most of the literature. the results refer lo the 
case where n = Oit(r) + /¡t (r)) =1 [5], Since we are 
interested in cases where the occupation of  the iocal- 
ized level changes, we calcúlate it in a selfconsistent 
way for each £ ( t ). This leads us to take

i C
v  = —  n ,
1 2 n

(8)

Replacing this valué in the expression for Z and 
following the method of  ref. [ 1 ], we rewrite this 
expression using a coupling parameter X and define:

c V
4 n

(9a)

Z(A)= f d Ü T ) Z ( Í , n .  X) exp - n  J ' t w ' d r t

W(T) -  / /0r -  ^ 4 ( 0  Tío(T) , 
a P

(4-b)

r  is a fictitious time. T  the time ordered operator for 
t , p the density matrix, and

Zo(t) = o?(t)  + ÍT?(r); C = y/ir^U.  

If we cali

t

(4.c)

Z(£, n, X) = t r r e x p < - 0  J  (H0t + Xri(£, n))  dr'- ,(9b) 
o

Z(X = 1) is the physical partition function. As was 
shown in ref. [ 1 ], one has the formal result:

Z % ' n -  = exP ^  tr ln^  _  > ( 10)Z ̂ A. — U) o

where Z(X = 0) = Z 0 is the partition function o f  the 
U=  0 problem, and we have used the Fourier trans- 
form of the £(r) field:

0fi(É,ij) = n f  [^(r)2 + r7(r)2 ] d r - l n Z ( ? , n ) ,  (5) v

the valué of r}(t) which makes this “ free energy’ 
extremal is given by

Czo (n -m )

m u ,  v)
dr)(r)

tr T [ Z n 0(T) p (£ ,«)]

icj„ -  (]£„ + i(3r„ ’ ( 11)

: 0  =  2 r i r 7 ( r )  —  i C *

tr 7 p (|, rj)

So we have for these stationary paths 

iC
V(T)= —  <n t ( T ) + n l (T)).

(6)

(7)

In his original paper on functional integráis, Hubbard
[7] proved that the stationary paths are “ time-inde- 
pendent” (those given by (6 ) and [3/3f2(£, tj)/9?(t)] =

where z a{n - m )  = a%n _ m -  (0 ?/2 n ) 6 „m ; w„ = 
(2n + l)n and Tn = V sign n, with T = n  D(Q) 
^ f c d l 2 )av- The expression for Z  is:

z =  f  d £0 n  exp j —n  Z / | £ „ | 2
v>o [ L*

-  ( i n ) 2]  -  ? ,r l n° • o : »

where / d2|„  denotes the integral over the complex
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plano. At this point. we make the static approxima- 
tion: that is. we neglcct all non-zero frcquencies in 
tlie Fourier transforni field The partition function 
reduces to:

dío'xp(_n[t*-(^)

ln 1 + -
CZa( 0)

k ü „ - 0f o + i r v
( 1 2 b)

The //-sum can be evaluated (see Keiter (1970) [3] 
and is found to be:

£ ( l n ) ( l + ____an \ ÍOJ/1 -  j3/;a + l(3r„/ 211

r(\ + pr/in -  W J 2U)
+ Z>(in) — .r(J + 017211 -  m :a cza( o)]/2 n ,(13a)

where T denotes the gamma function. For /3r »  1 , it 
further reduces to:

-  \ E a are tan( y )  -

[ Í * H -

^ r i n

+ ¿ r i n

-  c z j o y y  + - 

(13b)

In this approximation, the self-consistent expression 
(7) to obtain n is:

i - „  = l £  n o
» \ f -° are tan —

-  oOialP + C2n/ 2110
r

We rewrite (12b) in the form

- f = J  d?0 e x p M ñ ( ? o ) ]  •

. (1 4 )

( 1 2 b)

To study the “ free-energy” Í2(£0)> f ° r different 
valúes of  the parameters:

0 (? o ) = n ?o -  ^  -  l )  S  j ( /fCT -  oC £0 //3

+ C 2íí'2I1) are tan /•„ -  o Q 0 Ü + C2n / 2 iy '
r

i f l n
o Q 0 ' í 3  +  C 2 / ; / 2 | I ^ \ 2  +

(15)

We drop terms independent ot £0 an(l » since they do 
not change the results.

We confine ourselves to the study o f  the high cur- 
relation limit. Defining two dimensionless param­
eters u = í//nr. e = E/U.  we study the behaviour of 
the free energy at high u. The results are indicated in 
fig. 1 , which gives p n  as a function of  for two dif­
ferent valúes of  u and different valúes of  e. For the

Fig. 1. Effective free energy as a function of f, in arbitrary
units, in the two fields approach, for different valúes of
param eter; (a) u = 10; (b) u = 20. In both figures we have
from top to bottom : e = - í , - i ;  0 i  r  2* 4 ’ 20 ' * 4 ‘
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symmetric case (e = — | ) .  we reobtain the usual form 
of the free energy (in this case n = 1 for all £0 ) with 
two mínima at £0 = ±C/2íl.

As the impurity level approaches the Fermi energy. 
the máximum at % = 0 moves down. Thus the barrier 
between the two mínima tends to disappear, a fact 
that increases the probability of the non-magnetic 
states which finally domínate the free energy when 
the level gets sufficiently cióse to the Fermi energy.

Because ot the electron-hole symmetry, the results 
depend only on |e + ¿|.

If a single gaussian field is used, which couples to 
the spin density [ 1 ], and the static approximation is 
used. the corresponding functional free energy is

Fig. 2. Effective free energy as a function o f £, in arbitrary 
units. tor a single Gaussian field. The valúes o f e are the same 
as in fig. 1: (a) u = 10; (b) u = 20.

given by

u ñ a )  = n s 2

X are tan

(/•:„ + V¡2 -  a C m

f i n
(E a + U/2 -  a c m j

(16)

where now C = V-H/3Í,'. The corresponding form of  
(3£2(ll) as a function of £ is given in fig. 2. As the im- 
purity level approaches the Fermi level, we see that 
in th:s case there is a tendeney of  the mínima at 
|?| = C /2 I1 to persist, so that they give a strong mag­
netic contribution even for e = 0 .

We see from the analytic form for pñ(%) that the 
results for a single gaussian field are similar to those 
of  the two field case if we set there n = 1 . This shows 
the importance of  considering the variation of  impu­
rity occupation in dealing with the magnetic behav- 
iour of the system. In the next section. we consider 
the magnetic susceptibility.

Magnetic susceptibility

We now turn to the evaluation of  the static excess 
susceptibility, which, in a quite general way. isdefined 
by:

( 1 7 )

where h is the magnetic field applied in the Z  direc- 
tion. Since the Zeeman energy enters additively with 
?o in the general (12a), one can shift £0 to £0 + ¿¡jJi/C 
(At = Bohr magneton), and this yields the expression:

2 Í12AX = —  [2n<£¿>- 1] .
U (18)

Here ( | q) is given. in the static approximation. by

_ / d | 0gg exp[ - f lñ (gn)l 
<Í0>S,_ / d S o e x p W r ^ P  (19)

The form of  Ax as function of  j3r is given in fig. 3, 
for u = 10. For comparison, we have also given the 
result for U = °°, e = — We see how A \  tends to be
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u = oo

($ r

Fig. 3. Excess susceptibility Ax as a function of 01% for u = 10, 
in the two field approach. The result for u -*■ °° in the sym­
metric case is shown as reference.

U = OO

( ir

Fig. 5. Excess susceptibility Ax as a function of pr , for u = 10, 
in the single field approach. The result for u — °» in the sym­
metric case is shown as reference.

kT/ r
Fig. 4. Excess susceptibility Ax as function of k T / r , for 
u = 10, in the two field approach. For e > - 1 /1 0  the sus­
ceptibility saturates as T  -* 0.

temperature independent as the level approaches the 
Fermi energy.

In fig. 4 we plotted Ax against T  for different val­
úes of  e. We see that for e >  0, the susceptibility 
increases with T  due to the increase in population of 
the impurity level as the temperature rises. In the one 
field approximation, Ax gives a Curie law even when 
the level lies near the Fermi energy, and the demag­
netization is not progressive but abrupt, as is shown 
in fig. 5. We see from fig. 4 how this is improved in 
the present case.

It is important to  emphasize that the previous 
results are in complete agreement with the general 
trends, for the dependence of x on the parameters U, 
r  and E,  as suggested by Wilson et al. [12] on the 
grounds o f  a renormalization group approach for the 
Anderson Model. These trends are: (i) for fixed T, U 
and T, x decreases with increasing E  (from —U¡2);
(ii) for fixed T, E  and T, x increases with increasing U\
(iii) for fixed T, U  and E,  x  decreases with increasing 
T; (iv) for the symmetric case (E  = —£7/2), for fixed 
T  and T, x increases with increasing U, a result which 
is a consequence of  (i) and (ii).

We feel that our conclusions are o f  significance to
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Wohlleben’s [13] qualitative discussionof a saturating 
static susceptibility induced by valence fluctuations 
as is found in metallic Cerium [14], in some of the 
rare earth monochalcogenides and related compound 
[15], in Sm B6 [16], etc.
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