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TüE DLSCRirTICU cr THE NÜtLtAR SPfCTkUM

In the study of the nuc lear  spectrum, we a re  faced w ith  thc problem of 

fernüons movíng in a set of s in q le - p a r t i c l e  le v e ls  and in te ro c t in g  through a 

r e s id u a l  fo rc é .  There a re  severa 1 methods to t r e a t  th is  problem:

i )  Perturbation thcory. One uses the independent-particle Hami 1 tonian ds 

unperturbed Haniiltonian. Howcver, a typ ica l matrix element of the residual 

internet ion turns ou t to be of thu r,ame order ot magnitude as the distance 

btítween the sing le - p a rt ic1e levels w ith in a major nuclear she l' (0 (l MeV)). 

Therefúiu, a stra iqh t forward perturbation theory cannot be expected to con- 

verije. An em pirical v e r if ic a t io n  of th is statenient is found, for instance, in 

the fact thát the binding energies of even even nuclei do not show d iscontin- 

u it ie s  w ith in  a major sh e ll, thus indicating that the d iffe re n t confiqurations 

are conipletely mixed (Wa 71).

i i )  Shell model diagonaI iza tion s . Within th is  framework, important theore- 

líccil resu lts  have been obtaincd in the neighborhood of closed sh e lls . A des- 

c r íp tio n  of modern shell model ca lcu la tions is found in (Wi 77) .  Altnough thi'., 

dpproach is r e la t iv e ly  c lea r frfjni the conceptual point of view , i t  presents 

ccdipu tü t i onu 1 d i f f ic u l t ie s  even in 1 ight nu c le i, where the she ll degeneracios 

are snialler. For instance, ca lcu la tions  in the 16<̂ A<̂ íO región require the

^1/2 ’ ^5/2 ^1/2 'd e  leve ls at the beginning of the s h e ll,  and

the the end. A ca lcu la tio n  using the four sing le-

part ic le . leve Is is not yet a va ilab le .

l i i )  E lém cntary  modes o f  e x c i t a t io n .  The aim o f th is  method is  to express 

the com plicated spec tra  in tcrms o f r e l a t i v e l y  few b u i ld in g  b lo cks .  These in- 

c lude  not on ly  s i n g l e - p a r t i d e  e x c i t a t i o n s , but a is o  d i f f e r e n t  c o l l e c t i v e  

(boson) cxc i t a t  io n s . O b jtc t io n s  to t h is  approach are  that the bas ic  ;>et fjf 

s ta tcb  v i c k i c e s  the Pau 1 i p r in c ip ie  and is  overcom plete (s in c e  the independcnt 

( i . ' i r t ic le  degrt;e o f frcedc^ii »íxiK.usts a l l  the degrees of fr».cdG«,i which orí- p n  .

ent in the problem). Furthermore, one has no ap rio ri knowledye about the inter- 

uction betweon the elemcntjry mude...



In these series o f lectures we dave iope in deta il a n)ethod vvhich ¿j I lows 

to elim ínate the e rro is  ínherent to niethod i i i )  in a system atic way.



I I .  LLI,1LNI/WvV MUULS OK tXCITATION

Thoy represcnt a genera I íznt ion of the concept of the normal modc-s-'of v i • 

brations in a c la s s íc a l system. Thus, they provide a basis fo r expressing the 

compíicdted excíta tíons that can be produced in the neighborhood of a given 

equilíbrlun, con figu ro tion . In uddítion to th is p rac tica ! purpo.e of economy 

in expressing the ccniplicated spectra in terms of a r e la t iv e ly  few building 

blocks, the study of the elenientary modes ¡s important because the deeper 

properties of the systen, are re flected  in the nature of these building b h ck s .

The concept of elementary modes was introduced in Fermi systans by Landau 

(La ít l) .  Their importance in nuclear physics has been the le i t  motiv of the 

Copenhagen School ("The" presentation of th is approach is found in (Bo 75 ) ) .

The mathematics of the elementary modes is simple. Let us assume that it  

is possible to recast the many-body Hamiltonian (including a two-body term) as 

a sunimation of Hamiltonians correspond ing to separate degrees of freedan,

3

with the dS’jociated Schroedinger equations

Her.„ c represents a general ized v a r ia b le  (e .g .  the s ing le-part ic le coord inare , 

the g..p parameter in a su p e rf lu id ,  the shape of the nucleus, e t c . ) .  The w<3ve 

v rc r .on  ,'j^(c) i:, the -coord inate representat ion of the e igensta te  r'^|o>.The 

operator creates an e x c ita t io n  with quantum number o , when act ing  on the 

S ta te  |0> (the vacuum of a l l  the e x c ita t io n s  a ) .

Thi. t.nergy oí the states (or at any rate,. of the most important states

• - c/ü..-r ; , determine t'ie ohysical response of the system to externa 1 probes)

, Ijc ol iht. ’ orni

E - r f
■ o (3)

wlii le the correspond ing e igenstates .are



where n  ̂= O or 1 in the case of fermions, and n̂  = 0 ,1 ,2 .. .  ín the case of bosons 

A d d it iv ity  fealures s im ila r to (3 ) hold for tran s ition  matrix elements (c.g, 

two-partícle transfer onip 1 i tudeb , electrcxnatjnet ic matrix elements, e t c . ) .  For 

ínstance, for the operator which s p e c if ic a lly  excites the eigenstates ijt (r j  ,
ij

. <n|A|m> V A n  ̂ <S(n ,m +1)
o a  a  a  o ^

(5)
A 5: A r'*’üp o Ü

v;here is the matrix element bctween tlie states = O and n = 1 of the oper­

ator A . üp

Uecause the »;xcitation enerqies E and tran s ition  matrix elements <n|A m>ni ■ '
uTtí linear ccxiib i nat ions of and A  ̂ respect ive 1 y , the eigenstates \p (¡]) are 

callfcd elunentary exc ita tions of the system.

With the help of experimental probes which couple weakly to the nucleus 

( i . e .  ín such a way that the system can be expressed in terms of the properties 

of the excita tion  ín the absenco of probes) í t  has been possible to id en tify  

the elementary modes which are lis ted  in table M - l. Two simpK exomples wi 1) 

be discussed in the fo llow ing , rather than a systematic review on each of the 

mixies. "The cen tra l thcme is the d ia le t ic  between c la s s ic a l macroscopic pie- 

tures and the mícroscopic quantal structures that emerge as soon as one ex- 

presses those p íctures in terms of the motíons of neutrons and protons that 

move in quantiiced o rb its  exhib iting she ll s tru ctu re " (Mo 77).

bURFACR PtlONONS

i ' i  ‘. im p lc '.t  (.‘Xáiiip le o f a c o l l e c t i v e  v ib r a t io n a l  mode th a t  v/e can c o n s id e r  

i', ih . l i  o f *;h.ipc o r > c i l ] j t ío n  o f a n u c le u s  w ith  s p h e r ic a l  equ i 1 i br i uní. íima 1 1 

. <.rm.i f luns in..iy be d e , c r ib c J  hy cxpandiru j the ‘̂ u rfa ce  H in  i..u 11 ip o le s  .

.K
' " " o  <'V'  “x„ ''x, '"•'i'> > «1A,



For iin ose i I lütory motíon the defoniiiit ion coordinates a, ore Functions» of time.Ali
Expanding the density in powcrs of ttie deformat ion, we obtain

p(r ,a) = p (r ,a  = 0 ) + a ~

= p (r )  -R E a, (0<p)odr Ap

(7)

So fa r ,  our language has been purely c la s s ic a l and macroscopic. Such deformation 

may also  be expressed in terms of the excita tions of p a rtió le s  in the quantal 

system. If  th is  system has a predominantly s in g le-p a rtic le  character, and i f  

the potential has the same shape as the density (7 ) ,  we must consider a f ie ld  

of the form c o lle c t iv e  properties of the quantal system depends

on the "s ¡n g le- p a rtic le  response function ", i .e .  of the spectrum of exc ita tions 

produced by the f ie ld  F. Since the rad ia l ^  is peaked a t the nuclear surface,

í t  ís often conveníent to use ¡for the one-particle f ie ld  the m ú ltip le  mcment\

An example of a s in g le-p a rtic le  response function for the f ie ld  (8 ) w ith X =3i 

given in f ig .  If-I,shows a tendency towards concentration of strength around 

and (signature of the harmonic o s c il la to r  se lection  ru le s ) .

The partíc le-ho le  stutes^ |v^Xp>=y^ •, 10> =ía!̂  a . J ̂  ¡ 0> in f ig .  I l- I  haveVjA|i V K i y
energies E , matrix elements q = <v,Xp|Q, ¡0> and are created by the operatorV V Ay
+Y
v,Xp. There are fi»1  of such conf igurat ions. Any superpos i t ion of them ( l ik e  

y V | 0>) is a lso  a possible state: of the system ^. The independent superposi- 

tion  of excita tions is the essen tia l feature characteriz ing  quantal harmonic

■r V “  v (k , i ) ;  C|̂  > and c. <

+-*■ This stateiitónt can be ju s t if ie d  in the lim it of large bccause of the fact
2 + + that there are íí states of ihe type y Y 0> out of which oniy states shotlu

be exciudcd. Ilie ro io re  we introduce an error of order  ̂ by neglecting the

Paul i p r in c ip ie .



ose i I lat ions. Thus, the crccition and dnn i íi i 1 at í on operators Y^»Y niay be viewed

as the one-phonon creation and annhílatíon operators. They approximately sa tís fy

the conmutatíon re la tio n  v"*̂  , Y , "Y , =ó 6 6v.AiJ u),Xp cjj,Xp v,/\y vu) XX ¡jy ’
The zero order Homiltoniari (in  which the e ffe c ts  of the ín teraction  are not 

yet íncluded) and the zero order f ie ld  are approximated by

(0)

(9)

t >

The res idua l e f f e c t i v e  in te rac t ions  produce l in ea r  combinations of the 

unperturbed e x c ita t io n s ,

\A-u
^n ,X p ~ J ’̂̂ h,v'*v,Xy ^ n .v^ .X - y^ * ( 10 )

The new normal tnodes F are determined by the phonon 1inea r iza t io n  equation

( n )

The so lu t ion  of (11) beccmes s p e c ía l ly  simple when the forcé is separable^.

( 12)

t h is  c a 3fc, the  phc non e n e rg ie s  üĵ  a re  g iv e n  by th e  ro o ts  o f the  d is p e r-

■. ton r e la t io r

"  V

wvhile the amplitudes X and Y are
n ,v  n ,v

(13)

n,v =-(2X +1 )*''2 A q / (E  -« )
n V V n

(lí.)

W'-.vt c

A„ - I
V V

2 2 , 2i- V
(15)

+ The ju s t  i f  i c a i  ion of the u s f  ctf e f f e c t i v e  repa rab le  fo rcc í.  and the p ro d ic t io n  
of th t ' i r  s treng Lh "X  ̂i b f ound Í n ( B o 7 í í ) ,  (Mo 77) • For the q ua Jrupo le  c.p-,c, sce

1. .  ÍKo Aq̂



By invertíng the trunt,f ormat ion (lO ), i t. is easy to obtaín the matrix 

elements of the mulLipoIe f)neratür In p a rt icu la r , the matrix element be-

tween the zero and the one phonon states is

‘V ' c o n ' ■ n . V , ]  ( ,7 )

The rebponse function corresponding to the normal modes is given in f ig .  

11-2. There is a very large concentrat ion of strength in a sing le  S ta te  1y*ing
— 208bclow The 2.62 MeV 3 S ta te  in Pb appears as the one-phonon Sta te-o f a 

quantal c o l l e c t i v e  v ib r a to r ,  which thus is the quantal ve rs ión  of the macros- 

copic c la s s ic a l  o s c i l l a t io n  of the l iqu id  drop.

The present method of obtaining quantal v ib ra to rs  Is ca lled  the randoín 

phase approximation (RPA). '

The in te rp re ta t  ion of the 2.6?, MeV S ta te  as the one-phonon S ta te  of an 

<->cttr.v.'.? o b c i l la to r  relt«?s on the f a c t  that B (E3)=39Bsp »  Bsp, and that

~ . . . 6 2  MeV '3-98 MeV (which is the lowest 3“ p a r t ic le - h o le  exc i ta t  ion) and 

OT sofríe. cXiu>-mienta 1 v e r i f i c a t io n  of i i s  microscopio s t ru c tu re .  However, other 

deL.<".r ipt«on-_ (í:,uc '̂ as .1 pcrmanent octupole deformation) could produce s im ila r  

erre-''.s Th- experimenta] determ i rat ion of the tv/o-phonon quadruplet at 5.2 MeV 

(- -Ú ,2 ,ií,6 ) should provide a d e c is iv e  test on the p ic tu re .  This chaMenghng 

e.'.;e ''■''■'nt is c '-uc ia l. since too many basic concepts of nuclear s truc tu re  r e ly  

n the •rteri^retcition of rhis 3~ S ta te .

7



mode
s p e c 'f i c  e x c ita t ío n  mechanísm 

forma 1 ism exper iments

s ín g le-p a rtíc lí 
mot ion a^(v) ,, a (v ) s ín g le-p a rtíc le  

additíon or 
remova1

densíty o sc íl-  
la t ions (a'*'a)

sha pe a^ (j)a

ísospín 

sp in f1íp
n-(a ’̂ a) in e la s tic  

P scattering

others
i

paír v íb ratíons I '̂*’( j ) a ‘̂ (j ' ) • two p a r t íc le  transfer

nucleón le excí- 
tat ior

"Í33 ) resonance" 

hyoer nuclei

+ a aTT ir

<< 'K>

pión scattering  

(Kir) exchange

rotat/ons low frequency v íb ra tio n a l modes that 
separate out whenever an average 
H e  Id v io la re s  ene of the synttnetries 
or the to ta l Hamíltonían.

rabie I,.,, t^ n ja ry  mcdes c f  excitation i„ nuda! (fra™



Figure Captíons

Fíg . 11-1 . The s in g le-pa rtic le  response function for X=3 in the nucleus with 

I  = hG and N=60 (Bo 75). It  has been obtained from a Nllsson

potentíal V (r )= *  mw -0.10  £.s -0 .22 (í,^- <j¡̂  > )J with o o N
Ui = í*1 A~ MeV.
O

!Z08F ig . 11-2. The response function corresponding to the octupole modes in Pb
The ca lcu la tio n  has been made using the experimenta1ly known single-

209 209 207 207proton and single-neutron leve ls  in Bi , Pb , TI and Pb
In the upper part, the B(E3) valúes for exciting  partic le-ho le

states are given in s in g le-p a rtic le  u n its . Only tran s itio n s  w ith an

in tens ity  larger than 0.2 are indicated. An e f fe c t iv e  charge of

1 . 13e for protons and 0 . 13e for neutrons has been used in order to

take into account po lariza tion  e ffe c ts  associated w ith the AN=3

modes ( c . f .  (Bo 75) and f ig .  V-3). The lower part of the figu re

represents the response function for the RPA normal modes. The

same renoriiia 1 ized charges have been used. The coupling strengh

= 0.000375 (niO)̂ )̂  MeV has been fixed so the lowest 3 State

lie s  at 2.62 MeV. The B(E3) valué corresponding to the c o lle c t iv e

State  is 31 B in agreement with the experimental valué 39 Bsp sp
(Zi 68) .

For both the upper and lower f ig u re , the energy weighted sum ru le

i s
Z w B(E3,n) = 325 B MeV 
n "

3/2The norma 1 izat ion constant is A_ = 0.0^1^ (meo ) MeV.3 o

I
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I I I .  PAIRING PHONONS

We saw ín the previous sectíon that quantal c o lle c t iv e  harmoníc o sc ilia-  

tions of a fermionic system are obtaíned ín the lím it that the partle le-ho le  

paírs behdve as independent phonons. Thís lím it ¡mplíes larga degenerad es

The coupling of these phonons through appropríate residual in teractions 

y ie ld s  the normal modes of the system.

Idéntica 1 procedure can be applied if  we consider as unperturbed phonons 

the addition or removal of paírs of p a rt ía le s . For large degeneracíes, the 

states thus obtaíned can be consídered as one-boson states of corresponding 

harmonio o s c il la to rs .  The normal modes of the system are ca lled  pairing pho­

nons {Bo 6í*) , (Be 66) .

The one-pairing phonon states belong to nuclei wíth one pair of partió les 

more or less than the ground state  ( í . e . ,  they ca rry  a d iffe re n t quantum 

number . The same is true for surface bosons in whích the angular momentum 

plays the same ro le  as the number of p a rtió le s  fo r pairing phonons).

The equívalent operator to the tr.ultipole moment Q. is an operator thatA\1
creates and destroys two p a rt ió le s . An operator of th is  type a c t i  in a  (d íre c t) 

two-body transfer reaction , such as ( t ,p ) .  Indeed, the systematics of two- 

neutron transfer re a c t io is  (Br 73) ind ícate that the population of the lowest

O S ta te  (ground s ta te ) is genera lly  larger by one or two orders of magnitude 

than the population of excited 0^ s ta tes . This fa c t  is ch a ra c te r is t íc  of a 

cooperative e f fe c t , in the same way as the strong matrix element to the 

lowest surface mode associated wíth each mu 11 ip o la r ity  indicates strong coher- 

ence .

Let US consider fo r the manent pairing phonons in a closed shell (Pb^°^) 

carrying zero angular momentum and corresponding to íden tica l p a rtió le s . The 

geomctrícal coupling of thcse bosons is simple, since the one-phonon state 

has only two components (addition and removal) and thus they correspond to a 

two-d imens íonal harmonic o s c ílla to r»  The quantum numbers labe llíng  the s p e c tru n ¡



are number of removal and add i ti'on phonons ( f íg .  I l l - l ) .

The vacuum State ](0,0)>= 10> represents the ground state^  of The

one-phonon states are the ground states of and Pb̂ *̂̂

gs > = l ( l , 0 )> = r^ |0> ( 1)

Pb^^^, gs > = I (0,1 )> = r'*’|0>
d

The cross sect íons

,,,208 , > „ 906

13

( 2)

o(Pb (p ,t ) Pb ) = a ((0,0) (p ,t )  (1 ,0 ) )  = r

a (Pb ^ °^ (t.p ) Pb^^°) - 0 ((0 ,0 ) ( r . ,p ) (0 ,D )  - a

are the uníts ín which we measure other tran s ítio n s .

The concept of elementary exc ita tions require that the quanta re ta in  the ir
í

id en títy  when super ímposed^to other exc ita tions of the same or d iffe re n t type.

There are three states with two pairing phonons, namely ( l , l ) ,  (0 ,2) and (2 ,C ).

The S ta te  ( l , l ) .  The ex c ita ticn  energy of th is  s ta te  ín Pb^°^ ís predicteo

to be the sum of thé add í t  ion and remo\'3l phonon energies cj + u
a r

B (Pb= °̂^) -B + 2B (Pb^°®) = I,,989 HeV (3 )

íii excellent agreement with the experimental energy ( f íg .  ll l- 1 ).H e re  B is the 

binding energy (Wa 71). Moreover, the cross sections a ( ( l  ,0 ) ( t , p ) ( l ,1 ) ) = (0 .91±0 .

and a ( ( 0 , l ) ( p , t ) (1 , ! ) )= ( ! .2 7  ±0 . 20) r  are ín agreement w ith the predicted valúes 

¿a n d  r_, respect iv e ly .

The comparison between energíes of states with A/208 requires the substrac-

tion  of a linear term ín the number of part i d  es ,wh ich is a lie n  to the pairíncj

mode. For s ím p lic ity , we adjust the facto r In the linear term so that w =0)
a r

(=« i J iS k  MeV); thus one uses

E (ir) = D(Pb ) - B(tt)+ 11.616 7T MeV (k)

+ In th is  phenonienológica] approach, it  is inm aterial whether ground state  

co rre la tíons are included or not.



I *4

where n ís the number of paírs c f p a rt ic le s  added to the closed s h e ll.  Using 

th is  correction , the predicted energy of the | ( 0 ,2 ) ;  Pb^^^(gs)> state  is oniy 

169 keV below the experimental va lué, while th is díscrepancy increases to 706 

keV for the | (2 ,0 ); Pb (gs)> state . The cross sections are compatible wíth 

the model pred ictíon although somewhat small for the removal case ( f ig .  i n - i )  

Another ch a ra c te r ís t ic  of the harmonio o s c íl la to r  is the vanlshing of 

tran s ition  matrix elements of the coordínate operator between states d iffe r in g  

by more than one phonon. The (2 , 1) (excited) state  in Pb^°^ is not populated 

ín the (C ,0 )(p ,t )  reaction with an upper lim it 0.03r.

There ís a lso  good evidence for the v a l id í t y  of the harmonio descrip tion  

for the quadrupole pairing phonons. The one-phonon states are in th is  case:

Pb^°^, 803 keV > =

795 keV > = r ‘̂  ,  I a ,2ŷ

(5)
‘ r,X=2 y 

[ 0 >

Therefore, two almost degenerate 2"̂  states are to be found in Pb^°® 

ñame 1 y

2> = r ,2 a ,o 0 > ( 6 )

whích havre been found at the predícted energy-2w t  800 keV, with an empiri-9 jO ^
ca l s p lit t in g  of 95 keV and completely mixed wíth each other ( f ig .  I I 1-2 ) .

The m ultipole pairing two-body forcé is defined by (Be 71), (Bo 77)

H = ~ G (2X+1) ü P  ̂ p
Ay Xy

where

(7)

(8)

[ \  ] V (1 2 )'^“
•"I *'2 y

a .a .
1 .2 y

v.Xy >■ k ,-K .^ .........-12' »n,Xy

t  These discreponcíes are analyzed in sectíon !X.



wlth V  a„d „„parturbad =„ergy

two p a r t ic le  (tKo-hole) s ta te . The creation  operators fo r tha normal m<xles 
are def í ned

• “  í ' 'n.n

Tha U naarízation  aquations [(H^^ + H^), r-̂ J .  „ r *

-  I . / A V  -  K l X  - a „ )

'  I  *  I  Ip j^ / (E^ -  L,^ )̂

(9)

(10)

or raasonaMe val.es of C,. ,™as,-.arv roou are presant .ost of .ed ,™  

-  - V ,  „ . , e , .  .ha o „ „  a .c e p .0.  ara .he Cosed sheU „ . . , e ,  „here .har.

.ap he.„ae„ .he ,eva,s a.ove a„d .a ,o „  .ha Per.,- a n a r ...  , , , , ,

^  t“ o real roots. namely and «í'Ich  bacoma slzaab ly separated

f -  .Ke,r .„per.„rbed pos,.,o„. Por .= 0. .hese saparae.ons represen, .he

™ c e r  «,-.h ene pa,r of par.,-Cas .o re  or ,ess .han .he closad sh a ,,. The ,owes. 

coo.s -0. 2 , . , 6 ) ara reproduced a rcn d  Pb^»« „ 3 .„g c , . ( 27/ ,  ,  , o „

The amplitudes X, Y are

*n,v-''an V < ^ - “an) _ , V n ’ '‘an W  “ an>

' ‘an -&  I P v l ' ^ ' V “ a „> '-  í  I P , l ' / ( V “ a n ) '3 ' ’‘'“

" r n - r - j IP v lV  í  I p j V í E  ) 2 ]- V .

where

n



Thus, ínvertíng (2) one obta ins

‘'■ry’coi 1 '   ̂1 £ [A3„r;„ A r ^ 1 , ̂ an an,Ay rn r n .V y J  ( 1 3 )

The para^eters proporticnal to the two-particle transfer spec-

troscoplc a .p ,,tud e  re la tin g  the Cosed sheU nueleus grcund State and the two- 

part.-cle(two-hole S ta te ) i f  the cperator respcnsib le f c r  the t„o-6ody transfer 

process the one glven by eq. (8 ) .  This Is nct cc»,p letely t r . e ,  b .t tt g lves a 

reasonable esttaa tlon  of the aniplltudes. A more reffned ca lcu la tlo n  can be 

performed by introd.oing the ampI itudes <n| [a Ja ; , ] '|o >  (which are obtaIned by

inverting (9) )  r „to  the d ire c t reaction codes. This ca lcu la tlo n  has been per- 
formed ín (F1 72).



Figure Captions

F ig . I I  1-1. The many-phonon pairfng apectrum .Tround Pb (Be 77c). The ener-

gíes predicted by the paíring v íb ra tio n a l model are displayed as

dotted hor izontal lifies while the experimental valúes are drawn as

contínuous Unes. The harmonic quantum numbers (n , n ) are indi-r a
cated for each leve ). A schematic representation of the many-par- 

t ic le  many-hole structure of the State Is a lso  g iven . The transi-  

tions predicted by the model are indicated in un its  of r and d 

(e q . (2 )) .  The corresponding experimental numbers are a lso  given 

together with th e ir errors above each le v e l. The dotted Une be-
OrtO

tween the states (0,0) and (2,1) índicates that the Pb (p ,t) Pb
’ 206reaction to the three-phonon states In Pb was carried  out and 

an upper. lim it of 0.03 r fo r the correspondIng cross section was 

determineci. The (p ,t )  data is frcm (La 73) and the (t ,p )  data from 

(E l 71), (F1 72a), (F1 72b), [Fl Ik ) and (!g 71).

208

F ig . I I 1-2. The pairing vibr-;tiona1 model fo r the 0^ and 2^ excited states
0(\f\ OIA

of Pb, Pb and Pb (Be 77c). These predicted leve ls  are

depicted as dotted lin es . The corresponding cross sections and Q- 

values associated with each S ta te  are a i so quoted. The experimental 

energies (so lid  lin es ) and (t ,p ) and (p ,t )  cross sections are given 

In (Ig 71), (F1 Ih ) and (La 73).
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IV. FEYh^AN'S DIAGRAMS AND THE GRAPHiCAL PERTURBATIVE DERIVATION OF THE RPA

In quatum mechan íes, we deal w 'th  the 3,'íiplítudes to get from the ín f t ía l  

State at time to the f in a ] state at time ^  . A great advantage of these am­

plitudes (Green'sfunctions) Is that a useful and elegant graphical perturba- 

tíon theory' ¡s obtaíned from them. Each diagram is as precise as an equation 

and, in add ition , i t  represents the deta iled  evolution of the system. In the 

fo lJow ing. we attempt a fas t "d e r iva tio n " of th is  technique. Por more d e ta ils  

see, fo r «nstance, (Br 72), (No 6k ) , (Mi f>7).

The above mentioned amplitudes, fo r the one-particle case"^, are

G (jV j;t '- t ) » <0 | t ía j . , ( t ')  a j ( t ) } [ 0> ( i )

where T orders the operators a_¡.(tO, a j ( t )  in a time sequence that increases

from right to le f t .  The creation operators a re , in the Heisenberg representa- 

t i on

a j ( t )  - T ' " '  ( 2 )

and | 0> is the'exact ground state (h|o>-E^1o>). Introducing a complete set of 

sta tes  |a>, |r> of the system with bne p a r t i c le  more and less than the ground 

S ta te ,  e q . ( l )  réads:

G (J'.Jit ;- t).I< o |a ,,ia> < a |a t|0>e‘ '<^a'^o’ ' ' ' ’ *> ,  , ,a J  0 lt'- t)

- I  <0 |a ;|r> < r|a j,|0> e - ' W < ‘" ' l 3 (^ .^,
(3)

+ This property of the Green's function becomes apparent i f  we express ( l ) i n  
terms óf the time evolution operator e” '^^.' Thus,

(J'»J » f- t)*  I <<í>jiít') ¡e *’^|(íij(t)> 6 ( t '- t )“ i <'i'j ( t )  jy.,(t')>

e í t - t ”)
vvhere

I <̂ j(t)> « aj e"'̂ ô Í0> ; (H'j(t)> - â e’ ^̂o'̂  (o>
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The correspondíng Fourier transform ís

a (E-E + E + in)
a O (E-E^* E^- in)

i . e . ,  the poles of the Green's functions y ie id  the energíes of the nefghborlng 

systems. here n í  0 .

For a system of independent fermions, |0> represents a S la te r  determínant 

Therefore, the one-body Green's functlon describes the propagatlon of a p a r t i ­

ó le above the Fermí level If  t'> t ,  and of a hole below the Fermí level :f  

t '< t .  Assuming a representat Ion whích díagonalízes the Hamlltonían

- íe ,t “ f E , tG^O.t) = (l-Hj) 0 (t) e(-t) e“ ‘^j 

Gq ( J ,E) » i ( l-n J/ (E-e j+  ín) + inj/ÍE-Ej-fn)

where n , «=0 ¡ f  e.>e_ and n . = 1 i f  e. < e_ •
J  . J F J  J  F

(5)

pa ír

Uiing the same formalísm, we describe the propagatlon of a p a rt id e- h o le

•V

G p h O j ' J "  j ' " ; f - t )  - < 0 | T Í a J , ( f ) a j { t ' ) a J „ { t ) a j „ .  (t)}{0> -

0> e (t- t ')e+ Z < 0  

n
+ n> < n

Which ín the case of a free  propagator s im p líftes  to

g ‘ *’ ( J J '  : t '- t )  .  6j j „  0 ( f - t )  c ’ ’ > <<' -*>

+ n ^ (l- n ^ ) e ( t - t ' )

“ -5jj..<Sj, j„ ,  G ^ ( j , f - t )G ^ ( j ' , t - f )

A non-fnteractíng partíc le-ho le  State  behaves llk e  a fre e  phonon, since 

one may d istfnguísh between them only through th e lr  co rre la tfons wlth other 

p artió les  or heles ( l . e . ,  ín cases ín whích they are not f r e e ) .  Therefore, for
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fu tura use, we may infer the expression for the propagator of a freo -ioson fr^ . 

(7);

(8 )

Gg(ri,E) = í/(E-a)^+in) ~ ¡/(E+w^-in)

I f  we have a more canplicatad probTen (such as a probiem of in teracting  

p a rttc le s ) the propagator may be w ritten  as a sun, over a l l  the a lte rn a t iv e  ways 

tn which the p a rtió le s  can go fran the ¡n i t ia l  to the f in a l S ta te . For instance, 

in the case of a partic le-ho le  p a ir , the p a rtió le  and the hole can be .cattered 

from the State to the State (Jj- ) by the Interaotion-" -i <J J " '| v | j " J '>  .

The a l te rna tive  ways are:

í )  The partic le-ho le  paír may not be scattered at a l l  (e q . (7 ) ) .

i i )  The partíc le-ho le  pair may be scattered once

Cph 0 j '. j" j" 'í '- t )  - -I < j r | v | j " j '  >jdTG^(j".T-t) G^Ü'".t-T)G^(J,t'-t) G^(j'.T-t')

í í í )  The partic le-ho le  paír may be scattered twice (9)

 ̂ ph 5t'-t) «=(-i)^ Z ^ j Jb | v Í Ja J '>  ^ ja j" '(v l  j"Jb>
( 10)

V Jd T  dV G^^O", T - t)G ^ (j" ',t- T )G ^ (ja ,f- r ) G ^ (jb ,T - f) G ^ (j,t '-T ) G ^ (j',i^ t ')

Readfng from right to le f t  these form ula mean: the partic le-ho le  pair moves

as a free  p a rt ic le  and a free  hole betwcen t and r ;a t  T-the p artic le-ho le  pair

( j " j " ' ) g e t s  scattered by the in teractíon  into another pair ( Ja jb ) .  Then the

pair moves again as a free  p a ir , e tc . Thus, there is an Inmediate graphical

in terp retation  of-these expanslons ( f ig . IV H ) :  a diagram is obtained by con-

necting ve rt ic e s  (and sources) by means'of propagators in accordance with the 

arrow ro ta tlon . .

+.The facto r (- i)  appears as a consequence of the expansión of the evolution 
~ í H ̂

operator e ln power of the in tetaction  V ( l ,2 ). The matrix elements of 

V ( l ,2) are def ined

. ^ J d l  d2 tJ ( 1) 1 '1 ;„6 )V (T ,2 )[tj„(l) fjÍ2 )-fj„(2 )T j, ( , ) J
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Sínce the Fouríer transform of a convolution ís tho product of Fouríer trans'

forms, ít  ís easy to obtaín tne corresponding expressíons fo r them.

The RPA can a l se be obtalned usíng the qt-arhlcal procedure. In the propaga-

tlon of a partic le-ho le  p a ir , le t  us consider only those dlagrams in which a

partIc le-ho le  pair Is created and anníh llated  wíthout In teractlng  w íth other

lines of thediagram . Thus, diagrams (lV-1a), (iV - lb ) and ( iV - lc ) belong to

th ís  subset, while (lV-1d) dees not. Thís whole subset of diagrams Ís taken
í

Into account In the Bethe-Salpeter equation

-i í:. < ja j" ÍV |j"jb > íd T  G^“ ^ ( j a j b J " j " '  ;T-t)G p j^ (jj',ja jb ;t^T ) 
ja jb

as can be seen by iteration* Using (6) and (7) and Fourier transform ing,thé 

followíng equatlons must be sa t is f le d  by the ampUtudesv <n|ajaj,|p> a t the 

poles corresponding to the energles W :̂

( 11)

< n l a ! a  ¡ 0>^ e . .<j '  j " i V ¡ j > < n l a j „ a  |o>
J J %  ^ + e., .Mj.n J  J

This can be cast Into the fam ilia r  matrix equation

( 12)

W
(13)

where

(A)«= (e^-e .)6 ( (k i ) . (k ' i ' ) )  + <k'ilv|klí> ; (B )«  < í'i| V ] kk* > i\k)

The ampiitudes are

X (n ,k t ) •* '~'f\ V i
+

^k 0 > (15)0> ; Y (n ,k i)« <n

The Une¿3r Izat ion resu lts  of section 11 can e a s ily  be obtained from (13) 

if  the in teraction  is sepa^-able.

Thus we have learned whích diagrams have been taken Into account In the 

replacement of "dressed" partic le-ho le  states by phonons. Indeed, In  th l»
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a

replaceiiient an in f in ite  subset of diograms have been summed up. But t lils  a|.

Implies that many others have been neglected. If  more than a p a rt ió le  and

hole lin e  wnuid be present in the in i t ia l  s ta .e , and each pair of partic la-

hcle lines gives r is e  to a bo=on. „e  are neglecting in teractions between

fermion lines belonging ,o d iffe re n t pa irs . ,n p a rt icu la r , „e  are v io la tin g

the Pauli p r in c ip ie , which is taken into acccunt provided that fo r a given

diagram, those obtainedby interchang¡ng the end points of the fermion Unes

are a iso  considered (sea, for instance, f ig . v ll- 5 ) .  In section VI we discuss

ho„ to i^prove over these U . i ta t io n s  of the RPA. using a iso  a dlap-a™ .atic 
techníque.

Fig . IV-l. Diagrams representing the propagatio.-, of a p artic le-no le  pair 

fn lowest ordfir$ of psrturbatíon theory.
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V. THE COUPLING BCTWEEN ELCMENTARY MODES OF EXCITATION 2 f>

In the p rev ia is  lectures we have riíscussed two elementary modes of excl-

tation  of a closed shelí syster», namely che fermion exc íta tíons (whích are

created by a . )  and the phonon excíta tíons (whtch are created by p"*" ^
n ’ an’ Vn'’

We must now learn about the ín teractíon  between these degrees of freedan.

The símplest states ¡n whích we may study th ís  ín teractíon  have a p a rt ió le  and

a phonon, and thus they are s^^xíted states of nucleí ín the v íc ín í t y  of cióse 

she lls  (for ínstance, B í^ °^ ).

The p a rt ía le  and the phonon degrees of freedom are coupled through the 

partic le-vfb ra tíon  ín teractíon , whích has t ra d ít ío n a lly  been assumed to be 

linear ín the boson coordínate and quadratíc ín the fermion creatíon  and anní- 

h íla t ío n  operators. Thus, one uses the HamíItonían

H = H + H o pv

W * 5̂ r . a t  a , + Z tú f  
j,m ■* J'"  ny "

2  (?■*■ , )Q*'
pv n "u n ,A - y ^ %

( 1)

( 2 )

where

-iX 
P (3)

Thís fratnework has been extensíve ly used ín nuclear physícs, ever sínce 

suggested ín (Bo 52), (Bo 53). However, fo r a long tíme only the ve rtíces  of 

ffg s . (V-lc) and (V-ld) were taken ínto account. Therefore, the .lowest order 

díagrams contríbutíng to the energy o f "the partícle-phonon S ta te  are gíven ín 

f ig s . (V-2a), {V-2b).,and (V-2c ) . Thefr_vaJue ís .

AE(2b) - (2X+1) Z  ̂ k. k' 
X k\ J

« )

X' X'
k n



where J  is the to ta l angular montentum of tlie partic le-phonon S ta te .

The appropriate valué'" of the coupUng constant is the one gíven in 

(11-15). This can be seen by replacing one of the two factors m (M-12)

by í t s  c o l le c t i v e  versión (V"17) •

!n th is perlod of the p a rtic le- v ib ra tícn  c a lcu la tio n s , i t  was aiso  treated

the coupling of two p a rt ió le s  w ith  the phonon and through a two-body residual 

¡n te rac t ion  (Ra 59); the coupling of phonons and quas i-par t i  d e s  in a su^er- 

f lu íd  BCS system (Ki 63); e t c .

This coupling was employed most frequently In connection with the low- 

energy quadrupole motion. But i t  never developed into a great success, be- 

cause a) in most cases the coupling is so strong that many phonons get 

admixed in the lowest s ta tes , and one gets into  d i f f ic u l t ie s  with the e s ti-  

mation of the higher anharmonic e f fe c ts ; b) the coupling term was not pro- 

perly t r e a t e d  and additional ve rtices  of the fermion-fermion ¡n te raction  have 

to be Included (as we shall see below); c) in su fic ien t experimental data: 

only a small fraction  of the states belonging to a given m u ltip le t o f p a rtíc le-

+ As discussed in section I I ,  the deformed central potentia i is taken as V(r)-=

V ( r ) - R  dVo(r)Ea '" v (eó). This y le ld s  a coupling term o f  the form (2 ) ,  i f  
o °  dr Xy

we assim ilate the deformation parameter to the quantal coordínate of the 

co lle c t iv e  o s c l l la to r ,  This a lte rn a tive  derivation  o f the p a rt íc le - v ib ra tio n  

¡n teraction  y ie ld s  resu lts very s im ila r to (2 ) ,  whlch is not surpris ing  

since: i )  the same argument of s e  1f-consistency between the deformation of 

the potencial and the density has been úsed in the determinatlon o f V (r) 

and in the determination of the coupling strngth of the two-body sepa­

rable ¡n te raction ; and i ! )  the detaileri rad ia l dependence of the m ultipole 

operator ¡s ¡rre levan t to a large extent, provided i t  Is peacked around 

the nuclear surface. However note that th is equivalence can be expected to 

hold only for lin ea r terms in the pnonon coordinates.



phonon stdtes were experimenta 1 1y known,

The f i r s t  m u ltip lat to be c la a r ly  recog„i.ad  is  the one l „  •

ÍUn 71). l i  is made by a p a rtfc le  ín fh . h ' '
p,208 „  '0/2 octupole Phonon of

• he a».p,rical leve. se<,.ence appaars f„ Tabla VM , togatharw ith  tho 

pra<„-ct,ons „-„an b.- a , s . . , , a  , „ a . a , . c v  o f .ba coupHn, bacetas appa^n.* 

■n - 3  casa H ,.b a . a n b a ..n ,c  a . a c c .  a .  noe a . p a . a .  .  ba , > o . a n .  '

t e s p „ t t , n ,  of .ta ta s  w ^hin  tba ™ u U ,p ,a t ,s s . a „  r a 'a U v a , ,  to tba pbo„„„ 
energy.

. In  th ,s o idar versión o f tha p a rtic le- v ib ra tio n  coupUng. tha s h i f f  H  

tha anergy lavé is  are .a ln ly  d„a to tba coupHng o f the particla-pbonon stata 

wuh near ly ing  s in g la- p a rtic la  confIguratlons. In th is case. o „ ,y  the stata 

. , 3/ , has tba approprlata spln and p a r lty  to be „ l t b  a S tate  o f the sep-

tup le t. Conse,ue„tW . there Is o „ l ,  one S ta te , tba / = , 3/a^ s ta ta . wbich 

should be sb ifted  In energ ,. „o „ave r, tha higbar l „ n g  States l , „ ,  and .

V le ld  a co n tH b .tlo n  o f tba s a .  o .dat o f . g n l . d a ,  since tbe s ln g la - p a .tU ll  

- t n - .  a la ^ n t  o f tbe octupola oparator b atean  tba™ and tha h , s ta ta  I .

™cb largar (no sp in - fIIP  Is Invo lved ). .

The coupUng scha™ „orks „ e l , ,  bowavar. fo r otbe, procasses. The expari- 

- n t a l  n a tr lx  e.en^nt for the Coulo.b ex c ita tlo n  of the síngla-partlcla i

using an e f fe c t iv a  single-proton . a ^ r

- D e . Th.s large facto r can not be obtalnad fron, renormallzatlon a ffects  

a s s o c a ta d w ith th e g la nt resonances. wbich are of ordar u n lty . A deta llad

+ In order to solva th ls  c r is is  In tha b ls to ry  o f tbe p a rtic le - v ib ra tlo n  

coupling. „o tt . ls o n  (Ho 68) Introducad tba ve rtlcas  (V-la) and (V - lb ),ln  

add.tlon to (V- lc) and (V- ld ). S u p e r f ic ia l ly .  th ls appears to ba Incorract, 

s.^ce t b a l r . ln i t la l  and fin a l statas ara not ortbogonal (tha boson Is a lln aa r

l ™ - b l “ °d  vacu „„ ,- „ „ „ ,e s  two-partlcla
t .«  bole ad»,,xtures). In tba next chaptar, wa Ju s t i f y  tb e ir  ex istente and we ^

Show tbat, in .d d it io n . va rtices  assoclated „ l t b  tha o r ig in a l t„o-body inte- ' 

raction have to be al so taken ínto account.



estímate of th is renorma! i zed eirt'ective cbar>>í (Ha 77) y íe ld s  the valué 

^ e ff"
The p a rtic le- v ib ra tio n  couplíng contríbutes in f í r s t  order to the matríx 

elements through diagrams (V~3b) and (V-3c). The to ta l contributions of t^e 

graphs (V-3) is

'‘ 2|o> - (5)

23

(_'|kl-k2-X _(2X+1) II X I
'e f f L

which implíes a f in a l e ffe c t iv e  charge

( 6 )

in exce llen t agreernent wi th the em pírica! valué, (sea caption to f ig .  11-2 ) .

Appendi x

As an example, we proceed to evalúate ín deta ll díagram (2b).

a) The numerator of AE(2b) (eq .(A )) is a product o f ve rtices  times 

racahlogy:

V e rtíce s . In the f í r s t  ín te rac tíon , the ín í t ía l  p a r t ic le  ís scattered  

to another p a rt ic le  S ta te  and at the same tíme i t  emi ts the f in a l phoncn. The 

vertex has the valué*.

,x

(7)

In the second vertex, the in i t ía !  phonon is absorbed together wi th the 

intermedíate p a r t ic le , and a new p a r t ic le  in the sta te  appears. The valué 

of the second vertex is thus the same as for the f i r s t  vertex.
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fe aM ca - T h e in ta rm e d ia ta  k p a rt ió le  appears as being couplad to

fin a , phonon in tha f i r s t  vertax , and to tba , n U U ,  phonon i „  tha saconT

va rte .. Thfs fa c t is taken ¡nto account by a racoupUng co e fffc lan t which

on,y dapends on the valua, o f tha angular *o ™ „ta . p a r t ic u la r , i t  is i„ .

dapandant i f  tha far»,ionic or bosonic natura of tha a n t it ia s  that ara ba i„, 

recoupled. In the present case,

< A . ( k x ) k ,  J | a k ) k , x ; j > .  H - ' - k  ' ' S ^ ' í f í ' a }  (8)

A fta r th is racoupling, tha intar^adiata p artic la^ k  appaars to ba coupU 

to tha f i r s t  Phonon i „  tha ,cr™ [kA]^-. H ^avar. i f  tha sacond vartax  is g i, 

tha ad jo ,nt o f ( 7) ,  tha ordar o f tha p a r t iC a  and tha phonon .u s t  ba ra - ’ 

varsad. This introducás an a^ditiona, phasa S im i,a r ,y . tha o rdar'

o f tha phonon and tha p a r t iC a  in tha fin a , s ta ta  o f tha diagra™ .u s t  ba tha 

as in tha in i t ia l  s ta ta . Thus. anothar phasa |

¿2 5 1 L2 S1 . A facto r o f minus ona has to ba inCudad for avary Crossing ' 

batwaan two farmion lin as . Thara ara nona in tha prasant casa.

S u E S lio n s . A su™,ation ovar tha quantu. nu^bar o f a , ,  tha in ta r^ d ia ta

p a r t id a  and phonon ,inas has to ba parforn^d. ,n tha prasant casa, thara is

a s u » a t io „  ovar tha intar^adiata , ina k. , f  thara ara two or „ora aquivaiant!

lin a s , tha rasu lt has to ba dividad by ni whara n is tha nu.bar o f aqu iva ian t 
1 ines .

. b) Dano^inators. ,n tha Ralaigh-Schroadingar parturbation thaory tha 

dano^inator is givan by tha product o f tha diffarancasbatwaan the anargy o f 

tha ,n i t ia ,  ( f in a l )  state  and tha anargy o f tha intarmadiate s ta ta . 

< ^k ,-\"“ n) in tha prasant casa. ,n the Wignar-6r i , louin parturbation „«thod, 

tha anargy of tha in i t ia ,  ( f in a , ) s t a t a ’ i .  rap,acad by tha perturbad anargy E

Wh.ch ,s being ca,cu latad . ,n this method. tha in i t ia l  or f in a l statas can 
nevar be intermedíate sta tes .

•  " t " ' -  '■■■case of vacuum díagrams. )*Theyoccu r, for ínstance^ín the
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theory is given by eq. (A ).

Figure captíons

Fig. V-1: The partícle-phonon ve rt íc e s .

Ffg. V-2: The diagrams contributing to the energy of the partfcle-phonon 

State ín the order \

F¡g. V-3: The diagrams contributing to the matrix element o f the m ultípolc 

operator Q between s ing le-partle le  s ta tes .
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V I. THE MANY-É0D7 FOUNDATION OF THE NUCLEAR FIELD THEORY

We consider now the propagatíon of two fermíon Unes ín a gíven Feynn-̂ n 

diagram, such that the two Unes appear and dísappear at d íffe ren t vertíces"^ 

The propagatíon of the two línes y íe ld s  the Green's functíon

4^2 (^1^3j2^t2 )aj^ (t3 )aj.^ (ti,)}|0>  ( i )

I f  t^>t2 >t^>t^ (fo r  instance), the zero and f i r s t  order contributivas to 

the propagator are

G (j  ; t  - t , )6 . . 6. .
°   ̂  ̂ ■ 0 2 2 3 J1J2, J2 J3  (2)

( 1) C

Among the second order con tríbu tíons, we consider the one in which there 

is a partic le-ho le  pa ir propagatíng between t  and f  ( f íg .V I- 1 ) .  There are aiso 

higher-order contributions ín which th is intermedíate p artíc le-ho le  p a ir  is 

scattered an 'a rb itra ry  number of times by the in te rac tion . The propagatíon 

between T and is gíven by the Green's functíon (lV-6) .

(3) 
, - t )

By replacing (lV-6) and (lV-15) into (3 ), we obtain

= '" '- i- r )2/ d r d .

* A ( j2 j^ ;n )A ( j3j^ ;n )e  ' “ n̂ "̂   ̂  ̂0{T*-r)-^ ,n)A ( j   ̂ ,n )e "^n e(T-c^) } 

whe re

A O y j , ;n )  < j ^ j i v | j ^ j . x 0 |aja., r;^|0 > ( 5 )

+ Unlike the propagatíon consídered in (lV-6) ,  where t  ̂= t^ and t^;ít^.



n

In (4) the re s tr ic t io n  is made that there should be one p a r t íc le  and 

one hole present ín each pa ir ( j  j ' ) .

The p a rt ia l summation in {k) corresponds to replace the o r ig in a l fermion 

Hami1tonian by another Hamiltonlan in which extra c o lle c t iv e  degrees of free- 

dom are included.

The facto r w ith ín curly brackets in (M  has the same time-reversal 

properties as the propagator of a free phonon wi th energy The summaMon 

over n_ accoun ts for al I the diagrams ín which a p a rtió le  and a hole line  

niutually in te rac t v number of times (v>2) . The propagation of each mode n is 

represented by a wavy lin e . The question whether a wavy line  corresponds to 

the propagation o f a true phonon or of a partíc le-ho le  p a ir  is ir re le v a n t, 

since there is no way to d ístingu ish  between them: to investíga te  th is d if-  

ference, another fermion line  has to in te rac t wíth e íth e r  the p a r t íc le  or the 

hole lin e . However, we have assumed that both the partíc le-ho le  p a ir  and the 

phonon propagate without in teracting  wíth any other line of th- diagram be­

tween th e ír  creation and annh ila tíon .

The Crossing of a wavy line  wíth another Une o f the diagram (e íth e r  a

fermion line  or another wavy Une) corresponds to an even number o f crossings

between fermion Unes. Therefore, í t  does not introduce any extra minussígn,

as the Crossing between two fermion lines does. This ís a fu rther evídence

of the iden tíca l behavior of the propagators of a boson and a partíc le-ho le  
paí r.

The factors A (j^ j|^;n) represent the amplítude for the creation  and an- 

n íh íla t io n  o f a phonon n and a sing le fermion tran s itíon  from the state  

to the S ta te  (f íg .V -1 ). They should thus be considered as the strength of 

the partícle-phonon ín teractíon . However, these vertíces  do not exhaust the 

e ffe c ts  o f the two-body residual ín te rac tíon . In fa c t , the four-point v é r t i ­

ces s t i l l  gíve a contribution through We thus Ju s t i f y  the replacement 

o f the fermion Hamiltonían by the nuclear f íe ld  flamiltonían íntroduced in



ín (Be 7‘'0 , naniely:
3«

Hr = H H + Hr sp tb b pv

J   ̂ J ]  ->2 ->ii ->3

V   ̂ + A ( j , j  - n ) r á !
nj n J 2 J i a .  a ,í 2 n j ,

(6 )

The exact resu lts of the fermíon Hami 1 ton í an are reproduced 

by (6 ) ,  províded the follow íng rules are followed:

1) The coupJíngs are allowed to act ín al 1 orders to generate the d íf- 

ferent díagrams of perturbatíon theory. A ll vertíces  of the fermíon two-body 

in teractíon  and of the partjic le-víb ration  ín teractíon  have to be íncluded. 

and a l l  time permutatíons of these vertíces  ín a gíven díagram have to be 

taken ínto account. In p a rt icu la r , the p a rtic le- v íb ra tio n  vertíces  (V-Ia) 

and (V- lb ), (Mo 67) ,  have to be considered.

2) The Internal 1 ines of diagrams are re s tr ic ted  by the exclusión of 

diagrams in which a partic le-ho le  pa ir is created and subsec^oently annhilated 

without havíng partic ipated  ín the meantíme in ín teractíon  wíth another lines 

(bubles). This rule ís due to the fact that a l l  the diagrams wíth th ís fea- 

ture have been replaced by diagrams ín which phonons propagate, Because of 

th is ru le , oniy a diagrammatíc treatment appears to be feas ib le .

3) The energíes and coupling constant.s o f the phonon f íe ld  are deter­

mine d b y  the energíes and amplitudes X(n.jj- ) ,  Y (n ,jj-  ) of the perturbed 

propagator of a partic le-ho le  p a ir . The símplest method to obtain these quan- 

t i t ie s  is through the RPA (section I I ) .  However, we may also  use more conpli-

cated irreducib le vertex parts and. consequently, genera1íze' the concept of 
buble.

A) I t  is convenient that the two-body ín teractíon  does not contaín
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Hartree-Fock con tribu tions. These are to be íncorporated into H
sp

The co lle c t ív e  and ferniion degrees o f freedom are ín u tu a lly  independent.

(7)

0> ís the vacuum the s tete both for fermions and bosons,

'r
• '1 J

r J 0> = a| |0 > = a j 0> ( 8 )

There are four possíbie partic]e-phonon in teraction  v e r t íc e s , accordíng 

to whether the fermion states correspond to p a r t id a s  or holes (fíg .V-l)

A (k í,n )  == r|^|0>-5:[< k i'|v |!k '> X (n ,k '¡ ')  + <kk'| V | iT > Y (n ,k' i' ) '
k'i'

A ( ík ,n )  = < 0|H |0> = E[< íí '|v |kk '> X (n ,k 'i') + <ik'|v|kí'>Y (n,k' ¡’ ) J
k'i' '9^

A (k^k2 ,n) = <0 | \  T|̂ |0> = E!_< k^í'lvlk^k' >X(n,k' i ')  +<kjk' | V |k2 ¡ '> Y (n ,k'i')'
~ le I

A ( i , « 2 .n ) = - < 0  |a| Hp^a r|^|0> = E[< i^ í '| v i í2k'> X (n ,k 'i')+  < í^k'|v| ¡'>Y(n ,k* ¡‘ ) '
Z I k* I *

where the amplitudes X and Y are defíned as

, X ( n , k í )  = < 0 j-3|a|^r|^Í0> ; Y ( n , k i ) =  <0 la |^ a .r|^ l0> ( l o)

In the formulation of the NFT gíven ín (Be 7^) another rule was gíven, 

naniely that in in i t ía l  or f in a l s ta tes , proper diagrams involve co lle c t ív e  

modes and partí ele modes, but not any partíc le-ho le  configuration that can be 

replaced by a combínatíon of co lle c t ív e  modes. This re s tr íc t ío n  permíts an 

in i t ia ]  State o f the type r%|^¡0> , but exeludes aj^a|a|lo>. Al though co rrec t, 

th is  rule is not s t r ic t ly  necessary. I t  is possible to v e r ífy  that the matrix 

elements between proper and ímproper states- vanísh íd e n t íc a lly .

The in teraction  of the system with an external f ie ld  ís proportíonal to 

the one-body operator.

Q = r  <j |Qti'> ata., 
j j .  J J* ( 11)

Any fermion díagram that describes the e ffe c t o f (11) contains two fermion 

Unes (jjO  having a common vertex <j|Q[j'> at an ínstant t . These two lines
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are included „ ! thin a section of the total diagram. such that this secticn  

Jo ins the remafning part of t.he díagrain through the two "ex te rn a l" fermion 

lines ( J i J j )  at the instants t, and t^ (t j iít^ ) respective ly  (sae f ig . v l-2 ). 

The contribution of this section to the time evolution of the system is

V  ( ,2 ,

In addition to the case o f free propagation w ith in  the section , le t  us 

ccnsider those cases in which the t«o lines have a common in teraction

vertex at the time t ,  which is aiso common to the " i n t e r n a ! "  partic le-ho ie  

p a ir , í j j J ^ ) .  We aiso assune that ( J J ' )  correponds t o a  p artic le-ho ie  p a ir . 

Appiying the same argumants as before eq. (12) can be w ritten  in terms of the 

usual partic le-ho le  Green function which depends on a sing le  tirre d iffe r-
ence T-t^:

V - 'j2 l« l jV < = o < J2 - ‘ 2-'o ) = o ' J r V ' l >  (13)

- (- i)r  <j|a|j.>< ' 2 J ^ | v | j , J 3>/dT G^íjj.t^-T) '=o<Ji-^-',)“ ph‘ -‘ 3j v “ ' ’ " ' ‘ o'

In order to obtain the f ie ld  representation o f the operator O, we use in 

(13) the eqs. (lV-6 ) , ( IV - 15) :

=< ¡- <J2 l< ! l j ,> G j j2 . t ^ - t J  G ^ ( J , ; t^ - t , )

- (- i) jd T  i:o 'J2 ’ '2 - '> '= o < Jr"- '|)2 & (j2 J,.n )< r;;iQ |o > e ''“-'‘ ’ ' ' ° ^ . g

where

< r^|QlO>-E [  < k|Q¡¡> X (n ,k i) + <í|Q|k> Y (n ,k l ) l
( 1 5 )

< 0 1 0 1 ^ ^  [<k|Q|i> v(n,l<i) + <i|(l||<> x(n.i<i)]
K  I

terni in ( 1^) reprcsents the amplitude fo r the t r a n s í t io n  between 

the s in g le-pa rtic le  states ( j i j ^ ) .  The second term accounts for a whole set of 

diagrams in which an in i t ia l  p a rtió le  and an in i t la l  hole S t a t e  sxccess i vely
ín te rac t.



H1

The co e ffic íen ts  (15) represent the .-3rr,p 1 i tude w¡ th which the phonon is

created or ann ih ilated  by the operator Q,.

Therefor?., in the f ie ld  forma) ism, the operator contains both a fermion

term Q and boson term Q.̂ ,

Qf = Q + Qb

J J J  J ' 
+

(té )

Q^=£ < r;|Q |o > r;V E  <0 |a|
n

The same arguments can be carried  over for the s ítu a tio n  in which the 

succesive In teractíons take place between two-particle or two-hole Unes (pair- 

íng phonons). The set of diagrams in which the two lines in te rac t v number of 

times (v>2 ) is replaced by a sing le diagram in v/hich an addl tion-type or removal 

type boson is present. The f ie ld  Hamiltonisn (6 ) is supplemented with the fo l-  

lowing terms

tü + u r 'a,n a,n r,n  r,n  r,n
(17)

( 18)

where the p a rtic le- v ib ra tio n  ve rtices  are

J J j ' J '  J  n ,a

+ + r,+

J>J

(19)

The content of th is lecture is based on (Be 76b).
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Figure Capitions

Fig . V í- l: Correspondance between the Fei„„,a„ d ia g ra ^ a t ic  expansión o f the 

propagator ín the puré fermíon treatment ( l e f t )  with the Feynman 

diagrams associated with the-same propagator ín the NFT (r ígh t)

F ig . VI-2 : Correspondance batween the Feynman diagrammat¡c expansión dascrib-

ing tha a f fec t  of an axtarnal s ingle oparator Q in ,ha pura fe™ ion

treatinent ( l e f t )  with the Feyüonm diagrams associated wi th the ,ame 

process ín the NFT ( r íg h t ) .
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V i l .  APPLICATION OF THE MFT RULFS TO A S IM PL IF iED  HODEL CONSISTING OFDEGENERATL 

PARTICLE-HOLE EXCITATIONS ANO A PARTiCLE-HOLE MOMOPOLE INTERACTION

The fermion HamMtonian H inc ludes a s i ncj ie - p a r t i  e le  term and a two-body 

¡n te r a c t io n

H = - i  V (A*A+AA'*') (3)
tb 2

5̂

where
+ _ + +

m

The o pera to r  a;^  ̂ c rea tes  a p a r t í c l e  in the S t a t e  (ni,a) . The quantum number

O (a= 1 or a=-1=T) denotes e i t h e r  the upper or the lower l e v e ! .  Ead i le ve l  has 

degeneracy and the s u b s c r ip t  m la b e ls  each degenerate S t a t e .  Here, is  trie 

d is ta n ce  between the two le v é is  and V, the s t ren g th  o f the monopole p a r t i c l e -  

ho le ín t e r a c t io n .

The fermion terrr.s in tha f i e l d  trea trren t inc lude the Hartree-Fock  c o n t r i - 

butions o f S in ce  the m atr ix  elements the ín t e r a c t io n  beiween the c losed

S h e l l  State and any p a r t i c le - h o le  State van ish  , the chosen s in g le - p a r t i  e le  

b as is  s a t i s f i e s  the Hartree-Fock  m in im izat ion  co n d it io n .  Consequent'/ , no 

change in the s in g le - p a r t i c l e  wave fu n c t io n  is  req u ired .  However, t-,ere is a 

co n t r ib u t io n  to the independent-part i c íe  energy which is  de fined  chro.jgh

the 1in e a r iz a t io n  equations

f  H a^ l0> = e 3^ |0>
m O

We ob ta in

dnd w r i t e  the puré fermion terms in the f i e i d  trea tm ent as

sp
H' = e,N - erN- = e(N + Nr) SD 11  1 1 2  1 1

H' = - V A^A tb
i i í



" = "o (8)

The o n ly  v e r te x  correspondíng the in t e r a c t ío n  is g íven  ín f í g .  .V | |- ,5 _ 

The diffarenca between and etlminateo in this casa the Fock single-par­

t i d a  insartions of f ig .  V I|- ,a , which are present for tha interactíon H
tb*

The puré boson term corresponds to a s e t  o f  ¡ndependent phonons

H. « Z w r'^r fq)R  ̂ n n n

w íth  e íg en freq u en c íes  u)  ̂ g íven by the TOA,

whcre thü Hart rce-Kück p ü t t í c ! e - h o Ie  e x c i l o l i o n  encryy  (s y lven  by

0) ■ 
n

The amplitudes ( IV-15) assocíated wíth the lowest mode are

X(n;ml ,m*í) = ; Y(n;ml,m'T) = O ( n )

and thus, the part íc le-v íb ra tlon  interactíon reads (en. (V I-9 ) ) :

1̂ '  | H j ^ | i i i ' l , m ) > X ( n » 1 ; m ' l ,  m ' i )  -  -  v í í ”

In the present case, tha non-adiabatic phonons ( n / l ) a r a  uncouplad from

States invo lv ing. for instanca. only the ad iabatic  phoncn (n=1) (s inca tha

corresponding coupllng strengths vanish and the energy denominators do no t ) .  In

the following, we only treat statas Involving the ad iabatic phonon. and thus we 

drop the corresponding subíndex n = 1.

The sum of terms (7), (9) . (1 2 )  constitutes the f íe ld  Hamiltonían One

must supplemínt th ís Hamiltonían w ith -the-diagrammatic res tr ic t ions  l is ted  in

section V I. In the order to perform the diagrammatic perturbation treatment. w- 
divide in two parts

Hf = 4. H' ; . h- .  ( I 3)

The zero-order terni includes both systems of independent partió les  and 

phonons. The vertices corresponding to H' are gfven in f ig s .  V l l- lb  and V IT- lc ,



kl

The overcomple teness im p lic it  ín the product basis ¡5 corrected through the per- 

turbative treatment of H*.

I f  e and Vfi are of the same order of ma^nitude (which we take to be 0 ( 1 ) ) , a 

given diagrain contributes to a definí te order in powers of Q : each vertex
-1 “ V( vi I-Ib) y ie lds a factor V = 0(Q ) ;  each vertex ( V í i- l c ) ,  a factor A =0(í^ 

and each índependent summation over s ing le-part ic íe  s ta tes , a factor Q.

The fermion partic le-hole trans it ion  operator Q must be replaced, w ith in the  

f ie ld  treatriKínt, by an operator including both part ió le  and boson terms (eq . 

(V I-16)). For instance, the operator

Q “  Z q a^,a r  ( 1A)^ mi mim

is written as ( f i g ( V i1-2)).

= Z <n |q 10> + Q (15)nn
The deflni.tion of a bubble now Includes processes ín whích the p a rt ic le-  

hole pair is created by the operator and destroyed by H ' , or conversely.

Other operators, such as the one-particle creation or ann ih ila t ion  opera- 

tors, (whích are used in one-particle transfer processes) do not have a boson 

image.

The One-Phonon States

Any graph generated by the vertices of f ig s .  VI I-Ib and V l i- lc ,  and con- 

tributing to the energy of the one-phonon S t a t e ,  ínvolves at least a bubble. 

Therefore, there are no corrections to the TüA energies (10), which coincide 

with the energies of the fermion treatment.

S im ila r ly ,  there is a single diagram corresponding to the trans it ion  matrix 

element of the operator between the closed shell and the one-phonon stajte 

( f ig . (V I l- 2 b ) ) . The TDA valué of the vertex and, thus, the valué of the t ran s i ­

tion matrix element is

+ 1/
< n «  1 A 0>»n (16)



The one-body transfer operators have no correspondíng phonon vert ices . F¡y 

(VI 1-3) displays the oniy possíble díagram representíng the capture of par- 

t i c le  froni below the Fermí see, and which is in the same m-state as the in i t ia i  

p a r t íc le  S t a t e  |m,1> = a , |0>. Its contríbutíon ís
m y  i

< n = 1 la^-|m,1> = A/(w-e) = - ‘̂ 2

The absolute valué o f this quan tit ly  is also the TDA amplítude of a particle- 

hole State ín the normal mcde. Thus, the results of the present. subsectíon do not 

go beyond (but do not contradict) the vnlues given by the TDA, which already are 

exact.

The Partícle-Phonon States

More interesting from the point of view of the f ie ld  theory are the partic le- 

phonon states.
i

In the od.d nucleus, the dtagram (VI l-¿4b) contributes to the energy of the 

State v.'íth the valué

- A^/ (u- e) = V (18)

which is of the order  ̂ wi th respect to the zero-order exc íta tion  energy u. 

However, unlike the one-phonon case, many other diagrams are possíble. For in- 

stance, graphs (c) and (d) represent the contríbutions of o rd e r  In order to

ca lcúlate a l l  the hígher-order p e r t u r b a t ions terms, í t  Is convenient to use the 

B r i 1louin-Wígner perturbatlon expansión. We thus take ínto account oniy diagrams 

in which the í n i t i a l  S ta te  Is not an in te rm ed ía te  State . Graphs (a ) ,  ( b ) , (c ) ,  

( e ) , . . .  y íe ld  the series expansión W (E ) , namely

a 2v A2y2

(19)
A^ti) - -=--- - = (jj -•E-e-V í-e-M

The eq. E = W(E) y ie lds  the energies^

+ The zero point <or the energies in the odd system is placed at ^



f(. + v 9̂
( 2 0 )

Both roots coincide with the exact enetgies. The second one e ¡s also the

unperturbed e x c i t a d o n  energy o f  the in te rm ed ía te  two-parti e l e , one-hole S t a t e .

In a Feynman diagrammatic expansión of the residual nuclear in terac t ion ,

íntermediate states niay v ió la te  the Paul i p r in c ip ie .  However, for a given diagrar

in which two fermion U nes  are s i mu 1 taneous ly in the same s in g le - p a r t i  c íe  S t a t e ,

there- is another dianram in which the corresponding end points are in te rchanged.

This second diagram cancels the f l r s t  one. For instance, in f i g . (VI I - 5a ), one of

the possible Íntermediate states has (m’ , 1) = (m ,̂ 1) . This intennediate S ta te

cannot ex is t  in the presence o f  an odd-nucleon in the s in g l e - p a r t i c l e  S ta te

There is another diagram (b) in which the two p a r t ic le  Unes o f graph

(a) are exchanged. The crossing of these two 1ines introduces a minus sign which 

cancels the component m‘ = m̂  of the diagram (a) which v ió la le s  the Paul i p r in ­

c ip ie .  The diagrams (a) and (b) are members of two subsets of graphs which are 

replaced by diagrams (c) and (d ) , respect i ve l y , within the f ie ld  treatrrent of 

the residual in teraction . The e f fe c t  of the process represented in f ig .  (d)

amounts to  s u b t ra c t  a component which should not be p resen t  in the i n i t i a l  

S ta te  ( c ) .

Ordínary perturbation theory would predict a negative second-order co n tr i- 

bution AE to the energy of the particle-phonon s ta te , sínce the d ifference 0)-e 

between the unperturbed energies of the In i t i a l  and intermedíate states is 

negative,

AE =< n=1;m^^lÍHpJm' 1;m-T;m^1> < m'1 ;m'7;m^ l̂ jH^^ln = 1; m^lVíoj-e) (21)

However, diagram (d) (=VII-/ib) gives the pos it ive  valué (18). -̂ he second- 

order contributíons v^hich would make AE<0 involve bubbles ( e ) . Sínce these con-

tnbutions are lo be neglectetí, the correctíon becomes p os it ive . This does not 

contradict eq. (21) since the numerator on the right-hand side is pos it ive  only 

for a tiermitian Hamiltonian. Or, although the Hamiltonian (13) appears to be so. 

i t  becomes híghly non-Hermitian when complemented with the rule concerning the



bubb les .

The square o f  the amplítude o f  the ¡ n i t i a l  unperturbed S ta te  in the pert^rK 

wave fu n c t ío n  ís g iven by (Be 77a)

-n/(n-i)>! (22)

The fact that the modulus of an amplítude í í  larger than one ís a furthe- 

consequence of the non-Hermítían character of the Hamí1 tonían. The resu lt (22) ¡s 

consistent wíth the prevíous ínterpretation of díagram (d) sfnce the correspond- 

ing contributíon elímfnates from the phonon a component which should not be there 

(because of the Paul i p r inc ip ie ) : the amplitudes of the remaíning components 

should increase. According t o ( l 7) , ( 22) they increase from (unperturbed oho-
- V

non) to in-]) One can Inmedlately see th a t .th ls  last one Is the correct am­

plítude of a s in g le- p a r t íc le- h o le  state í f  the blocking due to the presence of 

the odd partí ele ís taken into account ín the normal mode^.

We proceed to ca lcú late  the transit-íon matríx element o f the operator aJ  , 

eqs. (^ ), ( 5 ) , from the s íngle-partí c íe state Im,l> to the partid--phonon state

n=1;m1>. Since there is no correction to the enerqy of the s íng le-parti e le s  ta te ,
8 W i

the d e r iv a t iv e p -  vanishes for the ín i t í a l  s ta te , and the correspondíng amplítude'

equals one. The amplítude of the f ina l state  is the square root of (22) .

The contributíon of al 1 díagrams such that the ín i t í a l  and f in a l  states do

not appear as intermedíate states y ie lds  the series expansión ( f ig .  V I1-6)

< n-l|A*|0> ■ (23)

The total matríx element is given by the product of thefina l amplítude tiñes i 

the right-hand side of eq . (23) ,  namely _ ]

< n = l;ml ¡A||m1> =(Q-1)

which again  expresses the f a c t  tha t one o f  the p a r t í c l e - h o le  components is

blocked m the odd system. The content of the present lecture is taken from 

(Be 76a 1

+ The NFT is able to iso late the spurious states th a tex is t  in our basis as a con­

sequence of its  overcompletness. This is c learly. seen in a s im ila r  n«del in 
which» tiowever, the partí cle-hole excitations are non-degene rate (Br 76).



Figure Captíons 51

Fíg. V I 1-1: Graph (a) represents the Fock self-energy ínsertions. Graphs (b) and 

(c) correspond to the four-poínt vertex of the interactíon ( 3) and 

to the vertex of the part ic le-v ib ra tion  ínteraction ( 12) respectiveiy 

The valwe of the vert íces  ¡s as indicated in the f igure, when the 

p a r t íc le  Une appears to the le f t  of the hole l ín e , for a l l  paírs 

(m,l;rn,l) meeting the vertex. A tnínus sign appears for each ínter- 

change of this order.

Fig. V I1-2: The two vertíces correspondíng to a partíc le-hole  operator ( e q . ( l5 ) ) .

Fíg. V II-3: The díagram representíng the populatíon of a phonon state by a single-

capture  reac t ío n  from the System w íth  one more p a r t í c l e  than the 

c losed she 11.
• «j

Fíg. Vll-í»: Energy díagrams for the particle-phonon state .

Fig. V I1-5 : Graphs (a ' and (b) repre^ant sectíons of two Feynman díagrams whic: 

together, take ínto account t-.he antísymmetry of the intermedíate 

State . Successive ínteractions between the p a r t íc le  (m.l) and (m,í) 

lines give rise to two series of graphs which are obtained in f ie ld  

theory by substituting (c) and (d) ín the correspondíng sectíons. 

Díagram (e) ís forbidden.

Fíg. V II- 6 : Díagrams correspondíng to the ín e la s t íc  exc íta tion  process ín the 

odd system.
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V I I I .  THE SEPTUPLE.T OF STATES IN Bi
209 58

+The se;ptupltít; of states
9/2

O'' in Bi ' can not be descríbad ¡n?09

terms of the older versión of the part ic ie-v ib ra tlon  coupling model (section V) 

Because in the new versión, the vertices of f ig .  (V-la) and (V-lb) are also in- 

cluded, a l l  the time permutations of the vert ices  in a given diagram have to be 

taken into account. Thus, one obtains the diagra.ms (V-2d) , (V-2e) and (V-2f) from 

diagrams (V-2a), (V-2b) and (V-2c), respective ly . The i r  valué is

AE (2d) = -  l l i V v , I I  ( , )

AE(2e) = (2X+1) Y.n .I

I, A I I

X k, i 
X kj J I <k,||iVŶ  ||i>|2 "i>

.X' X'

( 2)

(3)

These diagrams were calculated by Haniamoto (Ha 7^) who showed that they 

already y ie id  the correct s p l l t t ín g  of the levels in the septuplet ( i f  3/2 ) .

As discursed in the previous section, the smali parameter upon which to 

expand in the NFT is \  where Í2 is  the number of parti cle-hole states entering 

¡n the construction of the phonon. This number is of the order uf the e f fe c t ive  

degeneracy of the valence sh e l l .  In the case of the monopole forcé,the partic le-  

vibration vertices are proportional to í í " a n d  the four-point v e r t ice s ,  to 

Each independent summation over s ingle-partí ele states y ie lds  a factor of fi. 

Although these re la t ive  contributions are less c le a r ly  defined in the case of a 

general multipole in teraction , we assume that the ir  order of magnitude Is the 

same as for X = O ( i  . e . , we assume X «  Í2 ) .

Diagrams (V~2a) and (V~2f) are of order wi th respect to the unperturbed 

excj tation-energy o)(3 ) .  We mus t also includa the other diagrams contributing to 

the same order, to be coherent with our expansión. Thus, the diagrams (V-2g) and 

(V-2h) (dnd the ir  tiim permutations) have also to be taken into account. In 

order to s implify the ca I cu I ¿it ion, we note that the intermedíate boson Jn  f ig . 

(V-2h) mus t have even par ity  ( i . e . ,  X “ 2 ,M and that, correspondingly, the



e f fe c t ive  two-body forces acl i ng in ('V!-2g)are ihe quadrupole, hexadecepo le , . .  , 

ín te rac t ions . in the Iim it in which the energy of the in te rniedí ate phonon is 

large compared to the distance between the levels in the valence sh e l l ,  the net 

e f fe c t  of the intermedíate phonon is to renormalize the four-point vertex. Model 

calcu lations (Bo 75), (Be 75) indi cate that both the quadrupole phonons at ^.08 

MeV and at ~ 10 MeV (giant resonance) contribute to the renormal ization o fX ^  

with an amount s im ila r  to the bare valué o f" )^ .  Therefore, the diagram (V-'!h)is 

taken into account by diagram (V-2g) i f  one uses the e f fe c t iv e  valué of*X2 which 

ís necessary to lócate the lowest 2 state at the experimenta] energy ^.08 MeV, 

using the same set of s ing le-part íc íe  levels as in f ig .  11-2.

AE (V-2g) = (2A+1)'X^,A^ j :<  k J I í '^ r S y ü  k, ><k'|i i W ^ , | | k  >< k |1¡ W  J j i  ><il|f^r\ J|k>

59

x.x X X x\ (A)
k^k i '  ■ ^k  ̂ ^

Nevertheless, i t  can not be expected that thls set of diagrams yFclds a 

large contribution, since there is a cancel latíon betweerr tfre graphs which in- 

volve a p a r t íc le- p a rt ic íe  interaction and those which involve a partic le-ho le  

in teraction. The resultant valúes are given in table V - I .

Except for the J  =3/2 case  ̂ the calcul&ted sh if ts  and leve) ordering are 

in agreement with the observed ones (Un 71).

The 3/2 member of the m ultip let is populated by in e la s t íc  scatter ing  and 

by one body pick-up reaction on Po^^^. In both reactions there Is another 3/2^ 

S t a t e  which is populated with an in tens ity  of ,the same order o f magnitude 

(Un 71), (Ba 72) .  In zero order, the in e la s t ic  scattering process is expected 

to  popúlate only states of the septuplet, v^hile the pick-up reaction feeds the 

S t a t e  bu ilt  out of a d^^  ̂ Pb^^®. Therefore, in order to account for the

properties of the 3/2"  ̂ member of the septuplet, i t  is necessary to couple both 

the partí cle-hole and the pairing phonons"^. The empirical evidence points to

+ The prcsent theoretical analysis is taken from (l3o 7 ?a ) .



the fdct- t l i a t  the s t a t e s

+ . 'i 3/2,,^ (5)

A-3

2> = r 'a,A-0 o>

are consíderably mixed. As usual, F, creates a partíc le-ho le  phonon, whíle P
 ̂ ' a,A

creates an addition paíring phonon. The unperturbed exc ita tion  energy of the

states ¡1> and [Z> is 2.615 MeV and 2.733 MeV, respect i ve ) y . This la s t  nuiuber

was fixed from the distance between the ^1/2 requiring

that the state „a |0> is the statü at 2.^3 MeV, whích ís populated in the a,u s .,2
210Pe ( t ,a )  reaction wí th í, = O and a spectroscopíc factor very cióse to 2 (Ba 72).

In the following, we use the Bloch-Horowitz perturbation theory^. Al 1 día- 

gram of f ig .  ( V l l l - l )  contribute to the matrix M . (E ) .  Because of the”energy
I ®

dependence, thére is one matrix M(E) for each f ina l root:

M(2,48 MeV) = (  ^23 )
( 6 )

M(3.08 MeV) =

where the matrix elements are given in keV. Processes of order higher than íí ^

are neglected ín the construction of M.
1

The tivo *inal energies (2.-!79 MeV and 3.079 MeV) are in cióse agreement with

the experimental numbers (2.^9^ MeV and 2.95 MeV).
t

The rat io  between the two amplitudes the states |l>,|2> is given

+ The complete set of states is divided into the baslc subset (|l>,|2>) and the
compleiTientary space (a l l  the remaining s ta te s ) .  The matrix elements M . (E)ab
between the members of the basic subset can be constructed d i a g r a m a t i  c a l l y , 

using only states belonging to the complementary space as intermedíate states 

(as in W igner-Bri1louin perturbation expansión). The dependence on the resultant 

energies E appears in the denominators, which are products of the dífferences 

between the exact energies and the energy o f the intermedíate states. The 

energies are the roots of the determinantal equation |E-M(E)|=0.



as usual by the ra t ío  (M^, (£)-E)/M,2 ( E ) . However. the normalízatíon takes fnto 

account the admixture of states belongíng to the complementary space and is 

gíven (Be 77a)

' (7)a,O
The resulting wave functíons are

I I> = 0.76  [ 1> - 0.53 |2>
( 8 )lí> = 0.80 jl> + 1.02 |2>

This states are orthonormal, ín sp ite  of the ir  appearence. The fact that 

ene of the amplitudes is even larger than one, has the same explanatíon as for 

the amphtude (V ll~22): the NFT elim inates spurious components in the basis and 

thus the ampllitude of the surviving ones has to be increased.

The most s tr ick ing  consequence of íncluding both (non-orthogonal) states 

|l> and ¡2>and to treat them as orthogonal states which are coupled by the NFT 

rules, ¡s evidenced in the very d iffe ren t ra t io  of the (d.d*) and ( t ,a )  cross 

sections associated wi th the two 3/2"̂  s ta te s , namely

B(E3,2.^9MeV) / B (E3 ,2.95 MeV) = 3.8±O.S,
(9)

b̂ *cf((t.0‘).2.^9MeV)/a((t;a},Z¡5(ieV) = 0.8±0.3

Because the component ll> carries b as ica l ly  a l l  the in e la s t ic  strength while 

the ( t ,a )  proceeds through the component of type ¡2>, a treatment which neglecl:.

the non-orthogonal ly of the basis predicts R = R ,~ \
8 b

The ca lcu lation can also be (erroneously) done on the assumption that ín (8 ) c r ’v 

h> is populated by the in e la s t ic  scattering  and only |2> by the capture process. 

( i . e . ,  taking into account only the zero order diagrams in the matrix elenent 

of the operators cor respondíng to the d iffe ren t reactions). in this casethe results 

would be given by figs . (V líl-2g) and (V l l l - 2 i ) ,  from which the ratios R =1.92/2.13
3

= 0,90 and .2/^ .2 - 0.29 are de r i ved.

The correct procedure requires to take into account diagrams of tbe in e la s t ic  

and transfer operator matrices to the same order as those used in the construction

61



62,

of the energy na tr ix  elenients. This is pe.formed in f ig s .  (V ll l-2h ) and (V l||-2j\ 

which include the valúes of the d iffe ren t diagrammatíc contr ibutions. The result» 

ing theoretícal ratiosare = 216/87 = 2.5 and = 1. 82/2.27  = 0 . 80, in much closer 

agreement wí th the experimenta! numbers.

Figure Captíons

Fig. V IM-1: ATI the 1/íí contributions to the energy matrix elements of the

e f fe c t iv e  Hami1 ton ian , in the basis spanned by the vectors |l>,

|2>. An arrowéd line represents the fermion f ie ld s ,  whíle a

double arrowed line and a v/avy line represent the pair ing  and

surface vibration boson. An open c i r c le  or an open square stands 
' i ; 

for the bare partíc le-hole  and pairing multipole interaction (four-!

point v e r t ic e s ) ,  respective ly (from(Bo 77a)).

Fig. V I11-2: The theoretical spectroscopic factor corresponding to the reac-
210 209tion Pb ( t ,a )  3i is given in f ig s .  (g) and (h) for the zero 

and fi  ̂ processes, respective ly . The predicted ra t io  of in e la s t ic  

cross sections ) )  is given in ( i )

and ( j ) ,  respective ly . The upper (lower) valué corresponds to the 

l .k B  MeV (3.07 f’teV) 3/2"  ̂ state (from (Bo 77a)).
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IX. THE TWO-PAIRING PHONON STATES !N AM)
* ^ 1 0 2 0 6The ground statesofPb*^ and Pb can be viewed as the lowest monopole

pairing vibrations of Pb*"*̂ .̂ The correlation e.nr.rgy associated with these two

modes ís 1.237 MeV and 0.6 î0 MeV, respect i ve l y . The corre la tion  energy ís meas-

ured by the d ifference between the lowest two independent pa rt ió le  (hole)

energies E,, (E ) and the lowest root w , ( üj J  ( c . f .  section 111). The two- V n a ,n=l r , I
phonon states

| i > -  [r* , ] ^ | o >
( 1)

65

|ii>=

are the zero order approximatíon to the ground states o f and

respect ive ly .

An exact di agonalization of the pairing interaction in the Tamm-Dancoff 

approximation and for a system of four partió les  (holes) moving around the 

N = 126 closed shell gives E = 267 keV and E = 5^0 keV for the interaction energy 

of states ll> and ¡li>, respective ly (the corresponding experimental numbers 

being I 69 keV and 706'keV). Thus» the interaction between the two pairing 

phonons is of the order of the ír  corre lation energy. Consequent l y , one can 

expect convergence problem'í in any perturbative t re a tre n to f  the in terac t ion .

The NFT resu lta , obtained u t i l iz in g  the Rayleigh-Schrodinger perturbation 

expansión, are shown in table IX-I as a function of the expansión parameter 

, íí being the e f fe c t iv e  degeneracy of the valence sh e lls .  The strong con­

vergence displayed by the expansión associated with both AEj and AE|| índicates 

that the NFT part ia l summations provide with a powerfull technique to deal 

with strongly anharmonic systems.

However, the interaction with other degrees of freedom (such as surface 

phonons) requires diagrams of order higher than Q  ̂ ¡n the two-pairing-phonon 

case. In addition, tlie convergence may be less impressive for sinaller degene- 

racies (such as in the Sr closed s h e l l ) .  The graphical perturbation technique 

has the disadvantage that the number of diagrams rapidly increases with the



order in íí \  both because the number of tcpo log ica lly  equivalent diagranis ¡n- 

crease as n¡ where n is the number of ve r t ices ,  and because the number of topo- 

lo g ica l ly  inequivalent graphs aiso increases. For ínstance, in the part ic le-  

phonon case there are h of such graphs for and 98 for (Be 76a ) .  In the 

next section we try to solve this computing d i f f i c u l t y .

A E (KeV)

Order 1 11

l/íí 262

4.3 hl
\/Q̂ QA \k

266.7 530
Exact 267 5^0

rabie IX- i. The two-phonon pairíng interaction associated wíth the (gs(^^^Pb) 

and the (gs(^^^Pb)) ca lcu lated in the franiework of the NFT 

(Bo 77b).



X. THE DRESSED PARTI CLE AND PHONON UNES

The set of diagrams in which a partí ele 1 ine disappears at a given vertex 

and subsequently reappears. and such that the intermedíate structure  dees not 

in teract wíth the remaíníng part of the graph, may be replaced by a s ingle die- 

gram wi th a dressed Une. The most fam ilia r  example of this procedure is the 

renormal izatíon of a fermion Une ín the Hartree-Fock approximatíon. More com- 

p licated  processes may aiso contribute, such as the inclusión of a p a rt ic le-  

phonon State ' ^s intermedíate State ( f ig s .  (V-2c) and

(V-2f). The same is true ín the case of phonon Unes: the bare partí cle-hole 

Unes are renormallzed in the RPA as díscussed in section IV; the phonons may 

be further dressed by taking into account higher irreducib le  ve rt ices  such as

the one shown in f i g . ( IV-1d ) .

The renoriraUzation procedure is s im ila r  for bosons and fermions. In the 

following equations, the upper sign refers to bosons and the Icwer sign to 

fermions.
I

The Dyson or Bethe-Sa]pether equation reads ( c , f . e q . (1 V-11; .
\ i‘

- l A(y,í.')A*(y,¿)(dxdT' Ĝ ()l ,̂T-t) F(y,T-T) Q

a V J

+
where G denotes the bare propagator

°  -iW t -iW t
G (Jt;t) = e e(t) ± e e(-t) (2)
o

( c . f .  ( IV-8). and ( IV-5 )) .  Here í. = m for the advanced part and ¿ « n for the 

retarded part.

The matríx elements coupling bare states (2.) wíth intermedíate States fy) 

are the vertíces A (£ ,u ) . The propagator F between the times T and f  depends on 

the intermedíate processes that we intend to consíder. For ínstance the expres- 

sion for F corresponding to f íg .  (X-1a) is

+ For partí cle-hole phonons, “  W .̂



-i(ej+W ) t -i(c.-W ) t
F(y= ( j , n ) ; t )  = (!-n/) e G ít) -n̂ . e J 0 (-t) (3)

These intermedíate propagators may be more or less cumbersome to derive, 

but in p r inc ip ie  they may be straightforwardly obtained froni the diagrammatic 

expansión of the intermediate processes. Quite genera lly , they aiso have a 

bosonic or fermionic structure^ namely (y=-Gí,p).
-iüJ t ±ÍüJ t

F(M;t) = “  0 (t) ± (p̂ e  ̂ 0 (- t) (k)

The unknowns of our problem are the frequencies and residues of the re- 

normal i zed propagator

^  -ÍE t ±IE t
 ̂  ̂ 0(t)±E X^(¿2)X^¿^)e '' 0(-t) (5)

el r

-whe re

X^(¿) = <a|c^|0> ; X^U) = < r¡c^|o> (6 )
;

( c . f . e q . ( IV-3) for the fermionic and eq .( lV - 6 ) fc r  the bosonic case).

The dressed l inc  is labelled by an in i t ia l  and 3 f ina l ¿2 quantum 

number. I't also íncludes a summation over the numbers indicating the in te r ­

mediate State (see f ig .  X-2). The line is created at the vertex and 

annihilated at V (¿2 )• In the ca lcu lation of a given diagram one sums over 

the three quantum numbers By performing f í r s t  the summation, 

one is le f t  víith diagrams where the dressed line is labe lled  only by the 

quantum number s a n d is  coupled through the vertices

W(s) = Z V(í,) X (£)
9 ^

(7)
W(s) = z v i í )  )C U )  

l  ^

Thus, i t  is 'convenient to replace the dressed Unes, by those

labelled by s_, which have a single pole in the propagator at the energy 

and are coupled through ( 7) .

In order to determine the energies and amplitudes, vve Fourier transform 

( i )  and requi re aqal I t i c i  ty at the poles. The poles at E  ̂ (s = a , r )  y ie ld  a pai r

Ü ü



of equations which may be cast in Che form a linear eigenvalue problem

[a - E + B ( E ) ] x  = 0 
where ( 8)

=0 j ,  F ( y . E )  Mii,V)

For bosons, = 1 if S-= m and = - 1 if £ = n . For fermions, always = 1. The

matrices A, B are of order L, where L is the number of (both po:.itive and 
negative energy) basic states l  . The determinantal equation associated wíth

( 8) is of degree

S = L + Vi

where y is the number of poles in the propagator F ( y ,E ) .  The same kind of non- 

l inear eigenvalue problem arises whenever the fu l l  space spanned by the un- 

perturbed states is s p l i t  into two parts (basic and complementary space) and 

there is an eigenvalue problem of an energy dependent e f fe c t iv e  Hamiltonian 

res tr ic ted  to the basic space (Bloch-Horowitz perturLation mathod).

In addition to the energies E^, the matrix equation ( 8) y ie lds  the relu- 

t ive  valúes of the amplitudes X ^ (¿ ) .  The normal ization of these amplitudes 

takes into account i )  the fact that intermedíate states beljnging to the com- 

plementary space are im p lic ite ly  mixed with the basic states £  and i i )  the 

ch arac te r is t ic  metric of boson states ( i . e . ,  the fact that i f

/x (m)\

69

( 10)

is an eigenvector of A + B(E) when this matrix operator acts to the r igh t ,  the 

corresponding eigenvector " to  the le f t "  is

X ¡ ( t )  =. (X*(m) . t X ^ í r , ) )  (11)

A normal ization condition sa t is fy ing  the previous requiremsnt can be 

obtained by extrapolating the results of (Ce 77a) in order to take into account 

the metric, namely
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x*U) x^(e.)

-E  |X^(m )|^ í£  I X ( n ) P  
m n ^

- L A^íi,y)^^-(y,E) A(m,£') x^(£) X (£') 
p: S S

(12)

This nom alízatíon conditicn Is aiso ofatained by requiring the states |a> 

and |r> to be: efgenfunctions „ f  the operator correpcnding to the number of 

pa rt ió le s .  This is contained ir, the Ward iden t ity . which states that the e le c ­

trón self-enérgy and vertex corrections mutually cancel in the l ím it  o f lo „  mo- 

mentum transfer. The l im it  occurs in a spherical sheM model system for a mono- 

pole operator with constant matrix elemsnts ( i . e . .  the number of p a r t ic le s  ope­

ra to r ) .  For instance, in the fermion case, the matrix eiement of the, number ope­

rator is given by the graphs of f ig .  (x-3). I t  is easy to v e r i fy  that the sum 

of these diagrams y ie lds eq, (W ). Hore deta lls  ara given in (Ee 77b).

Figure Captions

Fig. X-l: Graphícal representation uf the right hand síde in the Dyson (a) and 

Bethe~Saipether ( b ) , (c) equations. The dressed fermion and pal ring 

phonons are labelled by two arrows, whíle the dressed partic le-hole  

phonon carries a ci rcle .

Fig. X-2: The propagation of a fermion Une, takipg into account the succesive 

emission and absortion of a phonon

Fig. X-3: The vertictís of the number operator and the graphícal r e p r e s e n tation 

of thüs operator between dressed states.
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So far we have studied systeiiis in wl'.ich the elementary boson degrees of 

freedom are harmonic phonona . The rotations appear whenever the s í ng Ie-pc,rt i ele 

f ie id  v ío la tes  a symmetry ch a rac te r is t Ic  of the ín í t i a l  Hamíltonian. These 

symnietry-breaking f ie ld s  are used whenever there is an ímagínary root o) of RPA 

equatlons (11-13) or (l 11-10). In the partíc le-hole case, one includes ín the 

fermíon f ie ld  a term of the form -’XQj.qJjQ. but where O has a s ta t ic

non-van I sh i ng valué. For X = 2, the correspond í ng eígenstates are gíven by the 

Nilsson wave functíons (N¡ 55). Because this description implíes a p r 'v í l ig e d  

orientation ín, space and, since the space ís Isotrop íc , rotational co l le c t iv e  

motíon appears. i
I

In the followíng, we treat the simpler problem of paíring rotations. In 

order to s ím pllfy the problem, we consíder degénerate s íng le-part íe le  states 

with degeneracy

I  = 2E =2Q ( 1)
ru m>o

The pairíng monopole operators ( í l l - 8) and the fermion Hamíltonian'^
o

( I I 1-7) reduce to

£ a'̂  a t
m>o (2 )

Hp = - 1  G (p'^p + pp' )̂ ( 3) ,

I 
• i

Exact results obtained with a treatment with no symmetry breaking 

I t  is easy to v e r i fy  that the operators P^,P and

V  ?  "'cp  ■ 4  ('•'

have the same commutation relations as the angular momentum operators »I. and 

1 .̂ Thus, the eigensolutions of (3) carry I =y(Q-v)and I =  IT as g o o d  quantum

X I .  ROTATIONS

+ This expression for d iffe rs  from (e q . ( 1( 1-7) )  only through a t r i v i a l  

term proportional to the number of part i d e s .



numbers. Here v = 0 ,1 ,2 , . . .  ¡s ca lled  the sen io r ity  (Ra ^3) .  The eigenvalues of 

Hp and the matrix elements of are

E(v ,n )  = - I  G(Q-v) (fi + 2 - v )  + (5) 

< v n ' ¡ p ' ^ l v n  > =6^^,  ̂ i  (q + 2n + 2 - v)

States wFth the same sen io r ity  are related by the two-dimensional ro tatio-  
2 , - 1

nal law II /2ÍI,3'= (2g ) =moment of Ine r t ia  ) .  The matrix elerrents of ate 

fa í r ly  constant within a rotational band (at least i f  v , IT «  Q) and vanísh be- 

tween two d iffe ren t bands ( c . f .  f ig .  XI-1).

Many nuclei display the q u a l i ta t ive  charac te r is t i  es ¡mplied by this cou- 

pling scheme. Fig. XI -2 shows tlie behavior of the Sn isotopes as an example.

Treatment with symmetry breaking terms

S im ila r ly  to the procedure outlined for the N ilsson 's wave functions, the 

fermion states are defined through the deformad Hamiltonian

= - G<0lP|0> (P-̂  + P) ( 7) ,

where the phase of < 0 |p|0> has been chosen so that thís expectjtion valué i? 

rea l. The system rotates in this phase space, and the orientations are labelled  

by the gauge angle ({). The conjúgate variab le is the number of pairs of part ic les f l.  

The defornied Hamiltonian is diagonal in the s ingle-fermion bas is (Bo'53) ,

75

(Va 58).

{a - a .)m m
m > O ( 8)

%  = (a  ̂ - a .)ni m m

<11 m m

By nveans of the inverse transformation we express the pairing Hamiltonian 

(3) in terms of quas i-par t i d e s  a
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H = H + H p o 11 res

H = |G f i ( f2 + l)
^  ̂ (9)

H, - I  GQn
11 2 op

H = j- X G |pp^ + pp- 2p^p - n (n - 1) res  ̂  ̂  ̂ op op J

where

n = Z a ct ; p = Z a a- (10)
m m>o

It  makes sense to work in the basis of independent quas í-part i d e s  ( i . 8 ., 

elgenfunctions of to treat the residual in teraction in perturba-

tion theory. Therefore, we have introduced the small parameter X. Perturbation 

theory implies an expansión around 3( = 0. Here we have the requirement that the 

expansión converges for X = l .

A s t r a  igh tfo rward  appl í c a t io n  o f  Ray l e igh“ Schr >ed!nger p e r tu rb a t io n  theory 

to (9) y i e l d s ,  fo r  the ground S ta te  energy

E(gs)"--J-Gü^

We notice that the terms proportional to GQ and G are, respectively^the power 

series expansión of

- |G f i [3 - X - 2 ( l- X ) ' ' '^ j^ ^ ,- ^ - l  Gfi (li*)

ÍG[I,X-3X' - AX d - X ?’nx,r*-,í'^ <'5>

Therefore, the exact gs energy (eq. (5) W ' t h  II »0 ) is reproducfcJ by the 

perturbation ca lcu lation  to order Gíí. The non-van ish ing c o e f f i c i e n t  of the term 

proportional to G does not correspond to the exact result and isaconsequence of 

the lack of convergence vvhich is a n a ly t ic a l ly  dfscussed in the Appendix.

Let US now apply the NFT rules to the Hamiltonian (9)• The phonon creation
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operators are defined through

The 1 inearízdtíon condition Fh' ,F = wF y ie lds- P
w = GQ (1 -

Z =';ri  + (GQ/w)'^n (,7 )

Y = j  [ { o)/GQ)'/2 .  (G Q / c o / / q
2

The ground state energy contríbution due to the RPA ís (see, for ¡nstance 

(Be 76a))

Therefore, the constant term plus the RPA contríbution y ie lds  the exact 

energy of the lowest State (eq. (5 ) ) .

The p a r t ic le “ phonon vertices are given by the interactlon term

H = -A (r-r '* ') (p '"-p )
(19)

1 V  '  V  
A = 1  GQ'2 /(1-X)'“

In sp ite of the fact that the coupling vertices diverge as X-^1, the sum of 

ai i diagrammatic ^  ̂ contributíons Is f in i t e  and is exactly  glven by (15). Thus, 

the NFT treatment reproduces the incorrect resu lt of the perturbative fermíon 

treatment. ¡

Although we have oniy demonstrated the lack of convergence of the per.:ur- 

bative treatment of the residual Mamiltonían for the simplest of the deformed 

f ie ld s ,  i t  is lllcely that this feature ís quite general. I t  Is p lausib le  that 

these problems ar ise  because there are excited states in the in t r in s ic  system 

v/hich correspond to a d iffe ren t orientation of the system ( i . e . ,  spurious states ) 

This fact would suggest that che problem may only be solved through a careful 

consIderation of the constraints im p líc it  in an in t r in s ic  system. Powerful rech- 

riques have recently been introduced in quantum f ie ld  theory in order to trea t 

these problems (Di 6^), (Fa 69), (Ha 76). The problem, however, appears to be



more complícated in nuclear physi es , stnce here one must elim ínate a complícate 

combínatíon of the (o r ig ina l)  fermion f ie id s ,  and noí an elementary boson f ie ld  

To carry out thís program rapresents a majjr challenge, and ce r ta in ly  a reward- 

ing ene: its  Importance líes  not only on the relevance of the description of the 

rotatíonal spectrum in nuclear physics, but also on the un if ica t ion  that i t  

would imply In the cornmon understanding of the d iffe ren t branches of physics.

18

Appendi X

+ j  1 /ce D  .n anH —  li,opSínce p ,p and ^  s iso  obey SU2 commutation re la t ions , i t  is easy

to -ecast H as P
1 2

Hp = H o - j  GfiX-+ Gfid - X)(l^+íí/2) + Gxl^ (20)

for the l=n/2,(v=0) representation. I f  X=1, the Hamiltonian (20) y le lds  the 

eígenvalues (5) ,  siáce

, “ 'x  Í 21)

Note however that the eigenfunct ions of the number of paírs of part ió les  IIop
imply a large mixture of eigenstates of the. number of quas i-partí d e s  n (or

op
of 1̂ ).

The matrix corresponding to H in the representation characterized by I
H ” z

is reduced to two real tridiagonal matrices corresponding to an even or odd 

number of pairs of quas i-part i d e s ,  respect i ve l y . The corresponding eígenvalues 

E are (branches of) ana lytica l functions of X.with only algebraíc s in g u la r it ie s  

(Se 73). An exceptionar point in the complex plañe X is defined by the con- 

dítion that for X-=X̂  two eígenvalues coincide. These exceptional points are 

f i r s t  order branch points of the two coincfding eígenvalues. The radius of con- 

vergence of the series expansión is smaller than the smallest valúe I | •

We investígate the position of the exceptional p o in ts  in two simple cases^ 

ñame 1y I = 1 and I « 2 .

I am grateful to A.Jackson for advice on the subject o f thís Appendi^.
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1=1 case. The matríx of order twc

1  X2 *
1Í2( l-X) + T  X

/

( 2 2 )

has eígenvalues

(23)

The exceptional points are located at the valúes fo rw h ich th e  discrítt i in- 'nt vanishes 

Thus,

= (1 ± i/?.n) -1
(2k)

1=2 case. For the matríx

-2Q(1-X) + X

the vaníshíng of the díscriminant requires

3X 

4  X

\

4 x

2 : : ( i - x ) + x

(25)

/

l i S n ^ d - X ) ^  + í*Q^(l-X)^X^ + 103Í2^ ( l - X ) ^ X ^  + 9X^ = o (26 )

For any valué of thére are two roots on the upper ha lf  plañe wíth |X  ̂ ¡<

Although iin these examples the re lation ¡=Q/2 has been relaxed, the fact 

that |Xq1<| for both 1=1 and 1=2 suggests that an expansión ín powers of X cannot

converge at the point X=1.
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Figure Captíons

FIg. XI-1: The spectrum of a pal ring forcé for even systems with II>0 and

degeneracy P.= 8 (Be 77c). Each State is labe 11 ed by the quantum 

numbers (v,IT). The transfer matrix elements are given wíthin 

square brackets. T!,ey are normal i zed wi th respect to the matrix 

element <v = 0 ,n =1 1p"*̂ | v  = 0 , n = 0> = ^.^.

Fig. X I-2: Experimental energies of the =0^ states of the even Sn-‘ 

isotopes (Be 77c). The heavy drawn Unes represent the valúes 

of the expression E = - B (S n )~ E  +8.50N + ^5.3 (MeV), where

the binding energías B(A) (in MeV) are taken from (Wa 71). The
'• 2 dotted line  represents the parabola 0.10  (A -65.^) , which

corresponds to a ro taticna l energy paranieter (20) =0.0^0 MeV.

Also dísplayed is the excited pairing rotatlonal band associa-

ted with the pairing v ib rationa l moda-. In a l l  cases where more -

than one = 0  ̂ state has been excited below 3 HeV In two-neütron

transfer processes, the energy of the centroid is quoted, as well

as the cross section Z a  (ot) , where o(oT) is the re la t iv e  cross
i ' '

section with lespect to the ground state cross section. The 

numbers along the abcisa are the ground state  (p ,t )  and ( t ,p )  

cross sections normal ized to the ^ ^  ^Sn (gs) cross section.

The ( t ,p )  and(p, t) data u t i l iz ed  in constructing this figure
i

were taken from Refs. (Bj 68) ,  (Bj 69) ,  (F1 70a) and (F1 70b).
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