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v. THE DESCRIPTICN OF THE NUCLEAR SPLCTRUM

In the study of the nuclear spectrum, we are faced with the problem of
fermions moving in a set of single-particle levels and interacting through a
residual force. There are several methods to treat this problem:

i) Perturbation theory. One uses the independent-particle Hamiltonian us
unperturbed.Hamilconian. Howcever, a typical matrix element of the residual
interaction turns out to be of the same order of magnitude as the distance
between the single-particle levels within 5 major nuclear shel! (0(1 MeV)).
Therefore, a straight forward perturbation theory cannot be expected to con-
verge. An empirical verification of this statement is found, for instance, in
the fact that the binding energies of even even nuclei do not show discontin-
uities within a major shell, thus indicating that the different confiqurations
are completely mixed (Wa 71).

ii) Shell model diagonalizations. Within this framework, important thecre-
ticul results have been obtained in the neighborhood of closed shells, A des-
cription of modern shell model calculations is found in (Wi 77). Altnough this
approach i; relatively clear from the conceptual point of view, it presents
conputational difficulties even in light nuclei, where the shell degeneracics
arc smaller. For instance, calculations in the 16 <A<L0 region require the
P1/2° d5/2 and S1/2 single~particle levels at the beginning of the shell, and
the d5/2' 31/2 and d3/2 levels at the end. A calculation using the four single-
particle levels is not yet available. )

iii) Elemcntary modes of excitation. The aim of this method is to express
the complicafed spectra in terms of relatively few building blocks. These in-
c¢lude not only singie—particle excitations, but also different collective
(buson) excitations. Objections to this approach are that the basic set of
“tates vielawes the Pauli principle and is overcoﬁpletc (since the independent
particle degree of freedon exnousts all the dngrees of frecdan which are pre.
ent in the problem). Furthermore, one has no apriori knowledye about the inter--

uction between the elementury niodes,



In these series of lectures we davelope in detail a method which allows

to eliminate the errors inherent to method iii) in a systematic way.



1. LLEALNTAKY MODLS OF EXCITATION

They represent a gencralization of the concept of the normal modes-of vi-
brations in a classical system. Thus, they pravide a basis for expressing the
complicated excitations that can be produced in the neighborhood of a given
equilibrium confiquration. In addition to this practical purpose of econuiny
in expressing the comp!licated spectra in terms of a relatively few building
blocks, the study of the elementary modes is important because the deeper
properties of the system are reflected in the nature of these building bl.cks.

The concept of c¢lementary modes was introduced in Fermi systems by Landau
(La 41). Their importance in nuclear physics has been the leit motiv of the
Copenhagen Schoo! (''The'" presentation of this approach is found in (Bo 75)).

The mathematics of the elementary modes is simple. Let us assume that it
is possible to recast the many-body Hamiltonian (including é two-body term) as
a summation of Hami ltonians Hé corresponding to separate degrees of freeden,

> '
H gHo : (1)

with the associated Schroedinger equations

vy (2 =€ v (@) @

Hure T represents a generalized variable (e.g. the single-particle coordinate,
the gup parameterAin a superfluid, the shape of the nucleus, etc.). The wave
“vperion ,1(() i» the 7 ~coordinate representation of the eigenstate F IJ> The
Jperator F creates an excitation with quantum number ¢ » when acting on the
state [0> (the vacuum of all the excitations a).

The energy of the states (or at any rate, of the most important states
i craur ¢ determine the physical response of the system to external probes)

ey, be oF the Yorm

- T
S (3)

while the corresponding eigenstates are



-1 ,
2= T (ng 1) bt )%l \ (4)

where n0==0 or 1 in the case of fermions, and nc==0,1,2... in the case of bosons,
Additivity features similar to (3) hold for transition matrix elements (¢.g.
two-particle transfer umplitudes, electromagnetic matrix elements, etc.). For

instance, for the operator Aoo which specifically excites the eigenstates wo(c),
r .

1
- Nt /ZS
. <n|Alm> = L AO”O ‘(no,m0+1)
(5)
A+ 5 AT
op 5 0 U

where hy is the matrix element between the states n0==0 and n0==l of the oper-
ator A;b.

Because the excitation energies %“ and transition matrix elenents (nIA]m>
are linear combinations of e, and A_ reSpectivefy, the eigenstates wU(C) are
éullcd‘clcmentary excitations of the system.

With the help of experimental probes which couple weakly to the nucleus
(i.c. in such a way that the system can be expressed in terms of the properties
of the excitation in the absence of probes) it has been possible to identify
the elumentary modes which are listed in table fl-1. Two simple exumplés will
Le discussed in the following, rather than a systematic review on each of the
modes. '"The central theme is the dialetic between classical macroscopic pic-
tures and the microscopic quantal structures that emerge as soon as one ex-
presses tﬁose pictureé in terms of the motions of neutrons and protons that

move in quantized orbits exhibiting shell structure" (Mo 77).

SURFACE PHONONS

fo simplest exanple of a4 collective vibrational mode that we cun consider

it that of a4 shape oscillation of a nucleus with spherical equilibrium. Small

decurmalvons ay be deneribed by expanding the surface R in wultipoles.
. ¥ .

i) = + ¥ 3

R(0, 4 ) R (1 o, qu (0,6 )) (¢)

Au
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“for an oscillatory motion the deformation coordinates a, ure functions of time.

Al

Expanding the density in powers of the deformation, we obtain

dp
plria) =plr,a=0) + og=

(7)

_ _g 900 ¥
-po(r) Rodr )\Zl—l O‘Au qu(o‘b)

So far, our language has been purely classical and maéroscopic. Such defeormation
may also be expressed in terms of the excitations of particles in the quantal
system. If this system has a predominantly single-particle character, and if
the potential has the same shape as the density (7), we must consider a field

of the form'F(rgg-YAu. The collective properties of the quantal system depends

dr
on the "single-particle response function', i.e. of the spectrum of excitations
produced by the field F. Sincé the radial gg-is peaked at the nuclear surface,

¥

it is often convenient to use {for the one-particle field the multiple mament

A

= 6
Q= 1y, (69) | (8)
An example of a single-particle response function for the field (8) with A =3,

given in fig. Il-1,shows a tendency towards concentration of strength around
w, and 3wo (signature of the harmonic oscillator selection rules).

+ + + A
T H - o A D= > =\z . > i ig. - ;
he particle-hole stutes |v;Au Yv,Au|o Lﬂ<a|Ju|0 in fig. l1-1 have
energies E , matrix elements q = <v,lu|QAu|0> and are created by the operator
+ .

Yv,lu. There are >>1 of such configurations. Any superposition of them (like

+ .
Y Y+l0>) is also a possible state of the system+*. The independent superposi-

tion of excitations is the essential feature characterizing quantal -harmonic

+ v=vlk.i); e > €¢ and c, <e

k f
++ This statement can be justified in the limit of large §) because of the fact
+ +
that there are 92 states of the type Y Y !0> out of which only Q states shou'la

) . -1 .
be excluded. Therciore we introduce an error of order . ° by neglecting the

Pauli principle.
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. . . » 3 . + .
oscillations. Thus, the creation and annihilation operators Y ,y may be viewed

as the one-phonon creation and annhilation operators. They approximately satisfy
-+
he 1 Y = ) .
the conmutation relation \ \U w Ap w A v,lu 'Svm A Guu
The zero order Hamiltonian (in which the effects of the interaction are not

yet included) and the zero order field are approximated by

o~ + . - -
HA L Ev Yv,ku YV.Au ! Lv. &E

i . (9)
(o) _ Au -y,

Q, = L (Yv aut + (-) Yo <k”'r v, lli>

) 5 a == (2a+1)

The residual effective interactions produce linear combinations of the

unperturbed excitations,

+

_ 4 i yhu
n’)m-):(x Y {(-)

r v Vvl Yn,v Vo 't (10)
i

z

A + .
The new normal modes ' are determined by the phonon linearization equation

[ e, ) = (1)

+
The solution of (11) becomes specially simple when the force is separable

e LR - A I (12)
u

'n this case, the phiaon energies w are given by the roots of the disper-
wton relatior
2 2 2
|* e,/ (Ey- w ) (13)

while the amplitudes X and Y are
n,v v

’ n’

l * N
X =22 +1)2 N q J(E -w)
n,v n AV] \V) n

(14)
=2
n’ (>\+1) A a, /(t +(\n)
whet o _ -
I O T3 T a2 2 2.2,-Y. .
An Tz (“:;ﬁq { tzqvl Fv ﬁ(tv'_wn) ] i (15)
"

+ Thc justffication of the use of effective separable forces and the prediction
of their strength XA|5 found in (807) (M0 77). For the quadrupule case, sce
v-.. (Ra Aa)



By inverting the trunsformation (10), it is easy to obtain the matrix-
elements of the multipole operator Qlu' In particular, the matrix element be-

tween the zero and the one phonon states is

+

n,lu‘Q

1
. ] - /2 ,
<T 0> = \z} a, (xn o Yn’v) (22+1) Anr_x_)\ (16)

>

Au‘

1 _ .
- /2 =1 + U
(Qku)coll_ (2x+1) RN ﬁ An[rn.ku+ () rn,)ru] (17)

The response function corresponding to the nérmal modes is given in fig.
'||-2. There is a very large concentration of strength in a single state lysdng
below w, - The 2.02 MeV 3  state in Pb208 appears as the one-phonon state-of a
quantal collective vibrator, which thus is the quantal version of the mac;os-
copic classical oscillation of the liquid drop.

The present method of obtaining quantal vibrators is called the random

phase approximation (RPA). E ;
The interpretation of the 2.62 MeV state as the one-phonon state of an
~etupte oscillator relies on the fact that B(E3)=39Bsp >> Bsp, and that
ﬁé- = 1.62 MeV <3.98 MeV (which is the lowest 3~ particle-hole excitation) and
o1 some expesimental verification of ics micrbscopic structure. However, other
deseriptiony fleuck as o permanent octupole deformation) could produce similar
effects The exrerimental determiration of the two-phonon quadruplet at 5.2 MeV
(. =0,2,4,6) should provide a decisive test on the picture. This challengtng

esier 2t 1y crucial, since too many basic concepts of nuclear structure rely

'n the ‘nterpretation of this 37 state.



mode

specific excitation mechanism

formalism experiments

single-particle
motion

single-particle

+
a (v) , a(v) addition or

removal
density oscil- +
lations (a’a)
+,. ] A

shape la (ida(j")|

. . + + inelastic

nso§p|n L(a a)n (a a)p scattering

L 3 +
spinflip (a¢a+
others cesas

pair vibrations Ia+(j)a+(j')iX

two-particle transfer

nucleonic exci-
tation

+ . .

(32) resonance" aw a Pion scattering

. . +

hyoer nuclei (cTr cK) (Kt)  exchange

rotations low frequency vibrational modes that
separate out whenever an average
field violates one of the symmetries
of the total Hami ltonian.

Table 11-1. Elem-ncary modes of excitation in nuclei (from

(z'i(:- 7) ‘ .

8



Figure Captions

Fig. 11-1. The single-particle response function for A=3 in the nucleus with

Z=h6 and N=60 {Bo 75). It has been obtained from a Nilsson

potential V(r) =ZB[%-mwo 2 -0.10 2.5 -0.22(22- <g2>N)] with
s
’ _ -5
w =41 A MeV .
o
. ' . , . 208
Fig. 11-2. The response function corresponding to the octypole modes in Pb .

The calculation has been made using the experimentally known single-

209 209 207 207.

proton and single-neutron levels in Bj , Pb , T1 and Pb

In the upper part, the B(E3) values for exciting particle-hole
states are given in single-particle units. Only transitions with an
intensity larger than 0.2 are indicated. An effective charge of
1.13e for protons and 0.13e for neutrons has been used in order to
take into account polarization effects associated with thé>AN=3
modes (c.f. (Bo 75) and fig. V-3). The lower part of the figure
represents ihe response function for the RPA normal modes. The
séme renormalized charges have been used. The coupling strengh

73 = 0,000375 (mwo)3 MeV has been fixed so the lowest 3 state
lies at 2.62 MeV. The B(E3) value corresponding to the collective
.state is 31 Bsp in agreeﬁent with the experimental value 39 BSp
(zi 68),

For both the upper and lower figure, the energy weighted sum rule
is

g w B(E3,n) = 325 B, MeV

The normalization constant is A3==0.0hlh (mwo) 3/2 MeV.
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H1l. PAIRING PHONONS

We saw in the previous section that quantal collective harmonic oscillg-
tions of a fermfonic system are obtained in the limit that the particle-hole
pairs behave as independent phonons. This limit implies large degeneracies 0.

The coupling of these phonons through appropriate residual interactions
yields the normal modes of the system.

Identical procedure can be applied if we consider as unperturbed phonons
the addition or remuval of pairs of particles. For large degeneracies, the
states thus obtained can be considered as one-boson states of corresponding

harmonic oscillators. The normal modes of the system are called pairing pho-
noﬁs {Bo 64), (Be €6).

The one-pairing phonon states belong to nucleiuﬁith one pair of particles
more or less than the ground state (i.e., tﬁey carry a different quantum
number . The same is true for surface bosons in which the angular momentum
plays the same role as the number of particles for pairing phonons).

The equivalent operator to the multipole moment QAU is an operator that
creates and destroys two particles. An operator of thfs type acts ina (direct)
two-body transfer reaction, such as (t,p). Indeed, the systematics of two-
neutron transfer reactiois (Br 73) indicate that the population of the lowest
0+ state (ground state) is generally larger by one or two orders of magni tude
than the population of excited 0+ states. This fact is characteristic of a
coope?ative effecf, in the same way as the strong matrix element to the

lowest surface mode associated with each multipolarity indicates strong coher-

ence.

208)

Let us consider for the moment pairing phonons in a closed shell (Pb
carrying zero angular momentum and corresponding to [déntical particles. The
geometrical coupling of these bosons is simple, since the one-phonon state
has only two components {addition and removal) and thus they correspond to a

two-dimensional harmonic oscillator. The quantum numbers labelling the spectrum

R VI,
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are (nr’na)’ the number of removal and addition phonons (fig. 111-1).

+
The vacuum state [(0,0)>=[0> represents the ground state of szos, The
: 5. 206 2
one-phonon states are the ground states of Pb and Pb 10
2 +
P62 g >=[(1,0)>=r[0> (1)

210

P g5 >= |(o,1)>=1‘;']o>»

The cross sections

o (r62% (5, 0) Pb2%8) = 5 ((0,0) (p, 1) (1,0)) = r

(2)

208 210)

a(Pb™" (t,p) Pb = 0 ((0,0)(t,p)(0,1)) = a

are the units in which we measure other transitions.

The concept of elementary excitations require that the quanta retain their

L .
identity when super imposedlto other excitations of the same or different type.

z

There are three stéteS“with two pairing phonons, namely (1,1), (0,2) and (2,0).
The state (1,1}, The excitaticn energy of this statevin Pb208 is predicted

to be the sum of thé addition and removal phonon energies CRACH

208

206) 5210

AE(1,1)=- 8B (Pb -B (P ) + 2B (Pb™"") = 4,989 Mev (3)

in excellent agreement with the experimental energy (ffg. i11-1).Here B is the
binding energy (Wa 71). Moreover, the cross sections a((1,0)(t,p)(1,1))=(0.9120.
and a((0,1)(p,t)(1,1))=(1.27 20.20)r are in agreement with the predicted values
a and r, respectively. |

The comparison between ‘energies of states with A#208 requires the substrac-
tion of a linear term in the number of particles,which is alien to the pairing °
mode. For simplicity, we adjust the factor in the linear term so thatt%aéwr

(= 2.494 MeV); thus one uses

E (n) = B(Pb208

) = B(T)+ 11.616 7 MeV (4)

+ In this phenomenological approach, it is imnaterial whether ground state

correlations are included or not.



where ™ is the number of pairs of particles added to the closed shell. Using
this correctfon, the predicied energy of the [{0,2); sz,z(gs)> state is only
169 keV below the experimental value, while this discrepancy increases to 706
keV for the |(2,0); szoq(gs)> state . The cross- sections are compatible with
the model prediction although somewhat small for the removal case (fig. 111~1),
Another characteristic of the harmonic oscillator is the vanishing of
transition matrix elements of the coordinate Operétpr between states differing
by more than one phonon. The (2,1) (excited) state in Pb206 is not populated
" in the (¢,0) (p,t) reaction with an upper limit < 0.03r.
There is also good evidence for the validity of the harmonic descriﬁtion
for the quadrupole pairing phonons. The one-phonon states are in this case:

[Pb206

+
s 803 keV >=rr,)\=2u lo>
| (5)
210 +
[Pb“"", 795 kev >=ra’2u]o>
- + . 208
Therefore, two almost degenerate 2" states are to be found in Pb°",
namely
+ + +
|'>"Pr,o Fa,Z [o> ; |2> = rr 2T | 0> (6)

a,o
which have been found at the predicted energy'—‘Zma 01-800 keV, with an empiri-
H]

cal splitting of 95 keV a-d conpletely mixed with each other (Fig. 111-2},

The multipole pairing two-body force is defined by (Be 71), (Bo 77)

Hp=~ G, (zA+1) Z PMJ Pku (7)
wh;re
Au 2A+1 v Au n,Au
A :
LRI ORNE IR i 10 0
- i\ ', Ay Yo
Py <k|”a YAu” ky>/ (146, ) pnculn. vm”'2>/(1+612)

+ These discrepancies are analyzed in section iX.
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with ek> %f’ei(£% and k. > k2’ |?;|2. We denote by Ev(En) the unperturbed energy

1
of a two-particle (two~hole) state. The creation operators for the normal modes

are def ined

ot ~ + EPIRY. =1
'Fan,ku h \E, Xn.v YV, An (-) ,27 Yn.n "0, en
(9)
S SR G AR Y
rn)Au n n,n an)‘u V) ﬂ,\) YV)A‘U

- The linearization equations [(Hsp + Hp); F+]== wP+ yield

-1 2 2 |
(hnGA) = 5 lpvl /(E, w )+ g ]pn[ /(En tu )
(10)
=Z [p lﬁ/ (E;+w0 ) +2 |p lzl(E-w )
\V v rn n n rn
\Y n
For reasonable values of GA’ imaginary roots are Present in most of med{um
and heavy nuclej. The only exceptions are the closed shell nuclei, where there-
is a larg~ gap between the levels above and below the Fermi energy. In this case,
there are two real roots, namely wal and W, which become 5izeably separated
from their unperturbed position. For A=0, these Separations represent the in-
crease in the ground state binding energies due to the Pairing force in the
nuclei with one pair of Particles more or less than the closed shell, The lowest
toots (X=0,2,4,6) are reproduced around Pb208 using GA.(27/A t 10%) MeV. (Br
7h).

The amplitudes X, Y are
= - ) ! .
X" A p /(E -w ) Y , A p /(E+w )

(11)

= - -y, - e a - %z ~_" - +
Xoon =0 _pn'/(En w. ) - Y A P/ (E+ w )

where
= 2 - 2. 2 24-Y,
o™l I/, )7 5o 2 12
n . (12)
wl~ 2 " 2 1 2 - 2 --/2
A, [\E)lp\,l /(Efta ) +fw’pn’ /(€ -w )2



fo

Thus, Inverting (9) one obtains
+ e I Y oA " YU
(Pku)coll -Gk le(z}‘”)]. gEAanran,luH )/\ Arnrrn,ku] (13)

The‘parameters Aan mrn)are proportional to the two-particle transfer spec-
troscopic amplitude relating the closed shel] nucleus ground state and the two-
particle (two-hole state) if the operator responsible for the two-body transfer
process the one given by eq. (8). This is not completely true, but it gives a
reasonable estfmatiqn of the amplitudes. A more refined calculation can be
‘performed by introducing the ampiitudes <nl[é}a}}JAlo> (which are obtained by
inverting (9)) into the direct reaction codes. This calculation has been per-

formed in (F1 72).



Figure Captions

Fig.

F

-
[fo]

-1,

1i-2.

The many-phonon pairing spectrum around zost (Be 77¢c). The ener-
gies predicted by the pairing vibrational model are displayed as

dotted horizontal lines while the experimental values are drawn as
continuous lines. The harmonic quantum numbers (nr, na) are indi-
cated for each level. A schematic representation of the many-par-
ticle many-hole structure of the state is also given. The transi-

tions predicted by the model are indicated in units of r and o

(eq.(2)). The corresponding experimentél nunbers are also given

together with their errors above each level. The dotted line be-

208Pb( 206P

b

tween the states (0,0) and (2,1) indicates that the p,t)

reaction to the three-phonon states in 206Pb was carried out and
an upper. limit of 0.03 r for the corresponding cross section was
determinec. The (p,t) dats is from (La 73) and the (t,p) data from

(E1 71), (F1 72a), (F1 72b), !F1 74) and (ig 71).

The pairing vibrﬂtional4model for the J™= 0¥ and 2° excited states
of 206Pb, ' 208Pb and 2me (Be 77c). These predicted levels are
depicted as dotted lines. The corresponding cross sections and Q-
values associated with each state are aiso quoted. The experimental

energies (solid lines) and (t,p) and (p,t) cross sections are given

in (1g 71), (F1 74) and (La 73).



18

XATA

oe
L 1]

A 3_“.\

S ————
‘0(9.03€2)

(20)

01 70¢ ¢0¢

M¥NB22 = ™

5

\ /o

H02°0% L21) \ \ : ‘
‘ co

/2:?&.8\ ,,

e

. N
T YA
AT 174 R :.C \ . .\\ A Q907 . y )

°15000>)

11003 50°0) ._...;, (1'zy -

e e e e -

\ ’ A e cnf
E> hll ‘o HSL'D3FLSL) v
.e .

Ry O TS (0't)
ilc001> -
D(EZ0 % 01'1) AN Ly
_O.L _ | 12s02;
L] ° .
dx9 =———— o

W mems

L _ 1

[t

ol

Fig. 111-1



19

o[%s 8QZ 902 202
143 Ly
.0
- \ \ ’

/
J\
—A A\. 2 6L0G-+0°

2 V \\/

G610-2 0

“lo gl
Nh N o V4 R t ﬂ .
tezo sonf 2000 TN w °(707%0°2)
1200 o /) te geo
AR\ ;
4 \/,/ eegseear i N O.l'l.-.l
ver- o I\ .
U806 = D7 //!l l\f/, 8L00 =D .
RN TN
NELLO-=D g

AN \
A ATy
.\..frﬁ\.\ ~—tol70 _
. oo — e, \.. . /./ . '
. ———— ~ /X NeeL0=D
£¢ ONr \ /
o /,
dxd  —— SEE=S 0120=0
o2 / 0910 2.0

4

N

cO

Ol

-2

Fig.



IV. FEYNMAN'S DIAGRAMS AND THE GRAPHICAL PERTURBATIVE DERIVATION OF THE RPA

In quatum mechanics, we deal with the aaplitudes to get from the inftial
state at time t to the final state at time Ef. A great advantage of these am-
plitudes (Green'sfunctions) is that a useful and elegant graphical perturba~
tion theory' is obtained from them. Each diagram is as.precise as an equation
and, in addition, it represents the detailed evolution of the system. In the
following, we attempt a fast "derivation of this téchnique. For more details
_see, for instance, (Br 72), (No 64), (Mi 47). |

. . o o+
The above mentioned amplitudes, for the one-particle case , are

+
6(J,Jst-t) = <o]t {ajKt? aj(t)}l0> : (1)
where T orders the operators aJXt9, a}(t) in a time sequence that increases
from right to left. The creation operators are, in the Hefsenberg representa-

tion
'Hta}' e"‘Ht (2)

and |0> is the ‘exact ground state (H|0>=EOIO>). Introducing a complete set of

a}(t) = e

states {a>, |r> of the sysfem with one particle more and less than the ground

state, eq.(1) reads:

G(juj;ﬁ“dni <0[ajJa> <ala;l0>e-‘(ea-eo)(tLt)e(tLt) 5)

- I <o|a}“|.-> "'Iaj'|°> e i (EEg) (tet)

- 6(t-t9)

+ This property of the Green's function becomes apparent If we express (1)in
terms of the time evolution operator e HHE Thus,

ST et 1 <] 0> 0len)-i v (0] MOy (o>

6(t-t)

where - _
|¢%(t)> “.a} e-'Eot!0> ; IWj(t)> =3 e TEot [o>
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The corresponding Fourier transform is

’ alatlo N |
cie) = i p Oaylexsalalo o,y wlaylecrale o,
a (E-Ea+ EO+ in) r (E“Er+ Eo- in)
i.e., the poles of the Green's functions yield the energies of the neighboring

systems. here n 2 0.
For a system of independent fermions, l0> represents a3 Slater determinant.
Therefore, the one-body Green's function describes the propagation of a parti-

Ele.above the Fermi level if t'> t, and of a hole below the Fermi level °F

t' <t. Assuming a representation which diagonalizes the Hamiltonian
G(j'jstt=t) =6 (J,e'-t) YT

Go0s) = (1n) 8(6) ¢ 71E5E on o) @716 (5)

J

where n, =0 if €.>c. and n.=1 if €. <€ -
J J F

J N

Ucing the same formalism, we describe the propagation of a-particle-hole

Go(j,E)= i(l-nj)/(E-e +10n) + inj/(E-Ej-fn)

pair ‘
cph(Jj'.J"j'";t'~t) = ‘<OIT{a};(€) aj(ﬂ) aj"(t)a “.(t)}l0>~

= E<olay i <nlaag, [0 s(emee N ED g
+ I Ola nd m In) <n|a |a '0> e(t't') iw (t’ t)
n J J

which In the case of a free propagator simplifies to

(“)(J Lt -t) = B.(l"nj)njl 6 (t'-t) e-l(EJ i Yt -t)

jll J Jll!

- by e, e ) (B -t) s (7)
*"1‘3.._"'2."_“,.‘_.‘_’.“ il ]

el ° J'”G o) G Itueme)

A non-interacting particle holc state behaves like a free phonon, since
one may distinguish between them only through their correlations with other.

particles or holes (i.e., in cases in which they are not free). Therefore, for
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future use, we may infer the expression for the propagator of a free"boson'frun

(7):

»

Ga(n.ﬂ-t)= e_imn(ﬂ-t)e(v-t)+ eiwn(ﬂ-t)e(t-ﬂ)
(8)

GB(n,E)=i/(E-wn.+in) - i/(E+wn-in)

If we have a moré complicated problem (such as a problem of interacting
particles) the Propagator may be written as a sum over all the alternative ways
in which the particles can go from the initial to the final state. For instance,
in the case of a particle-hcle pair, the particle and the hole can be scattered
fram the state (j“j“;)to the state (jj') by the interaction® -j <Jiv|ps.

The alternative ways are:

{) The particle-hole pair may not be scattered at all (eq.(7)).

ii) The particle-hole pair may be scattered once

:(1)

oh GIWtI=t) = =1 <jpfy o >j'dr G, (J",t-t) 6" e-6, U, t-1) 6 (5t T-v)

(9)

ili) The particle-hole pair may be scattered twice

(2)

oh UTJM 3 set) <02 £ <V af > < jajuiv| o s

Jajb (10)

G

X fdr' dr' 6, (", t-t)6 (", t-1)G  (ja, 7' ~7) Golibir=t) 6 (J,t-1) 6 _(jtytt)

Reading from right to left these formulae mean: the particle-hole pair moves
as a free particle and a free hole betwcen t and T:at T-the particle-hole pair
(J"j") gets scattered by the interaction into another pair (jajb). Then the
pair mov;s again as a free pair, etc. Thus, there is an inmediate graphical
interpretation of- these expansions (fig.Iv~1): a diagfam is obtained by con-
necting vertices (and sources) by means of propagators in accordance with the

arrow rotation.

+.The factor (-i) appears as a consequence of the expansion of the evolution
operator e 't in power of the intetacticn V(1,2). Thematrix elements of

V(1,2) are defined

<.U".'|V“"j‘ > = i—J(dl. d2 \1'}(1) W};,, Q)V(I,Z)[Wj.. (1) ‘lez)-\y.l" (2)‘*’]' (])]
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Since the Fourier transform of a convolution is the product of Fourier trans-
forms, it is easy to obtain the corresponding expressions for them.

The RPA can alsc be obtained using the grarhical procedure. In the propaga-
tion of a particle-hole pair, let us consicer only those diagrams in which a
particle-hole pair s created and annihilated without interacting with other
lines of the diagram. Thus, diagrams (1V-1a), (IV-1b) and (1v=1c) belung to
this subset, while (I1V-1d) does not. This whale subset of diagrams Is taken

into account in the Bethe-Salpeter equation
G (le j"j'" 't'-t) = G(o) (JJI j“j"‘ . t"‘t)
ph ’ 4 ph ’ 3’
(11)

0 )
-i I. <jaj"'|V|j"jb? dt G(h)(jajb,j"j”' ;'l"'t)G h(jj',jajb;t""‘t‘)
jajb P P

as can be seen by iteration. Using (6) and (7) and Fourier transforming,the
‘ 3 3 +

following equations must be satisfied by the amplitudes: <n|aJaJJQ> at the

poles corresponding to the energies wn:

[O-npdngt-nj(t-ny
W e, + €,
noJ J

+

_)-1, T ..<j"}"‘§\l!jj""><n|a _:!0>

+
< a. lo>
nlaja; 0> g
" (12)

This can be cast into the familiar matrix equation
. A BY[XY W X
B A/\Y -y (13)

(A)= (ek-ei)G((ki),(k‘ ")) + <Kilv]ki> ; (B)= <iti|lV]kK > (14)

where

The amplitudes are '

e . - e
X(n,ki) = <ﬂ|akail0> ; Y(n,ki)= <nlaT ak|0> (15)
The linearization results of section |1 can éaéil; be obtained from (13)
if the interaction is separable.
Thus we have learned which diagrams have been taken into account In the

replacement of 'dressed' particle-hole states by phonons. Indeed, In this:



replacemenc an infinite subset of diagrams have been summed up. But this alsg
implies that many.others have been neglected. |f more than a pérticle and 3
hole line would be present in the initial staie, and each Pair of particje-
hole lines gives rise to a boson, we are neglecting interactions between
fermion lines belonging to different pairs. In particular, we are violating
the Pauli principle, which is taken into account provided that for a given
diagram, those obtained by interchanging the end points of the fermion 1ines
are alsc considered (see, for instance, fig. VII-5). In section VI we discuss
how to improve over these limitations of the RPA, using also a diagrammatic

technique.

Fig. V-1, Diagrams representing the propagatio. of a particle-nole pair

In lowest orders of perturbaticn theory,



XY

Fice
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V. THE COUPLING BLTWEEN ELCMENTARY MODES OF EXCITATION

In the previous lectures we have discussed two elementary modes of exci-
tation of a closed shell system, namely che fermion excitations (which are
created by a:, a.) and the phonon excitations (which are created by F P ,r+
We must now learn about the interaction between these degrees of freedan.
The simplest states in which we may study this interaction have a particle angd
a phonon, and thus they are sxcited states 6f‘nuclei‘in the vicinity of close
shells (for instance, Bizog). |

The particle and the phonon degrees of freedom are coupled through the
particle-vibration interaction, which has traditionally been assumed to be

linear in the boscn coordinate and quadratic In the fermion creation and anni-=

hilation operators. Thus, one uses the Hamiltonian

He o+ H
(o] pv
H;=jﬁn :jazaajm +{fu “ P:.Xurn,lu ’ (I)
o™ = T Ay WO NS T | @)
where N
Q, = (2+1)” “ y <3l eyl o J'-A (3)

This framework has been extensively used In nuclear physics, ever since
suggested in (Bo 52), (Bo 53). However, for a long time only the vertices of
figs. (V-1c) and (V-1d) were taken into account. Therefore, the lowest order
diagrams contributing to the energy of the particle-phonon state are given in

figs, (v-2a), (v-2b) and (V-2c). Thetr.value is. .

‘ 2 A
AE(2a) = (%%;%) A ak,Jl< k'lh r YA,'k>,2/(5k‘-sk_+ w ) “
A X A 2
AE(2b) = (2x+1) A% f{) :f: 'j} [<K|li*e YAHk >] /(Ekl'ek’ wn)

L\*“ 2 2 |
E(2¢) = 1 < fl k> “c -u
(e} = 2 Gan) By L iyl /(e m e - uy)

)

rn’



where J is the total angular momentum of the particle-phonon state.

The appropriate value+ of the coupling cornstant An is the one given in
(11-15). This can be seen by feplacing one of the two factors qu in (11-12)
by its collective version (v-17).

in this period of the particle-vibraticn calculations, it was also treated
the coupling of two particles with the phoror and through a two-body residual
interaction (Ra 59); the coupling of phonons and quasi-particles in a super=

fluid BCS system (Ki 63); etc.

This erupling was employed most frequently in connection with the low- .
energy quadrupole motion. But it never developed into a great success, be-
cause a) in most cases the coupling is so strong that many phonons get
admixed in the lowest states, and one gets into difficulties with the esti-
mation of the higher anharmonic effects; b) the coupling term was not pro-
perly treatedand add%tional vertices of the fermion-fermion interaction have
to be included (as we shall see below); c) insuficient experimental data:

only a small fraction of the states belonging to a given multiplet of particle-

+ As discussed in section I, the deformed central potentiai is taken as V(r)=

——n

dr
we assimilate the deformation parameter aku to the quantal coordinate cf the

v (r)-R dVo(r)ra’ v. (6¢). This yields a coupling term of the form (2), if
° (o] ) Ap A

collective oscillator. This alternative derivation of the particle-vibration
in;eract?oh yields results very similar to (2), which is not surprising
since: i) the same argument of self-consistency between the deformation of
the potencial and the density has been used in the determination of'V(r)

and in the determination of the coupling strngth'XA of the two-body sepa-
rable interaction; and il) the detailed;radial;dependence of the multipole
operator is irrelevant to a large extent, provided it is peacked around

the nuclear surface. However note that this equivalence can be expected to

hold only for linear terms in the phonon coordinates.
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phonon states were experimentally known.,

The first multiplet to be clearly recognized is the one in Bi209 (Ha 66

(Un 71). 1y is made by a particle in theh9/2 state and the cctupole Phonon of

Pb208. The empirical level Sequence appears in Table V-1, together with the

predictions given by eqs. {4). The inadequacy of the coupling becomes apparent”

In this case higher anharmonic effects are not expected to he important, Since
the splitting of states within the m&ltip!et is small re'atively to the phonon
energy.

_In this older version‘of the particle-vibration coupling, the shijfts in
the energy levels are mainly due to the coupling of the particfe-phonon s tate
with near lying single-particle configurations. In this case, only the state
i]3/2 has the appropriate spin and Parity to be mixed with a state of the sep-
tuplet, Consequently, there is only one state, the Jw==l3/2+ state, which
should te shffted in energy, However, the higher lying states i]]/z and k]5/2
_ yield a contribution of the same order of magni .ude, since the single-earticlg
matrix elemeﬁt of the octupole operator between them and the h9/2 stateiis
much larger (no spin-flip is involved). .

The cougiing scheme works Qel!, however, for othe, processes. The experi-
mental matrix element for the Coulomb excitation of the single--particle.1’13/2
state (He 69), (Br 70) s reproduced using an effective single-proton charge
(6 £ 1)e. This large factor can not be obtained from renormalfzation effects

associated with the giant resonances, which are of order unity. A detailed

+ In or&ér to solve this crisis in the history of the particle-vibration
coupling, Mottélson (Mo 68) introduced the vertices (V-la) and (v-1b) ,in
addition to (V-l1¢) and (v-14d). Superficially,‘this appears to be incorrect,
since their‘initiql and final states

combination of particle-hole states and the RPA vaduum includes two-particle

two-hole admixtures). In the next chapter, we Justify their existence and we
show that, in addition, vertices associated with the original two=body inte-

raction have to be also taken into account.

are not orthogonal (the boson Is a linear

{



estimate of this renormalized effective charge (Ha 77) y}elds the value
eeff= 1.2e.
The particle-vibration coupling contributes in first order to the matrix

elements through diagrams (V-3b) and (V-3c). The total contributions cf thte

graphs (V-3)

- + k2 -
<kpller o ) ali 0> = (5)
= (- ’kl ko=X (2)+1) k|| r Y llk > e [1 A% _ Aﬁ .
Zk*‘])l/ 2 A eff ‘)&(E -k—w)-'x_)(i-i-w )d’
kp Ky m IR L L
which implies a final effective charge
2
A w -
¢ = e [1+ hn ]2‘6'.6e (6)
eff eff 7 = 2
Xy lug -y e )7
2 1
in excellent agreement with the empirical value, (see caption to fig. 11-2).

Appendi x

As an exémple, we proceed to evaluate in detail diagram (2b).

a) The numerator of AE(2b) (eq.(4)) is a product of vertices tfmes
racahlogy:

Vertices. In the first interaction, the initial particle is scattered
to another particle state and at the same time it emits the final phoncn. The

vertex has the value.

S 4 + v + 4akq, et 0 +
< [Pn)\a:]HIHpvlak]> - An(2A+1)Q <[Pn,lak] ]l[rn,AQA] a:]>

A + ik + r+ A0 +
oy <kl lg> < [1ha 1 | [Frw,x[ak?k1] I

20 + 1
= (Gr—

2
2k+l) A <k”"v

Al o (7)

In the second vertex, the initial phonon is absqued together with the
intermediate particle, and a rew particle in the k] state appears. The valué

of the second vertex is thus the same as for the first vertex.



. Ra"ahlogx . The |ntermed|ate k particle- appears as being coupled to the

final phonon in the first vertex, and to the initial phonon in the second
vertex. This fact is taken into account by a recoupling coefficient which
only depends on the values of the anguiar momenta. In particular, it is j,.
dependent if the fermionic or bosonic nature of the entities that are being
recoupled. In the present case, |

: Ak, k
<A, (k W)k Jl(Ak)k,A;J > m (=) UK (2k] + 1) {A k:' } (8)

After this recoupling, the intermediate Particle k appears to be coaple

to the first phonon in the form [kA] . However, if the second vertex is guv

i

by the adJo:nt of (7), the order of the particle and the phonon must be re-’

‘versed Thla introduces an aditional phase (- )A k- kl. Similarly, the order
l

of the phonon and the partacle in the final state of the diagram must be the
same as in the initial state. Thus, another phase (-)kl+l J in introduced. %

Lrossings. A factor of minus one has -to be included for every crossung (
between two fermion lines., There are none in the present case.

'Summations. A summation over the quantum number of all the lnfermedlate
l
particle and phonon lines has to be performed. In the present case, there is
: |
a8 summation over the intermediate line k. |f there are two or more equivalent.
lines, the result has to be divided by n! where n is the number of equivalent
.+ ‘
lines:.
b) Denominators. In the Raleigh- Schroedlnger perturbation theory, the

denominator is given by the product of the di fferences between the energy of

(ekl g, w ) in the Present case. In the Wigner- Brlllouln perturbation me*hod,
the energy of the initial (flnal)state is. replaced by the perturbed energy E
Wthh is belng calculated In this method, the initial or final states can
never be intermediate states.

Thus, the value of the diagram (2b) in Raleigh- -Schroedinger perturbat:on

+ Additional factorial factors appear for very special symmetries, for ins-

tance, with respect tothe time axis (No 64). They occur, for instance,in the
case of vacuum diagrams.
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theory is given by eq. (4).

Figure captions

Fig. V-1: The particle-phonon vertices.

Fig. V-2: The diagrams contributing to the energy of the particle-phonon
state in the order Q-].
Fig. V-3: The diagrams. contributing to the matrix element of the multipole

opérator Q between single-particle states.

'l

]
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Fig. v-3 -
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VI, THE MANY-EODY FOUNDATION OF THE NUCLEAR FIELD THEORY
We consider now the propagation of two fermion lines in a given Feynman

diagram, such that the two lines appear and disappear at different verticeg*'

The pfopagation of the two lines yields the Green's function
60ty 3oty 3t dyt)=<0Tial (). (tp)a* (t3)a, (830> (1)
1 Pra2 "3°3°7/474 j1 j2 J3 il
I f t]>t2>t3>th (for instance), the zero and first order contributions to

“the propagator are

(o _ . ... = Pt :
G 6o Uyitymty) 6 (iyst, t3)5J1J46J2J3 (2)

s

=eic jzjhlvlj]j3>'( dt Go(jz,tz-r)Go(ji,T-tl)Go(jB,T-t3)GO(jA¢4-T)

Among the second order contributions, we consider the one in‘which there
is a particle-hole pair Propagating between T and T (fig.Vl-1). There are also
highér-order contributions in which this intermediate particle-hole pair is
scattered an ‘arbitrary number of times by the interaction. The propagatioﬁ
between T and 1 is given by the Green's function (1v-6) .

z c(");(—f)2 L <j21|vlj1 J ><j"jhlvlj'”j3>fdr dv 6_(i,,t, =7 )

o 2’72

V22 Jit
‘ (3)

Go(j])'l‘ - t]) Go(j3"r-t3) Go(jl"t[‘-’r)cph(jzj]).j3j[‘;'t"-;r)
By replacing (fv-6) and (1v-15) into (3), we obtain

vEZ c‘“’ui-i)zfdr dt G (J,,t,-1 )Go(j‘.I‘-t])GO(J’B.T-%)GO(jb,tl"T) (&)

-

¢ ZOAGIpmA Ggiyinle g anyin (5,5 (3, e 0 (00 g (rny
.

where

- s etuls +
A G iy in) =.§. <JaJ[Vlbe >< O!ajay Pn|0> | (5)
JJ

* Unlike the propagation considered in (1V-6), where t,=t, and ty=t,,.
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In {4} the re;triction is made that there should be one particle and
one hole present in each pair (j j').

The partial summation in (4) corresponds to replace the original fermion
Hami ltonian by another Hamiltonian in which extra collective degrees of free-
dom are included.

The factor within curly brackets in (4) has the same time-reversal
properties as the propagator of a free phonon with energy w . The summa*ion
over n accounts for all the diagrams in which a particle and a hole line
mutually interact v number of times (v>2). The propagation of each mode nis
represented by a-wavy line. The question whether a wavy line corresponds to
the propagation of a true phonon or of a particle-hole pair is irrelevant,
since there is no wéy to distinguish between them: to investigate this dif-
ference, another fermion line has to interact with either the particle or the
hole line. However, we have assumed that both the particlé-hole pair and the
phonon propagate without interacting with any othér line of th- diagram be-
tween their creation .and annhilation.

The crqssing of a wavy line with annther line of the diagram (either a
fermion line or anothér wavy line) corresponds to an even number of crossings
between fermion lines. “herefore, it does not iﬁtroduce any extra minus sign,
as the crossing between two fermion lines does. This is a further evidence
of the identical behavior of the Propagators of a boson and a particle-hole
paié.'

The factors A(j Jb,n) represent the amplitude for the creation and an-
nihilation of .phonon n and a single fermuon transition from the state Jb
to the state %a (fng V-1). They should thus be considered as the strength of
the particle-phonon interaction. However, these vertices donot exhaust the
effects of the two-body residual interaction. In fact, the four-point vertij-
ces still give a contribution through G(]). We thus justify the replacement

of the fermion Hamiltonian by the nuclear field Hamiltonian introduced in
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in (Be 74), namely:

+ +
Hsp~ § £»_jaJ.aj H Hb—Zn wn Pn Pn
1 +

H, =5+1I< 'V,J i) a a, :
4 j 1 2 374 J.‘ JZ Jl‘ 13 (6)

| W

x
|

ov n):j[l\(j]jz;n)l‘:a}'zaj1 + A(jIJZ;n)Pnajlajz

The exact results of the fermion Hamiltonian are reproduced
by (6). Pprovided the following rules are followed

1) The couplings are allowed to act in all orders to generate the dif-
ferent diagrams of perturbation theory. All vertices of the fermion two- body
interaction and of the parﬁlcle vibration interaction have to be included,
and all time permutations of these vertices in a given diagram haye to oe
taken into account. In particular, the particle-vibration vertices (V-1a)
and (V-1b), (Mo 67), have to be considered.

2) The internal lines of diagrams are restricted by the exclusion of
diagfams in which a particle~hole pair is created and subsequently annhilated
withouf having participated in the meantime in interaction with another lines
(bubles). This rule is due to the fact that all the diagrams with this fea-
ture have been replaced by diagrams in which phonons propagate. Because of
this rule, only a diagrammatic treatment appears to be feasible.

3) The energies and coupling constants of the phonon field are deter-

mined by the energies w  and amplltudes X(n,JJ ), Y(n,jj') of the perturbed

propagator of a particle-hole pair. The simplest method to obtain these quan-
tities is through the RPA (section 11). However, we may also use more compli-
cated irreducible vertex Parts and, consequently, generalize the concept of
buble.

i

k) 1t is convenient that the two-body interaction H, , does not contain
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Hartree-Fock contributions. These are to be incorporated into HS
The collective and fermion degrees of freedom are inutually independent.

r,a0]=1"a%]=0 (7)
AR “n j

]0>|s the vacuun1the state both for fermions and bosons,

I‘njo> = a? l0>=a |o> (8

k
There are four possible particle-phonon interaction vertices, according

to whether the fermion states ja’jb correspond to particles or holes (fig.V-)

A(ki,n) = <ofla H_ T [0> = Z[< kifv[ik'> X(n,Ki') + <kK|V]if>Y (n,k i )]
ik pvn K

Aik,n) = <0[H Irara 0> =2 (< if]v k> X(n,ki') + <ikV[ki> ¥ (n,k0 )] (9)
kl'

| - - + ot - X H] Lo (Y] ' H A3
A(k]kz,n)-<0| <|k]Hpvak2I‘n|0> -kflg ki ]Vlhzk >X(n,k' i )+<k1k |V|k2| >Y(n,K )]

. e +
A(iyi,,n)=-<0 |a; H

+ _ s oalgls . - . . .
3 pvailrn,0>'b§[< VK > X(n ki) + <|lk|V||2|5Y(n,k i)]

where the amplitudes X and Y are defined as
, X{n,ki) = <o[3 a Tl lo> Yin,ki)= <ola 3, |o> (10}

In the formulation of the NFT given in (Be 74) another rule was given,
namely that in initial or final states, proper diagrams involve collective
modes and particle modes, but not any particle~hole configuration that can be
replaced by a combination of collective modes. This restriction permits an

+ +
initial state of the type Fnakl0> , but excludes a a a l0> Although correct,

k1

this rulé is not strictly necessary. It is possible to verify that the matrtx
elements beiween proper and improper states-.vanish identically,

‘The interaction of the system with an external field is proportional to
the one-body operator.

. . +
Q=§7<J|Qb'>ajaj. (11)
Jj

Any fermion diagram that describes the effect of (11) contains two fermion

lines (jj) having a common vertex qleU‘> at an instant to. These two lines
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are included within a section of the total diagram, such that this section
joins the remaining part of the diagram through the two 'external' fe rmion
lines (jljz) at the instants t, and t, (tlftz) respectively (see fig. V|-2).
The contribution of this section to the time evolution of the system is

Gy= I <jlejj» SUptpdytyait it ) (12)

In addition to the case of free propagat{on within the section, let us
consider those cases in which the two lines (j1jz) have a common interaction
. vertex at the time T, which is also common to the "internal' -particle-hole
pair, (j3jh)' We also assume that (jj') correponds to a particle-hole’pair.
Applying the same arguments as before eq. (12) can be written in terms of the
usual particle-hole Green function Gph which depends on a single time differ-
ence T-to: ;

cQ=-‘<jzIQIJ]JGO(JZ.tZ-tO) SoUptty) (13)
0T <jlafp >t dy vy e 8, (dy,t,m1) Solppty)6 , (Jgdy jitsme )
In order fo obtain the field representation of the operator Q, we use in

(13) the egs. iIV-6), (1v-15):

o _— (1)

GQ = <JZIQIJ1> Go(JZ’tZ-to) Go(jl’to_tl)

. . . » ’ . e -iw(’{ht ) .
-(-l)jdr GO(JZ.tZ-T)GO(_II,T‘II)EE\(JZJl»“)<F:’Q,0>e n Oa(r-to)

+ A(J’,Jz.n)<OIQlI‘: >ei“’”(T't0)e(to-r) B
where

<To1Ql0> =2 [ <kla]i> X(n,ki) + <ifalk> ¥(n,ki)]
" ki ' (15)

+ . . . .
<olqlrn>=z [<KQ]i> ¥(n,ki) + <i|Q|k> X(n,ki)]
ki
The first term in (14) represents the amplitude for the transition between
the single-particle states (j]jz). The second term accounts for a whole set of

diagrams in which an initial particle and an initlal hole state successively

interact.
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The coefficients (15) represent the amplitude with which the phonon is
" created or annihilated by the operator Q.
Therefora, in the field formalism, the operator Qf contains both a fermion -

term Q and boson term Qb’

Cdmiae _
: ~j>}' <ilaly sjey (16)
+ + ot
Q.= ﬁ <Tr lafo> r+z <0fQ] I > T

The same arguments can be carried over fof the situation in which the
succesive interactions take place between two-particle or two-hole lines (pair-
ing phonons). The set of diagrams in which the two lines interact v number of
times (v>2) is replaced by a single diagram in which an addi tion-type or removal

type boson is present. The field Hamiltonian (6} is supplemented with the fol-

lowing terms

. + +
Hb— § Ena,n a,n+ “ron r‘r,npr,n’J

(17)

o=t {A_(j,3,.mI" i.J

pv o [_a J]Jz ) a'nj"Ar(J]Jzin)rr,n]ajzaJ} .
h2 : (18)

+ A . o « = + + + )
:.(JIJZ’n)Fa,n+ Ar(JlJZ’n)Fr,n]aj]ajz}
where the particle-vibration vertices are

A d.n) =2 < lvljy><0la.a.Tt o> 1

SUady) =2 < gy Ivlipelagry | (19)
- 3 . .. + + ot
A (G -j2>j,<JanlV|JJ' ><0 Jaza, T [0>

The content of this lecture is based on (Be 76b).



Figure Captions

Fig. vi-1; Correspondence be tween the Feinman diagrammatic expansion of the
propagator in the pure fermion treatment (left) with the Feynman

diagrams associated with the. same propagator in the NFT (right)

Fig. vi-2: Correspondence between the Feynman diagrammatic expansion describ-
ing the effect of an external single operator Q in the pure fermion
treatment (left) with the Feynamn diagrams associated with the same

process in the NFT (right).



1‘3

Ul
L/ \b )
)
()
. SUOI}OD .
; =—4-wg | +--4
l+S " -
|
s\ | /Sy
1

Fig. Vi-1

-




4

e’

/4

“||-+ h-CC—«»
i19}ul ﬂJ

srnis X g

O

1

Fig vi-2



Vil. APPLICATION OF THE NFT RULES TO A SIMPLIFIED MODEL CONSISTING OF DEGENERATL
PARTICLE-HOLE EXCITATICNS AND A PARTICLE-HOLE MONOPOLE INTERACTION

The fermion Hamiltonian H includes a singie-particle term Hsp and a two-bady

i i
interaction th

"= Hsp+ th - (1)
Hsp= % EO(N1+ NT) (2)
Hep™ ~ 7V Wam") - (3)
where
N N L (4)
m m m

The operator a;O creates a particle in the state (m,0). The quantum number
o (0= 1 or g=-1=1) denotes either the upper or the lower level. Each level has
degeneracy 2 and the subscript m labels each dégenerate state. Here, €, is the
distance between the two levels and V, the strength of the monopole particle-
hole interaction.

The fermion terms in the field treatment include the Hartree-Fock contri-
bufions of th; Since the matrix elements the interaction beiveen ;he closed
shell state and any particie-hole state vanish *, the chosen singie-particle
basis satisfies the Hartree-Fock minimization condi tion. Consegquentiy, no
change in the single-particle wave function is required. However, there is a
contr§bytion to the independent-particle energy Eg? which is defined through

the linearization equations

+ 1 + i ;
i > = > {
[H’ama‘lo €5 amGJO '5)
We obtain
€, = ex =+ (e + V) S (¢
1 i 2 o} !

and write the pure fermion terms in the field treatment as

1
- N = €-N- = — -
Hsp eNy - €N =3 e(N] + Nl)
(7;
l=_l+
th VAA



he
where the Hartree-Fock particle-hole exclitation energy s given by

€ =¢c +V ' (8)
o]

The only vertex correspcnding the interaction Héb is given in fig. Vil-1p,
The difference between H;b and th eliminates in this case the Fock single=par-
ticle insertions of fig. Vll-1a, which are present fof the interaction th.
The pure boson term Hb corresponds to a set of independent phonons

+
Hb = f wnPnFn (9)

with eigenfrequencies w, given by the TDA,

R (n=1)
n \e (n=2,3,...,0) (10)
The amplitudes (IV-15) associated with the lowest mode are
: - -y - _
X(n;mt,m't) = Gm m'Q ¢ 5 Y(ymi,m1) =0 (11)

and thus, the particle-vibration interaction reads (pa. (VI-9)):

+ +
H v —A](A I‘1+A I‘l)

p (12)

- - - - 1
Ay =L <mimi Ithlm'l,m}>X(n=l;m'1, mi) =-vo %
ml

In the preéént case, the non-adiabatic phonons 01%1) are uncoupled from
states involving, for instance, only the adiabatic phonon (n=1) (since the
corresponding coupling strengths vanish and the energy denominators do not); In
the following, we only treat states involving the adiabatic phonon, and thus we
drop the corresponding subindex n=1, |

The sum of terms (7), (9), (12) constitutes the field Hamiltonian H,. Dne

f.
must supplement this Hamiltonian with-the-diagrammatic restrictions listed in
section VI. In the.order to perform the diagrammatic perturbation treatment, wz
divide Hf in two parts

= HY . = ! . "ln' 1
H H, +H Py = I+ H G H Hi  + H (13)

f sp pv
The zero-order term includes both systems of independent particles and
phonons. The vertices corresponding to H' are given in figs. VI1-1b and VIi-1c¢,
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The overcompleteness implicit in the product basis is corrected through the per-
turbative treatment of H'.

If ¢ and VQ are of the same order of magnitude (which we take to be 0(i})),a
given diagram contributes to a definite order in powers of Q—]: each vertex
(vi1-1b) yields a factor V==0(Q-1); each vertex (V?$~lc), a factor A =0(Q %3;
and each independent summation over single-particle states, a factor Q.

The fermion particle-hole transition operator Q must be replaced, within the
field treatment, by an operator including both particle and boson terms (eq.

“(V1-16)). For instance, the operator

. _
©= T qp a2 (1)
m
is written as (fig(vii-2)).
’ S
Q;=I <n|Qo>T +2Q (15)

n

The definition of a bubble now includes processes in which the particle-
hole pair is created by the operator Qf and destroyed by H', or conversely.

Other operators, such as the one-particle creation or annihilaticn opera-
tors, (which are used in one-particle transfer processes) do not have a boson

image.

The One-Phonon States

Any graph generated by the vertices of figs. Vil-1b and VII-ic, and con-
tributing to the energy of the one-phonon state, involves at least a bubble.
Therefore, there are no corrections to the TLA energies (10), which coincide
with tHé enérgieé of the fermion treafmentt

Similarly, there is a single diagram correspondihg'to the transitionmatrix
element of the operator A+ between the closed shell and the one-phonon state

(fFig.(vit-2b)). The TDA value of the vertex and, thus, the value of the transi-

tion matrix element is

1
<n=1]|atjo>=0% (16)



The one-body transfar operators have no corresponding phonon vertices, Fig
(VI1-3) displays the only possible diagram repiesenting the capture of a par.
ticle from below the Fermi see, and which is in the same m-state as the initig)

. + . . .
particle state |m,1> = a |0>. Its contribution is

m, 1
=Yy
< n=]lam‘ilm,1> =A/(w-€) =-0 (17)

The absolute value of this quantitly is also the TDA amplitude of a pParticle=
hole state in the normal mcde. Thus, the results of the present subsection do not
'go beyond (but do not contradict) the values given by the TDA, which already are

exact.

The Particle~Phonon States

More interesting from ﬁhe point of view of the field theory are the particle;
phonon states.

In the odd.nucleus, the diagram (VI1-4b) contributes to the energy of the
state with the value

=A% (u-g) =V | (18)

which is of the'order Q-l with respect to the zero;order excitation energy w.
However, unlike the one-phonon case, many other diagrams are poésible. for in-
stance, graphs (c) and (d) represent the contributions of order 2, In order to
calculate all the higher-order serturbations terms, it is convenient to use the
Brillouin-Wigner perturbatién expansion. We thus take into account only diagrams
in which the initial state is not an intermediate state. Graphs (a), (b), (c), |
(e),... yield the series expansion W(E), namely

A2 A2y p2y2

R R GoLE R
o (19)
Cul o
e E-e-V

+
The eq. E = W(E) yields the energies

N

+ The zero point for the energies in the odd system is placed at
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fw+v
E=/ (20)
B
Both roots coincide with the exact energies. The second one € is also the
unperturbedvexcitation energy of the intermediate two-particle, one-hole state,
In a‘Feynman diagrammatic expansion of the residual nuclear interaction,
intermediate states may violate the Pauli principle. However, for a given diagrasm
in which two fermion lines are simultaneously in the same single-particle staté,
there is another diaaram in which the corresponding end points are interchanged.
This second diagram cancels the first one. For instance, in fig. (VI1-5a),0one of

the possible intermediate states has (m’,l)=:(m0,1). This intermediate state

cannot exist in the presence of an odd-nucleon in the single-particle state

(mo,l). There is another diagram (b) in which the two particle lines of graph_
(a) are exchanged. The crossing of these two lines introduces a minus sign which
cancels the component m' = m_ of the diagram (a) which violates the Pauli prin-
ciple. The diagrams (a) and (b) are members of two subsets of graphs which are
replaced by diagrams {c) and (d), respectively, within the field treatment of
the residual interaction. The effect of the process represented in fig. (d)
amounts to subtract a component which should not be present in the initial
state (c). .

Ordinary perturbation theory would predict a negative second-order contri-
bution AE to the‘energy of the particle-phonon state, since the difference w-¢
between the unpérturbed energies of the initial and intermediate states js ‘

negative,

AE =< n=1;m_1|H |m'1;m'T;m 1> <m'mT;m HH In=1; m_ 1>/ (w-¢) (2.1}
o ''pv o o '"pv

0
However, diagram (d) (=VI1-4b) gives the positive value (18). The second-

order contributions which would make AE<O involve bubbles (e). Since these con-

tributions are to be neglected, the correction becomes positive. This does not
contradict eq. (21) since the numerator on the right-hand side is positive only
for a Hermitian Hamiltonian. Or, although the Hamiltonian (13) appears to be sa,

it becomes highly non=Hermitian when complemented with the rule concerning the



bubbles.

The square of the amplitude of the initial unperturbed state in the Perturs.,

wave function is given by (Be 77a)
(!-§¥)" =Q/(Q-1)>1 - (22)

The fact that thé modulus of an amplitude is larger than one is a further
consequence of the non-Hermitian character of the Hamiltonian. The result (22) i
consistent with the previous interpretation of diagram (d) since the correspond-
.ing contribution eliminates from the phonon a component which should not be there
(because of the Pauli principle) : the amplitudes of the remaining components
should increase. According to (17),(22) they increase frém in/2 (unperturbed pho-
non) to (Q-l)-b&. One can inmediately see that this last one is the correct am-
plitude of a single - particle-hole state if tﬁe blocking due to the presence of
the odd particle is taken into account in the normal mode+.

We proceed to calculate the transition matrix element of the operator Af,
eqs. (4), (5),from the single-particle state [m, 1> to the particlz-phonon state

|n=l;m1>. Since there is no correction to the energy of the single-particle state,
!

the derivative g%-vanlshes for the initial state, and the corresponding amplltude
equals one. The amplltude of the final state is the square root of (22).
The contribution of all diagrams such that the initial and final states do

not appear as intermediate states yields the series expansion (fig. VII-6)

<n=1M M>+ +, =Sﬂ6+-ﬂ—-=9%(bﬂq)
(E 5)2 . E-e-V

(23)
The total matrix element is given by the product of thefinal amplitude times
the right-hand side of eq. (23), namely : 4
. . . | 7
<n= Ian[A;lml> =(q-1) /2 (24)
which again expresses the fact that one of the Q particle-hole components is

§
blocked in the odd system. The content of the present lecture is taken from

(Be 76a)

+ The NFT is able to isolate the spurious states thatexist in our basis as a con-

sequence of its overcompletness. This is clearly. seen in a similar model in

whlch: however, the particle-hole excitations are non-deqenerate (Br 76).



Figure Captions
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Fig. vii-1:
Fig. Vil-2:
Fig. VIi-3:
Fig. VIi=4:
Fig. VII-5:
Fig. VI1-6:

Graph (a) represents the Fock self-energy insertions. Graphs (b) and
(c) correspond to the four-poirt vertex of the lnteractlon (3) and

to the vertex of the particle-vibration interaction (12) respectiveiy,
The value of the vertices is as |ndtcated in the figure, when tra
particle line appears to the left of the hole line, for all pairs

(m, 1;m, 1) meeting the vertex. A minus sign appears for each inter-

change of this order.
The two vertices corresponding to a particle-hole operator (eq.(15))

The diagram representing the population of a phonon state by a single-
capture reaction from the system with one more particle than the

closed shell.

!

{
Energy diagrams for the particle-phonon state.
Graphs (a) and (b) repres2nt sections of two Feynman diagrams whic.
together, take into account the antisymretry of the intermediate
state. Successive interactions between the particle (m,1) and (m,1)
lines give rise to two series of graphs which are obtained in field

theory by substituting (c) and (d) in the corresponding sections.

Diagram (e) is forbidden.

Diagrams corresponding to the inelastic excitation process in the

odd system.
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Fig. Vil-3
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Viltl. THE SEPTUPLET OF STATES IN Bi

+ 4+
E)

\' - -20 *
The septuplet of states ET?-.h ] |6> in Bi 9 can not be describad i

9/2

terms of the older version of the particle-vibration coupling model (section V),
Because in the new version, the vertices of fig. (V-la) and (V-1b) are also .in-
cluded, all the time permutations of the vertices in a given diagram have to be

taken into account. Thus, one obtains the diagrams (V-2d), (V-2e) and (V-2f) from

diagrams (V-2a), (V-2b) and (V-2c), respectively. Their value is

2041, 2 A A Y -
AE (2d) = - (Ejzﬁq An Gi,J’< k.”| r YA|||>[ /(Ek oF + wn) . (1)

1

. 2 Ak, i Ay g2
BE(2e) = (22+1) AT f{x k: J} | <k lli%e Y, [li>] /(wn-ek]+ €;) (2)
ey - 2N +1, , 2 N2 i '
AE(2f) = fx' (EE;:HQ An | < k]“| r Yx|U>| /(wn + €k‘ Ei) (3)

These diagrams were calculated by Hamamoto (Ha 74) who showed that théy
already yield the correct splitting of the levels in the septuplet (if J# 2/2).

As discursed in the previous section, the small parameter upon which to
expand in the NFT is Q-], where Q is the number of pérticle-hole states entering
in the construction of the phonon. This number is éf the order of the effective
degeneracy of the valence shell. In the case of the monopole force,the particle-
vibration vertices are proportional to 9—}Q and the.four-point vertices, to Q_l.
Each independent summation over single-particle states yields a factor of Q.
Although these relative contributions are less clearly defined in the case of &
general multipole interaction, we assume that their order of magnitude is the
same as for A=0 (i.e., we assume A<<Q).

Diagrams (V-2a) and (V-2f) are of order Q-] with respect to the unperturbed
excitation- energy m(3-). We must also include the other diagrams contributing to
the same order, to be coherent with our expansion. Thus, the diagrams (V-2g) and
(v-2h) (and their time permutations) have also to be taken into account. in
order to simplify the calculation, we note that the intermediate boson .n fig,

(V-2h) must have even parity (i.e., A=2,4) and that, correspondingly, the
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effective two-body forces acting in (¥i-2g)ar¢ the quadrupole, hexadecapole, ...
interactions. in the limit in which the enzrgy of the intermediate phonon is
large compared to the distance between the levels in the valence shell, the net
effect of the intermediate phonon is to renormalize the four-point vertex. Model
calculations (Bo 75), (Be 75) indicate that both the quadrupole_phonons at 4.08
MeV and at = 10 MeV (Qiant resonance) contribute to the renormalization of‘x2
with an amount similar to the bare value.of‘x2. Therefore, ths diagram (V-"h)is
taken into account by diagram (V-2g) if one uses the effective value of‘X2 which
fs necessary to locate the lowest 2" state at the experimental energy 4.08 Mev,

using the same set of single-particle levels as in fig. 11-2.

| oy iy 22 PPN AN DY ST Y W
AE (V-2g) = (22+1) %A~ izr< kyJli % vl k,.><k,H| Y llk > <k |fi%r YA“|><|“| eV k>
A (aax - (4)
Kk W ‘i / (wn-ek;+ si)(wn - g ¥ z:i )

Nevertheless, it can nct be expected that this set of diagrams yields a
large contribution, since there is a cancellation betweerr tne graphs which in-
volve a particle-particle interaction and those which involve a particle-hole
interaction. The resultant values are given in table V-1. |

Except for the Jﬂ'==3/2+ case)the calzulated shifts and level ordering are
in agreement with the observed ones (Un 71).

The 3/2+ member of the multiplet is populated by inelastic scattering and

212 In both reactions there is another 3/2+

by one bédy pick-up feaction on Po
state which is populated with an intensity of the same order of magni tude

(Un 71), (Ba 72). in zero order, the inelastic scattering process is expected
to populate only states of the septuplet, while the pigk-up reaction feeds the
state built out of a d3/2 hole on PbZIO. Therefore, in order to account for the

. +
properties of the 3/2 member of the septuplet, it is necessary to couple both

. . . + . . .
the particle-hole and the pairing phonons . The empirical evidence points to

+ The present theoretical analysis is taken from (Bo 77a).
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the fact that the states

- Lt + 372
> =1y . a 177700
2=3 hy /sy

Tt 3/2
!2> =L ra,k:oad3/£]) |0> ®)

+ .
are considerably mixed., As usual, FA creates a particle-hole phonon)whi]e P; A

creates an addition pairing phonon. The unperturbed excitation energy of the
states |[1> and |2> is 2.615 MeV and 2.733 MeV, Eegpectively. This last nunber
.was fixed from the distaqce between the d3/2 and the S1/2 holes and by requiring
that the state F;,Oas‘/2|0> is the state at 2.43 MeV, which is populated in the
P02]0 (t,a) reaction with £=0 and a spectroscopic factor very close to 2 (Ba 72).
In the following, we use the Bloch-Horowitz perturbation theory+. All dia-

gram of fig. (VIIl-1) contribute to the matrix M, (E) . Because of the-energy

b
!

dependence, thére is one matrix M(E) for each final root:

M(2.48 MeV) = ( 72 zgg)

M(3.08 MeV) = ( 73 hozr)

where the matri; elements are given in keV. Processes of order higher than Q

(6)

arce neglected in the construction of M.
|

The two final energies (2.%79 MeV and 3.079 MeV) are in close agreement with

the experimental numbers (2.494 MeV and 2.95 MeV).
t

The ratio between the twa amplitudes Ly Ly of the states |1>,]|2> is gfven

———

+ The complete set of states is divided into the basic subset (|1>,]|2>) and the

complementary space (all the remaining states). The matrix elements Mab(E)
between the members of the basic subset can be constructed diagramatically,
using only states belonging to the complementary space as intermediate states
(as in Wigner-Brillouin perturbation expansion). The dependence on the resultant
energies E appears in the denominators, which are products of the differences

between the exact energies and the energy of the intermediate states. The

energies are the roots of the determinantal equation |E- M(E)|=0.
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as usual by the ratio (M‘](E)~E)/M E). However, the normalization takes into

12‘
account the admixture of states belonging to the compiementary space and ;s
given (Be 77a)

1=1 [6, b aE (E)J g ~(7)
. a,b

The resulting wave functions are

[1>=0.76 |1> - 0.53 |2>
(8)

n>=0.80 1>+ 1.02 |2>

This states are 6rthonormal, in spite of their appearence. The-fact that
one of the amplitudes is even larger than one, has the same explanation as for
the amplitude (VI1-22): the NFT eliminates spurious components in the basis and
thus the amplitude of the surviving ones has to be increased.

The most stricking consequence of including both (non-orthogonal) states
[1> and [2>and to treat them as orthogonal states which are coupled by the NFT
rules, is eviden;ed in the very different ratio of the (d,d) and (t,a) cross

. . . +
sections associated with the two 3/2 states, namely

Ry = B(E3,2.49MeV) / B(E3,2.95 MeV) = 3.810.8,
(9)
Ry =0((t,a),2.49MeV) /o ((t,0), 2% iev) = 0.8%0.3

Because the component ]1> carries basically all the inelastic strength while
the (t,d) praceeds through the component of type |2>, a treatment which neglects

-1
b °

The calculatlon can also be (erroneously) done on the assumption that uu(S)pnh;

the non-orthogonally of the basis predicts R = R

l1> is populated by the inelastic scattering and only lZ> by the capture process.
(i.e., taking into account only the zero order diagrams in the matrix elenent
of the operators corresponding to the different reactiops). In this casetﬁe resul is
would be given by figs. (VIiI-2g) and (VI11-2i), from which the ratios R =1.92/2.13
= 0.90 and Rb=l.2/h.2 =0.29 are derived.

The correct.procedure requires to take into account diagrams of the inelastic

and transfer operator matrices to the same order as those used in the construction
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of the energy matrix elements. This is pesformed in figs. (Vi11-2h) and (Vi!l-2})

which include the values of the different diagrammatic contributions. The resul;.
ing theoretical ratiosare Ra=216/87=2.5 and Rb=1.82/2.27=0.80', in much closer

agreement with the experimental numbers.

Figure Captions

.Fig. ViIi=1: A1l the 1/Q contributions to the energy matrix elements of tﬁe
effective Hamiltonian, in the basis spanned by the vectors |i>,
]2>..An arrowéd line represents the fermion fields, while a |
double arrowed line and a wavy line represent the pairing'and
surface vibration boson. An open circle or an open square stands

.For?the bare particle~hole and pairing multipole interaction (four-%

point vertices), respectively (from(Bo 77a)).

Fig. VIl1-2: The theoretical spectroscopic factor corresponding to the reac-
2 .
tion pp210 (t,a) 3i 03 is given in figs. (g) and (h) for the zero

and 9-1 processes, respectively, The predicted ratio of inelastic

208(

cross sections do(h.,.~J)/do(Pb gs)»Pb208(3-)) is given in (i)

9/2

and (j), respectively. The upper (lower) value corresponds to the

2.48 MeV (3.07 MeV) 3/2+ state (from (Bo 77a)).
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(c)

(3)

Fig. ViIi-1
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1 6

‘210 20
IX. THE TWO-PAIRING PHONON STATES IN Vb AND PL

) 2
The ground ~.=.tates<ube’10 and Pb206 can be viewed as the lowest monopole

I’
pairing vibrations of Pb‘og. The correlation enr.rgy associated with these two
modes is 1.237 MeV and 0.640 MeV, respectively. The correlation energy is meas-
ured by the difference between the lowest two independent particle (hole)

energies E (En) and the lowest root w (wr 1) (c.f. section II'). The two-

a,n=1

phonon states
= [ + iz
[1>= Fa,I |O>

(1)
i>= [} 1]2|0> |

2
are the zero order approximation to the ground states of Pb 10 and PbZOh,

respectively.

An exact diagonalization of the pairing interaction in the Tamm-Dancoff
approximation and for a system of four particles (holes) moving around the
N=126 closed shell gives E=267 keV and‘E==5&O keV for the interactioﬁ energy
of states |I> and |H>, respectively (the corresponaing experimental numbers
being 169 keV and 706 °keV). Thus, the interaction between the two pairing
phonons is of the order of their correlation energy. Consequently, one can
expect convergence problems in any perturbative treatment of the interaction.

The NFT results, obtained utilizing the Rayleigh-Schrodinger perturbation
expansion, are shown in table IX-1 as a function of the expansion parameter
Q-l, (! being the effective degeneracy of the valence shells. The strong con-
vergence displayed by the expansion associated with both AE| and AEllipdicates
that the NFT partial summations provide with a.powerfull technique to deal
with strongly anharmonic systems.

However, the interaction with other degrees of freedom (such as surfa;e
phonons) requires diagrams of order higher than Q-I in the two-pairing-phonon
case. In addition, the éonvergcnce may be less impressive for smaller dege&e—
racies (such as in the Sr closed shell). The graphical perturbation technique’

has the disadvantage that the number of diagrams rapidly increases with the
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order in Q-], both because the number of tcpologically equivalent diagrams jn-
crease as n! where n is the number of vertices,vand because the number of topo-
logically inequivalent graphs also increases. For instance, in the particle-
phonon case there are 4 of such graphs for Q-l and 98 for Q-Z (Be 76a). In the

next section we try to solve this computing difficulty.

A E (xeV)
Order I I
/e 262 474
1 /02 i 4.3 42
-1 /03 ' 0.4 14
266.7 530
Exact 267 540

,
Table IX-1. The two-phonon pairing interaction associated with the (gs(“lsz)

and the (gs(ZOAPb)) calculated in the framework of the NFT

(Bo 77b).



X. THE DRESSED FARTICLE AND PHONON LINES

The set of diagrams in which a particle line dis;ppears at a given vertex
and subsequently reappears, and such that the intermediate structure does not |
interéct with the remaining part of the graph, may be replaced by a single die-
gram with a dressed line. The most familiar example of this procedure is the
renormalizatién of a fermion line in the Hartree-Fock approximation. More com-
plicated processes may afso contribute, such as the inclusion of a-particle-

phonon state . , as intermédiate state (figs. (V-2¢) and
(v-2F). The same is true in the case of phonon lines: the bare particle-hole
lines are renormalized in the RPA as discussed in section 1V; the phonons may
be further dressed by téking into account higher irreducible vertices such as
the one shown in fig. (I1V-1d).

The renormalization procedure is similar for bosons and fermions. In the
following equations, the upper sign refers to bosons and the lower sign to
fermions.

The Dyson or Bethe-Salpether equation reads (c.f.eq.(1V-31}.
1,

G(R,, R stt) = G_(2,3tt) 8

) 1. o™ 2108, (1)
- I A(u,n;)ﬂ(u,z)j dt dt' 'co(zl,r-t) F(u,T=1) G (9,2;t=7)
Ly

+
where Go denotes the bare propagator

-iW t -iW t

Go(ﬁ;t) =e ™ g(t)te " a(-t) (2)

(c.f. (lV-S),and (1v-5)). Here &=m for the advanced part and £=n for the
retarded part.
The matrix elements coupling'bare states (2) with intermediate states (v)
are the vertices A(&,u). The propagator F between tHe'fimes T and T depends on
.

the intermediate processes that we intend to consider. For instance the expres-

sion for F corresponding to fig. (X-1a) is

+ For particle-hole phonons, wn = wm.



LY
-i(e.+wn)t ~i{e.-W )t

Flu=( j,n);t)=(t-n.) e J 65{t) ;e Jon
J

o(-t) (3)
These intermediate propagators may be more or less cumbersome to derive,
but in prfncip]e they may be straightforwardly obtained from the diagrammatic

expansion of the intermediate processes. Quite generally, they also have a

bosonic or fermionic structurg}namely (p=0o,p).

~iw t Hiw_t

Flist) = ge % o0 £ oe P ol-t) (4)

The unknowns of our problem are the frequencies and residues of the re-
‘normalized propagator
Yo -iEat + iiErt
G(Rz,ﬁl;t)=§ X (2,) X_(2.)e e(t)zf;'xr(zz)xlg%)e | o(-t)  (5)
-where

. + .
Ka(l) = <a!c£|0> ; xr(z) = < r|c£|0> ~(6)
}
(c.f.eq.(1V=3) for the fermionic and eq.{1V-6) fcr the bosonic case).

The dressed line is labelled by an initial 21 ard a final 22~quantum
number. I't also includes a summation over the numbers indicating the‘intef-
mediate state (see fié. X=2). The iine is created at the vertex V(Q‘) and
annihilated at V}(lz). In the calculation of a given diagram one sums over
the three quantum numbers Ql,lz,s. By performing first the 21,22 summation,

~one is left with diagrams where the dressed line is labelled only by the

quantum number s and’'is coupled through the vertices

W(s) = I v(2) xs(z)
g . (7)
W(s) =L w(2) X (&)
3 $
Thus, it is'convenient to replace the (2],22) dressed lines, by those
labelled by s, which have a single pole in the propagator at the eneryy Es
and are coupled through (7).

In order to determine thc encrgies and amplitudes, we Fourier transform

(1) and requireanaiiticity atthe poles. The poles at E, (s =a,r) yield a pair
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of equations which may be cast in the form a linear eigenvalue problem

. [a-€+B(E)]x=0
where 4 (8)
Aggr =Wg00eg
£ A(,0) FQu,E) A (u,20)
i

B,,, =0

28 L

Forboums,0£=lif£=mand0£=—1if2=n.ForfenMons,ahmyscg=1.The

matrices A, B are of order L, where L is the number of (both positive and

'negative energy) basic states £ . The determinantal equation associated with
(8) is of degree

'S=l.+ u
where © is the number of poles in the propagator F(u,E). The same kind of non-
linear eigenvalue problem afises whenever the full space spanned by the un-
perturbed states is split into two parts (basic and complementary space) and
there is an eigenvalue problem of an energy dependent effective Hamiltonian
restricted to the basic space (Bloch-Horowitz perturLation me thod) .

In addition to the energies Es’ the matrix equation (8) yields the rela-
tive values of the emplitudes Xs(g)ﬂ The normalization of these ampli tudes
takes into account i) the fact that intermediate states belonging to the com-
plementary sbace are implicitely mixed with the basic states £ and ii) the
characteristic metric of boson states (i.e., the fact that if

x_(2) = [ %s(m
s X (n) (10)

is an eigenvector of A + B(E) when this matrix operator acts to the right, the

corresponding eigenQector ""to the left' is
+ N _ X
x (2) = (x (m) , % X, (n)) (11)

A normalization condition satisfying the previous requirement can be
obtained by extrapolating the results of (Be 77a) in order to take into account

the metric, namely
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d
0=Xt5 ==
S

— ";“ﬂ(o Rl -
TR A Bog: (BVloy x7(8) x (')

2 . 2
=2 [x, %52 | % (n)]

(12)
m n

-5 R ,E) A2 X5 (8) x_(2)
YN s s
This normalization condition is also obtained by requiring the states [a>

and [r> to be eigenfunctions of the operator correponding to the number of
particles. This is contained in the Ward identity, which states that the e}ec-
tron self-energy and vertex corrections mutually cancel in the limit of low mo-
mentum transfer. The limit occurs in a spherical shell mode! system for a mono-
Pole operator with constant matrix elements (i.e., the number of particles ope~--
rator). For instante‘in the fermion case, the matrix element of the, number ope-
rator is given by fhe graphs of fig. (X-3). i1t is easy to verify that the sum

of these diagrams yields eq. (12). More details are given in (Be 77b).

Figure Captions

Fig. X-1: Graphical representation of the right hand side in the Dyson (a) and
Bethe-Salpether (b), (c) equations. The dressed fermion and pairing
phonons are labelled by two arrows, while the dressed particle-hole

phonon carries a circle.

Fig. X-2: The propagation of a fermion line, taking into account the succesive

emission and absortion of a phonon

Fig. X-3: The vertices of the number operator and the graphical representation

of this operator between dressed states.
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X1. ROTATIONS

So far we have studied systems in which the elementary boson degrees of
freedom are harmonic phonons. The rotations appear whenever the Single-particle
field violates a symmetry characteristic of the initial Hamiltonian. These
symmetry;breaking fields are used whenever there is an imaginary root W of RPA
equations (11-13) or (111-10). In the particle-hole case, one includes in the

~

fermion field a term of the form ;XQCOIiQ, but where Qcoll _o# 0 has a static
non-vanishing value. For A=2, the corresponding eigenstates are given by the
Nilsson wave functions (Ni 55). Because this description implies a priviliged
orientation in. space and, since the space is isotropic, rotationaf collective
motion appears.

In the following, we treat the simpler problem of pairing rotations. In
order to simplify the problem, we consider degenerate single-particle states

with degeneracy

L =2 =29 (I)
m m>o0

The pairing monopole operators (111-8) and the fermion Hamiltonijan'

°

(111-7) reduce to

+ + 4+
P =3 a a-
mo M M (2)
__1 + + '
Hp--z—G(PP+PP) (3) !

Exact résylts obtained with a treatment with no symmetry breaking

. . ot
It is easy to verify that the operators P ,P and i

1 1 +
nop~- (Nop - Q) =5 (,ﬁ amam-Q) | (%

have the same commutation relations as the angular momentum operators I, 1 and

lz. Thus, the eigensolutions of (3) carry | =%{Q-\Dand IZ==H as good quantum

+ This expression for Hp differs from Hp (eq.(111-7)) only through a trivial

term proportional to the number of particles.
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numbers. Here v = 0,1,2;... is called the seniority (Ra 43). The eigenvalues of

Hp and the matrix elements of P+ are
1 "l ,
Hvﬂ)=-K G(Q-v) (Q+2-v) + GT. (5)

(6)

: 1y ) 1
<o lptluns =5 8 1 (@-2m-v) 2 (Q + 2M+2-v) 72

w!' '+ 1 2

States with the same seniority are related by the two-dimensional rotatio-
nal law H2/23(3¥=(26)-] =moment of inertia ). The-matrix elements of P¥ are
fairly constant within a rotational band (at least if v,<« Q) and vanish be-
tween two different bands (c.f. fig. XI-1).

Many nuclei display the qualitative characteristics implied by this cou-

pling scheme, Fig. XI -2 shows the behavior of the Sn isotopes as an example.

Treatment with symmetry breaking terms

Similarly to the procedure outlined for the Nilsson's wave functions, the

fermion states are defined through the deformed Hami l toni an
' +
W= - G<ojPjo> (P" + p) (7).

where the phase of < 0|P|0> has been chosen so that this expectation value is
real. The system rotates in this phase space, and the orientations are labelled
by the gauge angle #. The conjugate variable is the number of pairs of particles]l.

The deformed Hamiltonian fib is diagonal in the single-fermion basis - (Bo 58)

?

(va 58).
+ =Y 4
O = 2 (am aﬁ)
. m>0 (8)
+ - , : :
a-=2 2 (;; + a)
m m m

By means of the inverse transformation we express the pairing Hamiltonian

(3) in terms of quasi-particles d;
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Hp - Ho Hll+ Hre.s
H =7‘;GQ(Q+I)
° ] (9)
Hll—':?.-GQnop
Hies =:’- X6 £p+p+ + pp-2p+p-nop(nop- l)]
where
op = T a;am ; p+ = I a;a% ' (10)
m m>o

It makes sense to work in the basis of independent quasi-particles (i.e.,
eigenfunctions 6f Ho-+Hn ) and to treat the residual interaction in perturba-
tion theory. Therefore, we have introduced the small parameter X. Perturbation
theory implies an expansion around X=0. Here we have the requirement that the
expansion converges for X=1.

A straightforward application of Rayleigh‘S¢hrnedinger perturbation theory

to (2) yields, for the ground state energy

E{gs)=- 71— 6o

2 3 A 5 6
1.5 X2 5x  7x2 , 21X _
*G gt Yo Yo T paw o) (12)

2 3y ss b

-2
+G(—]—-6- +—§i-+3-h—+-§—;l—i-+m +...)+GQ.O(Q )

We notice that the terms proportional to GQ and G are, respectively, the power

series expansion of .

1 g/ 1

- g 63 -x-2(1-x) 2]y, >5 60 | (14)
. ) 1 -
1l6c[ux-3x‘ - hx (1-xY2 ]Xﬂ*‘—‘éc T (15)

Therefore, the exact gs energy (eq. (5) with I=0) is reproduced by the
perturbation calculation to order GR. The non-vanishing coefficient of the term
proportional to G does not correspond to the exact result and is aconsequence of

the lack of convergence which is analytically discussed in the Appendix.

Let us now apply the NFT rules to the Hamiltonian (9). The phonon creation
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operators are defined through

"y
rt - ZY+ - Yy Y+=S24 p+ (16)

. . . ,
The linearization condition [HL,F J =l yields
' 1
w=60 (1-x)2

. 1 )
1= {_(w/GQ)/2+ (GQ/w)/Z:] (17)

vl [wen’- (c/w”]

N=s O]

The ground state energy contribution due to the RPA is (see, for instance

(Be 76a))

1 1
Eppa™ 279 7 2

. 1
RPA a(1 X/Z)X_H-> T 60 (18)
Therefore, the constant term Ho plus the RPA contribution yields the exact

energy of the lowest state (eq. (5)).

The particle—phohon vertices are given by the interaction term

Hoy == AT (7 - p)
(19)

A = -;-cszl"z /(1-x) %

In spite ofbthe fact that the coupling vertices diverge as X+1, the sum of
ali diagrammatic Q-l contributions is %inite and is exactly given by (lS). Thus,
the NFT treatment reproduces the incorrect result of the perturbative fermion
treatment.

Although we have only demonstrated the lack of convergence of the per:ur-
bative treatment of the residual Hamiltonian for the simplest of the deformed
fields, it is likely that this feature is quite general. It is plausible that
these problems arise because there are excited states in the intrinsic system
vhich correspond to a different orientation of the system (i.e., spurious states).
This fact would suggest that the problem may only be solved through a éareful
consideration of the constraints implizit in an intrinsic system. Perrful Cech-
riques have recently been introduced in quantum field theory in order to treat

these problems (Di 64), (Fa 69), (Ha 76). The problem, however, appears to be
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moreA&omplicated in nuclear physics, since here one must eliminate a complicate
combination of ths (original) fermion fieids, and not an elementary boson field.
To carry out this proygram represents a major challenge, and certainly a'reward-
ing one: its importance lies not only on the relevance of the description of the
rotational spectrum in nuclear physics, but also on the unification that it

would imply in the common understanding of the different branches of physics.

Appendi x
Since p+,p and %-(nop-ﬂ) @lso obey SU2 commutation relations, it is easy

to -ecast Hp as

2

1 .

Hp-Ho 5 cs?x + GQ(1 - x)(|2+9/2) + Gxl (20)

for the | =2/2,(v=0) representation. If X=1, the Hamiltonian (20) yields the

eigenvalues (5), siice

-

I

1 +
op =7 (ptp’) = e (21)

[N
H

Note however that the eigenfunctions of the number of pairs of particles nop
'imply a large mixture of eigenstates of the number of quasi-particies nop(or
of Iz).

The matrix corresponding to Hp in the representation characterized by lz
is reduced to two real tridiagonal matrices corresponding to an even or odd
number of pairs of quasi-p;rticles,respectively. The corresponding eigenvalues
E are (branches of) analytical functions of X.with only algebraic singulafities
(5S¢ 73). An eXceptional‘point X, in the complex plane X is defined by the con-
dition that for X=Xo two eigenvalues coincide. These exceptional points ?re
first order brarich points of fhe two coincfding éigenv;lues. The radius of con-
vergence of the series expansion is smaller than the smallest value lxo!-

We investigate the position of the exceptional points in two simple cases,

namely | = 1 and | = 2,

* | am grateful to A.Jackson for advice on the subject of this AppendiX.
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1=1 case. The matrix of order twc

1 1
“l1-X) by 7%
C (22)
LI 2(1-X) + 5 X
2
has eigenvalues
. 1
£ =1 xt @007+ Fm) " (23)

The exceptional points are located at the values for which the discriminantvanishes.

Thus,

-1
X = (l +i/2Q)
o ! (24)

% 1=C1+1/40%) 7 < 1

I=2 case. For the matrix

T o20(1-X) + X \/‘-:- X 0
3 3
\f-z- X 3X \/5 X (25)
0 \/—3— X 20, (1-X)+X

the vanishing of the discriminant requires

1.5s26(1-x)6 + lsszl_'h-x)l'x2 + 10392 (l-x)le* + 9x6 = 0 (26)

For any value of Q, there are two roots on the upper half plane with |X0 I<].
Although in these examples the relation 1=0/2 has been relaxed, the fact
that lx°|<| for both I=1 and 1=2 suggests that an expansion in powers of X cannot

converge at the point X=1.



Figure Captions

Fig., XI=1:

Fig.

Xl

-2:

cross sections normalized to the

The spectrum cf a pairing force for even systems with >0 and

degeneracy =18 (Be 77c). Each state is labelled by the quantum
numbers (v,71). The transfer matrix elements are given within
square brackets. Tley are normalized with respect to the matrix

e]emnt <\)=O,ﬂ=1 |P+| \)=O’ H:O):lf'l{'

Experimental energies of the J" =O+-states of the even Sn--
isotopes (Be 77c). The heavy drawn lines represent the values

of the expression £ = - B(Sn) - E et 8.50 N+ 45.3 (MeV), where

the binding energlps B(A) (in MeV) are taken from (Wa 71). The
dotted line represents the parabola 0.10 (A~ 65. 4) , which
corresponds to a rotaticnal energy paraneter (226- =0.040 MeV.
Aléo displayéd is the excited pairing rotational band associa-

ted with the pairing vibrational mode. In all cases where more -
than one g = o state has been excited be | ow 3 MeV in two-neutron
transfer processes, the eneray of the éentroid is quoted, as well
as the cross section Z(J(O ), where 0(0 ) is the relative cross
section with respect to the ground stste cross section. The
numbers along the abcisa are the ground state (p,t) and (t,p)
11GSn@yHSSn(gs) cross section.
The‘(t,p) and.(p,t) data utilized in constructing this figure

were taken from Refs. (Bj 68), (5j 69), (F! 70a) and (F1 70b).
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