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INTRODUCTION

Solutions of the diffusion equation in doubly connected do-
mains are of interest in several fields of applied science.

In general, approximate analytical or numerical techniques
must be used: conformal mapping, variational methods, point-
matching, finite differences, finite elements, etc.(Finlayson,
1972).

It appears at this point that a significant number of investi-
gations has been performed on the determination of steady-
state solutions of the diffusion equation in the case of com-
plex, doubly connected regions (Hockney, 1964, Lewis, 1968,
Balcerzak and Raynor, 1961 and Laura and Susemihl, 1973).

On the other hand, the study of unsteady~state solutions has
not been pursued to a significant extent.

The present investigation constitutes an extension of the
study previously performed by Laura and Excoli, 1972, since
the approach developed there is used in the present paper far
the analysis of thermally orthotropic materials.

STATEMENT OF THE PROBLEM AND ITS APPROXIMATE SOLUTION

It is assumed that the heat conduction coefficients k, and

do not vary with temperature. The problem is then governed,
in the case of an unsteady, two dimensional phenomenon, by the
partial differential equation:
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Let the initial and boundary conditions be:
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T(x,y,0) = T, (2a)
T[Li(x,y) = o,t] =0 (2b)

where Lj(x,y)=0 is the functional relation which defines each
boundary of the domain (i=1,2).

Making
T(x,y,t) = T, (x,y)1,(t) (3)

and substituting in (1) one obtains, following the classical
procedure of separation of variables:

1 32T1 32T1 - T1'_ 2
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The function T;(t) is simply:
2
'ZB ¢ (5)
Ty = Ae p'p

where A is an arbitrary constant.

On the other hand, the function T;(x,y) is a solution of the
partial differential equation:

32T, 32Ty 20
kx gxz * ky 3pz + BT1 =0 (6)

which may be expressed as:
V% T; + B2T1 =0 7

where V3 ig the ort?otropic Laplacian operator
2 _ 3 3 . .
(Vg = kg s + ky 5;7) and equation (7) will be referred to as

the "orthotropic Helmholtz equation'.

It is shown in calculus of variations that the solution of the
partial differential equation (6) is equivalent to the minimi-
zation of the functional:
T2 dT1.\2 2.2
J|Ty = fé [k G52 + k(D -8 T2 ] dx dy (8)

subject to the boundary condition:
T; [Lij(x,y)-=0] =0 ; i=1,2 (9

Let:
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z = x + iy = £(8) ; r =E+in (10)

be the functional relation which transforms the given, compli-
cated shape in the z-plane, onto an annulus in the Z-plane
(Figure 1).

Admittedly finding z= f£(Z) is not an easy task, but it is
known for many simply and doubly connected shapes of practical
significance (Laura and Ercoli, 1972).

Substituting (10) in equation (8), one obtains:

Y, amy 1 LB TreT
ITy] = kg c [2 Re[(BC ) };T?ESJ +2 3¢ 3L £'(z) ]

. o1y 17,003 1
ler@ ] dgan - ky I [z Re[(B2t oz 252 32 II?EH]

le' @l ag.an-g2 L 1 ll£* @) || dE.dn 11
}y w - plane | g‘Piaﬂe
g: re‘LS
k
y k,
—_—
X
— — - -———

Figure 1. Thermally orthotropic system under study.

The simplest approximation which satisfies the transformed
boundary condition (Figure 1):

T.(z,0) = 0 for |z]= 1,15 (12)

is probably the expression:
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TioT, (5,0) = (VTT - r) [a,(1- 2D+ A, 1-2D)] (13)

Substituting (13) in (11) and using the minimization condi-
tion:

ax|T, |
3 Ay

one obtains a linear system of equations in the Ajrs.

=0 (n=1,2... N) (14)

From the non-triviality condition one obtains a secular deter-
minant whose roots are the desired eigenvalues Bn S.

It should be clear at this point that expression (13) makes
the algorithmic procedure quite simple from the point of view
of calculating the separation constants. When expressing the
temperature field in its final form, it is considerably more
expedient to use the Fourier-Bessel expansion, which has the
following advantages:

a) it is the exact solution in the case of a circular,
isotropic, annular plate, and

b) the coefficients are obtained by means of a well-known
orthogonality relation.

Accordingly, as a first order approximation, one has in the
t-plane:

Tla = IZI:I Bom[Jo(nomr) Yo(nom)— Jo(nom) Yo(nomr)] (15)

where:
= Jo(nom ri)
om Jo(nomri)+ Jo(nom)

(16a)

and the ﬂom's are the roots of the transcendental equation:
Jo(nomri) Yo(nom) - Jo(nom) Yo(nomri) =0 (16D)

It is important to point out that it has already been shown
that the accuracy of the approach presented in this section is
very good in the case of isotropic configurations (Laura and
Ercoli, 1972).

The unsteady temperature field is then described by the func-
tional relation: _Bgm

T(z,,t)=L Bom[Jomomr)Yomom)—Jo<nom)Yo<nomr)Je “p-P (n
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It is important to point out that finding the mapping function
which transforms an arbitrary, doubly connected domain onto a
circular annulus is a very difficult task. However, in the
case of domains of regular polygonal shape with a concentric
circular perforation the finding of the approximate mapping
function is quite easy if Ro/ap<K1. In the case of simply
connected regular polygonal shapes, one has:

z = ap.Ag fC de S
* 1+

/s (18)

where a, is the apothem; s is the order of the polygon and
Ag, is a paramater which has been tabulated in the open lite-
rature.

If one expresses (18) in series form it is quite simple to
shown that (18) transforms, approximately, the circular hole
in the z-plane onto a circular hole of radius rj in the
C-plane where:

. Ro
ri“© ap-As (19)

THE FINITE ELEMENT SOLUTION

A finite element code was developed in order to tackle any
geometry since the methodology explained in the previous sec-
tion is rather restricted in the sense that the mapping func-
tion must be known in advance.

Triangular elements are used and a linear variation of the
temperature field is assumed inside the element.

NUMERICAL RESULTS

In the present investigation numerical results are obtained
for square and pentagonal shapes with concentric circular
holes, such that Ro/ap = 0.10. The orthotropy parameter ratio
ky/kx has been taken equal to 1.20.

Figures 2 through 5 show comparisons of temperature values as
a function of T = kx.t/cp.p.a;, determined:

a) analytically (using the first two terms of (17)), and
b) by means of the finite element algorithm for ky/kX = 1.20.

The agreement is quite good specially considering the simpli-
city of relation (17) and the small number of terms taken when
using the analytical approach.
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Figure 2 - Temperature variation along the apothem
(Outer square boundary).
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Figure 3 - Temperature variation along the diagonal. P
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— Finite elements solution
. Approximate analytical solutiom

Figure 4 - Temperature variation along the apothem (Outer

pentagonal boundary).
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Figure 5 - Temperature variation along the diagonal
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For larger values of the parameter k,/ky the agreement is not
as good as in the case ky/kx = 1.20; but it is still accept-
able from the point of view of many engineering applications,
specially if rather large values of T are considered.
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