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Simple expressions are given for the normalization coefficients in Rayleigh-Schroedinger, 
Brillouin-Wigner, and Bloch-Horowitz perturbation methods. These expressions are 
derivatives of the energy, or of the matrix elements of the effective Hamiltonian.

The probiem of the normalization of the perturbed States 
is often ignored in the discussions on perturbation theory. 
Since this normalization is needed in the calculation of 
transition matrix elements, we feel that it is useful to show 
how to obtain it in a simple way.

The Hamiltonian is divided (as usual) into two terms

H = Ho + h. (1)

such that the eigenfunctions and eigenvalues of the first 
term H q (the unperturbed Ham iltonian) are known:

Ho\a) = ea\a). (2)

We have to solve the Schroedinger equation,

//Iv ^ ) = £ | ' í ' ) .  (3)

In the limit h -* O,

«o. (4)

and we assume for simplicity that there is no other state with 
unperturbed energy eo.

We briefly review the two usual perturbation treatments, 
i.e., the Rayleigh-Schroedinger and the Brillouin-W igner 
expansions.

Let US start with the Rayleigh-Schroedinger treatment. 
We denote by E„ and | ) the n th  order terms in the en­
ergy and wave function, respectively,

Z  E„, (5a)
n=0

l'í ')  =  E  l^ n ) . (5b)
n=0

If we use the subsidiary condition

<0|'!'„) =  5„o, (6)

the Schroedinger equation (3) yields'

E o  =  eo, | ^ o )  =  | 0 ) ,

¿■„= l ' í ' J  = £ ;;,• ( '’) | í ) ,  ( n > l )
/■

[ l / ( « o - e / ) ]  < / | [ ( A - £ , ) | ^ « - . )
-E2\'^„-2)---------- (7)

where \i), \j),. . . 9̂  |0 )  denote unperturbed states dif- 
ferent from the initial one.

The function (5b) is obviously not normalized to unity. 
Since |0 ) enters with unit weight in (5b), the amplitude a:o 
of the unperturbed state |0> in the perturbed (normalized) 
wave function is precisely the normalized coefficient that 
we are looking for. The modulus to the square of this am- 
plitude may be obtained as follows.

in matrix form, Eq. (3) reads

E  {b\H\a)Xa = Exb

or

E=Y.Xh*Xa {b\H\a).
a.h

(8 )

(9)

Changing only the m atrix elements of H q, it follows that

(10)
. ,2 dE , „ d E
\xo\̂ = :j- =  1 -  E

deo i d(¡'

Therefore, the normalization coefficient |x o p  is obtained 
through simple derivation of the expression for the energy. 
This is given in perturbation theory as a sum of producís of 
factors, each factor being proportional to

Y '  ___________________fiQihii —  h/io_______________

i.j..... ^ ( « 0  -  «1)"' («o -  ijY j • • • («o -
(11)

where

hij=  {i\h\j}

and (T„ are integer numbers.
We obtain an expression similar to (10) for the Bril­

louin-W igner perturbation expansión.^ We write the 
Schroedinger equation to m atrix form

-  a r  « „ * : . ) ( : ) - ( : ) ■  <->

Here h' denotes the part of h that has matrix elements
between the states |/>, jy)......... Using (12), we obtain the
ratio between the am plitudes x¡ and jcq:

x¡/xq = y i,

-  E  <í| - £

The well-known equation for the energy follows from 
(12) and (13)

E = W{E)

W{E) =  € 0  +  /loo -  E  ho¡{i\ „  ------ \j) hjo
ij Ho-r n — t

= fo +  E t«= 1 i.j.......k{E -  €,)(£■ - ej) ■' • (E - (k)’

(14)
where n again indicates the order of perturbation.

The eigenvalues of the energy are given by the interaction 
of the curve W{E) (which in general has poles at the un­
perturbed energies «,) with the straight line given by the 
left-hand side of the first Eq. (14).

The normalization condition for the state |^ >  is
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I =  l ^ o P  +  L  
/

=  l^oP
hoih¡j • • • hko

1 + L  ^  —
« = 2  i.j. M (€,• -  E ) { e j  - E ) . . . { e k - E )

Thus,

From (17) we obtain

—  | ^ >  hk!̂

((6/ -  E) ^  (€, -  E) ^  (€A -  /? ))  -
( 15)

i . o P = ( . . . ^ r = ( . - ^ r

(16)

In any point different than an eigenvalue Eq. (14) does 
not hold. Thus, the derivatives i>W(E)/bE are different 
from one.

The relation between ( 10) and (16) is easily established 
as follows

The derivativo of the energy E with respect to e, is 

dE bW  ̂ óW dE _(>W  / bW\dE 

dt¡ de, dE de, de, \ y  dey/ de,'

(18)

and thus (10) follows from (16) using (18).
The transition m atrix elements are given:

< 'I '2 | r |^ , )  = x o n 2 ) x o ( l )  ( ( 0 2 |T |0 i )

+  I : < í2 |7 ^ |0 ,)> ',- / +  E  ( 0 2 | r | / , ) y „
12 n

+  E  ( í 2 |7 ’1/|> (19)
11.12 /

where the amplitudes xq, y,- are obtained from (10) and (7) 
in the case of Rayieigh-Schroedinger expansión, or from 
( 16) and (13) if we use the Br'illouin-W inger expansión.

The Bloch-Horowitz formalism^ is a generalizatioh of 
the Brillouin-W igner perturbation expansión, which is 
applied when there is a subset of states (O, p , .. .) which 
have to be simultaneously perturbed. Usually, these states 
are nearly degenerate. Eq. (12) is still valid, but now both 
(xo) and (x, ) label the different components of the eigen- 
vector corresponding to the unperturbed basic subset (O, 
/ ? , . . . )  and to the remaining unperturbed space {i,j, . .  .), 
respectively. Previously this was the case only for (x,).

Using (12), we again derive the amplitudes x¡ as a 
function of the amplitudes of the basic subset xq, namely

x¡ = E y¡o Xo,
o

>■» = -  E  ( / | U) V  (13')

We also obtain the Schroedinger equation in matrix 
form

E  iVo,,{E) Xp = Exo,
p

+  E hojhii —  h/¿p
(20)

= I i.j.........k { E  -  ( ¡ ) { E  -  € ;)  • • • ( £ ■ -  e ^ ) ’

where the effective Ham iltonian W { E )  has only matrix 
elements within the basic subset. Equation (20) corresponds 
to a nonlinear eigenvalue problem

0=\Wop{E)~ Ebop\. (140

The eigenvectors are normalized in the whole space 
{Q,p,.. ., i, j, . . . )  (not in the basic subset). Using ( 13 0 , 

we obtain as in (15)

1 = E (áo/, + E yio*yip) xq 
0.p \ / /

= E (¿op-
O.p \ dE

Wop{E)^ X0*Xp.  (150

In this paper we have shown that there exist simple ex- 
pressions for the square of the normalization coefficients, 
both in Rayieigh-Schroedinger and Brillouin-W igner ex- 
pansions, in terms of the derivative of the energy. The 
generalization to the Bloch-Horowitz formalism is made 
[Eq. (15 0 ] in terms of the effective Hamiltonian.
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