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Abst rac t :  A c lass  of general  f in i te -energy  sum rules not neces sa r i l y  derived from 
analyt ici ty and c ross ing  proper ty  of the amplitude is d iscussed.  An example is 
given of a sum rule which has over the continuous-moment sum rules the advan- 
tages of a more  equil ibrated par t ic ipat ion of low-energy data and a bet ter  s epa ra -  
tion of two nearby Regge-pole contributions.  

1. INTRODUCTION 

D u r i n g  the  l a s t  two y e a r s  f i n i t e - e n e r g y  sum r u l e s  (FESR)  [1] and c o n -  
t i n u o u s - m o m e n t  s u m  r u l e s  (CMSR) [2, 3] have  been  u s e d  to ob ta in  R e g g e  p a -  
r a m e t e r s  f r o m  l o w -  and m e d i u m - e n e r g y  da t a .  T h e s e  s u m  r u l e s  (SR) m a y  
be  d e r i v e d  u s i n g  a t r i c k  b a s e d  on a n a l y t i c i t y ,  c r o s s i n g  s y m m e t r y  and h i g h -  
e n e r g y  R e g g e  b e h a v i o u r  of  the  a m p l i t u d e  [3] and a r e  g e n e r a l l y  c a l l e d  r i g h t -  
s i g n a t u r e  SR. 

S o m e  m o d i f i c a t i o n s  [4-6]  and g e n e r a l i z a t i o n s  [7] of the  p r e v i o u s  t e c h -  
n i q u e s  have  been  r e c e n t l y  p r o p o s e d  t o g e t h e r  wi th  SR which  canno t  be  o b -  
t a i n e d  f r o m  the a b o v e  a s s u m p t i o n s  [8, 9], so  tha t  they  can be  c a l l e d  w r o n g -  
s i g n a t u r e  SR, and w h e r e  w r o n g - s i g n a t u r e  f ixed  p o l e s  m a y  c o n t r i b u t e  [10]. 

In p r a c t i c e ,  a l l  t h e s e  SR m a y  be  v i e w e d  a s  a f i t  to R e g g e  p o l e s  of the  
s c a t t e r i n g  a m p l i t u d e  m u l t i p l i e d  by a we igh t  func t ion  o v e r  a f in i t e  r a n g e  of 
e n e r g y .  T h e i r  a p p r o x i m a t e  e x p e r i m e n t a l  v a l i d i t y  i s  a t e s t  of "dua l i t y "  On 
the  g l o b a l  s e n s e ) .  

O u r  a i m  in t h i s  p a p e r  i s  to  po in t  out  the  f u n d a m e n t a l  r e a s o n s  fo r  wh ich  a 
g e n e r a l  c l a s s  of  con t inuous  p a r a m e t e r  SR i s  m o r e  a p p r o p r i a t e  to be  f i t t ed  
wi th  R e g g e  p o l e s  than the s i m p l e  h i g h - e n e r g y  a m p l i t u d e s  a r e .  Thus  c e r t a i n  
c r i t e r i a  wi l l  be  p r o v i d e d  fo r  c h o o s i n g  a c o n v e n i e n t  w e i g h t  func t ion  and to 
t e l l  when a SR i s  r e a l l y  u s e f u l  f o r  the  p r e d i c t i o n  of R e g g e  p a r a m e t e r s .  

2. C O N T I N U O U S - P A R A M E T E R  M E L L I N  SUM RULES 

L e t  us  beg in  d e r i v i n g  a g e n e r a l  r i g h t - s i g n a t u r e  SR in the  t r a d i t i o n a l  way.  

* Presen t  address :  ICTP, Tr ie s t e ,  Italy. 
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Fig. 1. Path of integration for r ight-s ignature SR. 

We c o n s i d e r  fo r  s i m p l i c i t y  a c r o s s i n g  s y m m e t r i c  a m p l i t u d e  fo r  t = 0, i . e .  

F(+)(v) = F ( + ) ( - v )  * , (11 

such  tha t  fo r  h i g h - e n e r g y  we m a y  w r i t e  the  R e g g e  e x p a n s i o n  

F(+)(v) F(R+)(v ) =~ ~ F(+),v) = Pa a ~ + FB(V) 
OL 

F (+ ) (v ) = ( - c o t g ½ ~ a + i )  v a ,  (2) 

w h e r e  the  b a c k g r o u n d  t e r m  FB(V) c o r r e s p o n d s  to the  i n t e g r a l  a l o n g  the a x i s  
-1 +ib of the  J - p l a n e ,  so tha t  p r o b l e m s  r e l a t e d  to f i xed  p o l e s ,  wh ich  a p p e a r  
when i t  i s  p u s h e d  m o r e  to the  l e f t ,  do not  a r i s e  h e r e ;  we  c o n s i d e r  R e g g e  
p o l e s  wi th  i n t e r c e p t s  -1 < a --< 1 and a l l  s i n g u l a r i t i e s  to the  l e f t  of -1 a r e  
r e f l e c t e d  in the  b a c k g r o u n d  t e r m .  

One m a y  ob t a in  a con t inuous  p a r a m e t e r  f a m i l y  of SR by w r i t i n g  

g (a, v) F (+) (v) dv = 0 ,  (3) 

w h e r e  g(a ,  v) i s  a func t ion  of the  con t inuous  p a r a m e t e r  a and  i s  r e g u l a r  in 
the  u p p e r  v ha l f  p l a n e ,  and  the  p a t h  of i n t e g r a t i o n '  i s  t aken  a s  in f ig.  1. A s -  
s u m i n g  tha t  fo r  v = v o the  e x p r e s s i o n  (2) i s  v a l i d ,  we ob t a in  f r o m  eq. (3) 

Yo f Re{gs(a,v)[F(+)(v)- F~)(v)]}dv=O, (4) 
o 

Yo 
f I m { g a ( a , v ) [ F ( + ) ( v ) -  F~)(v)]}dv 
o 

where we have introduced the general separation 

g(a ,  v) = gs(a ,  v) + ga  (a, v) , 

which  s a t i s f i e s  on the  r e a l  a x i s  

= 0 ,  (5) 

(6) 
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gs(a, u) =gs(a, - u ) * ,  ga(a, u) = -ga(a, -u)*. (7) 

If we now r e s t r i c t  o u r s e l v e s  to g(a, v) which  a r e  r e g u l a r  f unc t i ons  of v, we 
m a y  w r i t e  

oO o o  

• Y /  

gs(a,u)  = Y], Cn(a)(zv) , ga(a,u)= i ~ dn(a)(iu) n - , ( 8 )  

n=O n=O 

wi th  c n and d n r e a l  f unc t i ons  of a ,  so tha t  i t  i s  c l e a r  tha t  SR (4) and (5) t ake  
the  s a m e  f o r m  and we a r e  a l l o w e d  to r e t a i n  only  the  f o r m e r .  Wi th  r e s t r i c -  
t ion (8) we do not  i n c l u d e  in the  p r e s e n t  t r e a t m e n t  the  CMSR a l though  t h e s e ,  
wi th  the  m o d i f i c a t i o n  g iven  by r e f .  [4], m a y  be  c o n s i d e r e d  a s  a s u p e r p o s i -  
t ion of  FESR.  

We m a y  a r g u e  tha t  e x p a n s i o n  (2), b e t t e r  if  c o n s i d e r e d  in Khur i  r e p r e s e n -  
ta t ion  and l e a v i n g  a s i d e  e v e n t u a l  c u t s ,  i s  p r o b a b l y  an e x a c t  e x p r e s s i o n  fo r  
a l l  v a l u e s  of v, p r o v i d e d  we could  d e s c r i b e  the  c o m p l i c a t e d  s t r u c t u r e  of 
b a c k g r o u n d ,  so tha t  SR (4) would  be  a t r i v i a l  i d e n t i t y  i n d e p e n d e n t  of gs" 
H o w e v e r ,  s i n c e  one  canno t  hope to d e s c r i b e  b a c k g r o u n d  in d e t a i l ,  SR (4) 
m a y  be  u se fu l  d e p e n d i n g  on the c h o i c e  of g s ;  i n d e e d ,  if  the  c o n t r i b u t i o n  of  
b a c k g r o u n d  to SR (4) i s  s i m p l e r  and s m a l l e r  than the c o n t r i b u t i o n  to the  a m -  
p l i t u d e ,  we m a y  e x p e c t  to e x t r a c t  f r o m  (4) i n f o r m a t i o n  abou t  Regge  p o l e s ,  
even  the n o n - l e a d i n g  o n e s ,  wh ich  u s u a l l y  canno t  be  d e t e r m i n e d  f r o m  h i g h -  
e n e r g y  f i t s  $. 

S t a r t i n g  the  a n a l y s i s  of (4) wi th  r e s t r i c t i o n  (8) by c o n s i d e r i n g  the c o n t r i -  
but ion  of one  R e g g e  po l e  we have  

/ 
o 

Re [gs (a, v) F(a+)(v)] dv 

co .2n+l oo 

u° I ½ ~ ( _ ) n c 2 n a + 2 n + l  +s i  1 s in  ½7ra cos_Tra 
n=O rt=O 

uo2n+2 = 

(_)n C2n+l a+2~n+ 2~ 

{2 
1) o 

R (a , ce) , (9) 
- - sin ½~a 

w h e r e  Vo~/sin I ~ r a  i s  the  m o d u l u s  of the  c o n t r i b u t i o n  of  the  po l e  to the  a m -  
p l i t u d e ,  so tha t  R(a, a) m a y  be  c o n s i d e r e d  a s  r e f l e c t i n g  the e f f ec t  i n t r o d u c e d  
by the SR. We m a y  no te  tha t  R(a, a) c o n v e r g e s  in the  l i m i t  a -~  -1 ,  b e i n g  

.2n+2 
v O 

l im  R ( a , - l + e )  =-~nl Cogo _ ~ (_)nc2n+l 2 n + l  , (10) 
E~O n=O 

In usual fi ts of SR (4) one neglects  F B or rep laces  it by an eas i ly  pa ramet r i zed  
te rm F~3 (e.g. a pole with J = -1) hoping that the unaccounted for  par t  of the back-  
ground vanishes by integration over the semic i r c l e  of fig. 1. 



CONTINUOUS-PARAMETER SUM RULES 563 

which  i s  t a n t a m o u n t  to s a y i n g  tha t  the  w r o n g - s i g n a t u r e  f ixed  po l e  a t  -1 d o e s  
not  c o n t r i b u t e  to the  SR. 

Now we m u s t  t a k e  into  a c c o u n t  the  b a c k g r o u n d  i n t e g r a l  wh ich  we w r i t e  a s  

FB(U) = l i m  1 f vib e ~ 0  v 1 ~  _~o B(b) db = l i m  FB(b,v)db , (11) 
E ~ 0  _oo 

SO tha t  the  c o n t r i b u t i o n  to the  SR of e a c h  p a r t  FB(b, v) i s  

o Re [gs (a, v) FB (b , v) ]dv  
o 

E 
Vo • + ib (ivo)n~ (121 E 2 + 5 2 R e { ( E  ib) exp[ib l n v o ] B ( b ) ~ c  n n n+ E+ib 

we s e e  tha t  in g e n e r a l  fo r  l a r g e  v a l u e s  of b the  c o n t r i b u t i o n  B(b) i s  d a m p e d  
by a f a c t o r  l ib  in the  SR. It  i s  c l e a r  tha t  we can s a y  no th ing  abou t  the  c o n -  
t r i b u t i o n  of s m a l l  v a l u e s  of b (un less  we knew the e x p l i c i t  f o r m  of B(b)); to 
ob t a in  a good f i t  of the  SR wi th  R e g g e  p o l e s ,  i . e .  f o r  the  v a l i d i t y  of the "du-  
a l i t y "  c o n c e p t ,  i t  w i l l  be  n e c e s s a r y  to c h o o s e  a w e i g h t  func t ion  g s  wh ich  
d o e s  not  e m p h a s i z e  the  l o w - b  p a r t .  Anyhow,  b e c a u s e  of the  d a m p i n g  of  
l a r g e - b  c o n t r i b u t i o n s ,  we ob ta in  in g e n e r a l  a s i m p l i f i c a t i o n  in the  d e s c r i p -  
t ion of b a c k g r o u n d .  

One m a y  r e a d i l y  v e r i f y  by the  s a m e  p r o c e d u r e  tha t  the  a b o v e  p r o p e r t i e s  
a r e  a l s o  s h a r e d  by CMSR, w h e r e  

1 v6 .1 g s ( 6 ,  v) = ~ . 8 ~  exp [-z ~T6],  (13) 
v O 

so  tha t  a o n e - p o l e  c o n t r i b u t i o n  i s  

~(+) (v)} dv 1 ?o v6 Re{exp[_ i½Tr6 l • a  
u6+l  o 

o 

Vo s in  ½Tr(a+ 6+ 1) = _ Vo R(6,  a ) .  (14) 
- -  1 0~ 1 s in  ~;r a+  6+ 1 s in  ~Tra 

At  th i s  s t a g e  one m a y  w o n d e r  w h e t h e r  t h e s e  p r o p e r t i e s  d e p e n d  on a n a -  
l y t i c i t y  and c r o s s i n g  wh ich  w e r e  u s e d  in the  d e r i v a t i o n  of SIR (4). The  a n s -  
w e r  i s  tha t  we m a y  th ink  of m o r e  g e n e r a l  SR, i n d e e d ,  the  d a m p i n g  of b a c k -  
g r o u n d  fo r  l a r g e  b i s  s i m p l y  a p r o p e r t y  of  the  p o w e r  e x p a n s i o n  of the  we igh t  
func t ion ;  a s  f o r  the  c o n v e r g e n c e  of the  S R  a t  a = -1 ,  i t  i s  s u f f i c i e n t  tha t  the  
t e r m  i n d e p e n d e n t  of  v ( equ iva l en t  to c o) a p p e a r s  on ly  in the  func t ion  wh ich  
m u l t i p l i e s  cos  ½~Ta in the  SR (see eq. (9)). 

F o r  e x a m p l e  we m a y  m u l t i p l y  the  i n t e g r a n d  of eq. (4) by a r e a l  func t ion  
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oo  

h(a,v) = ~ en(a) v n, (15) 
n = O  

and the SR 

f u° h(a, u) Re {gs (a, v)[F(+)(v) - F(R+)(v)]} dv = 0, (16) 
o 

s a t i s f i e s  the  p r e v i o u s  r e q u i r e m e n t s ¢  though i t  canno t  be  d e r i v e d  u s i n g  the 
t r i c k  b a s e d  on a n a l y t i c i t y  and c r o s s i n g .  

Wi th  th i s  in m i n d ,  the  g e n e r a l  SR of  type  (16) m a y  be  c o n s i d e r e d  a s  
M e l l i n  t r a n s f o r m s  and we wi l l  c a l l  t hem Mel l i n  Sum R u l e s  0VISR). Wha t  we 
have  to a s k  f r o m  MSR, a p a r t  f r o m  the d a m p i n g  of b a c k g r o u n d  and the c o n -  
v e r g e n c e  a t  {2 = -1 a l r e a d y  a s s u r e d ,  i s :  

(i) t ha t  c o n t r i b u t i o n s  of  two n e a r b y  p o l e s  can be  s e p a r a t e d  a s  c l e a r l y  a s  
p o s s i b l e ;  

(ii) tha t  fo r  d e c r e a s i n g  {2, the  c o n t r i b u t i o n s  of  R e g g e  p o l e s  do not  i n -  
c r e a s e  (in the  s e n s e  of an a v e r a g e  o v e r  the  con t inuous  p a r a m e t e r )  wi th  r e -  
s p e c t  to the  c o r r e s p o n d i n g  o n e s  in the  s c a t t e r i n g  a m p l i t u d e  a t  e n e r g y  ~ Vo; 

(iii) tha t  the  l o w - b  b a c k g r o u n d  c o n t r i b u t i o n  i s  s m a l l .  
To a n a l y z e  t h e s e  a s p e c t s ,  wh ich  a r e  p a r t l y  i n t e r l o c k e d ,  i t  i s  b e t t e r  to 

c o n s i d e r  e x a m p l e s .  

3. MSR WITH O S C I L L A T I N G  W E I G H T  

B e s i d e s  the  r e q u i r e m e n t s  shown a b o v e ,  one  shou ld  c h o o s e  a s  gs  a f u n c -  
t ion wi th  a M e l l i n  t r a n s f o r m  r e a s o n a b l y  s i m p l e .  One e x a m p l e  i s  to t ake  
h = 1 and fo r  gs  an o s c i l l a t i n g  func t ion  wi th  f r e q u e n c y  a = c/v o 

gs(C,V) = c e x p [ i  c v ] ,  (17) 
/20 /]O 

so tha t  the  o n e - p o l e  c o n t r i b u t i o n  to MSR t u r n s  out  to be  [11] 

c / ' %  
~Oo Re{exp[iCov]F(a +)(v))dv 

{2 {2 

Vo 1 Im [y({2+ 1, ic)] v° R(c, {2) (18) 
s in  ½rra c{2 s in  ~7r{2 

w h e r e  9' i s  the  i n c o m p l e t e  g a m m a  func t ion .  The  p o w e r  e x p a n s i o n  of eq. (18) 
i s  of the  type  (9) and  (10) wi th  c o e f f i c i e n t s  

Cn(a) = an+l/n !. (19) 

ff we r e p r e s e n t  g r a p h i c a l l y  the  func t ion  R(c, a) of eq. (18) fo r  -1 --< {2 ~< 1 
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F i g .  2. O n e - p o l e  c o n t r i b u t i o n  R(c, a) to SR w i t h  o s c i l l a t i n g  w e i g h t  eq .  {18). 
+++ 6 ~ = 0 ;  - - .  ~ =  1. 

(see as  e x a m p l e  the c a s e s  a = 0 and 1 in fig. 25, i t  i s  s een  that  the m a x i m a  
a r e  a p p r o x i m a t e l y  equal  for  a l l  v a l u e s  of a, s a t i s f y i n g  (iiS. B e s i d e s ,  the 
c u r v e s  a r e  not  only d i s p l a c e d  but  show a lso  a shape  which  changes  with a. 
Th i s  i s  a po in t  in f avour  of the p r e s e n t  SR o v e r  CMSR, w h e r e  only a s i m i l a r  
d i s p l a c e m e n t  a p p e a r s ,  the shape  r e m a i n i n g  the s a m e  for  d i f f e r e n t  a ' s ,  s i n c e  
the sum of two of t hese  c u r v e s  wi l l  be l e s s  e a s i l y  confounded with the one of 
an i n t e r m e d i a t e  a. To p r o v e  th is  we have added for  e xa mp l e  two f unc t i ons  
R(c, a5 of the type (185 for  a = 0.5 and a = 1.0 which could be f i t ted  with the 
s i n g l e  pole  c o n t r i b u t i o n  1.9 R(c, 0.7). P e r f o r m i n g  the s a m e  ca l cu l a t i on  with 
two CMSR, a f i t  with 2.0 R(5, 0.7) was  ob t a ined  which  was  about  10% b e t t e r  
than in  the p r e v i o u s  c a s e ;  s i m i l a r  r e s u l t s  a p p e a r  in the c o m p a r i s o n  of f i t s  
of m i x t u r e s  of two po le s  with any a. T h i s  shows that  SR (185 p r o v i d e s  a b e t -  
t e r  s e p a r a t i o n  of two po le s  c o n t r i b u t i o n s  than CMSR. It i s  c l e a r  that  one 
may  look for  f u r t h e r  SR which  give a s t i l l  b e t t e r  s e p a r a t i o n .  A second  a d -  
van tage  of SR (18) o v e r  CMSR is  that  in the f o r m e r  the weight  func t ion  a l -  
lows an e q u i l i b r a t e d  c o n t r i b u t i o n  of a l l  l ow-  and m e d i u m - e n e r g y  da ta  for  a l l  
v a l u e s  of the con t inuous  p a r a m e t e r ;  in  CMSR, on the c o n t r a r y ,  for  m o s t  of 
the r a n g e  of the con t inuous  p a r a m e t e r  (usual ly  0 < 5 <  5) the r e g i o n  of e n e r -  
gy n e a r  v o has  the p r e d o m i n a n t  weight .  

A c o m m o n  c h a r a c t e r i s t i c  of both  SR (185 and CMSR is  the d i s p l a c e m e n t  
of c u r v e s  for  d i f f e r e n t  a ' s ;  th i s  i s  one of the m o s t  i m p o r t a n t  f e a t u r e s  which  
m a k e  i t  e a s i e r  to f i t  those  SR than the a m p l i t u d e  i t s e l f ,  and i s  a d i r e c t  con -  
s e q u e n c e  of the i n t e r f e r e n c e  of r e a l  and i m a g i n a r y  p a r t  of the a m p l i t u d e  in 
the SR. Those  SR, as  FESR for  i n t e g e r  m o m e n t ,  which  do not  s h a r e  th is  
p r o p e r t y  do not  s a t i s fy  (i5 and have l i t t l e  advan tage  o v e r  a d i r e c t  h i g h - e n e r -  
gy fi t  of the a m p l i t u d e  in the p r e d i c t i o n  of Regge p a r a m e t e r s .  To put  th is  in 
ev idence  we may  c o m p a r e  SR (12) with,  for  e x a m p l e  
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o ~(+)  a 
a s i n a v  Im_~a (v)dv = v o R ' (a ,a ) ,  (20) 

O 

w h e r e  only  the  i m a g i n a r y  p a r t  c o n t r i b u t e s .  W h i l e  in eq. (18) R(c, a) fo r  
a = 0 and a = 1, fo r  e x a m p l e ,  shows  m a x i m a  of the  s a m e  s i z e  ~ 1 but  d i s -  

1 p l a c e d  abou t  ~ ,  in eq. (20) m a x i m a  of  R'(a, a) a r e  p r a c t i c a l l y  not  d i s p l a c e d  
and t h e i r  v a l u e s  a r e  ~ 2 and ~ 1 r e s p e c t i v e l y ,  so tha t  a l s o  cond i t ion  (ii) i s  
not  s a t i s f i e d  h e r e .  Then the  i n t e r f e r e n c e  of r e a l  and i m a g i n a r y  p a r t  of  the  
a m p l i t u d e  i s  a n e c e s s a r y  cond i t ion  to s a t i s f y  (i), and gs of  eq. (17) i s  chosen  
to e m p h a s i z e  i t .  

The  cond i t ion  (iii) i s  the  m o s t  d i f f i c u l t  to p r e d i c t ;  i t  i s  c l e a r l y  a t t a i n e d  
i f  gs  g i v e s  we igh t  only  to h i g h - e n e r g y  d a t a  but  then the SR would  be of l i t t l e  
u se .  One m a y  hope tha t  (iii) i s  s a t i s f i e d  i f  g s  i s  s u f f i c i e n t l y  s m o o t h  so tha t  
the  w i g g l e s  due  to r e s o n a n c e s  a r e  not  e m p h a s i z e d .  R e f e r r i n g  to SR (18) the  
f r e q u e n c y  a canno t  be  too l a r g e ;  fo r  v o ~ 4 GeV a r e a s o n a b l e  r a n g e  fo r  c 
s e e m s  to be 0 ~< c < 2~ b e c a u s e  (see  s e c t .  4) a s m o o t h  i n t e g r a l  o v e r  an i n -  
t e r v a l  of  ~ 2 GeV i s  l i k e l y  to show dua l i t y  b e tw e e n  r e s o n a n c e s  and R e g g e  
p o l e s  (or e q u i v a l e n t l y  R e g g e  b a c k g r o u n d  wi l l  not  p l ay  an i m p o r t a n t  r o l e ) .  

An a p p l i c a t i o n  of SR (18) to ~N s c a t t e r i n g  i s  in p r o g r e s s .  

4. GAUSSLAN SR 

A s  a s e c o n d  e x a m p l e  in wh ich  only  the i m a g i n a r y  p a r t  of the  a m p l i t u d e  
c o n t r i b u t e s ,  l e t  us  c o n s i d e r  h = 1 and 

i v - v ~  2 
• 

The  SR t u r n s  out  to be  [12] 

1 
A ~  f {exp [-  ¢v - xA) 2] - exp  [-  (x + xA)2]} Im F (+) (v) dv 

O 

(21) 

3 2 _ A a F Ca+l)  xA exp[_x2]M(½a+l ,~ , xA  ) 
2a -1  a+  1. r , ( - ~ - )  

(22) 

w h e r e  x = v / A  and M i s  the  conf luen t  h y p e r g e o m e t r i c  func t ion .  In th i s  c a s e  
we have  taken  v o ~ ~o b e c a u s e  i f  v o i s  not  too high the c o n t r i b u t i o n  of  v e r y  
h i g h - e n e r g y  i m a g i n a r y  p a r t s  i s  n e g l i g i b l e .  With  th i s  SR one would  hope to 
r e l a t e  R e g g e  p a r a m e t e r s  to a l o w - e n e r g y  r e g i o n  r e s t r i c t e d  to the  n e i g h -  
b o u r h o o d  of VA. H o w e v e r ,  a s  we have  d i s c u s s e d  a b o v e ,  we cannot  e x p e c t  
m u c h  m o r e  than a s i m p l e  f i t  wi th  R e g g e  p o l e s  of the  r e g i o n  n e a r  vA b e c a u s e  
of the  l a c k  of  i n t e r f e r e n c e  be tween  r e a l  and i m a g i n a r y  p a r t s .  The  d a m p i n g  
of R e g g e  b a c k g r o u n d ,  c o m m o n  to e v e r y  MSR, h a s  to be g r e a t e r  the  g r e a t e r  
i s  A, f o r  V A f ixed ;  i t  i s  o b v i o u s  tha t  the  h i g h e r  i s  vh  the s m a l l e r  m a y  be  A 
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Table 1 
Gaussian SR for symmetr ic  yN. 
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A [GeVI S(A) [GeV-l] Sp (A) Sp, (A) S R (A) S B (A) 

0.745 144.5 93.1 (A) 56.4 (A) 91.3 88.0 
87.7 (B t 59.2 (B) 

0.368 68.5 46.0 (A) 42.7 (A) 72.6 21.7 
43.3 (B t 38.8 (B) 

0.166 59.9 20.9 (A t 31.0 (At 92.8 2.9 
19.6 (B) 24.0 (Bt 

S (A): experimental contribution. 
Sp (At and Sp, (At: P and P'  contributions respectively, according to sets of pa ram-  

eters A and B. 
SR (A) : resonances contribution with narrow-width approximation. 
SB (A): non-resonat ing background contribution (see eq. (24t). 

to a t t a in  the s a m e  cond i t i ons  of dua l i t y ,  s i nc e  Regge b a c k g r o u n d  b e c o m e s  
l e s s  and l e s s  i m p o r t a n t .  

As an e x a m p l e  we have f ixed XA = 2 and e va l ua t e d  SR (22) for  ~N s y m -  
m e t r i c  a m p l i t u d e  with v A = 1.490, 0.736 and 0.332 GeV, v a l u e s  which  c o i n -  
c ide  with s o m e  of the m o s t  i m p o r t a n t  r e s o n a n c e s .  E v a l u a t i n g  the r i g h t - h a n d  
s ide  of eq. (22) we see  tha t  the d e p e n d e n c e  on a i s  ve ry  s i m i l a r  to v~,  in 
a g r e e m e n t  wi th  what  was  sa id  above.  The c o n t r i b u t i o n s  of e x p e r i m e n t a l  
da ta  to the SR a r e  r e p o r t e d  in tab le  1 u n d e r  S(A). F o r  c o m p a r i s o n  we r e -  
p o r t  the c o n t r i b u t i o n s  of P and P '  po le s  u n d e r  Sp(A) and Sp,(A) u s i n g  two 
s e t s  of p a r a m e t e r s  [13] *. Set A c o r r e s p o n d s  to those  ob ta ined  f r o m  CMSR 
with the c o n s t r a i n t  of r e p r o d u c i n g  the h i g h - e n e r g y  da ta  of Foley  et al .  [14] 

Up = i ,  ~p  = 111 GeV -1 , Up, = 0 .41 ,  ~p,  = 87 GeV - 1 .  

Set B c o r r e s p o n d s  to the p r e d i c t i o n  of CMSR wi thout  f u r t h e r  r e s t r i c t i o n s  

a p  = 1 ,  ~p = 104.5 GeV -1 , ap ,  = 0 .60 ,  ~p,  = 84 GeV - 1 .  

We see  that  with s e t  B we ob ta in  a b e t t e r  a g r e e m e n t  for  the v a l u e s  of A 
w h e r e  we may  expec t  i t ;  with th is  se t  we have a d i s c r e p a n c y  with the ex -  
p e r i m e n t a l  va lue  of ~ 2% for  A = 0.745 GeV, of ~ 20% for  A = 0.368 (both in 
excess )  and ~ 27% for  A = 0.166 (in de fec t ;  th is  i s  due to hav ing  c e n t e r e d  
the g a u s s i a n  on the N33 peak) .  Now, as  sa id  in ref .  [13], the se t  B p r e d i c t s  
too l a r g e  c r o s s  s e c t i o n s  for  e n e r g i e s  > 6 GeV; th is  fac t  g ives  s u p p o r t  to the 
hypo thes i s  of a m o r e  complex  p a r a m e t r i z a t i o n  for  P and P ' ,  for  e xa mp l e  a 
cut [151 . 

* In the present  paper we normalize Regge parameters  by 

o" +~+ =~afl~va-1 
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To analyze bet ter  the duality resonances  - Regge poles we have also 
evaluated SR (22) in the nar row-wid th  approximation,  the contribution of 
resonances  being 

Im F(+) (v) = ~3M ~/~ Kl + (RiA + ~l +RlB) F/± 5(~- tJl+), (23) 

where Kl+ = 1 and 2 for r esonances  of type N and A respec t ive ly ,  and 
A B 

Rl± and Rl± are  defined as in ref. [16]. 

The resu l t s ,  repor ted  in table 1 under SR(A) , show that for A = 0.745 
resonances  a re  c lear ly  in defect  (due to the p resence  of a large non - r e sona t -  
ing background),  whereas  for A = 0.166 they are  in excess  (due to the exag-  
gera ted  contribution of N33 given by the nar row-wid th  approximation).  We 
have then added the contribution of a background (SB(A) in table i) of the 
type 

ImF~)(v){"- =c(+)(v2-#2), v < 2 . 3  GeV, 

=flpv, v> 2.3 GeV, (24) 

taking a parabol ic  behaviour for  low-energy (as in ref. [16]) and equating it 
to the Pomeranchon  for  high-energy.  

We see that SR+S B show e r r o r s  in excess ,  with r e spec t  to the exper i -  
mental  values S, of 25~, 35~o and 60% for A = 0.745, 0.368 and 0.166 r e s p e c -  
tively, probably due to the use of nar row-wid th  approximation instead of, 
say,  Bre i t -Wigner  express ions .  

We may finally devote some attention to wrong-s igna tu re  SR which a re  
not even of type (16). In o r d e r  to compare  with eq. (22) we may take as 
weight function the s y m m e t r i c  combination of gauss ians ;  calculating the 
one-pole  contribution for  the same values of A and ~'A we see that it p r a c -  
t ically does not differ f rom the r ight-hand side of eq. (22), except for a ~ -1 
where it d iverges ;  evaluating this new SR with exper imental  data we obtain 
ag reement  with SR (22) within 1~; this shows that in both SR the contr ibu-  
Lion of Regge background for J = -1 is negligible. The same happens if we 
evaluate with exper imental  data the Schwarz SR for the ~N s y m m e t r i c  a m -  
plitude 

a+l 
f o  F(+) v o (2 5) Im (v)dv = ~ f i a a + l -  
o 

The set  of Regge p a r a m e t e r s  B is perfect ly  in ag reemen t  with the left-hand 
side of eq. (25) for v o = 2 GeV showing again (as in ref. [13]) that background 
is not impor tant  in this SR or ,  in other  words ,  that one should not wor ry  too 
much about wrong-s igna tu re  fixed poles contribution * 

* This shows the experimental validity of global duality independently of crossing 
properties and analyticity. 
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5. CONCLUSIONS 

S u m m a r i z i n g ,  we may  w r i t e  a g r e a t  v a r i e t y  of c o n t i n u o u s - p a r a m e t e r  sum 
r u l e s  for  d i f f e r e n t  cho i ce s  of the weight  func t ion  g(a, ~). A s s u m i n g  g to be  
r e g u l a r  in v, a l l  t hese  SR d a m p  the c o n t r i b u t i o n  of Regge b a c k g r o u n d ,  at  
l e a s t  for  l a r g e  i m a g i n a r y  p a r t  of J .  A p a r t  f r o m  th i s  fac t ,  these  SR a r e  r e a l -  
ly use fu l  to fi t  Regge p a r a m e t e r s  if g i n d u c e s  an i n t e r f e r e n c e  of r e a l  and 
i m a g i n a r y  p a r t s  of the a m p l i t u d e  and if i t  does  not  give m o r e  weight  to Regge 
c o n t r i b u t i o n s  with low a ( inc luding  a = -1) than they have in the a m p l i t u d e  in 
the ne ighbou rhood  of the cutoff e n e r g y  Vo" F u r t h e r m o r e ,  g has  to be su f f i -  
c i en t ly  smoo th ,  o t h e r w i s e  the SR would be s t r o n g l y  d e p e n d e n t  on the f ine  
d e t a i l s  of the a m p l i t u d e ,  i .e .  on the-Regge  background .  P r o v i d e d  a l l  t hese  
f e a t u r e s  a r e  s a t i s f i e d ,  g has  to be chosen  with the c r i t e r i o n  of g iv ing  the 
b e s t  s e p a r a t i o n  of two po le s  with s i m i l a r  a; in this  r e g a r d  we have i n t r o -  
duced  an e x a m p l e  of a SR (eq. (18)) which  g ives  a b e t t e r  s e p a r a t i o n  than 
CMSR, a p a r t  f r o m  a m o r e  b a l a n c e d  c o n t r i b u t i o n  of da ta  of d i f f e r e n t  r e g i o n s  
of e n e r g y  s p e c t r u m .  

F i n a l l y  we m u s t  s t r e s s  that  SR wi th  these  p r o p e r t i e s  ma y  be " de r i ve d"  
by m e a n s  of a t r i c k  b a s e d  on a n a l y t i c i t y ,  c r o s s i n g  and  R e g g e - p o l e  b e h a v i o u r  
for  Vo; but  to s t a te  tha t  g e n e r a l  FESR a r e  a c o n s e q u e n c e  of such  f u n d a m e n -  
ta l  p r o p e r t i e s  i s  c e r t a i n l y  m i s l e a d i n g  s i n c e  the hypo thes i s  that  the a m p l i -  
tude t ends  to a R e g g e - p o l e  b e h a v i o u r  for  l a r g e  e n e r g i e s  does  not  i m p l y  that  
the c o n t r i b u t i o n  of Regge b a c k g r o u n d  to the SR is  e i t h e r  s i m p l e  o r  s m a l l .  
So, a n a l y t i c i t y  and c r o s s i n g  a r e  n e i t h e r  n e c e s s a r y  n o r  su f f i c i en t  c o n d i t i o n s ;  
we may  th ink of SR (see eq. (16)) which  have  a l l  the c o r r e c t  p r o p e r t i e s  
though they canno t  be d e r i v e d  f r o m  a n a l y t i c i t y  and c r o s s i n g ;  and on the con -  
t r a r y  we may  " d e r i v e "  SR f r o m  the se  a s s u m p t i o n s  (see eq. (22)) which  can 
be of l i t t l e  u se  to p r e d i c t  Regge p a r a m e t e r s .  

We a r e  g r a t e fu l  to Dr .  C. F e r r o  Fon t~n  for  v a l u a b l e  d i s c u s s i o n s .  
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