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NEUTRON FLUX WITHIN CYLINDRICAL AIR GAPS

Abstract— A  method, which allows the calculation of the neutron-flux distribution at the interior 
of air gaps of any geometry, is applied. From the valúes of the vectorial flux at the surface, and 
from the form of this surface, the neutrón flux at any interior point o f the gap can be evaluated.

The diffusion theory gives the valúes of the flux and its normal derivative at any point of the 
surface. Those valúes are all we need for the determination of the vectorial flux (in this approximation). 
In the case of two concentric infinite cylinders (the interior one being a black rod), we arrived at a 
remarkable result: the flux shows a máximum inside the gap. W e explain the physical significance 
of this effect.

I n  this work we shall consider the neutron-flux distribution in a gap which is supposed 
to be filled with non-absorbent, non-dispersing substances (air). Though the method 
described here is in principie quite general, we have paid special attention to the case 
corresponding to the flux between two concentric infinite cylinders, not only as an 
example but to consider some properties particular to the case, for instance the 
máximum o f the flux present in the gap, near the external wall.

2 . G E N E R A L I T I E S  

From now on we mean by interface all surface dividing any material from air 
(which we suppose without absortion or dispersión).

We begin by supposing that the function F0(P ,S l) is known. It gives the neutrón 
flux at each point o f the interface and in every direction from P  to the air. We shall 
not determine the flux F0, which is obtained by analysing the behaviour o f the neutrón 
flux in the dispersing substance.
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It is remarkable that, knowing only F 0{P,£2), we may obtain the vectorial flux at 
any point o f the air. I f  we want to know the flux F(Q ,Q .) at any point Q, all we 
have to do is draw a parallel to — £2 (see Fig. 1). This line will meet the boundary 
surface at a certain point P 0(Q ,€ í) and then:

F (Q ,S i) =  F0(P 0,Sl)

This is so because under the supposed conditions the directional flux is conserved. 
To  determine the integral flux 0 ( 0

0 (0  =  JF(Q,SI). díl

it is sufficient to vary £2 and to find the corresponding points P 0(O,£2). Then we have:

0 (0  =  fF0(P„(Q,£2),Ci).dQ (1)

Therefore, once we know F0(P ,S l) we are able to find the vectorial or the integrated 
flux at the interior o f the gap.

3. T H E  D I F F U S I O N  T H E O R Y  A P P R O X I  M A T I O N  

The diffusion theory does not give the vectorial neutrón flux, but the integrated 
flux O 0 and the normal derivative d 3 «O 0 at every point o f the interface. However, 
that is all we need for the determination o f F 0 in the approximation o f the diffusion 
theory. The procedure is similar to that used, for example, by G la s s t o n e  and E d lu n d  

(1952) (pages 92ff.), for estimating the current density. The only difference is that 
there is no integration over the angular variables. We shall only give here the result 
because the deduction does not offer any difficulty.

W .S 2 )  =  4- °oOP) +  ^ - ^ V )ou
(2)

where djd/n is the derivative in a direction opposite to £2.
O f course, the directional derivative can be divided in two tangential and one 

normal derivatives:

3 ^  d _  d 3
= -  =  —  £2 . t j  ------ñ  • *2 á ------ ñ  n  3 “  ( 3 )o/u dtx dt2 dn

As we have already said, F 0(P ,S l) can be obtained from the valúes o f O and djdn O 
at the interface by means o f (2) and (3).

4. F L U X  B E T W E E N  T W O  C O N C E N T R I C  I N F I N I T E  C Y L I N D E R S  

A t the point Q o f the air channel we establish a co-ordinate system (Fig. 2), 
in which O is the angle formed by £2 with a direction parallel to the axis o f the cylinder, 
while <p is the angle which the projection o f £2 over a plañe perpendicular to the axis, 
forms with a direction perpendicular to that axis and to the radial direction which 
passes through Q. In these conditions and by geometrical considerations:

eos O' — sin O j  1 — —  eos2 99 (4)

where ()' is the angle formed by £2 with the normal n to the interface. In (4), if



Neutrón flux within cylindrical air gaps 35

the interface corresponds to the internal cylinder, we must take Rx for R; R.¿ is 
used i f  it corresponds to the external cylinder.

From now on we shall suppose that the internal cylinder is a black rod, so that 
the flux in the gap originates only from the external surface. This is the most 
important case; e.g. the cylinder is a control rod or an uranium rod, which is supposed 
to absorb all the thermal neutrons impinging on it.

The tangential derivatives o f the flux are zero, and (3) gives

In order to find the flux ® (r), we would have to integrate F 0(S l) over all the directions 
o f the straight lines which starting from P  intersect only with the exterior interface.

d , d 
—  <I> =  eos 0 —  O
dfi dn

and from (2 )
(5)

Fig. 2. Fig. 3.

These directions are those for which the angle <f> (Fig. 3) is between

and ( —  — a ) ,  with sin a =  R jr .  Owing to the symmetry o f the integrand, it is
^  ' /  77 \  77

suíficient to take — I — — a l < q > <
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where E (x ) and E(x, v) are the complete and incomplete elliptic functions o f the second 
kind respectively.

5. M A T C H I N G  O F  T H E  V A L U E S  A T  T H E  B O U N D A R Y  S U R F A C E

(a ) By continuity o f  current

The current on the exterior part o f the interface is:

J (R 2)
I tt Jo Jo

sin 0 . sin cp 9O0

2 , dn .
sin2 0 sin <p dO dtp

(7)

being sin a0 =  RilR%.
On the other hand, the current which leaves the channel passing through the 

exterior interface is given by the formula

=  (8,

From the continuity o f the current follows that (7) is equal to (8). Therefore we obtain 

i ao>0 1 R 1 1

6XS dn 4 R 2 

Using (9), (6) can be written 

<!>(/■) =  O 0
a

1--

( 2 -  

3 R t 

8 R l '

2 a 0 sin 2 a 0

77 77

E(x, 77 —  a)

/ _  sin 2a0\

\ 77 77 /

(9)

(10)

This formula gives the flux distribution at the interior o f the gap, when the 
continuity o f current is imposed.

From (10), a relation between the fluxes at the internal and external walls (<D¿ and 
<!>„), may be deduced. On account o f the assumptions made before, the emergent 
current from the internal cylinder must be zero:

- O .  
4 8

i a<D¿

62, dn¡
0

Consequently, the entrance current must be:

1

(11)

(1 2 )

Now, estimating by integration the Current entering the channel:
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and on account o f (9)

77 77 /

Equating this expression to (11) we find:

^ 2a0 sin 2oc0
(13)

77 7777

This expression coincides with that given by N ew m arch  (1955). Besides, if  we put

which coincides with the result obtained by M ercier (as given in a report o f  M . 
Bu g a a r d t -Sa c l a y ).

(b) By flu x  continuity

Formula (10), obtained by continuity o f current, does not account for the require- 
ments o f the continuity o f the flux. In fact,

0 (i?2)  7  ̂O 0 and also O ^ i )  7  ̂(í\-

The explanation is quite simple; (10) cannot be valid at the interface, not even in 
the approximation o f the diffusion theory. It could only be applicable at the interior 
o f a material, or at the most at the interface between two materials whose S 3 are 
not too different. But this is not our case, for we suppose that one médium is air. 
By the error introduced in (8) the continuity o f the flux is destroyed, as reflected in (10).

From the above considerations, it is apparent that it is more reasonable to ask 
for the continuity o f the flux than for the continuity o f the current (which was obtained 
equating (8) to (7)).

The continuity o f flux at r =  R 2 implies O0 =  0(^?2), where <I)(/?2) is obtained 
from (6) with oc =  a0 and x =  77/2 .

sin 2oc0

77

considering (12), we arrive at the formula

Taking into account that; E (tt¡2) =  1, E(rr¡2, a0) =  sin a0, it follows:

1 OC0 /77
_ .  = -----2!------ o n
4 £ s dn 2 — sin oc0

(1 4 )

and substituting in (6),
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As in (a), we can deduce a relation between <I>¿ and O 0. 
By continuity o f flux at R ±:

í.e.

<D, =  =  'I',,

O,

| a 0 £(<x0, 77/2)

2 7T 2 — sin a.

E (*o)
O 0 2 ' 77 2 — sin a0

(1 6 )

Only for the extreme cases (a0 =  0 and a„ =  77/2 ), (16) becomes equal to (13).
It is remarkable that (15) and (16) are valid whichever be the coefficient chosen 

for the angular part o f (5). Indeed, i f  we make the supposition that F 0 may be written as

(17)

1 dO0
without taking into account the form o f k, (14) would again be valid with — —— =  k,

2j, on

k¡ 4 Ko/T
sin an

(14')

and (15) and (16) would remain unchanged.
I f  .desired, k could be chosen so that besides the continuity o f the flux, the current 

also would be continuous.

6. G R A P H I C A L  R E P R E S E N T A T I O N  O F  T H E  R A D I A L  V A R I A T I O N

O F  T H E  F L U X

Fig. 4 shows the variation o f O (r) o f (15) as a function o f r and for different 
ratios R 2/Ri- In all this cases has been taken as unity o f flux, and all the distances 
R 2 — R x have been reduced to the same valué. The valúes given by (12) are represented 
by the dotted lines.

It is seen that the curves have the following general characteristics: As we get 
away from the external wall, the flux grows at first slowly, then reaches a máximum, 
and afterwards, as it approaches the internal wall, it rapidly decreases. For R j R i  
tending to iníiniíy the flux tends to be constant, except near the internal wall, where 
it steeply decreases and approaches one-half o f the valué corresponding to the 
external wall. The dotted lines approach the solid ones for i?2/^i tending to infinity, 
while the difference between them is a máximum for this ratio approaching 1. In the 
extreme case R 2/R1 =  1, (15) gives the correct result O (r) == 1 (O curve), while 
(10) gives <!>(/-) =  7/8 (O ' curve).

7. E X P L A N A T I O N  O F  T H E  S H A P E  O F  T H E  C U R V E S

Formula (15), which gives O(r), may be divided in two parts:

<&(/■) =  O A )  +  <l>2(r)

<t>i(r) =  O 0 

0 2(/-) =  <D0

1 +
2oc0 E (x )

2 — sin a0

E(x,a.)

2 — sin a0_

(18)

(1 9 )
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The neutrón flux which would be observed at r i f  the central rod were transparent 
to neutrons, corresponds to 0 1(r) (assuming fixed valúes at the boundary). 0 2(r) 
accounts for the intercepting effect o f the rod. This effect is smaller near R2, but 
it quickly increases as r approaches R v  This produces a pronounced lowering o f the

Fig. 4.— Variation of <®(r) (formula 15), as a function of r for different ratios R 2/Ri - <I), has 
been taken unity. Dotted lines represent the valúes given by (10). <!>„' denotes the flux at the 
exterior wall (from (13)). The corresponding ratio R 2/Ri for the different curves are:
O and O' -> 1; I and I' ->1,1; II and II' ->1,5; III and III' ->■ 2; IV and IV '->-2,5;

V and V' -> 3; VI and VI' -s- 10; VII and VII' -> oo.

flux at the vicinity o f R v  On the other hand, for a greater RJRx, the intercepting 
effect is less sensible and only is appreciable for a radius a little larger than R v In 
such a case the angle a0 has a very small valué and the functions are reduced to:

^  a/77 O 0
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Therefore, it is seen that the total flux must be nearly constant except cióse to R v 
Furthermore, we have a =  tt¡2 and 0 2 =  O 0/2 for r =  R v This signifies that on 
the internal wall the central rod annihilates half o f the flux coming from the external 
wall. This explains why the limit curve for R 2/Ri =  co is constant and equal to ® 0, 
except for r — Rx, where its valué is equal to Oq/2 .

Formula (18) exhibits the influence o f two terms. One o f them is constant and 
is-derived from the angle-independent part in (5) or in (17). The other one is the 
angular part in those formulae. It points out that the flux is higher in a direction 
normal to the interface.

The considerations made above imply that neutrons enter the channel preferably 
in a forward direction. Therefore, 0 1(r) must be a máximum at the cylinder axis, 
as it is there where the máximum contribution from perpendicular directions to the 
interface are received. A t larger distances from the axis, central contributions are 
lost and the lateral surfaces are seen under larger angles, decreasing in that way the 
valúes o f 0 1(/-).

The position o f the máximum (o f O (r)) may be found analytically, as is shown in 
the Appendix.

8. C O N C L U S I O N S

The distribution o f the neutrón flux at a gap depends essentially on the valúes at 
the boundary and on the geometry o f the problem.

W e have estimated the flux distribution between two concentric cylinders with 
the boundary flux given by the diffusion-theory approximation (supposing that the 
internal cylinder is perfectly absorbing). The resultant flux is not linear, but has a 
máximum inside the duct. Finally, we should like to point out that nearly all 
the developments made here are valid independently o f the energy o f the neutrons. 
They need not necessarily be thermal, not even monoenergetic. This is true only if 
the boundary valúes have the supposed form.

A P P E N D I X

The máximum o f & (r) (formula 15), may be found in the usual way. Putting the 
first derivative equal to zero, we obtain:

¡2  — sin a0 \
F (x , 7t — y ) — E (x, 77 — y ) =  I ----------------1- eos a0 I tan y  (A )

\ a0 /

where F(x,y ) is the incomplete elliptic function o f the first kind (F l u g g e , 1954); 
sin x  =  r ¡R 2; sin y  =  R J r ;  sin a0 =  R J R 2.

I f  we vary r from r =  R t to r =  R 2, the tan y  varies correspondingly from co to 

R j V  R 22 — R i2. On the other hand, the left-hand side o f (A ) goes from F (x 0) — E (x 0) 
up to F (tt/2, 77 — x 0) — E (tt¡2, 77 — x 0). Consequently, (A ) can always be solved, 
except for the case that the coefficient o f tan y  be zero, which in our case is physically 
impossible.
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