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Abstract
The Gutzwlller approach to the repulsive Hubbard model |s
extended to the negative-U case. The repulsion-attraction

transformation of the Hamiltonlan is shown to be valid also for
this partlicular mean field approximation. The physical meanling of
the results is discussed.

PACS N°: 71.28.+d, 71.30+h

The discovery of high temperature superconductivity has
renewed the interest in the attractive Hubbard model as many
proposals involve the concept of negative-U centers :

H=-t z c;a-cjo-_uznﬂnﬂ (1)
<i oo i

where the relevant parameters are U/t and the fllling of the
corresponding band. This apparently simple Hamiltonian contains
analogous diffliculties as the repulsive one to be solved. In the
weak coupling limit, the normal Hartree Fock approximation yields
the usual BCS picture. This result can be inferred from the
repulsive case, by means of the repulsion-attraction
transformation™ as has been shown by Mertsching. In the opposite
strong coupling limit, the fermlons form local singlet pairs uhlct‘l
behave as hard core bosons and the physics is quite different.
The lntermediatg regime 1s still strongly discussed, specially in
two dimensions, in connectlion with the superconducting oxides.

Here we use Gut.zwill;}r‘ variational wave function and
combinatorial apprnxintlon to solve Eq.(1), at T = 0. Now
due to the on-site attraction, simple occupied sites (instead of
doubly occupied as in the repulsive case) are reduced. We verify
that the repulsion-attraction transformation™ works also for this
mean fleld approach and we discuss the physical meaning of the
results In this case.  We conclude 1'.-* Tuiswiller’'s approach can
be extended to the attractive case, the minimization of the
general expression for the energy, ylelding g (Gutzwiller's
variational parameter} larger or smaller than one depending on the
slgn of U.

Let L, No, N;, S, D and E be the number of lattlce points, up

and down splns. single and doubly occupled and empty sites,
respectively; =NyL, np = N,/L, s =S5/L, d = D/L and e = E/L.

The projection uperat.or, reducing by a g factor the amplitude of
the S sites is defined as:

Py = 1 - fl-g)tni., - !lN_]2 (2)

Then the variational wave function for the correlated state
results:

> = " Py 6> = &°lv> (2)

where |¢'> is the ground state of the uncorrelated system (U = 0).
Taking into account that L and N are fixed quantities:

ZD+S=N=N,+N_,' (4.a)

D+E+S=1L (4.b)

the ground state energy Es. which has to be minimized to deteramine
the variational parameter g, can be written:
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When the spln-configuration dependence of the norm and of the

energy expectation values is neglected (the so called Gutzwiller's

approximation), the calculation of E is reduced to a

combipatorial problem, as shown by Ogawa. In the thermodynamic
limit, the sums In Eq. (5) can be approximated by their largest
term ylelding:

Eg/L = ;q‘r (ding, ) €, -Ud (8)

with

[V'Ela_-d) (1-nq-n+d) M n__-d)d ]
q =

T n,(1-n_)) tn

where r. is the average energy of the ¢ spins In the uncorrelated

system. Egs.(6) and (7) are the same expressions obtalned for the
repulsive case, they are then valid for all U.

For the paramagnetic half-filled band case: Ny =n, = 1/2, as
q, (Eq. (7)) 1Is =an even function of U, there Is also a
metal-insulator transition (as first remarked by Brinkman and
Fice fer . the repulsive case! for a flnlte wvalue of ‘the
interasticr, G e +B|¢,u_| For an atlraction larger than tms

critical value, all particles form localized palrs, there is no
kinetic energy in thls approximation, and the ground state energy
for U<U, 1s E/L=Ud=-[U|sA. For >-8|c |, E/L =
—|:: | {1~ (U/B[E |H

As In the repulsive case, this approximation certainly
exagerates the effect of the correlations, and bably in finite
dimension there is not a real transition. However, thils
critical value Indicates a change of behavior: from related but

not bound particles to singlet boson pairs. For a semielllptical
density of states of half-bandwidth B, this critical value:

Uc=t3|cc]=tﬂx1-i[g-] (8)
is ~ 1.7 times larger than the critical Ipteraction needed In an

impurity model to split a localized state.
In the W0 case alternating lattices must be considered to



study the antiferromagnetism of the model.s'u the same procedure

must be followed for U < 0 to conclude about charge ordering,
In bsegce of magnetic fleld, for band filling
=Ny =55, Eq. (7) yields

2
q‘r,q‘b,quﬂkﬂ‘i[\/am +Va ] (9)

(1-3%)

Fig.1 shows the results for different & values, assuming for
the uncorrelated kinetic energy the following 8-dependence :

- 2,—
€,(8) = (1-a8%)E_ (5 = 0) (10)

where « is a constant given by the band-shape. For U>0 the abrupt
transitlon disappears, while for U<O0 there are no changes with
respect to the 8 = 0 case. The number of doubly occupled sites,
d, saturates at a smaller value, as there are & less particles,
but there still is a change of behavior, at a critical value
slightly modified by & (the variation 1s in &°, due to the
denominator in Eq. (9)).

When a magnetic fleld 1s applled to the half !(‘hlled band

m
case, and the spin occupations become: =5+ 3 N 575 Eq. (9)
reads:
a =aq, =q= —2_ (1-2d + 1-2a)%a° ) (11)
1-m

Fig.2 shows the results of the minimization of E:|g with

this q. In this case, d does not saturate for any negative finite
U value, it asymptotically approaches the maximum possible wvalue
ng; while q goes tc the asymptotic value 2m.

Figs. 1 and 2 show the symmetry of the results, due to the
validity of the repulsion-attraction transformation of the
Hamiltonian (1):
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that allows to obtain relations between Hubbard models with

repulsive and attractive electron interactions. (This
transformation Is useful only iIf the band structure is conserved,
e.g. for alternating lattices with nearest-neighbour

interactions). Although these relations are strictly valid only
for the exact solutions, they must also hold for reasonable
approximate solutlions. The projection operator (Eq. 2) transforms
for U > 0, like:

Py = 1-(1-g)(n 4 = 1 + n )? (13)

i,
This expression {s equivalent to the projector proposed by
Gutzwiller for the repulsive case, Py = 1-(1-3):11,.11“_. reducing

the amplitude of the doubly occupled sites. We choose expression
(13) as it explicitly shows the projection of the enpty sites (of
the n_, sites in the U< O case) Implleitly included in

Gutzwiller's original unrk.s_ due to relations (4.a) and (4.b).

The same transformation (Eq. (12)) ylelds to:
n'=n-n,=i-n—n1.-=a
p ¥, . v (14)
§ =1-ng -n =n -ny=n vhen-U — U
+ +
o 1-m
d = — d

which explain the above results.

Thus, within this approximation, also for U < 0 there i1s a
transition from delocalized to localized states for a finite
Interaction. If np=n, all electrons can be paired and

localized when the att.ra.gtlon overcomes a critical value. (The
pair hopping, belng a t“/U process, is not considered 3in this
approximation). One added o electron, as it has no -o eleztron to
pair with, will therefore move very easily ln the lattice, which
has half of the sites empty. This explains the high semsibility
of the system to the magnetization In this case; while it is
practically unchanged with the difference 3 from half-f11ling.
Fig. 2 shows that when these unpaired electrons are added
(l.e. ng= n, due to the presence of a magnetic fleld) some pairs

are broken: the number of doubly occupied sites does not Baturate
at the maximum value (l.e. the smaller na_) as the interaction

increases. One can speculate that this result is not an artifact
of the approximation but that due to the possibility of processes
of first order in t when nu#n,, the system gains energy allowing

the movement of some spins instead of localizing all possible
pairs. (The analogous phenomenon occurs for U > 0, but & = 0, see
Fig. 1).

Both, the abrupt transition and this extreme sensibility of
the system to the magnetization, are certainly a consequence of
Gutzwiller approximation, that neglects all t2%/u processes,
exagerating the behavior of the system. The critical value must
be taken, more cautiously, as an indication of a change of
behavior rather than determining a real metal-insulator
transition. .

To conclude, we have extended the Gutzwiller approach to the
Hubbard model to the case of negative-U. Expressions (6) and (7)
can be used for both cases and the variational function proposed
by Gutzwiller {ur rhe repulsive case:

¥ >=1- (l-g)nl.,. ni+f$°>

can also be used for U < 0. The parameter g, obtalned from the
minimization of the energy, will be larger (favouring doubly
occupled states) or smaller than one (favouring single orecupied
states) depending on the sign of U. We have shown that the
Gutzwiller approach verifles the repulsion-attract ion
transformation of the Hubbard Hamiltonlan.
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Flgure Captions

Fig. 1: Paramagnetic case, n4 = n,. Curve a) number of doubly

occupled sites, b) reduction of the uncorrelated kinetic
energy and c) ground state energy, vs. the interaction ip
units of the critlcal value; for different band fillings:
— 8=0, ---4=0.1, ...8=0.2.

Fig. 2: Same as Fig. 1 but for the half-filled magnetized case,
m=n,-Ng; — 0=0, --- m=0.1, ... m=0.2.
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