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This paper deais with the developm ent o f an approxim ate m ethod for the analysis o f thermal stresses in rectangular 
plates (plañe stress problem) and an evaluation o f the relative accuracy of the finite element method. The stress function 
is expanded in terms of polynomial coordínate functions which identically satisfy the boundaiy conditions, and a varia- 
tional approach is used to determine the expansión coefficients. The results are in good agieement with a finite element 
approach.

1. Introduction

As stated by Parkus: ‘Although interest in the field of thermoelasticity dates as far back as 1837, when 
Duhamel published hsi famous Memoire Sur les Phénomenes Thermomécaniques, it was during the last two 
decades that active and systematic research has been conducted’ [1].

Parkus estimated in 1964 that: ‘approximately 850 papers and a number of books’ had appeared during that 
period. They have probably doubled today.

Nuclear, space and ocean technological requirements have demanded rapid advances in the fíeld of thermo­
elasticity and have originated new chapters: thermoplasticity, thermoviscoelasticity, etc.

On the other hand, the development of the digital Computer has been the cause during the past twenty years 
of increased progress in the solution of complex problems where non-linear and/or time dependent characteristics, 
ablation situations, etc. can now be taken into account.

The powerful finite element method permits almost any problem of modern applied mechanics to be pre- 
sented in a unified mathematical form suitable for solution on a digital Computer. Most investigations of the 
relative accuracy of the finite element method deal with comparisons between several alternative formulations of 
the method, or between exact analytical results and finite element valúes obtained for rather simple stress pro­
blems [2]. For the most part, completely independent comparisons for thermoelastic problems have not been 
made.

The goal of this paper is twofold:
(a) to develop a simple yet accurate analytical approach for the solution of two-dimensional thermoelastic 

stress distributions in rectangular plates, and
(b) to assess the accuracy of the finite element algorithm in the case of two-dimensional thermoelastic pro­

blems.
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Phase (a) consists of expanding Airy’s stress function in a summation of polynomial coordinate functions 
which identically satisfy the boundary conditions. The coefficients of the expansión are evaluated by means of 
Galerkin’s minimization procedure. The method is first applied to a problem solved by Przemieniecki [3], and 
good agreement is shown to exist. Three terms are used in the present investigation while the results obtained 
in ref. [3] have been calculated using eight ‘vibrating beam functions’.

The finite element approach makes use of a Computer code * which employs constant strain triangular ele- 
ments. Good agreement is attained between finite element results and the analytical predictions.

2. Statement of the problem in its approximate solution: a polynomial variational approach

The plañe, thermal stress problem is governed by the partial differential equation [4]: 

V 4F(x , y )  + aEV2 T(x, y )  = 0 , (1)
where T(x, y )  is the two-dimensional steady State temperature distribution and F(x, y )  is the Airy stress function 
such that

ax = 32F/dy2 ; ay = d2F/dx2 ; rxy = - d 2F/dydx . 

Assume now an approximate solution of the form

F(x, y )  ^  Fa(x, y )  = T j A nm Fnm {x, y ) ,

(2)

(3)

where

Fnm (x, .y) = X„ (x) Ym( y ) . (4)

If each coordinate function Fnm satisfies identically the traction-free boundary conditions, one can easily show

* Developed at Centro Atómico Bariloche.
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that (see fig. 1)

Fnm(±\a, v) = F„m (x, ±\b)  = O , < 5a)

9 9
- ^ - F nm{±\a,y)  = — Fnm{x, ±\b)  = O . (5b)
9.x 3v

Following refs. [5 -6 ] one takes now the polynomial expansión:
N  M

F a(x. v) = E  E  A nm(x2 -  a2)2 (y2 -  b \ ) 2 x ny m , (6)
n = 0 m = O

where each polynomial coordínate system satisfies eqs. (5).
Substituting (6) into (1) one obtains an error or residual function e(x, y )  which, in general, does not vanish 

since (6) is not an exact solution of the differential system:

e(x, y ) = T ^  T j A nm {[24 + 96/3 + 72 n{n -  1) + 16 n(n -  IX" -  2) + n(n -  IX" -  2 X" -  3)] x n
n m

- 2 n ( n  -  1)[ 12 + 8(« - 2 )  + (n -  2X« — 3)] a \ x n~ 2 + n(n -  IX" -  2X" - 3 ) a V _4}

X (y* -  b])2y m + 2 E  ^ A nm[4(3x2 -  a \ ) x n + 8(x3 -  a2*) n * " " 1 + {x2 -  a2)2 n(n -  l ) * " " 2]
n m

X [4(3v2 -  b ] ) y m + 8 (y 3 -  b \ y ) m y m~ l +(y2 -  b \ )2 m(m  -  l ) y m ~2] + E E / l „ m

X {[24 + 96m + 72m(m -  1) + 16m(m -  IX"* -  2) + m(m -  IX"* -  2X"* -  3)1 y m ~  2m(m ~  0

X [12 + 8(m - 2 ) + ( m -  2\ m  -  3)] b \ y m~2 +m(m  -  IX"* -  2X"* -  3 ) b * y m~*}(x2- a 21)2x n + a£V 27 \

(7)

One requires now that e(x, y )  be orthogonal with respect to each coordínate function over the domain under 
consideration. This condition generates a linear system of equations in the A nm’s. Solving it one has the approx- 
imate stress function Fz(x, y).

Consider for instance the temperature field [3]

T(x ,y )  = 4Tc(b\ - y 2)lb2 , (8a)

where ~ \ b .  One immediately obtains

v 2r  = - 8 r c/ ¿ 2 . (8b)

Taking the first three even terms of the functional relation (6):

F a(*, y )  = A 00(x2 -  a2)2 (y2 -  b \ )2 + A 20(x2 -  a2)2 (y2- b ] ) 2 x 2 + A 02 (x 2 -  a2)2 (y2-  b])2 y 2 , (9)

and substituting (8b) and (9) into (1), one obtains, once use is made of Galerkin’s orthogonality conditions:

(0.1625 + 0.0929X2 + 0 .16 2 5 \4) b 4A  00 +(0.0037 + 0.0058X4) b6A 02

aET
+ (0.0058X2 + 0.0037X6) b6A 20 L1378 >
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(0.0232 + 0.Q148A4) b4A 00 + (0.0005 + 0.0005X4) b6A 02 + (0.0174X2 + 0.0021X4 + 0.0009A6) b6A 20

(0.0148 + 0.0232X4) b4A 00 + (0.0009 + 0.0021X2 + 0.0174X4) b6A 02

Solving the linear system (10) and expressing the stress components in dimensionless form one has:

= (12t72 - 1)[5.1088(£2 - \)2 + 32.0237(|3 - ̂ ) 2] + 0.1471(240r?4 - 48t?2 + 1)(£2 - \)2 ,

■ ^ r  = (1 2 |2 -  1) [ 1,2772(rj2 -  \ ) 2 + 0.2941 ( n 3 -  |r?)2] + 1.0007(240?4 -  48£2 + 1 \ r , 2 -  £>2 , (11)

= -64(?3 - llX*?3 - \v)[0.6386 + 0.5004(12£2 - 1) + 0.0184(12r?2 - 1)] ;

(b) for X = 1

^ r  = (12r?2 -  1)[2.5860(£2 -  ¿)2 + 2.9985(£3 -  \ $ ) 2) + 0.3748(240r?4 -  48t?2 + IX*2 -  £)2 ,

= (12|2 -  1)[2.5860(772 -  | ) 2 + 2.9985(r?3 -  |rj)2] + 0.3748(240^ -  4 8 |2 + IXt?2 -  | ) 2 , (12) 

^ = - 8 a 3-i?XT?3- h ) [ 5-1720 + 2-9985( V - 5 )  + 2.9985(3?2 -\)} ;

+ (0.0005X2 + 0.0005X6) b6A 20 =— ^  0.1625 ,
b

(1 0 )

where X = a/b.

(a) for X = 2

where x=a% and y  = br¡.
Consider now a slightly more complicated temperature field:

(13a)

where a j = \a  and b¡ = \b.
Proceeding as previously indicated one determines:

(13b)

and comparing (8b) and (13b) one concludes that the only change consists in the evaluation of the right-hand 
side of eqs. (10), which now are

^ | ( X 2 + 1 )0 .9752 ,

- j - j -  [(X2 + 1) 0.1625 -  X20.0542 -  0.0232] ,
A b



o £ T c -
[(X + 1)0.1625 -  A20.0232 -0 .0 5 4 2 ]  .

After some straightforward manipulations one can show that the components of the stress tensor are now 
en by

^ - =  (12t?2 -  1)[5.7862(£2 -  | ) 2 + 19.7882(£3 -  & )2] + 0 .1081(240^ -  4 8 ^  + 1X |2 - ,

= (12£2 -  1)[1.4466(t?2 -  i ) 2 + 0.2163(t?3 -  |r?)2] + 0.6184(240|4 -  4 8 |2 + IXt?2 -  | ) 2 ,

_ ^ _ =  _ 64(£3 -  i M n 3 -  |r? )[0.7233 + 0.3092(12£2 -  1) + 0.0135(12t?2 -  1)] , 

for X = 2.
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3. Numerical results

Tables 1 -6  depict comparisons of numerical valúes of the stress parameters ax ¡otETc\oy ¡ctETc and Txylo£Tc 
for X = 2 and 1 in the case where the thermal field is defined by eq. (8a). The valúes obtained from ref. [3] have° 
been extracted from the curves. In general, the agreement with Przemieniecki’s results is quite good.

On the other hand, the finite elements valúes agree reasonably well with the results obtained following the 
polynomial-variational approach.

Table 1
Valúes of ox /aE T c for T = 4 Tc(b \ - y 2)/b 2 ; \  = 2.

Table 2

Present Approach {Polynomial-Galerkin Solution)

0 0.125 ' 0.25 0.375 0.5

0 •0.310 -0.300 | -0.245
"'.125 -0.257 -0.248 : -0.202 -0.093^.2S -0.090 -0.086 -0.068 •0.031

0.210 0.204 ■ 0.167 0.077
0.675 0.649 0.521 0.237 0

finite Elements Solutii

Reference /3/

X 0.014 0 125 0.25 0 375 0.486

0.019
0.125
0.25
0.375
0.481

-0.317
-0.250
-0.063
0.251
0.608

-0.298 
-0.246 
-0.0321 
0 207 
0 570

-0.231 
-0 197 
-0.0727 
0.160 
0.477

-0.106
-0/0989
-0.0443
0.0736
0.261

-0.0173
0.0028
0.0081
0.0148
0.0538

0 0.125 0.25 0.375 0 . Í

0 -0.28 -0 30 -0.25 -0.10 0
0.125 -0.26
0.25 -0.10
0.375 0.21
0.5 0.64 0.62 0.50 0.23 0

Valúes o f oy /a £ T c for T = 4 T c(b] -  y 2) /b 2; A. = 2.

Present Approach (Polynomial-Galerkin Solution)

N .  f
n ' s>«Nw 0 0.125 0.25 0.375 0.5

0
0.125
0.5
0.375
0.5

-0.017
-0.015
-0.010
-0.004
0

-0.046
-0.040
-0.026
-0.009
0

-0.096
-0.076
-0.049
-0.017
0

-0.008
-0.007
-0.004
-0.001
0

0.410
0.361
0.232
0.079
0

Finite Elements Solution

0.014 0.125 0.25 0.375 0 486

0.019
0.125
0.25
0.375
0.481

-0.0286 
-0.0237 
-0.0130 
-0.0046 
0.0072

-0.0480
-0.0394
-0.0248
-0.0085
0.0120

-0.0725
-0.0614
-0.0398
-0.0138
0.0103

-0.0033
-0.0160
-0.0124
-0.0044
0.0075

0.434
0.334
0.221
0.0697
-0.0011

Reference /3/

0 0.125 0.25 0.375 0.5

0
0.125
0.25
0.375
0.5

-0.02
-0.01

0

-0.04

0

•0.06

0

0.00

0

0.41
0.36
0.24
0.08
0

* Number o f elements used: 384; num ber o f nodes: 221.
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Table 3.
Valúes o f Txy /aE T c for T=  4Tc(b]  -  y 2)/b 2; X = 2.

Present Approach (Po’ynomial-r,ale'-kin Solution)

X 0 0.125 0.25 0.3125 0.375 0.4375 0.5

0 0 0 0 0 0
0.125 ü -0.012 -0.044 -0.063 -0.074 -0.061

0 -0.020 -0.072 *0.103 -0.122 -0.098
0.3125 0 -0.021 -0.074 -0.106 -0.123 -0.101
0.375 0 -0.019 -0.065 -0.09? -0.107 -0.087
0.4375 0 -0.012 -0.041 -0.058 -0.068 -0.055 0
0.5 0 0 0 0 0 0 0

Finite Elements Solution

X
0.014 0.125 0.25 0.3125 0.375 0.4375 0.486

0.ni9
0.125
0.25
0.3125
0.375
0.4375
0.481

-0.0007
-0.0032
-0.0038
-0.0030
-0.0008
-0.0042
0.0108

-0.0029
-0.0175
-0.0263
-0.0252
-0.0205
-0.0116
-0.0045

-0.0085
-0.0449
-0.0693
-0.0683
-0.0578
-0.0343
-0.0119

•0.0123
-0-0601
■0.0945
•0.0941
•0.0817
•0.0499
•0.016°

-0.0159
-0.0688
- o . m
-0.133
-0.0995
-0.0624
-0.0201

-0.0146
-0.0566
-0.0968
-0.101
-0.0902
-0.0554
-0.0133

-0.0116
-0.0321
-0.0536
-0.0585
-0.0572
-0.0378
0.0044

Table 6.
Valúes o f Tx y laETc for T = 4 Tc(b \  -  y 2) /b 2-, \  = 1.

Present Approach (Polynomial-Galerkln Solution)

0 0.125 0.25 0.375 0.5

0 0 0 0 0
0.125 0 -0.027 -0.048 -0.048 0
0.25 0 -0.048 -0.084 -0.085 0
0.375 0 -0.048 -0.085 -0.083 0
0.5 0 0 0 0 0

Finite Elements Solution

0.014 0.125 0.25 0.375 0.486

0.019 -0.0007 -0.0065 -0.0115 -0.0129 -0.0174
0.125 -0.0027 -0.0296 -0.0495 -0.0463 -0.0190
0.25 -0.0045 -0.0486 -0.0833 -0.0824 -0.0283
0.375 -0.0039 -0.0448 -0.0793 -0.0816 -0.0300
0.481 0.0104 -0.0098 -0.0189 -0.0173 0.0042

Table 4.
Valúes o f ax /aE T c for T = 4 T c(b] -  y 2) /b 2; \  = 1.

Present Approach (Polynomial-Galerkin Solution)

n 0 0.125 0.25 0.375 0.5
0 -0.138 -0.124 -0.065 0.088 0.417
0.125 -0.124 -0.111 -0.058 0.079 0.372

-0.084 -0.075 -0.038 0.054 0.248
0.375 -0.031 -n.O^ -0.014 0.020 0.090
0.5 0 0 0 0 0

Finite Elements Solution

0.014 0.125 0.25 0.375 0.486

0.019 -0.138 -0.119 -0.0536 0.107 0.398
0.125 -0.119 -0.109 -0.0558 0.0762 0.335
0.25 -0.0739 -0.0723 -0.0390 0.0487 0.231
0.375 -0.0224 -0.0277 -0.0153 0.0195 0.0797
0.481 0.0139 0.0084 0.00755 0.0078 -0.0016

Table 7.
Valúes o f ox /<xETc for T = 167-c( j 2 -  x 2)(b \ -  y 2)la2b 2-, \  = 2,

Present Approach (Polynomial-Galerkin Solution)

0 0.125 0.25 0.375 0.5

0 -0.355 -0.329 -0.243 -0.101 0
0.125 -0.292 -0.270 -0.199 -0.083 0
0.25 -0.098 -0.090 -0.066 -0.027 0
0.375 0.242 0.224 0.166 0.069 0
0.5 0.750 0.693 0.509 0.210 0

Finite Elements Solution

0.014 0.125 0.25 0.375 0.5

0.019 -0.356 -0.323 -0.231 -0.0927 0.0058
0.125 -0.281 -0.268 -0.196 -0.0857 0.0041
0.25 -0.0710 -0.0883 -0.0672 -0.0299 0.0047
0.375 0.283 0.224 0.162 0.0699 0.0061
0.481 0.69 0.621 0.464 0.201 0.0039

Table 5.
Valúes o f  oy laE T c for T  = 4 T c(b \  -  y 2) /b 2; \  = 1.

Present Approach (Polynomial-Galerkin Solution)

0 0.125 0.25 0.375 0.50

0 -0.138 -0.124 -0.084 -0.031
0.125 -0.124 -0.111 -0.075 -0.028

-0.065 -0.058 -0.038 -0.014
0.088 0.079 0.054 0.020
0.417 0.372 0.248 0.090 0

Finite Elements Solution

n 0.014 0.125 0.25 0.375 0.486

0.019
0.125
0.25
0.375
0.481

-0.142
-0.127
-0.0592
0.107
0.361

-0.125 
-0.113 
-0.0564 
0.0827 • 
0.320

•0.0821
-0.0771
-0.0413
0.0542
0.225

-0.0315
-0.0308
-0.0188
0.0190
0.0960

-0.0130 
0.0056 
0.0087 
0.0119 
0.0292

Table 8.
Valúes o f oy ¡<xETc for T  = 167-c(a2 -  * 2)(¿>2 -  y 2)/a2b 2; X=2 .

Present Aoproacti (Polynonrial-Gjlerkin Solution)

0 0.125 0.25 0.375 0.5

0
0.125
0.25
0.375
0.5

-0.052
-0.046
-0.030
-0.010
0

-0.062
-0.054
-0.035
-0.012
0

-0.064
-0.056
-0.036
-0.012
0

0.023
0.020
0.013
0.005
0

0.335
0.295
0.190
0.064
0

Finite Elements Solution

0.014 0.125 0.25 0.375 0.486

0.019
0.125
0.25
0.375
0.481

-0.0570
-0.0486
-0.0296
-0.0113
0.0041

-0.0679
-0.0558
-0.0361
-0.0127
0.0121

-0.0636
-0.0507
-0.0331
-0.0113
0.0086

0.0231
0.0181
0.0119
0.0050
0.0039

0.322
0.270
0.175
0.0597
-0.0004
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Present Approach (Polynomial-Galerfcin Solution)

0 0.125 0.25 0.375 0.5

0
0.125

0
0

0
-0.025

0
-0.056

0
-0.071

0

0.25 0 -0.041 -0.090 -0.115
0 -0.037 -0.081 -0.102
0 0 0 0 0

Flnite Hements Solution

n
0.014 0.125 0.25 0.375 0.5

0.019
0.125
0.25
0.375
0.481

-0.0009
-0.0055
-0.0075
-0.0044
0.0062

-0.0035
-0.0277
-0.0437
-0.0374
-0.0111

-0.0076
-0.0556
-0.0890
-0.0782
-0.0202

-0.0105
-0.0676
-0.109
-0.0992
-0.0249

0.0039
-0.0184
-0.0311
-0.0259
0.0031

^Tables 7 9 contain comparisons of thermal stress parameters for the case of T(x, y )  = ( \ 6 T J a 2b 2)(a2 -  x 2) 
a * Af m thS agreement can be considered as quite satisfactory. One notices a small ‘boundary stress 

residual in the case of the finite elements results in such a manner that the traction-free condition is not identic- 
ally satisfied.
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