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Abstract

The perturbation method to. treat the non-linear
Ginzburg-lLandau equations for micronetworks previously derived is
extended to higher orders in the perturbation parameters, the
temperature AT and magnetic field AH measured from the phase
boundary. In the present paper these two parameters are treated
independently and the perturbation equations to all orders are
analyzed. Perturbation theory allows for consideration of
self-inductive effects. The importance of these for the
interpretation of experimental résults in micronetworks made of
Type I and Type II materials is pointed out. The Landau critical
points have been discussed. Expressions for the relevant thermc-
dynamic quantities are obtained. In particular it is shown that
the phase boundary satisfies the Ehrenfest-Keesom relations for
second order transiticns. The theory has been expllcitly worked
out for simple geometries and compared with exact results which
have been obtained numerically . The lines separating different

modes have been evaluated to second order for these cases.

PACS Numbers: 74.20.De



I - Introduction

/ -
Superconductive micronetworks in a magnetic field( 2 are

known to show second order phase transitions between the normal
and superconductive states, whose characteristics depend on the
topology and the geometry of each specimen. Regular as well as

disordered structures have been studied both theoretically and

experimentally(sx

The details of the phase boundary can be predicted using the
linearized version of the Ginzburg-Landau equations (GLE) derived

n for these systems.

by de Gennes and Alexander(
Properties of the superconductive state can only be described
either numerically or by approximate methods. To this end Fink,

(4)

Rodrigues and Léopez have deviced a perturbation scheme and Wang

a have applied variational calculations. The lowest order

et al.(
calculation of Ref.4 used, for éimplicity, a single perturbation
parameter which linked together the temperature and magnetic_field
differences AT ané AH measured from the second ordef phase
transition boundary. It can be seen however that such a scheme
cannot be easily extended to higher orders.

In this paper we present results of a perturbation approach
valid to all orders, that uses as independent perturbation
parameters AT and AH. The relevant physical quantitiés are
expanded in powers of two variables x and y directly related to AT

and AH. The perturbative equations are obtained by substituting

this expansions into both GLE.



The perturbation equations obtained can 1in principle be
applied to any network, finite or infinite. In the first case the
equations are manageable and can be applied to simple systems. At
the end of the paper we discuss and compare with exact results the
case of the bare ring and a particular two loop circuit, which is
a special case of the Wheatstone bridge discussed in ‘the

(1). For infinite circuits the situation is still simple

literature
in the case of periodic boundary conditions. At present, work on
the infinite ladder is in progress.

The approach and general scope of this paper can be compared
with Abrikosov’'s theory of the mixed state in Type 1II
superconductors. The differences lle on the fact that here we vary
both T and H and also in that the topology of the network.imposes
special conditions not present in the bulk case. In particular the
perturbation equations for netwo?ks contain three combinations of
averages of the order parameter rather than the single Abrikosov’'s
BA of the bulk case. There appear averages of the squared order
parameter and of its fourth power as for the bulk case, but also
combinations containing the currents along branches and the self
and mutual induction coefficients. It is physically interesting to
see how in perturbation theory the self and mutual induction
coefficients play an' important role. These coefficients enter
through a renormalization of the Landau-Ginzburg constant k that

)

could help understand some recent experimental r‘esults(8 which

show different behaviour for Al or In samples.



The consistency of the perturbation expansions has been
checked by showing how the equations obtained are speclal cases of
general thermodynamic relations. In particular we shall show how
the 1line giving the phase boundary as obtalined through
perturbation theory is a special case of the Ehrenfest-Keesom
relations for second order transitions.

The paper is organized as follows. In Section II we give the
basic perturbation equations. Section III discusses the
normalization conditions. Section IV is devoted to an analysis of
the self-inductive effects and their contribution to the energy.
In Section V we p}esent explicit expressions within tﬁe first
order perturbation for a) the order parameter and the current
density and b) the free energy and other thermodynamic quantities.
Physical results like a discussion of Landau critical points and
the relative stability of differént modes are discussed in Section
VI. Section VII is devoted to the development of the second order
perturbation formalism and Section VIII contains the analysis of
simple physical systems and comparisons with exact numerical
calculations. Section IX summarizes the concluslions and gives some
perspectives for fufure work. The Appeﬁdices contaln explicit
second order perturbation equations. These have been given in
enough detall so that it can be of use for any reader interested

in applying them to particular systems.



II- Perturbation equations

Throughout this paper we shall use normalized quantities as

in Ref.4, calling

_)
A = _conv I-;:Hconv 3__: 4 w A :j)
Yoo V2 H cVZH ™
_)
K - A<:cmv . ¢ = 2 né¢conv . AG = : n AGconv
V2ZHA 0 H° S &
c c o

Here the label "conv" means quantities in conventional cgs units.
wm is the zero flield bulk order parameter, S is the cross section
of the wires in the network assumed uniform and <b° is the flux
quantum. All lengths will be normalizgd by €°, the coherence
length at the phase boundary.

We refer the perturbation parameters to a point at the phase
boundary choosing x such that x°= AT/(TC- To) where AT =T - To,
To being the phase transition temperature of the network and T;:
the critical temperature of the bulk material. Defining

_ _ T
T=1 Twehave

c

The other perturbation parameter is related to the magnetic
field. Calling 20 the vector potential of the applied field at the

phase transition boundary, the total vector potential 7\) can be



written as

> > > I
A=A+ A = A+ A+ A (1)

where 21 is the departure of the applied (external) field 2; from
its value at the phase boundary and Kl the contribution from the
induced (internal) currents. We choose as the other expansion

parameter the quantity y such that
2 1
y =—§A(s)ds=A¢
€ J 1

where € is the GL coherence length and c is a reference loop of
area Sc in the network. It should be noted that y2 is the
incremental external magnetic flux A¢ through ¢, and |is
temperature independent.

Following Ref.4 we define a complex modified order parameter

(mop) for a branch ab by (see Fig.1)

f(a,s) = ' 7®%(s) (2)

ISA(S')dS’

(o]

where

y(a,s) =

i

This mop has the advantage of simplifying the equations although
it is not single ‘valued. It depends on the definition 'of a
reference point (a) and on the choice of the route. For each

branch we take it to be defined from its starting node a, for



which s = 0.

As stated above we assume an expansion of all physical

quantities in powers of x and y:

A(s) = ZAH(S) x* v (k+¢1 = 1,3,5,...,2p-1,...) (3a)
k1l
f(a,s) = Zf‘kl(a,s) Xy (k+1 = 1,3,5,...,2p-1,...) (3b)
kl ’
J=3 3, X y! . (k+l1 = 2,4,B,...,2p,...) (3c)
k1l
A(s) =) A (s) Xy (k+1 = 2,4,6,...,2p,...) (3d)
! kl k1 .
ac =Y Xy (k+1 = 2,4,6,...,2p+2,...) (3e)

Here pz1 stands for the perturbation order to be considered.
Conventionally, we will call "zero" order perturbation the results
of the linearized theory“-zx For the complex conjugate of the

mop f it can be seen that

» s * " 1 ’
£ (a,s) = Z o f, (a,8) x'y (k+1 = 1,3,5,...,2p-1,...)
k1l

where o, = 0,0r oo according to whether.l is even or odd. In turn
o, = sign (At) and o= sign (A¢).
For the coherence length £(T) = £(x) and penetration depth

A(T) = A (x) we have

»g=1——§+—3x“‘—...=z(-)“ckx2k (4)



where

c - L.3.5..... (2k1)
k 2.4.6...... (2k)
and
a2 =1t x* (5)
B 2
K

where k is the temperature independent GL constant.
For the circulation of the external applied vector potential
we have the relation which follows from.the definition of the

perturbation parameter y:

B8
7e(a,s) = % J;Ae(s’)ds’ = 7°(a,s) + Wl(a,s) y2

where
1

- 1 3 » 14 - " ’ »

7o(a,s) =z J;Ao(s )ds’ and 71(a,s) = 8¢ IQI(S )ds
It is clear that 71(a,s) does not depend on the strength of A¢ hut
on the configuration of the incremental field Xland on the

geometry of the network. Taking this into account, the expansion

of y(a,s), the circulation of the total vector potential, is

y(a,s) = 1 JFA(S’)dS’= 1 IS[AO(S’)+A1(S’)]dS’=
€ "o € Yo

= Z'Jkl(a,s)xkyl (k+1 = 2,4,6,...,2p,...)
kl

where

woo(a.s) 1o(a.s)_

7,,(2.5) = 7,(2,5) + fvoz(s')ds'



Otherwise

v (as) =) ("' 2o |A  (s)ds’
kl ;;5k 2m 1 J; k-2m, 1

It should be noticed that in general we have

1y (a,s)

— o '
fkl(a,s) =e z qu(a,s) Ak_pﬂ_q(s) (8)
p=k
q=1

where T can be readily obtained from qu’ as indicated in
Pa

Appendix I.

In order to arrive at the perturbation equations we must

replace the above expansions in both GLE

r+ (- |£)PDE=0 - (7)
> 3 o 1 2
Ux(Ux A) = — J (8)

4 22
_)
where J in terms of f is glven by
> . - -
J=1§-(f £f-f£f)¢ (9)

g being the unit vector along the wire. Here the dot stands for
the derivative with respect to s. From the first GL equation we

obtain for a given branch ab

fkl(a,s) + fkl(a,s) = akl(aﬂb,s) (10)
where
k-p
(a,b,s) = £ £ £ (-) 2 (0 - £ )

wkl a,b,s - o‘q k-p-m,1-q-n pq mn z wpl pl (11)
P=k, q=1 pSk-2
m=k-p (k-p even)
n=]l-q ‘



The dependence of w, on b comes through the lower order mop’'s at
the nodes according to Egs.(13a) and (¥3b). We shall leave the
analysis of the perturbation equations that follows from (8) for
the next sections, where we discuss in detail the self-inductive
effects which become important at higher orders.

If the network has n nodes, Egs.(10) have to be solved using

the boundary conditions

Zi‘kl(a,O) =0 (a=1,...,n) (12)
B)

where (B) stands for all branches connected to a given node a.
As in Ref.4, with this new perturbation scheme we can solve

Eq. (10) by the variation of constants method

fkl(a,s) = Ckl(a,b,s) sin (L-s) + Dkl(a,b,s) sin s (13a)

where L is the length of the branch and

fkl(a,O) - Zkl(a,b,s)

Ckl(a,b,s) = sin L
f (a,L) - 2 (b,a,L-s)
_ ki K1
Dkl(a,b,s) = sin L (13b)
s
Zkl(a,b,s) = I wkl(a,b,s ) sin s’ ds

(o]

10



Here we must stress that W has the important property
wkl(b,a,L—s) = wkl(a,b,s)

When the form (13a) for the mop is replaced in the boundary
conditions (12) a set of equations determining the mop’s at the
nodes f}l(a,O) in a given order (k,1) in perturbation theory is

obtained. In terms of the normalized order parameter A(a) at each

node a we have

iy (a,LB)
e ° Akl(B)
Akl(a) z cot LB - z ~ LB = ﬂ;l(a) (a=1,...,n) (14)
(B) (B)
where
iy (a,L)
- 1 ° B _
nkl(a)-z T I e ZI‘N(a,LB)Ak_p’I_q(B) 2, (B.a,Ly) | (15)
(ﬁ) p<k
q<1
(p+q>0)

These equations are similar to Egs.(13) of Ref.4. The difference
lies on the fact that now we have two independent expansion
parameters x and y. For this reason all perturbation coefficients
have here two indices (k,1) giving the order in x or y. It can be

shown that Egs. (14) are compatible in the Rouché-Frobenius sense.
III- Normalization of the order parameter

The lowest order equations (10) or the discrete form (14) are

homogeneous equations and therefore do not fix the amplitude of

11



the order parameter. The sitﬁation is si%ilar to that encountered
by Abrikosov in the analysis of the mixed state of Type II
superconductors.

As discussed in Ref.4 the orthogonality condition in the form
used by Abrikosov for the differentiai equation cannot be applied
to networks because of the non hermiticity of the corresponding
operator in the domain [a,bl].

There are two equivalent ways to overcome this difficulty.
One consists of writting down the scalar product between .the
solution of the homogeneous differential equation and the

*)  The

inhomogeneous term in each order and finding its value(
other, alternative procedure, consists of using the linear system
of equations (14) for the order parameter at the nodes. In that
case it can be seen that the corresponding matrix is hermitian in
such a way that an orthogonality.condition similar to Abrikosov’s
holds in the discrete case. The resulting conditions that
determine the amplitude of the order parameter are the same which-

ever way is followed.

For each order of perturbation theory Egs.(14) can be written
, A= [A(a,b)]

where A is an nxn hermitian matrix with components s(a,b). To
- - >
lowest order we have "10= ]'l01 2 0 and the corresponding equations

are homogeneous, identical to the de Gennes-Alexander linearized

12



_>
equations(lx Calling A the solutions of the homogeneous
[+

equations, we have for the complex scalar product of the vectors
> >

A and 1T
[ k1l
> 9 > > 0 > >
(Ao, ﬂ#l) = (A ,A Akl) = (A Ao’ Akl = (A Ao, Akl)= o,

a relatlon similar to Abrikosov’s for the mixed state. The ensuing

relations for the modified order parameter are

* *
}{ Ir (el [fk_p’l_q(B.O) £ (8,0)-f (B,0)F, (80|

B p=k

q=1
(p+g>0)
L
B
»*
- J}o(a,s)a&l(a.ﬁ.s)ds = 0 (18)
0

where the summation is over all branches in the network. Here
f(b,s) stands for f measured from the node b as in Eq.5 of Ref.4
and

fo(a,O) sin (L-s) + fo(a,L) sin s

3
sin L (173

f (a,s) =
o

These relations allow us to determine the amplitude of the order
parameter at the different nodes and, from Eq.(13), the amplitude
at any place in the network.

To see how Eq.(16) works, we give now the explicit form for

13



the lowest order. The first amplitudes to be determined correspond
to the normalization of the "zero" order solution (17). Choosing a
reference node a = 1 at which fo(1,0)= 1 all other amplitudes
associated with the 1linearized GLE are determined from the
homogeneous Eqs.(14) and from Eq.(17). The physically relevant

order parameter to lowest order is

fl(a,s) = f‘m(a.s)x + fm(a,S)y

where f (a,s) = a f (a,s) and f (a,s) = a f (a,s8), o« and «
10 100 01 o1 0 10 o1

being constant amplitude factors. The normalization conditions

allow us to determine a1o and a01' For this order the values of k

and 1 to be used in Eq.(16) are such that k + 1 = 3. From Eq. (11)

we have
_ 2_ _ 2_ 2 *
Cao [‘Tolfm| l]fm ’ w21_ [20'0|f10| 1]fo1 * °'1f1ofo1 i
w = 20 |f |2f + o £° f* w =o |f |2f
12 11701 10 oot 10 '’ 03 1.7 01 o1

Now, in terms of these variables and functions we get from

Eq. (16) four relations:

L

B
2 4
21 “1oZ rzo(a’LB) JoB * wola1o’ “102 J;lfo(a’s)l ds -
B B
Lg ] _
- a,OZI |f,(2,s)|"ds = 0 (18a)
0
B

14



21 ab1z on(a,LB) JoB + 2l “102 r11(a'LB) JoB ¥
B B

L
B
2 2 * 4
+ [2 o e, [T+ 01a10ao1] Z J;lfo(a,s)’ ds -
B

L
B
2
-a ¥ Io|fo(a,s)l ds =0  (18b)
B

21 amz I‘oa(a,LB) Jog * 21 @y, zl‘“(a,LB) Jog *

B B
L
2 2 * B ., _
+ [2 ciia°1| @ +oo o z I;|f°(a,s)| ds = 0O (18c)
B
y:
_ 2 4. _
21« ) T (alg) Jog *+ o, lay %, ZIo|fo(a,s)| ds = 0 (18d)
B B
where
_ 1 * ; 1 *( )=
g™ % [fo(a,O)fo(a,O)—fo(a,O)fo a,0 ]-
T x . )
=5 [fo(b,O)fb(b.O)-fo(b”D)fo(b,0)] (19)

is the "zero" order current density in each branch. Since the a’'s

are complex we need the four Egs. (18) to determine @ . and «. -

For higher orders we have from Egs.(14) and (6) relations of

the form
fkl(l’o) = %
fkl(a,O) = [ockl— Xkl(a)]fo(a,O) (a=1) (20)

15



f‘kl(a,L) = [akl— Xkl(b) + Ykl(a,b,L)]fo(a,L) (21)

Here

4(2,2)...4(2,a-1) Hkl(Z) 4(2,a+1)...4(2,n)
4(3,2)...4(3,a-1) H;l(3) A(3,a+1)...£(3:n)

d(n:z)...d(n;a-l) n lin) a(n;a+1)...4(n,n)
X (a) = k (22)
ki 4(2,2)...4(2,a-1) 4 (2,1)4(2,a+1)...4(2,n)

4(3,2)...4(3,a-1) 4 (3,1)4(3,a+1)...4(3,n)

A(n:z)...d(n:a-l) 4 kn,l)d(n:a+1)...4(n:n)

and Ykl(a,b,L) stands for the sum

Y, (a,b,L) = T (aL) [“k-p,l-q' Xk_p’l_q(b)]

p=k
q=1
(p+q>0)

The constant amplitude factors @  can now be determined using the
normalization condition Eq.(16) in the same fashion as previously
done in lowest order. Knowledge of fkl(a,O) and fkl(a,L) allows us
to determine fkl(a,s) along any branch ab using Eq. (13).

A word of caution should be said about Egqs. (20) and (21).
Because of our definition of the mop the value of f at a given
node is not uniquely determined. Eq. (20) gives f}l(a,o) for a
node (a), which is chosen as starting point for the phase counting
procedure as implied by the definition Eq.(5). Eq.(21) gives the

mop at the other end of a branch starting at a. As mentioned

16



above, this gives an ambiguity in the definition of the f’s. It
can be shown however that this ambiguity is limited, in all orders

in perturbation theory, to a phase difference.

IV - Self-inductive effects

At the phase transition boundary the superconductive currents
are zero and the only magnetic field acting on the system is the
external one. As one moves away from the phase boundary the
currents become finite, creating induced fields. Within the
perturbation scheme it is important to take proper care of these
induced fields and to study their contribution to the free energy.

The magnetic fields created by the currents are determined by
the second GL equation (Egqs. (8) and (9)). As pointed out
following Eq. (1), the total vector potential is the sum of the

> >

applied field Ae plus the/ induced field Ax' This last part is

formally given, as solution of Eq.(8), by (see Fig.2)

> >

> ,
A (3) - 1 J J(p’) d33’
1 2 > ,
4mA vlp -0 |
>
In general we are interested in the component of A(p) along a
_)

given wire in the network. For Ai this is given by a sum over all

branches of the network:

"
*— T %

B’ o,

_.)

a
A (s)= Al(p).§= ds’ (23)

VY| W<

4 a®

17



Here 3 is a vector giving the position at which the field is to be
calculated, s is a curvilinear coordinate and s a unit vector
along the wire; as above S is the cross section of the wires.
Using Eqs.(23), (3) and (5) we can find the following relation

between the perturbation coefficients for field and current

[( )+ (J,) JLB'
J s + J , ] —_ -
B Kl B k-2,1 ]

’ o -

density

_ _S ,
A, (s)= 5 Z ds
B

Y| N<

4 t x

TN

The coefficients Jkl are Independent of s because of current

conservation along each branch. In a given branch B, jkl is

related to the mop through

-— i — m * .
Ja= 3 Z Z (=) cacm[qu(a'O)fk-p-Zm.l-q(a'o) )
p=k 2m=Sk-p
q=1

°*
a1 (0 fpga,o)] (24)

The free energy of the systenm, measﬁred from the normal state

is given by
_)
4 > > 9
-1 2 A
5G = S [—|A| - 1AL §2|[1v— §JA|2+ Ih - H|2]dv (25)
all space

> >
where H is the applied magnetic field and h is the total magnetic

> > >

field, h = A VxA. Written in terms of the mop, AG becomes

L

g .
4 . - d
ac = § J [—|f|2+ J%J_ + 52|f|2]ds + S-IJ'Ih - H|? av (26)
B o all space

18



The inductive effects are contained in the last term and also in

the Ez|f|2 term in (26). In particular the last term can be

written as

B A Y
AG = ST ||h - H|"dV = S [J.A dv

all space v

where V 1is the volume of the network. This equation in cgs

S>>
units reads AG1= (20)_1 I J.Al dV. Furthermore, this can be
v

transformed into

. B ,
= = _5S
AG, = z Jg J A (s)ds T Z Jgdg Keg: (27)
B o BB’
where _
L
B (B v,
K., = S+ S d4s'ds
BB |’> - ">)
o Jo 1P - P

We shall see that the purely geometrical factors KBB' are related
to the self and mutual inductances of the network. In fact, the

sum over branches in (27) can be replaced by a sum over loops pu:

AG = 5 z 33, § § S - 8% 4s'ds =

awma® o HR e 13- 3
up’

(28)

M, )
up Judy

> IU)
N
[\
™
_=>
.
=

+
~1

=

B >p

For a given network with n nodes and N_ branches, there are

B

Nu = NB - n+ 1 loops that can be independently chosen. Each

19



branch must be included at least once in the set of N“ loops. The
expression (28) 1is nothing but the Neumann formula for the
magnetic energy of a system of linear currents. A” and M#u,are

the self and mutual induction coefficients

M = ~L ds§ds’—'—— , A =M
W-‘- 21[ “» \l

Remembering that from Eq. (3) we have for the total free energy the

expansion AG = Zlexkyl we can write
k1

4

or I [ [rreize S e Jos -
k1 k1 2 S
8 Jo kl

S :
. I L [up  +oyp (RS S

2
4 t BB’ psk k-p,1-q k-p-2,1-q

qs1

or equivalently

4

C = B —1F12 lflkl é ni2
Kl Z ' Ikl 5 * |§ £ ‘ ds +
8 o k1

> [
. () . (3 ](J )M, (29b)
2 K2 Eu’ §5k B xp1-a M kep-2,1-q¢¢ H PIHH
qas]

It can be seen here that the self induction effects can be

neglected whenever S/n2 — 0, i.e. when one assumes that the wires

20



of the network are really one dimensional elements or the material
is extreme Type II. When L/&o is small the Mu#,’s become small,

and the self induction effects can also be neglected.

V - First order perturbation results
a) Order parameter and current density
In this section we shall discuss in detail the first order
perturbation results within the present scheme, in order to
compare them with the results of Ref.4. In the next sections we
shall consider the second order results. From the normalization

conditions (18), we obtain

2 B1 2 Bz 2 S 2
|a10| =0 5 |a01] =0 5 D = B3 - ;5 B4 (30)
The following relation also obtains
* *
o a_ a +0 a o =20 (31)

0o 01 10 1 o1 10

which is essential to assure that |f|2 is real. In these equations

(ve)
]

B
=Y g% es (32a)
B

(o]

(32b)

oo}
]

2 erl(a,l..
B

B)JOB
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Here
Zero
very
lies

self

both

Now,

B2=V | Ig," as | (32¢)
B “o
2 1 : 2
B® = — 3 Kk =5YA 52 +2V M 3 (32d)
£ 2n Z , o8 oB’ BB’ ; H op Z pp’ om  op’
BB W ou

joB is the current density in branch B associated with the
order solution as in Eq.(19). The coefficients B above are
similar to the B's obtained in Ref.4. The main difference
on the fact that Bi as written above shows explicitly the

and mutual induction effects.

From Eqs. (30) and (31) we can see that one can determine .for

L and x, their square amplitude and their relative phase.
for the mop to first order we have explicitly

2 [Bl [AT/':O]+ Bz A¢1 2 2 2
|f(a,s)|” = ) £ (a,s)|"= «"|f (a,5)] (33)

For the current density using Eq.(24) we obtain similarly

2 .
J = o’y (34)

it can be seen that the perturbation coefficients B can be

interpreted in terms of different contributions to the lowest

order energy. So, taking £x=1 at the phase boundary, the kinetic

energy of the supercurrents is related to Bf

22



[~
les}

(=]

y:
1 At 2, _ 1At
=§r—oﬂo |f,17ds = 5 = B,
B

the interaction energy of the currents with the external fleld

increment is related to B2:

O 1
S ,[v‘jo'Ai dv = a¢ Z zr1(8“1‘;3)‘jof3 =5 8¢ B, ’
B

the superconductive condensation energy is

[\

L
B B
1 4 _1 4 _ 3
2—SI|Ao|dV—§ZI £ ]%ds = 5
v 0
B
and the magnetic energy of the induced field is
SETAes T =5
K H op B opp’ op op’ 2K
W >p

Finally, D/2 can be identified with the equilibrium free energy of

the system: D/2 = - AGO.

b) The Ehrenfest-Keesom equations for the phase transition

boundary
Equation (33) gives the order parameter at a point separated

from the phase boundary a certain distance A¢ and Ar. If these
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values were chosen such that the end point is again on the phase
boundary, the order parameter must vanish. This gives a relation
between A¢ and Atr, which can be shown to give rise to a

differential equation for the phase boundary. This reads

w

d¢| __ 1 1
[]- = (35)

dt
0 0

(36)

This equation can be identified with one of the Ehrenfest-Keesom

relations(s)

which are to second order phase transitions what the
Clausius-Clapeyron equation is to first order transitions. Written

with the variables we are using the Ehrenfest-Keesom equations are

ac

L [ S ] I (37)
Sc dr o B Kﬁ: ' §: dr o - (1- To; Ax

where a 1is the coefficient for the thermal variation of the

magnetization, defined by

<|+

oM
[ﬁ]d, (38)
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n, is the isothermal susceptance defined by

S
_ ¢ [6M _
7)1_ = V_ [5—&-] . (39 )

and C¢ is the specific heat at constant field defined by

_(r-1) (8%
¢
In turn
aG aG :
M=-95 L—J and ¥ = [—J (41)
c ¢T aT P

are the total magnetic dipole moment and the entropy fespectively.
The symbol A in (37) means the difference in the values of the
corresponding quantity between the superconducting and the normal

states. From (37) it follows thatf
i

. 2
1 (d L 1 [(dg
Aa = S": [d—_t-] OAnT , AC¢ _— (1 To) [ Sc [dT]O] Ant

Since we are using two ind;bendent expansion parameters to
describe the properties of the superconductive phase a given
distance away from the phase boundary, the question arises whether
this description is unique. In fact, as shown in Fig.3, a given
point P in the superconductive phase can be reached from more than
one point at the phase boundary. The order parameter at P can be

written as
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or as

according to which starting point is taken. Neglecting second
order terms in At and A¢, it can be seen that the Ehrenfest-Keesom
equation (35) implies that these two expressions are equal.

;

c) Free energy and thermodynamic relations

The free energy to lowest order is given by Egs. (3) and (29):
2 2 4 3 2 2 3 4
AG = Goox + G xy + Gy CooX * G31x,y *OXY Gyt Gy

where the explicit forms for le are

N
[}
|
c’
|
t
N —
UI (v 9]
NN

With these coefficients, the free energy 1in first order

perturbation becomes

B B 2
D 1| AT 2
o= "z [[—n]r—o * [5)] (a2)

This result, when: the self-induction effects are neglected,
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reduces to Eq.(21) of Ref.4.

We can calculate the values of the different thermodynamic
variables in the superconductive state relative to the normal

state using Eqs. (38)-(41) and (42):

B B
_ 3 AG) _ 1At | [ 2
ho = o [2280) L 0 i e (43b)
= v |Ftae Vi, D
2 2 2
An_ = - §3 [azAG] x ?5 ?3 (43c)
T \') a¢2 A D
B B B -
- [2.46) L [[21)AT ., [2)ae] 2
- (58] -~ [C3) - (ol
o : o
2
2 B
ac, = ('c\-ll)[a Ag] N (1-:) 11) (43e)
8T Vto

Since AG above refers to the whole system, M in (43a) is the
total magnetic moment of the network. For networks there is
no meaning for a local magnetic moment so the relevant
thermodynamic quantity 1is the susceptance and not the
susceptibility.

For the sake of comparison with Abrikosov’s theory for Type

Il bulk materials, we can give the expressions of the jump in the
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specific heat, thermal variation of magnetization coefficient and

magnetic susceptance across the phase boundary in cgs units:

T, @i
(ACH)bulk= 3 2 . 4 2
16 BA(ZK -1) & (O)Tc
T, ¢
(ACH) t k = 3 ~2 4 2’
networ 16 n°B}(2k"-1) £ (0)T
To Qo
(Aa)b lk= 2 2 2
wX g B,(2c"-1) €°(0)T_
T0 <I>0
(8a) t k = 2 ~2 2 '
networ 8 wBl (2k"-1) £°(0)T_
B 1
(Ant)bulk_

4 BA(ZKZ—I)

1

(An_) = =
4 n B:(ZK ~-1)

T network

where BA is Abrikosov’s factor, €(0) is Gor’kov’'s coherence length

and

Here the expressions for (ACH)bu and (Aoc)bl have been obtained
u

1k k
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from (Anr)muk using the Ehrenfest-Keesom relations. We can see
that for networks instead of a single factor like Abrikosov’'s BA
there are three different factors related to ratios of different
contributions to the energy which are specific to the network
structure. Besides, the topology and the geometry of the network
require a renormalization of the GL constant k. The three factors
B;, B" and B:‘ are not independent; they are related by the

A

Ehrenfest-Keesom equation (35):

T T 2
L 0 d¢ ’ ([T [¢] d¢ »
B"4§:[<F]B 'B'—[a%]oﬁ

A A A 2
(o]

n

Here we must stress that (Sch) does not depend on the loop c
selected to measure the magnetic flux. Finally, the specific heat
at constant magnetization can be obtained from the usual
thermodynamic relation

C.o-c =angd-0 ;

M ¢ n.

in fact, using Eqs. (43) we have, for the specific heat AC, in the

M

supercondutive state relative to the normal state

ACM = (1 + 41!)AC¢

As a check of the perturbation expansions we can see relating
Egs. (43) and (35) that the thermodynamic quantities, independently

calculated, satisfy the Ehrenfest-Keesom relations:
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2
AC¢ (1 - ro) B1 _ 1 ¢ 2
By 2 .2 2 (1 - 1:o) S |dT
nr B2 (o}

Aa - i

VIl - Physical results

a) Landau critical points (LCP).

We can see from (33) and (42) that whenever D(To,¢0) =0
there is an interesting change in the behaviour of the solutions.
In fact, it can be seen from (33) that |f|2 is always positive
when the increments At and A¢ bring us from a point at the phase
boundary to another point inside the superconducting region. A
special situation arises when D(to,¢o) changes sign. In that case,
in order to have a positive definite |f|2, At and A¢ must bring us
out of the superconducting region and into the "“normal" region. We
can see from (42) that when this happens the free energy as a
function of At (or A¢) undergoes a change in curvature. As seen in
Fig.4, this indicates that the system goes through a Landau
critical point. The transition changes to first order and the
perturbation approach gives only the supercooling limit. It can be
seen that the change in sign in D allows for the classification of

the transitions as follows:

<1 » 2nd. order
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s1342
D=0 , =1 , LCP (48)
2 2
Kk B
3
SBf
D<O0O , > 1 , lst. order
2 .2
K B3

We see from (48) that S/k2 and Bi, which contains the
self-induction effects are important to determine the kind of
transition to be expected. Physically what happens is that .the
positive energy associated with the magnetic field of the induced
currents overcomes the negative contribution from the condensation
energy. Superconductivity is only possible with a finite and large
order parameter so the system makes‘a Jump to meet that condition.

We have checked these results against exact calculations for
a hollow cylinder by Fink and Grﬁnfeld(7). With the notation given
in Fig.5, we have for the self-induction coefficient A = L2/ 2L’

and the relevant perturbation coefficients are

Bz=r|f|4ds=L , B=Aj# =A
3 OO 4 o

The condition (48) for a LCP reads in this case Ld / 2n&2= 1 which

in cgs units means

1 Ld TLCP
w2 1- =1
A%(0)

Using the values given 1in Fig.7 of Ref.7 this gives
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TLCP & O.961Tc. This result is slightly different from that in
Ref.7 where the authors get Tuw = 0.987 Tc due to the fact that
the exact calculation takes into account field expulsion effects
(Meissner currents) which are neglected in the de Gennes-Alexander
model which we use.

It can be seen from (48) that 1/k2 amplifies the self-
inductive effects given by Bi. Recent experimental work on the
critical currents and I-V characteristics in the resistive
transition of micronetworks suggests a strong dependence on the
type of material used to prepare the samples(a). In particular in
Ref.8 In and Al are used, which have k values differing by a
factor of 10. Although we have not addressed the question of
critical currents in this paper, our Eq.  (48) suggests that the
induction effects help understand the difference in the
experimental results of Ref.8 for In and Al.

b) Relative stability of different modes

In general, for any network, different condensation modes are
characterized by the value of the integer n in the fluxoid

quantization condition ) /

2 Tn-=

§ J_gs + ¢ (49)
2
e |f]

Mmoo

where ¢ is some conveniently chosen loop and ¢ is the total
magnetic flux linked by c. In Ref.4 the relative stability of
different condensation modes was discussed. In particular the case

studied in Ref.4 in some detail was the ladder for which, when
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periodic boundary conditions after N strands are chosen, n takes
on the values O =n s N. Each value of n gives the highest
possible transition temperature over a certain region along the
phase boundary. Here we give more details about this point'and
discuss the effect of the inductive contributions.

Within the superconductive region a given mode will be stable
when its associated free energy is lower than that of any other
mode. The boundaries separating different modes are determined by
the condition

2™ (¢, 1) = ac"™1 (4, 7) (50)
Using the variable ¢ = Lconv/g(T) it can be shown from (42) that,
to first order in perturbation theory, the line along which (50)

is satisfied obeys the equation

Bin) /D(n+1) - B;nﬂ) /D(n) 82 _
¢ =¢ + [1 - —] (51)

o 2
B;n) /D(n+1) _ B;nﬂ) /D(n)

L

The stability lines drawn in Figs.2 and 3 of Ref.4 were obtained
numerically from Eq. (51) neglecting self-inductive effects.

It can be shown further that the three slopes that meet at
each point on the phase boundary where the stability line starts

are related through
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B(n) / D(n+1) B(n+1) D(é)

1

. -

at - (n) (n+1)

B(n) _(& /D(n+1) _ B(m-1) dL D(n)
1 d¢o 1 d o

where d¢/de is the slope associated with the mode stability line
given by (51) and dL/d¢0 refers to the phase boundary for each

mode as in Eq. (38).

VII - Second order perturbation formalism

a) Second order expansions
In the previous paragraphs we have discussed the lowest
order perturbation expansion in detail, having obtained explicit

results for fkf A s J

, A and G , coefficients in the
k1 k1 k1

k1
expansion for the order parameter, current, vector potential and
free energy.

From Ref.4, where equivalent results were obtained, we know
that a comparison of this results with exact calculations shows
that very good agreement is obtained in first order for the slopes
of current and order parameter as function of temperature or
field. This |is aléo true for the phase separation lihes for
different modes in the (H,T) plane.

In order to explore the superconducting region further apart
from the phase boundary it is necessary to go up to second order
terms. From these we expect to predict the curvature of the

different variables quoted above as functions of field and

temperature. Once the formalism is developed and checked against
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’
/

exact results in some simple cases the theory is equipped with a
trustful procedure to study more complicated systems.

The second order contribution to the mop follows from
Eqs.(11) and (13) with k + 2 =3 (k&= 30,21,12,03); if we denote

this contribution by f3 we have from Eq. (3)

3
_ AT)2 At AT
f3— fso(a,s)[;;} + f21(a.s);; A + sz(a’S) ;; Ap +

+ f‘oa(a,s)(Ad})a/a

Detailed expressions for the coefficlents fkl(a,s) are given in
Appendix II. For the squared order parameter, the expansion up to

second order is thus

2
|a|? ~ Eq.(33) + |A|i°[$3] + 8%, %3 ap + |82, (89)° (52)
o o
and for the currents the result is
AT At 2
J = Eq. (34) + ‘j40[‘t_o_] + J22 _?; Ap + J04(A¢) H (53)

the coefficients |A|i1 in (52) and Jkl in (53) are given in

2 _ 2
31 |A|13

Appendix II. It should be noted that |A| =0 and

J31 = J13 = 0, a result which ensures that the squared order

parameter and the current density are always real.

The free energy reads
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3 2
At AT AT 2 3 .
AG = Eq.(42) + Gso{?_l + G42{E—]A¢ + G24 T (Ag) "+ Goe(A¢) (54)
o o '0
In this case G = G = G = 0, and AG is always real. The
51 33 15

explicit expressions for the coefficients are given at the end of
Appendix III.

In the following sections we shall apply these perturbation
calculations to simple systems and compare the ensuing results
with numerical calculations.

b) Normalization of the order parameter

The normalization cogfficients akl( k + £ = 3) which give
the part of the mop which is proportional to the "zero" order
solution are determined using the normalization conditions (16)

with k + £ = 5. After some algebra, the following relations are

obtained
» »
clea a +a o )=A
0o 10 30 10 30
( * » ) * *
o (a o +a o + 0 (a0 « + '« o =
o 01 30 10 21 1( 10 21 01 30) 0
( * * ) » »*
o (aa « +a o + o (o« + « =
o 10 12 10 12 1( 01 21 01 21 B (55)
( » * #* *
o (a o + o o + o0 (a a + =
10 03 01 12) o( o 12 %0 %o3 0
( » * /
c(a « + o =
1° 01 03 01 03) c
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The explicit expressions of the right hand side terms A, B and C
will be left for Appendix III, where it is seen that they can be
fully calculated with the "zero" order perturbation results. In
principle, the linear system of equations (55) can be solved for
5
30 21
physically observable quantities (|A]2, J, AG, etc.) depend on the

X0 %, and LI but _this is not necessary because all
/

linear combinations of the @, coefficlents given by (55) and it
is possible to make use of these equations without any more

algebra.
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VIII - Application to simple systems
a) Superconducting bare ring

Fink and Grinfeld® have explicitly solved the GL
equations for a simple wire ring of length L. The wire is assumed
to be thin enough so the order parameter is constant across the
whole section; |f| is also uniform around the ring and it 1is
related to the temperature and magnetic flux through

2
|f|2 =1- (p - 2nn)? gE (n integer) (56)

L

where

=9+ =0, At

is the total magnetic flux linked by the ring, sum of the external
flux ¢ and the induced flux ¢1;1n'turn, ¢ is the sum of the flux
¢0 at the phase boundary and the incremental applied flux A¢ from
the phase boundary to a given point in the superconductive region.
n is the phase winding number for the order parameter as in
Eq. (49) (see Fig.S). The dependence on the reduced temperature T

is given implicity through the coherence length:

= (57)

€ = &(T)

where T is the phase boundary temperature and At 1is the
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temperature increment from the phase boundary to the point under

consideration in the superconductive region.
It can be shown that the following relation between current

8)
density in the wire and order parameter holds( :

y=F e V- el (58)
the -(+) sign must be taken when ¢0 <nl (¢0 > n M). The induced

magnetic flux is related to the current density through

_(L-D)
9, = 5 —3 (59)

where

>

I
A
5
1=
-

I
FNEN
| S

10)
because here

This expression is different from Fock’s formula(
the current is assumed to be uniformly distributed in the cross
section S of the wire. Egs.(56), (58) and (59) allow us to find
all relevant quantities as function of T and ¢ exactly, including

self-induction effects.

In order to apply perturbation theory we recall results from
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1)
the linearized de Gennes-Alexander theory applied to the ring( .

The phase transition lines in the (¢, ¢) plane are given by
= - . 60
L |¢0 2 nm ; (80)
in Fig.6 we show the lines for n =0 and n = 1. The modulus and
phase of the "zero" order normalized order parameter around the

ring are

|a,(s) |

m
—

, eo(s) =-27Tn (61)

s
L
For the "zero" order perturbation mop we have

+
fo(a,s) = e~ 1s

where the +(~) sign must be taken for ¢0 <nmn (¢ >nmu). In the

)
notation of Appendix II and III we have a =1, b= eilL and

a =% i, and the normalized "zero" order current density is

Ce
1]
N
[
(o
|
[
'Y
1]
+
—

The first order perturbation coefficients can be easily

calculated from Eqs. (32); they are
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Using Egs. (33) and (34) in first order perturbation we have
2 L At _ 2 - L AT 2
£~ 5= F 52 . J=F g5 ot pht (62)
0 0
If the self-induction effects are moderate D > O, |f|2 is aIways
positive in the superconductive region and J changes sign

according to the phase border 1line considered. The Ehrenfest-

Keesom equation (36) takes now the simple form

gE— =+ 1 or L =2 ¢ + constant
d¢o o

which is just the characteristic equation for the phase transition

lines (860).

For the free energy difference in first order perturbation we

have from (42)
2 2
AG = - L‘— [éz ¥ % A¢] (63)

As discussed in Section VI, the condition for a LCP in this model

is D = 0, which in cgs units corresponds to

The lines separating regions of stability for different modes
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(different values of n), as obtained from Eq. (51), are given by

=9,

meaning that the lines are parallel to the T axis.

Now, we will consider second ordér perturbation results,
including self-induction effects. For a network with only one
node, as is the case for the ring, the system of equations (14) is
homogeneous to all perturbation orders because the condition for
existence of solution in the lowest order requires the determinant
of A to be zero: |A| = 4(1,1) = 0; thus, for the existence of
finite solutions in higher order kl, we must have nkl(l) = 0. This
result can be confirmed in second order perturbation by explicit
calculation of Eq.(15) using the expressions for Zkl(a,b,s) given
in Appendix II. The second order perturbation coefficients for the

bare ring can be evaluated using the formulas in Appendix III; we

have
R = E (Lcot L -1) R =% (LcotL -1)
1 2 ? 2
-— —_L -
R.3 =2 cot L R R4 =-3 (L cot L 1)
R5=/\ (L cot L-1) , R =% (Lcot L~ 1) (64)
- - L
= A == -
R7 F2AcotlL , R.8 5 (LcotL -1)
=—A el = A2
R9 (L cot L-1) , R1o 2 cot L
The normalization relations (55) are
3 2 2
[a o+« ]=_(3L - 6L°D + 7 LD")
ol 10 30 10 30 ap°

L » » »
o jla o + o o + 0 ja, o + o =
0[ 01 30 10 21] 1[ 10 21 °1¢X30] 0

42



Lt ole o8 1o ; (3L% - 41D + 30%)
0‘0 a10a12 a10a12 0'1 01 21 01 21 - D3

(65)

r - - -

» »
a o+ o o + 0 |laa a + o o =0
110703 01 12] o[ 01 12 10 03]

1 L . ) (3L - 2D)
o o o + Qa o = - ————
1 01 03 01 03] o°

The modulus of the order parameter is uniform around the ring;
using (52), the formulas of Appendix II and the relations (65} we

have for |f‘|2 up to second order perturbation the result

3 2 2 2
'f‘a o LAt _2 Ad - (3L 6L°D + 7 LD%) [AT] .
DT D 3 T
) 4D 0
(66)
2 2
+ (3L 4§D + 3D7) AT A - (3L - 2D) (A¢)2
T - 3
D o D

The current density in the wire can be found from the
formulas (A4) of Appendix II; there, the second terms on the right
hand side are

B
1

7_ (a,L) [————————-
2 L
20 sin sin L 2 Da

ol

»*
L * aoca 2 (b,a,L) 2
ab + ba ]+ Im [ 0 10730 } - 3 (L°- LD)

B B b' b *
1 2 ab + ba
[—D 702(8.,1‘) + ) 720(8.. L)] [2_——811'1 T ]"‘

sin L 2

»* »*
s 1 { a[;ba10212(b’a’L) * 01a61221(b’a’L)]} 2L -D
m =
D
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B

2 4 (a,L) |21 22 2
702 bt 2 sin L sinL D2

o

»*
» * aoca Z (b,a,L)
ab + ba ]+ Im [ 1 1003 ] -3

and the third terms are zero because Xkl(l) = 0; using (53) we

have for j up to second order perturbation

H|>
L]

24 (L7 - aL®D 4 7 LDP) [g]z_
o D ap®

[
R
+
o

T
[o]

(67)

2 2
_ (3L% - 21D + 309 _TA__r_Mtgls:(M)z

D3 o D

In first order perturbation, the coherence length § and the phase

of the order parameter 6 are, according to (57) and (61)

AT 2mTn

£ 1 - % , 0(s) = eo(s) = - s

for the circulation of the total magnetic vector potential we have

r(a,s) = 7o(a.s)+72°(a.s)%yoz(a,smqs = [%‘L;g) ﬁ-:»%]s (69)

Remembering that the supercurrent velocity field is given by

_ de dy
q=g Eag + ag]

and using Egs. (68), (69) and (60) we have in first order
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perturbation

+ A9 (70)

ol
a

\S]
UI[“
o

Using Eqs. (66), (67) and (70) we can verify that, neglecting

powers higher than (At, A¢)2, the relation j = —q|f‘|2 holds'*!’.

Having calculated Jj, g and if|2 independently, this relation
proves the consistency of the perturbation expansion. Here we must
stress that at the phase boundary J is zero but q remains finite,
as shown by Egqs. (87) and (70).

For the free energy, using the formulas (A6) of Appendix III

and the coefficients R given in (64), we have up to second order

perturbation

2
: L |L {Ar] . 4 AT 4 2

D |
o

(o]

Agp -

2p° T LD To

(4]

_® - 2% + 5LD%) [A't]3+ (3L - 4L%p + oLp?) [A_'r]z

3 2 2
_2(3L 2L°D + 4LD") %E (Ap)2t §§(A¢)3 (71)

L%p? o D

Using the expressions (66), (67) and (71) it is possible to verify

that, neglecting powers higher than (AT, A¢)3, the relation‘'"’

A -
AG = - _EJ‘ |a[*av + §5 25 = - % [|f|4_ (L -D) J"‘] (72)
v

Lg?

holds, which 1links the equilibrium free energy to the order
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parameter and current density. As above, this relation verifies
the consistency of the perturbation expansion.

In Fig.7 we have compared our results given by the
perturbative equations (62), (63), (66), (67) and (71) with the
results obtained from the theory of Fink and Grunfeld(g) using
Eqs. (56), (58), (59) and the exact relation (72).

b) Superconducting ying-yang

The superconducting ying-yang is a particular case of the
Wheatstone bridge discussed in the literature(lk In the
linearized theory it is possible to analyze its solution from the
point of view of group theory. The balanced Wheatstone bridge is a
planar two loop network with point symmetry group D2h (see
Fig.8(a)) 1in absence of external magnetic field; when the
Wheatstone bridge is immersed in a magnetic field we must take
into account that H is a pseudovector and the system remains
invariant only wunder those point operations that leave ﬁ

(12)

invariant and the new point symmetry group is CZK In fact,

the only acceptable point groups for regular superconducting

networks are of the form Cs, Cc, Cnh and Sn in the Schénflles

n

12% Recent theoretical work on the second order phase

notation(
transition of regular infinite networks has 1invoked mirror
symmetries in p4gm and c2mm space groups to explain cusps in the

“3), but the pseudovector character of i prevents

phase boundary
such an explanation.

In the presence of a magnetic field the ying-yang and the
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balanced Wheatstone bridge -have the gsame symmetry C2h (see
Fig.8(b)). The ying-yang adds the advantage of equal length
branches to the equal area elementary loops already present. The
phase boundary is determined by two eigenvalues of the linearized
equations which cross one another as shown in Fig.9; each
eigenvalue correspoﬁds to different modes of the "zero" order
normalized order parameter Ao(s). The possible modes of Ao(s)
transform under symmetry operations as the irreducible
representations Ag (symmetric) or Bu (antisymmetric) of the space
point group C2h. The characteristic equation for the phase

boundary lines is

(73)

1 + 2 cos ¢0 ]

= +
cos L * [ 3

where L is the length of the branéhes (normalized by Eo) and ¢o is
the external magnet;c flux linked by one elementary loop (the ying
or the yang). The +(-) sign holds when the "winding number"” n for
the order parameter around the external ring is even (odd) as we
show in the inserts of Fig.9. From now on, the upper sign
corresponds to n even and the lower one to n odd.

The "zero" order perturbation mop is
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;-]
cos |5 - s
o B (n even)
f (1,5) = s 2 )
0 L
sin 5 " sl
(n odd)
sin E
2
for the central branch,
£ (1.s) = sin (L-s) + e '"sin s
o '8 sin L
for the right branch and
P 1¢0
sin (L-s) % e sin s

fo(l’s) = sin L

for the left branch. The corresponding normalized order parameter

is
—170(1,5)
Ao(s) = e fo(l,s)
where
¢_0 sin Z.E + glt_s_ (0 =g = I_‘.)
4n L L -2
7 (1,8) =4 ¢ ¢ ‘
o o] 0 2ns 2ns L
e )] e
for the central branch and
¢ s ¢ s
o o}
70(1’5) - T— ’ 70(1,5) = = T

for the right and left branches respectively. It is interesting to
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n
point out that I:Ao(s)]leﬂ = (-1) I:AO(I..-S)]Nght as we expect from
the C2h symmetry. The "zero" order current densities at node 1
are, for the central branch JOE 0, and for the right and left

branches
sin ¢o sin ¢0

= ¥ = +
Jo *Ssin L ? Jo ~ sin L

The first order perturbation coefficients (32) can be

calculated analytically; the results are

sin ¢o
B1 = 3L , 82 =F 4 s
29 3 (1%cosL)?
B°= - L - % ~~—~—"-"=" |(L-sin'L cos L)t 4(L £ sin L) cos L| , (74)
3 2 4 sin‘L

2 2
sin’¢ sin’¢
B2 = oaA_2 oL [ 8L 7] :

sinzL n sinaL

here A is the self-induction coefficient for the external loop of
the ying-yang, where the current circulates. The Ehrenfest-Keesom

equation (36) reads in this case

dL_ sin ¢0

d¢

= %
o sin L

win

and, when integrated, gives the characteristic equation (73). The
LCP can be found using the condition (48) with the coefficients

(74).
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Let us consider now the second order perturbation results.
The symmetry properties of the ying-yang imply that the equations
(14) are homogeneous to all perturbation orders, i.e.
nk1(1)=“§1(2)=0; obviously, from (22) we have Xkl(l) = xkl(2) = 0.
To calculate the second order perturbation coefficients we have
deviced a numerical routine that calculates the integrals of
Appendix III.We shall show the type of results obtained when we
apply the perturbation scheme to a ying-yang made of an extreme
Type 11 material, a case whose exact solution can be obtained from
numerical calculations(13) since self-induction effects are
negligible.

The coefficients |Ali1 in Eq. (52) for the nodes of the
ying-yang, the coefficients Jkl in Eq.(53) for the external
branches and the coefficients le in Eq. (54) for the whole
ying-yang, have been calculated for two values of ¢o (¢o= gg and

¢o= n) and for two modes of the normalized order parameter (n =0

and n = 1). The results can be summarized in the following table:
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Table I

Starting point 2n w .
(4,.L) [ 3 2] (m, 1.911)|(m, 1.231)
Mode n 0 1 0 1

ssziz?ﬁge;o?it Degenerate Unstable Stable

Y -0.817 | - 0.746 | - 0.507 | - 0.766
alZ, 0.606 | - 0.515 0 0
8|2, - 0.013 | - 0.256 0.188 | - 0.457
Jeo 0.528 | - 0.686 0 0
I ~0.118 | - 1.159 0.540 | - 0.844
Jos - 0.193 | - 0.724 0 0
Gey 3.683 | 3.756 2.887 2.933
G,, - 4.888 5.513 0 0
G,, 1.254 3.337 | - 1.088 1.688
Gy 0.257 0.966 0 0

These results and those corresponding to other values of ¢0
have been checked by comparison with exact calculations made by
Fink(14% as can be seen in Figs. 10 and 11. An interesting

feature of the behaviour of j as a function of A¢ at constant

temperature (At 0) for n = 0 is that, at ¢0 ~ 1.8, J°4= 0. Thus
J = j(A¢9) has no quadratic term (A¢)2; this means that at this
point in the phase boundary Jj grows into the superconductive

region without initial curvature. For ¢o values higher (lower)

/
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than 1.9 the initial curvature produces a higher (lower) current
density.

The point ¢°= n at  the phase boundary corresponds to one
fluxon linked by the external ring and the lowest free energy lis
associated with the mode n = 1. The results shown in Table I are
consistent with the expected physical behaviour of the network:
the supercurrent is zero on the line ¢ = ¢o= n where the external
magnetic field remains constant; the only way to have a current is
to change the external field and the temperature at the same time.
It should be noted that |f|2 depends quadratically on the external
flux change A¢; at constant temperature (At = 0) we have [f|2< 0
whatever the sign of A¢: the network goes into the normal state.

Finally, wusing Eq.(54) for the free energy and the
coefficients given in Table I, we have studied the stability line
separating both modes in the sﬁperconductive region. This line
begins at the point ¢o= §§E on the phase boundary and goes
initially parallel to the temperature axis; then it bends into
values of ¢° greater than §§E, as we have indicated in Fig.9.

IX - Conclusions and perspectives

In this paper we have shown how a consistent perturbation
scheme can be deviced to treat the superconductive phase of
micronetworks. The procedure can be extended to all orders in AT

and AH and applied to any type of network.

The complications of the algebra suggest however that beyond
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second order some other procedure should be applied if additional

physical properties of the networks are sought.

In this sense we feel that a variational approach of the kind
developed by Wang et al.(S), if self 1induction effects are
properly included, could be more adequate to describe the vortex
structure. In this particular aspect it would also be desirable to
have experimental results obtained through decoration techniques
to compare with.

The subject of this paper is relevant to the theory of high
Tc superconductors considered as granular systems, in which there
ijs an intrinsic network structure, with superconductive islands
interconnected via weak links. This would bring the theory back to
the original ideas of de Gennes and Alexander, who proposed their
theory as a model for heterogeneous superconductors.

A possible theory(ls) for granular high Tc superconductors
interprets the phase diagram of these materials using averaged GL
theories with renormalized coherence length and penetration depth.
This approach is succesful in describing the static properties of
the magnetic flux within the material. Recent experimental

& however show that such an approach cannot account,

r‘esults(1
neither qualitatively nor quantitatively, for the dissipative
effects caused by flux motion induced by a transport current. It

7 that both the depinning and the motion of

has been suggested(1
the vortices are related to the topological characteristics of the

intrinsic network, which are not included in an averaged theory.
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For this reason a possible extension of the work of this
paper is towards the inclusion of transport currents and a study
of the induced vortex movement. Work in that direction is in

progress.
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Appendix I: The I matrix

To second order the matrix qu(a,s) which appears in Section II,

Eq. (6), is given by

r q—
Pa 0 1 2 3 4
2
io 1 0 i 0 1y - 02
702 704 2
1 0 i3(11 0 ) 1713—711702
2 i 0 iy - St
720 722 720702 2
3 0 . 1731-?20711
Y
20
4 i")(40 2

It is possible to reduce this matrix further by taking into
account that the normalization conditions (16) imply A 0 for k

(or 1) odd.
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Appendix II: Second order perturbation. formalism

In this Appendix we will use the notation fo(a,O) = a,
f‘o(a,L)E b and fo(a,O) = a in order to méke the formulation short
and clear.

The general explicit form of fkl(a,s) for a branch is

_ sin (L-s)
fkl(a’S) = ocklfo(a,s) [zkl(a’b’s)+ a Xkl(a)]m—
(A1)
sin s
—{Zkl(b,a,L—s)+ b [Xkl(b)— Ykl(a,b,L)]} sin s
In second order perturbation (k1 = 30, 21, 12, 03) we have
Yso(a’b'L) =i aloyzo(a,L) , Yzl(a,b,L) =i a01720(a,L)
le(a,b,L) =i “10702(a'L) , Yos(a’b’L) =i a01702(a,L)
and
8 ™ 8
z (abs) = —50 Ly [aj |£51%s” - o[ |fo|2f2ds.’]'—
(ab - ba ) 0 ) 0
(A2)
s 2 ™ 5 2
-V [af|f |%ds’ —aJ'fds']
k1 o 0
0 )
where
= B_l = i o U = Bz U = B2
30 D 10 °’ 21 D o1’ 12 D %o o3 D %o1
s a1° ? V21 = %o ’ V12 = vos =0
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2
The coefficients |A|il in expression (52) for |A|%= |f]
obtained using the expansion Eq.(3) and the
normalization relations (55):
a2 = o T+t
40 ol'10 "30 10 30
2 i . » 3 »
[A]Z =o |f £ _+f + o |f + f
22 ol 10 "12 10 12 1{701 21 01 21
2 r . 9
[A] o |f + f
04 1 o1 “o3 01 03
1%, = |a]5, =0
31 13
For the current density coefficients Jklin (53),

second

2
are

order

(A3)

using

Eq. (24) and the previously obtained expressions (Al) for fkl(a,s)

we obtain

» »
J:a—aa*+a‘a —?_1.‘]-5_ (aL)?.'.?_tP.a_
40 ol 10 30 10 30 2D|Yo D 720 i 2 sin L

»*
acrx. 2 (b,a,l)
0 10730
+ Im +
[ sin L ]}

L R
_ab Xso(b)
sin L

»*  *x
+ Inm {? o [a X (a)(a + a cot L)
0 10 30

» * »* * 2
j = ol ax +a « + 0 |l o + o o - == -
J22 0o}l 10 12 10 12 1l 01 21 01 21 2D Jo
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B1 Bz (a.L) ab*+ba + (A4)
_{[-ﬁ Yoa (2Lt 5 750 & 2sinL

» »*
.1 [Goa1oz12(b’a’L) + 01a01221(b,a,L)] .
m sin L
*  »*
+ 1 l‘FX"E (a)(a + a cot L) —w +
m 00“10 a 12 sin L

L R
. n ab X21(b)
+ o [a le(a)(a + acot L) - —=Inl ]}

*

I
= TR PR G RV the- W [
Jo4_ 0'1 aox“oa aox o3|vo D 702 ! 2 sin L

*
ac a2 (b,a,L)
1 01 03
+ Im +
[ sin L ]}

»* W
. * ab X (b)
+ Im {0‘1&01 [a Xoa(a)(a + a cot L) —T ]}

where Zkl(b,a,L) is given by (A2) with the adequate values of the
variables. All the quantities in this Appendix can be calculated

from the "zero" and the first order perturbation results, with the

, o, o and «

exception of the linear combinations for «
21 12 03

30

which we can know from Appendix III.
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Appendix III: Second order perturbation coefficients

In this Appendix we will use the same notation as in Appendix

II. The second order normalization relations (55) can be

explicitly written in the form

. . cC. BcC B
1 178 178
O % %0 ¥ %o%) T T T T T T 3
D D D
» »* »* *
o (o o +a a )+ o (o a +a o ) =0
0 01 30 10 21 110 21 01 30
» » »* *»*
o (a10a12+ a10a12) + 0 (a01a21+ a01a21)— (A5)
C (BC +BC ) 2B B C
- _ 2 _ 15 2°a _ 17276
D D? D>
» ) * »
o, (. « + a o )+ o, (¢ +a o )=20
10 03 01 12 01 12 10 03
2
* b Cs Bzcs Bzce
o (a01a03 * ao1a03) =TT T T T 3
D D D
where
R R
C=B+_1 C_ =B + R C=_§.
1 1 2 ! 2 2 2 ' 3 2 ’
S
C =2R + — R , C =2R + — R ,
Iy 2 5 7
K K
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o o]
1]

»* »*
(N1+ N1) + (N2+ N2) - N3— N4

B
R2 = 1[N5 - (NS— Ns)]
R =N
3 7
» S - * *
R4 - Ne+ (Ne+ NQ) - (N10+ N10) - (N11+ N11) * (N12+ N12)

x
]

*
iEN - (N~ N )]
5 13 14 14

*
= - 1&4 - (N, - N )]
6 15 16 18

o]
|

N
7 17

* *
(N +N )+ (N +N )-N -N
18 18 18 18 2

(o] 21
»*
- 1[N - (N-N )]
9 22 23 23

o]
[

oo}
1]

N
10 24

and

Lg o

sin LB * - ‘
N1=Z[a - —;} J [%0 (a,s)fo(a,s’)ds’ds
B oo

L B
a b sin LB o -
N=2 ———Tdes |f |“ds
o °
o o

* 2
g (ab - ba )

B

»* * 2
(ab +ba )sin LB ”
N= Z ¥ * 2 Jlfol ds
g (ab - ba ) o
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L

» »* 3
(ab +ba )sin L
8 Jf

2
ds
(o}

3 *2
(ab - ba ) o |
L

B

w:w(aL)Jlst
ab - ba

(o)
L

» , B
r.(a,L)]| £2 ds
[ab - ba'] B J 0

(o]

W~

B
| L
(ab + ba ) sin Ly B B
= Z % ¥ 5 Jlfoizds J|f0|4ds
(ab - ba )
B 0 0
L L
a'b sin Lg B B
N8= Z * 2 J|f°|2ds Jlf |2f2 ds
(ab - ba ) o' o
B o )
L L
a b sin Ly g B
M= T s Jfo Ju s
(ab - ba )
B 0 )
L
sin LB B s - .
N11=X [ab*— ba*]J Jlfo(a’S)l £, (a,S)-fo(a,s’)ds’ds
B o070
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Nis = Zm

*b# B
_ 1 a 2
No = 3n [ * ‘] U f‘o dS]JoB’KBB”

» »*
_ ab + ba 4
R o M (R
B 0
. ‘8
_ ab 2.2
e R IR
B o

»

- ab + ba
N2 = 21tz [ sin L ] (a, LB)JOB 8B’

B
L
sin LB B s - " .
N18=Z [ab’— ba*],[ J|fo(a,s)| £, (a.s)lfo(a.s’)l f (a,s’) ds’ds
B 0o
L L
a.b.sin L’3 B s 2 .
o 22 — J|f0| £2ds||||f,]" ds
8 (ab - ba ) o o
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»* »* - 2
(ab + ba ) sin LB .
N_ = — If |* ds
20 (ab - ba )2 °
B ~ 0
» » LB
(ab +ba )sin LB 2
N, =) s |£ |%62 ds
2 (ab - ba )2 o0
B 0

1 b# b * g
ab + ba 4
Ny, = 5% L [——*] U I, dS]JoB’KBB’

b - b
BB, ab - ba o
1 "o &
_ a 2.2
N23 = 2'_1[ Z [—abl_ bai] [J’ Ifol fo dS]JOB, KBB)
BB’ 0
1 b+ ba
_ ab + ba
2 2 ) [sin Ly ]‘joB' Jog Xgg* Kgp
BB)B"

The coefficients le in the expression

written as

can now

BC BC B3C
11 1 4 1 6
= <+ +
60 D 2p° 3p°
(BC +BC) (BC +2BBC)
G = 1 2 21 + 15 1 2 4
42 D 2D2
(BC_ + BC) (B +2BBC)
2 2 13 2 4 1 265
G24= + 2
‘D 2D
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Fig. 1:
Fig. 2:
Fig. 3:
Fig. 4:
Fig. 5:
Fig. 6:

Figure captions

Branch ab of length L and érc s used in the definition of
the modified order parameter f(a,s) from the normalized
order parameter A(s).

Branches abland a'b’ of the network and geometry used in
the calculation of the self and mutual induction effects.
Portion of the phase diagram indicating normal (N) and
superconductive (S) regions. A point like P in region S
can be reached from a point A at the phase transition line
through increments AtA in the reduced temperature and A¢A
in flux or from point B through increments ATB and A¢B.
Instabilities of the order parameter and free energy near
a Landau Critical Point. The LCP is given by the condition
D=0 (see text). At(+) means a positive temperature
change from the phase boundary.

Geometry used to evaluate the LCP of a hollow cylinder,
for which exact results are compared with perturbation
results.

Phase diagram in the variables ¢ = (Lcmw/E(O))VT—:ﬁf7ﬂa
¢/ 2n = ¢conv/°o for "a bare ring. The inserts show the
behaviour of the normalized order parameter around the
ring for the modes n=0 and n = 1. The phase Iis
represented by the angle between the arrow and the

vertical axis.



Fig. 7:
Fig. 8:
Fig. 9:
Fig.10:

Comparison of exact and perturbation theory results for a
bare ring. (a), (b) and (c) show the variations of
normalized order parameter |A|2, current density Jj and
free energy AG/L at constant temperature as a function of
flux. The insert in (a) shows the path followed in the
phase diagram. (d), (e) and (f) correspond to the same

quantities at constant flux and as a function of the

T-T
variable é = /_T::—T—; the insert in (d) shows the path
c [0} .
in the phase diagram. In these plots n =0, k = 1/v2, and
D = 0.9mn, ¢o= n for (a), (b) and (c), and D = 0.4875 =,

¢o= n/2 for (d), (e) and (f). In all cases the solid lines
are the exact results of Ref.(8), the dashed lines are
first order and the dotted lines are second order.

Shown are (a) the balanced Wheatstone bridge and (b) the
ying-yang.

Phase diagram for the ying-yang. The inserts show the
behaviour of the nbrmalized order parameter along the
branches for the modes n =0, n=1 and n = 2; the
external ring and the central branch are shown separately
for the sake of clarity. For n = 1 the central branch has
a phase flip center with zero order parameter. Notice that
for n even the twisting of the phase at the central point
increases with n.

Comparison of exact and perturbation theory results for

the ying-yang at fixed temperature. (a) Plot of the
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Fig.11:

current der}sity versus applied flux for the mode n = 0.
(b) Same plot as above for n = 1. The solid lines are the
exact results of Fink; the dashed lines and the dotted
lines are first and second order perturbation results
respectively. The inserts show the paths in the phase
diagram. In these plots the starting point is at ¢o= 23_11

Comparison of exact and perturbation theory results for
the ying-yang at fixed magnetic field. (a) Plot of the

¢ T T
current density versus -~ = ————— for the mode n = 0.

T-T
]

c

-

(b) Same plot as above for n = 1. The solid lines are the
exact results of Fink; the dashed lines and the dotted
lines are first and second order perturbation results
respectively. The inserts show the paths in the phase
diagram. In these plots ¢°= 1.78 for (a) and ¢o= 2.47 for

(b).
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