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T h e general theory of s ta tion ary  beam s of prescribed shape is developed tak ing in to  accou nt th e  electro- 

s ta tic  in teraction  betw een  th e  particles. T h e  H am ilton-Jacob i equation , expressed in  a particu lar system  
of coord inates, a llow s th e  determ ination  of th e  poten tia l d istribu tion  inside th e beam . C om p atib ility  condi- 
tion s for th e eq u ation s are obtained , as w ell as a general rule for th e  determ ination  o f th e  feasib ility  of 
arbitrarily  chosen  trajeclories. A theoretical expression results for th e proportionality  coefficient k in  C hild ’s 
lavv (J  =  k I ’!) w hich  relates current d e n s ity  J  w ith  Ihe poten tia l difference V betw een electrodes. T h e  theory  
w as app lied to th e particular case  of a p lañe beam  w ith  hyperbolic boundaries. T h e  beam  w as experim entally  
reproduced, provid ing valúes for k in c ióse agreem ent w ith  th e theoretical ones.

IN T R O D U C T IO N

TH E effects of space charge on electrón or ion 
beams have not been exactly calculated except 

for simple cases.1-3 Assuming rectilinear motion, 
Pierce4 obtained the potential distributions for beams 
bounded in space and was able to find by analytical 
means, or with the aid of an electrolytic trough, the 
equipotential surfaces in the región devoid of space 
charge. This means, in effect, that an assumption must 
be made about the shape of a beam to obtain the elec­
trodes which produce it. A noniterative method® has 
also been described to plot equipotentials in cases of 
axial symmetry.

Spangenberg6 has pointed out the importance of the 
action function to obtain a general equation for three- 
dimensional beams. I t  is, in vector form,

V-(VW-VW0 =  0, (1)

where W  is the action function (Hamilton’s character- 
istic function). However, Spangenberg was unable to 
solve cases other than the one-dimensional (rectilinear) 
one. Expansión of the vector operators for the *, y 
coordinates provides a 22-term fourth order, third 
degree partial difieren tial equations.

We shall presently show how Eq. (1) can be generally 
solved, and how, a t least in principie, the potential 
distribution inside the beam can be found once the 
shape of the beam is assumed to be known. This means 
tha t certain trajectories (subject to conditions which 
will be derived later on) are imposed, as Pierce did in 
the particular rectilinear case. Knowledge of the inside 
potential then allows the determination of the external 
electrodes. Thus, the production of beams of any 
(allowed) shape can be considered as a theoretically

* B ased  on a th esis su b m itted  to  th e  U niversidad N acion a l de  
La P la ta  in  partia l fu lfillm ent of th e  requirem ents for th e  degree  
of D octor  in P h ysica l Sciences.

1 C. E . F a y , A . L. Sam uel, and  W . Sh ock ley , B ell S ystem  T ech . 
J. 17, 49 (1938).

2 1. L angm uir and K . B lo d g ett, P h ys. R ev . 22, 374 (1923).
3 1. L angm uir and K . B lod gett, P h ys. R ev . 24, 49 (1924).
4 J . R . P ierce, J . A ppl. P h y s. 11, 548 (1940).
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solved problem, but may still remain as a mathematical 
and technical difficulty.

In  what follows we shall treat only electrostatic 
interactions, neglecting relativistic effects7 such as the 
magnetic forcé exerted by the beam on itself.

T H E  E L E C T R O S T A T IC  P O T E N T IA L  
I N S I D E  T H E  B E A M

We impose a certain family of curves as the possible 
paths of the particles in the beam. Each of these curves 
is given by two equations

g(x,y,z) = r¡ (2a)

h(x,y,z) = {. (2b)

The variation of the parameters 77 and f  describes the 
whole family. Now suppose that g(x,y,2) and h(x,y,z) 
are such that we can form an orthongonal system of 
coordinates (£,?),<T) with £ = /(x ,y ,z ); in which, obviously, 
a trajectory is defined by

?j =  const, (3a)

j'=const, (3b)

and f(x,y,z) is found from the requirement that 
£=const is the equation for the orthogonal surfaces to 
the family of curves. In this coordínate system, (1) 17 
and f  are constants of the motion and (2) the corre- 
sponding conjúgate momenta are cyclic variables in 
the Hamiltonian of a particle. The Hamilton-Jacobi 
equation for such a particle should be written

H(t,r,¿,dW/d!¡) = E, (4)

where E  is the total energy of the particle. The action 
function depends only on the coordínate £. This is 
another way of stating the well-known fact tha t the 
surfaces W/ = const are normal to the trajectory of the 
particle.

Let dsi= hi1d^‘-\-hidr¡i-\-h¿d^  be the line element in 
our coordínate system. The kinetic energy of a particle 
moving along the coordínate line £ is

T=%pi/m hi2,
7 R . D . F ow ler and G. E . G ibson, P h y s. R ev . 46, 1083 (1934).



where p  is the conjúgate momentum to the coordínate £. 
We can write explicitly, instead of Eq. (4),

q<P+(\/2mhí*)(dW/#)*=£■, (5)

in which <p is the electrostatic potential; q and m, the 
charge and mass of the particles. I t  can be assumed 
without restriction tha t E =  0, and then

<P= - W ,  (6 )

where $ =  (l/2qm)(dW/d£)2 depends only on £.
We have thus reduced the problem of finding the electro­

static potential to that of calculating a funclion  í> of only 
one variable £. In  order to do this, let us apply the 
Laplacian operator to both members of Eq. (6). From 
Poisson’s equation

V ^ - W )  =  - / /» € „ . (7)

We are using the mks system throughout this paper. 
J  is the current density and v the velocity of the 
particles. But

v=  (1 /m )V W  (8a)
and

v= (l/mhi) (dW/d¡;) =  (l//«i)[[(2<?/w)(í\]i. (8b) 

Therefore,

/ =  e0[(2 9/w )$ ]H lA 1)V2(í>Ai2). (9)

The fact tha t V-J =  0 in the steady State can be ex- 
pressed as

( a / a ¿ ) [ ^ 3(‘i>iA i)v 2($ A i2) ] = o  (io)

because the only component different from zero in J 
is in the direction of £. Equation (10) is essentially 
the same as Eq. (1), and has been obtained by similar 
steps. However, our particular choice of coordínate 
system enables us not only to express it directly in 
scalar form but to proceed immediately to a first 
integration,

($y¿i)V 2($//*i2) = K (n ,t) /h ,h3. (11)

The function i?(??,f) results from the partial integra­
tion of Eq. (10). Equation (9) shows its physical 
m eaning: the right-hand member of Eq. (11) is propor- 
tional to the current density J.

When the Laplacian operator in E q .( ll)  is expanded, 
one obtains

V2($/Ax2) =  (1 /V )V 2$+2V (1/A 12) ■ V$+-Í>V2(1/A12), 

where, in turn

V2$ =  (1 /*!*,*,) ( d /a { ) [ (W A i)* '] ,
and

2 ví> • v  ( i / w )  =  (2/ h s w  (a /a i)  (i A i2) = $ ' (a/a?) (i / h f i .

£. These expressions result in

When this equation is placed in Eq. (11), the latter is 
transformed into

$ i [ ( a /a 0 ( ^ $ ,) + ^ ] = ^ ( ’?,r); (12)

where the functions A  and B  are given by

A = h h / h 16 (13a)

5 = ( W 3A i)V 2( l//n 2). (13b)

C O M P A T IB IL IT Y  A N D  S O L U T IO N  O F  T H E  
F U N D A M E N T A L  E Q U A T IO N

We have now derived a differential equation [Eq. 
(12)]  with two unknown functions in which $  depends 
only on £; and K,  on the two other coordinates. The 
fact tha t the left-hand member of Eq. (12) depends 
upon the three coordinates and the right-hand one, 
upon only two, indicates a priori that the functions A  
and B  cannot be arbitrarily chosen; tha t is, certain 
conditions must hold for the allowed trajectories (which 
ultimately determine the h¿s and thus, A  and B).

We shall now show how these “compatibility condi­
tions” can be obtained and provide the solution for <3?. 
For the sake of brevity in our formulas we shall derive 
them for a two-dimensional case with coordinates 
(£,?}). The extensión to three dimensions is immediate.

I t  is easily shown that Eq. (12) is equivalent to a 
system of first-order partial differential equations. In 
fact, defining a new function by i '  =  yl4>', the system is

(14a)

dM/dZ=(K/&)-B<i>  (14b)

dK /d£=  0 (14c)

a$/a7) =  0. (14d)

From these equations, the following two can be derived:

d ^ /d r¡= ^d  lnA/d-q, (14e)

dK r / d 2\ n A \  / K  \ainL 4 
— =  ( -------- W + ( -------)---------------— k>K (14f)
dr] LV d!-dr] /  Ví»4 / d i )  dt] J

Equations (14) allow us to write the total differentials 
of the functions \Ef, $  and K,

The primes denote total differentiation with respect to cÑ> = [_(K/&) - m>2d%+y(d \nA/dr))dv (15a)



d2 lnA

(15b)

d K = &
d lrii4 dB

dr¡. (15c)

d2 ln/1 * 2 a2 ln.4

+^4> 3-

d¡;dr¡ A d^dr¡ 

(dB/drj) — B(d ]nA/drj) d3 \n A '

A

/  d2B
+ 2$2( -------

\d^dT¡ d£

d?dr¡ 

dB d ln/1

d-q
) - a (16)

can now write instead of Eq. (16), that

$ '/ $ =  - f ( 3 / a ¿ )  \n [_ (d B /d r ,) -B Y '/Y J (17)

d£d?7 '  <í>5 /  dr¡ dt]

Now the necessary and suflicient condition for an 
expression

f(Z,'n,w)d£+g(Z,ii,w)dri 

to be an exact differential du¡ is that

(d f/d r ¡)  +  (df/d<a)g =  (d g /d £ )+  (dg/  d u ) f .

If similar conditions hold identically for the differ­
ential coefficients in the right-hand members of Eqs. 
(15) once the derivatives of the functions are replaced 
by its expressions given by the system (14), this system 
will be compatible. Accordingly, the restrictions on the 
functions A and B  shall be found.

The integrability conditions, when applied to Eqs. 
(15), provide identities except for Eq. (15c). In  this 
case one obtains, after some algebraic manipulations,

This equation has meaning only if the right-hand 
member is a function of the single variable £. In such 
a case, Eq. (17) can be immediately integrated, yielding

$ = $ „ [ / .( ? ) ] - ’. (18) 

Here $0 is a constant and L(¡;) appears in

(d/d,,)(B/V) = L a )M (v ) ,  (19)

the necessary condition, with M(tj) an arbitrary func­
tion, in order tha t the right-hand member of Eq. (17) 
depend only on t¡. Conversely, if Eq. (19) holds, the 
compatibility of our system is assured with the solu- 
tion (18).

Suppose now d2 \nA/d^dr¡^0.  We can elimínate K  
between Eqs. (16) and (14b) and form a new system 
with only two unknown functions, <i> and M',

d$ /d i;= * /A  

d’b/dt] =  0 

d*  

a?

(20a)

(20b)

\j/2 v|,

x -

4A $  4 A

3|\(dB/dt]) —B(d \nA/dr¡)~]-\-2A(d3 XnA/d^dii) 

(d2 InA/d^dt]) 

í> (d2B¡d¡¡dt]) — (d B /ó£) (d InA/drj) |

2 (d2 lnA/d&ri)  I
If we let d2 lnA/d¡;dri = 0, then A can be written as the 

product of two functions

A = X ( 0 Y ( V).

Also, if the definition of 'b is taken into account, we

3'í,/d7) =  'I'(d lnA/dt¡),

(20c)

(20d)

to which similar integrability conditions can be applied. 
We obtain, after some tedious but straightforward 
algebra, the condition that

d 2B  d B  d \nA d 2B  d B  d ln_4'

di-dt] dt¡ dt¡ d \nA d d^di) d£  dr¡

( d 2 InA /d^dt])  dt] dv . ( d 2 \n A /d !¡d v ) . _

d

dt]

/ dB d \nA \ d3 ln^
3 ( ------ B-------- J +  2A-

'  dt¡ dt] d^2dt¡

(32 In A /d t f v )

/ dB d lnyl \  d3 lrt4
3 1 ------ B -------- ) + 2 A ----------

'  dt] dt] /  d^dt] d lm4 d2 ln^4
-------------------------------------------------- +4rA--------

(d2 lnA/d¡¡dt]) dt] d¡¡dr¡

- = FU) (21)

must be a function of the only variable £. In such a 
case <3? satisfies the differential equation

* 7 * = F ( Í )  (22)

with the general solution

(23)

C H IL D ’S  L A W

The dependence of current density on the three- 
halves power of the potential difference between elec- 
trodes is one of the well-established facts of space- 
charge flow of any type. I t  was derived theoretically 
by Child8 for rectilinear flow between parallel plañe

where $0 is an arbitrary constant. 8 C. D . C hild , P h ys. R ev . 23 , 492 (1911).



electrodes. I t  will be shown how the expressions obtained 
indícate its general validity, and how the proportionality 
coefficient depends upon the particular shape of the 
beara. In  fact, replacement of (23) in (12) gives

from Eq. (6)

dA
K = $ M f,í{Qii\ A { F '+ F ^ + F ----- b B

L as

/ =  ío(2?/»)*(Ai*/A*A3)|>1 (F'+F*)
+ F (& 4 /3 { )+ £ > * . (25)

xy=r¡, (26)

where ri is a constant for each trajectory. The family of 
orthogonal trajectories is given by the equation

%(x2— y2) — %= const. (27)

In  the coordínate system |,  r;, the metric coefficients 
are

h i =  h¿-= (*2+ y 2)_1= 5 ( í2+í?2)_ ’ and hz= \.

Formulas (13) now give

A =  4 ( ? + v2); B = 4

and Eq. (21) shows immediately tha t /'’(£) =  0. Then, 
by Eq. (23),

$ = $ o  =  const.

For the potential distribution inside the beam, we have

>p= —í> o (» 2+ 3 ' 2) =  — í ’o''2. (28)

(24)

The constant $0 is negative for electrons. In  Eq. (28), 
r is the distance from the z axis to the point under 
under considera tion. The equipo ten tials are concentric 
cylinders.

According to Eq. (25), the current density is

Equation (24) together with (6) and the aforementioned 
meaning of K, gives for the current density in the three- 
dimensional case

J=4:to(2q/m)l( <pi/r*). (29)

The metric coefficients, as well as the whole expres- 
sion in square brackets appearing in Eq. (25), depend 
only on the geometry of the coordinate system in use, 
that is, on the shape of the beam. If <p is the potential 
difference between electrodes, Eq. (25) allows the 
determination of the proportionality coefficient be­
tween the current density and the three-halves power 
of the accelerating potential.

Unfortunately, the validity of Eq. (25) cannot be 
checked against the already known solutions of recti- 
linear motion between parallel plañe electrodes, con­
centric cylinders, and concentric spheres. In  fact, Eq. 
(16) holds identically for such cases, and the function 
F(¡f) cannot be calculated. On the other hand, one 
obtains from Eq. (12) the already known equations for 
the potential.

For the foregoing reasons, the theory was applied to 
a particular case with the view of its experimental 
reproduction.

P O T E N T IA L  D IS T R I B U T I O N  F O R  A  
P A R T IC U L A R  B E A M

Let us consider an electrón beam with hyperbolic 
paths. The beam is supposed unbounded in the z direc- 
tion. The equation for the trajectories is

To obtain it in vector form we first calcúlate the 
charge density p from Eq. (28) by application of the 
Laplacian operator

p=4eo‘3?o- (30)

The action function W  follows from the definition of 
$  by integration

W =  (2gw$o)ií+ co n st,

and because of Eqs. (8a) and (27) the velocity is given 
by

v=  (2$<í>o/w)*(:ñ—y)). (31)

Multiplication of (30) and (31) gives

J = pv=4e<fi<¡i (2g/m)i (xi—y)). (32)

Now suppose our beam is not unbounded in the x, y 
plañe, but is limited by the hyperbolic cylinders xy = \  
and x y = —\  and the plañe x = 0 . This is shown by the 
dotted curves of Fig. 1. In  such a case the total current 
(per unit length in the z direction) is

f X/rr
/zdy =  8 eô o* (2?/w) .

■X/z
(33)

In  the case illustrated in Fig. 2, the lower limit of 
integration must be 0, and we have

X ¡ x

1= f  J xdy = 4eo(f>o*(2q/m)i\ .  (34)

F i g . 1. B eam  shape and electrical connections in th e  first 
experim ent perform ed. T h e  d o tted  curves show  predicted  beam  
lim its. A i, Á 2 , and C are h igh -ten sion  electrodes. R , electrón  
reflectors. F , íilam en ts. T , grounded electrode.
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F ig . 2. B eam  shape and electrical connections in th e  second  
experim ent perform ed. T h e  d o tted  curves show  predicted  beam  
lim its. A i and  A 2 are h igh -tension  electrodes. P , collector p íate. 
R  and R ', e lectrón reflectors. F , filam ent. T ', low -ten sion  elec- 
trode. E , in term ediate-tension  electrode.

E L E C T R O D E  A R R A N G E M E N T

The electrodes producing our particular beam must 
be equipotential surfaces in the región outside the beam.

The mathematical problem involved is then the solution 
of Laplace’s equation for the potential. The boundary 
conditions result from continuity of the potential and 
its normal derivative; this last requirement is a con- 
sequence of the fact that the centrifugal forcé on an 
electrón depends only upon the velocity and the curva- 
ture of the path, irrespective of whether it is a boundary 
or an internal one.

Let us define now

u=  £ V =  r¡ —  \

«Til*-- 4

The región devoid of charge corresponds to the half- 
plane d> 0 in the complex plañe w. The solution of 
Laplace’s equation is then9

<p («,») =  Re <p0 (w)+ Im  f  iV0(f)¿? (35)
•'O

with the following boundary conditions:

<Po ( « )  =  <p (u, 0 )  =  — 2<l>o (w2+X2) * (36a)

No(u) = d<p/dv]v=o= -2$oX/(m2+X2)*. (36b)

Expressions (35) and (36) allow the calculation of the 
function <p.

v = - 2 $ 0 1 M [{  (M2+X2- f 2)2+ 4 « V }i+ (M 2+X2- » 2)]>

d+  (1/V2)[{ (w2+X2—d2)2+4mV}*— (m2+X2—z)2)1s
+ X tg - 1-------------------------------------------------------------------- 1. (37)

u +  (1 M )[{  (m2+X 2- j ; 2)2+4m V}1+(m 24-X2-!)2)] í

We have thus obtained the potential distribution for 
the región devoid of charge of the first quadrant in the 
x, y plañe. For a beam like the one illustrated in Fig. 1, 
it is evident from symmetry arguments th a t the same 
distribution holds in the fourth quadrant. The boundary 
conditions for the other two quadrants are

¡Po{y) = — ívy2
No (y) = d < p / = 0,

and we obtain for the potential

‘p {x,y) =  R z ‘p o {y + ix )  =  — <t>o (y2—x2).

The equipotentials are equilateral hyperbolas, whose 
asymptotes correspond to the equipotential <p— 0 .

A similar argument holds for the fourth quadrant in 
the case of Fig. 2. The potential is

<?=—$  o(.t2—y2).

We have still to plot the equipotential surfaces corre- 
sponding to (37). We shall obtain a parametric repre- 
sentation of them. The parameter vvill be

«  =  t g - ‘
i>+(1/V2){[(m2+X2—zj2)2+4w V ]*— (m2+X2—jj2)}* 

w+ ( 1 M ) { [ ( w2+ X 2- k2) 2+ 4 mV ] H - ( m2+ X 2- zj2) } í '
(38)

If we express the potential as 

<p=

with \¡/ a dimensionless variable, and then multiply (37) 
and iga [^given by (38)], we obtain the parametric 
equation for v

v= \(4 '—a) tga. (39)

Similarly, the parametric expression for u  is given by

u=  ± X [(^ —a)2—cos2aQ'. (40)

I t  is easily seen that if i/ ' ^ tt/ 2 and 0 ^ a ^ ? r /2
if xl/>ir/2. Moreover 1. The justification for the

9 P . M . M orse and H . Feshbach , M ethods o f Theorelical P h ysics  
(M cG raw -H ill Book C om pan y, In c ., N ew  Y ork, 1953), V ol. 1, 
p. 689.



(a)

(b)

F ig . 3. E lectrod e arrangem ents. (a ) First experim ent, corre- 
sponding to  F ig . 1. (b ) Second experim ent, corresponding to  
F'ig. 2. In case (b), th e crysta l p la tes w ere taken off before  
photographing.

additional electrode E of Fig. 2, corresponding to 
\p=ir/2, arises from the fact that when a varies from 
0 to 7r /2, v varies from 0 to ®, unless \p=ir/2. In  that 
case u  0 when a —> 7r/2, and v can be made to tend 
to any valué from X to infinity when *p approaches tt/2

from the right. The electrode E corresponds then to 
the conditions í< =  0 , X ^ » <  =o, \p = ir/2.

E X P E R IM E N T A L  C H E C K  O F  T H E  T H E O R Y

Two experiments were performed corresponding to 
predicted beam limits as shown by the dotted curves of 
Figs. 1 and 2. The equipotentials w'ere plotted from 
the above formulas. The electrodes Ai, A2 and C corre- 
spond to the distance r = 5 c m  from the origin. The 
particular choice X=1 cm! allows the delermination of 
\p according to its definition and Eq. (28)

iA=r2/ (  2X) =  12.5.

Through slits 3.2 cm high and 2 mm wide, a beam 3.2 
cm high (in the z direction) was produced by collimating 
the electrons from thoriated-tungsten filaments F in 
Figs. 1 and 2. In order to reduce edge effects the beam 
was made to flow between two parallel crystal piales; 
their job was to become electrically charged until they 
were able to repel any electrón tending Lo deviate from 
the plañe path. These piales as well as the electrode 
arrangements of both experiments can be seen in the 
photographs of Fig. 3.

In the first experiment U-shaped, negative electrodes 
(R in Fig. 1) surrounded the filaments, and were used 
as electrón refiectors. By properly adjusting the poten- 
tial of the electrodes, it was possible (1) to reduce to a 
mínimum the currents to Ai and A2 and (2) to obtain a 
cióse agreement between experimental and theoretical 
valúes of current in C for one valué of the potential in 
electrodes Ai, A2 and C. From then on the tensión in 
R remained fixed and the accordance was conserved for 
other valúes of tensión in Ai, A2, C. Variation of the 
300 kíí resistance connected to the grounded electrode 
T  produced no change in the collected current, showing 
that no measurable current was flowing through it. Of 
course, a complete proof of the theory could only be 
achieved if it could be known that the electrons escaping 
from the slits in Ai and A2 liad not only the correct 
magnitude of the velocity but also the proper direction. 
Nevertheless, the very fact that the expected current 
was obtained is a qualitative verification of the theory. 
Moreover, Eq. (25) is verified by the calculation of a 
least-square valué of //V*

(7 /F ,)axP=  (11.2=h0 .1)X  10_7am p/ (v)V

This can be compared with the theoretical valué ob­
tained from Eq. (33),

( / / F i)thoor= 10.76X 10- 7 am p/(v )!.

The deviation observed can be ascribed to : (1) edge 
effects not completely removed by the crystal plates; 
(2) unavoidable mechanical misalignments; (3) the 
fixed tensión of R producing a different over-all effect 
for different valúes of tensión in A! and A2.

The second experiment, schematically shown in 
Fig. 2, was designed to obtain information also about



the sha-pe of the beam. This was done by collecting a 
considerable fraction of the beam in a píate (P on Fig. 2) 
after the slit of A2. To obtain a differential effect on the 
beam, variable with the total current emitted by the 
filament, the reflectors R were replaced by two plates 
R and R ', connected as shown in Fig. 2. From the 
experimental results the following valué has been 
obtained:

( / / F 5)exp=  (5.5±0.2)X 10~7 a m p /(v ) l 

This is in cióse agreement with

( / / F ^ ) th e o r = 5 .3 8 X 1 0 - 7 amp/(v)*.

A further evidence of the correctness of the theory 
is derived from the large fraction (30%) of the total 
current emitted from the slit in Ai collected in the 
electrode P ; moreover, less than 0.2% of that current 
reached the electrode E. I t  was, therefore, concluded 
tha t the shape of the beam was very cióse to the pre- 
dicted one.
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