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The general theory of stationary beams of prescribed shape is developed taking into account the electro-
static interaction between the particles. The Hamilton-Jacobi equation, expressed in a particular system
of coordinates, allows the determination of the potential distribution inside the beam. Compatibility condi-
tions for the equations are obtained, as well as a general rule for the determination of the feasibility of
arbitrarily chosen trajectories. A theoretical expression results for the proportionality coefficient % in Child’s
law (J=£kV1) which relates current density J with the potential difference V between electrodes. The theory
was applied to the particular case of a plane beam with hyperbolic boundaries. The beam was experimentally
reproduced, providing values for k in close agreement with the theoretical ones.

INTRODUCTION

HE effects of space charge on electron or ion

beams have not been exactly calculated except
for simple cases.)® Assuming rectilinear motion,
Pierce! obtained the potential distributions for beams
bounded in space and was able to find by analytical
means, or with the aid of an electrolytic trough, the
equipotential surfaces in the region devoid of space
charge. This means, in effect, that an assumption must
be made about the shape of a beam to obtain the elec-
trodes which produce it. A noniterative method® has
also been described to plot equipotentials in cases of
axial symmetry.

Spangenberg® has pointed out the importance of the

action function to obtain a general equation for three-
dimensional beams. It is, in vector form,

V- (VW YW) =0, (1)

where W is the action function (Hamilton’s character-
istic function). However, Spangenberg was unable to
solve cases other than the one-dimensional (rectilinear)
one. Expansion of the vector operators for the x, y
coordinates provides a 22-term fourth order, third
degree partial differential equations.

We shall presently show how Eq. (1) can be generally
solved, and how, at least in principle, the potential
distribution inside the beam can be found once the
shape of the beam is assumed to be known. This means
that certain trajectories (subject to conditions which
will be derived later on) are imposed, as Pierce did in
the particular rectilinear case. Knowledge of the inside
potential then allows the determination of the external
electrodes. Thus, the production of beams of any
(allowed) shape can be considered as a theoretically
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solved problem, but may still remain as a mathematical
and technical difficulty.

In what follows we shall treat only electrostatic
interactions, neglecting relativistic effects” such as the
magnetic force exerted by the beam on itself.

THE ELECTROSTATIC POTENTIAL
INSIDE THE BEAM

We impose a certain family of curves as the possible
paths of the particles in the beam. Each of these curves
is given by two equations

g(x,y,2)=n (2a)
h(x,,2)=%. (2b)

The variation of the parameters 5 and ¢ describes the
whole family. Now suppose that g(x,v,2) and k(x,y,2)
are such that we can form an orthongonal system of
coordinates (£,,{) with £= f(x,,2) ; in which, obviously,
a trajectory is defined by

(3a)
(3b)

and f(x,9,2) is found from the requirement that
£=const is the equation for the orthogonal surfaces to
the family of curves. In this coordinate systé:m, (1) 9
and ¢ are constants of the motion and (2) the corre-
sponding conjugate momenta are cyclic variables in
the Hamiltonian of a particle. The Hamilton-Jacobi
equation for such a particle should be written

H(En$,dW/dg)=E, (4)

where E is the total energy of the particle. The action
function depends only on the coordinate & This is
another way of stating the well-known fact that the
surfaces W =const are normal to the trajectory of the
particle.

Let ds*=h2d§*+ h2dn?*+h?d¢? be the line element in
our coordinate system. The kinetic energy of a particle
moving along the coordinate line £ is

T=3p/mh?,
7R. D. Fowler and G. E. Gibson, Phys. Rev. 46, 1083 (1934),

n=const,

¢ =const,
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where p is the conjugate momentum to the coordinate .
We can write explicitly, instead of Eq. (4),

qo+(1/2mh?) (AW /dE)*=E; O]

in which ¢ is the electrostatic potential; ¢ and m, the
charge and mass of the particles. It can be assumed
without restriction that £=0, and then

o=—/h?, ' (6)

where &= (1/2gm) (dW/dE)* depends only on &.

We have thus reduced the problem of finding the electro-
static potential lo that of calculating a function ® of only
one variable £. In order to do this, let us apply the
Laplacian operator to both members of Eq. (6). From
Poisson’s equation

V(= ®/12) = —J /veo. n

We are using the mks system throughout this paper.
J is the current density and v the velocity of the
particles. But

v=(1/m)VW (8a)
and
v=(1/mhy) (@W/d§)= (1/h)[(29/m)®]t.  (8b)
Therefore,
= o (29/m)® P (1/ 1) V2 (B/ h1?). ®

The fact that V-J=0 in the steady state can be ex-
pressed as

(8/98) [ hohs(®Y/ 1) VE(®/11?) ]=0

because the only component different from zero in J
is in the direction of & Equation (10) is essentially
the same as Eq. (1), and has been obtained by similar
steps. However, our particular choice of coordinate
system enables us not only to express it directly in
scalar form but to proceed immediately to a first
integration,

(@Y ) V2(®/ 1) = K (1,) / hohts. (11

The function K (n,{) results from the partial integra-
tion of Eq. (10). Equation (9) shows its physical
meaning : the right-hand member of Eq. (11) is propor-
tional to the current density J.

(10)

When the Laplacian operator in Eq.(11) is expanded,
one obtains

VA(@/h?) = (1/ 1) V42V (1/hs?) - VE+EVE(1/IP),
where, in turn

Vi = (1/hihohs) (8/08)[ (hohs/h1)®"],
and

2Ve-V(1/h?)= (2/h")®'(3/08) (1/ ") =" (3/ 08) (1/ Isf).

The primes denote total differentiation with respect to
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&. These expressions result in

thg i ] 1 9 ll2h3 ]Zgh3 d 1
hl h12 h14 65 ]11 ]ll 65 1114

ad h2h3 hzhg 1
a()e(t)
JEN\ b by b
When this equation is placed in Eq. (11), the latter is
transformed into

P (9/08)(49")+B2]=K (n,0), (12)

where the functions 4 and B are given by
A=hohs/h® (13a)
B= (hohs/h:) V2 (1/hs?). (13b)

COMPATIBILITY AND SOLUTION OF THE
FUNDAMENTAL EQUATION

We have now derived a differential equation [Eq.
(12)7] with fwo unknown functions in which & depends
only on £; and K, on the two other coordinates. The
fact that the left-hand member of Eq. (12) depends
upon the three coordinates and the right-hand one,
upon only two, indicates a priori that the functions 4
and B cannot be arbitrarily chosen; that is, certain
conditions must hold for the allowed trajectories (which
ultimately determine the %;’s and thus, 4 and B).

We shall now show how these ‘“compatibility condi-
tions” can be obtained and provide the solution for &.
For the sake of brevity in our formulas we shall derive
them for a two-dimensional case with coordinates
(¢,). The extension to three dimensions is immediate.

It is easily shown that Eq. (12) is equivalent to a
system of first-order partial differential equations. In
fact, defining a new function by ¥=A®’, the system is

0b/0E=V/A (14a)
0¥/ 9¢= (K/3%)— Bd (14b)
0K/3£=0 (14¢)
3%/ an=0. (14d)

From these equations, the following two can be derived:
aV/dn=V39 Ind/dn, (14e)

K [ /8 Ind K dlnd 9B
—=[( )sz+ ——Bcb) +<1>—]<1>%. (14f)
an dton o d I

Equations (14) allow us to write the tota] differentials
of the functions ¥, ® and K,

AW =[ (K/®¥)— BS]dt+¥ (3 Ind/on)dn (15a)
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db=(¥/4)dt (15b)
9% Ind K d1lnd dB |

dK=<I>4[\If +( ——B¢) to b as0)
dkdm  \ @t an an |

Now the necessary and sufficient condition for an
expression

f(fm,w)df‘i‘g(fﬁ?,w)dﬂ
to be an exact differential dw is that
(8/3n)+(8f/0w)g= (dg/08)+ (dg/dw) f.

If similar conditions hold identically for the differ-
ential coefficients in the right-hand members of Egs.
(15) once the derivatives of the functions are replaced
by its expressions given by the system (14), this system
will be compatible. Accordingly, the restrictions on the
functions 4 and B shall be found.

The integrability conditions, when applied to Egs.
(15), provide identities except for Eq. (15¢). In this
case one obtains, after some algebraic manipulations,

w(’-m)

o
[ (0B/3n)—B(d1nA/dg) 8°InAa
P| 3 +2
A I

3*Ind4 ¥?9%InA
A 9&dn

9&an

J

2B 9B d1lnAd
)=o. (16)

dtkdn It O

+2<I>2(

If we let 8% InA/3tdn=0, then A can be written as the
product of two functions

A=XY ().

Also, if the definition of ¥ is taken into account, we

9B 9B dIn4d
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can now write instead of Eq. (16), that
& /b= —2(8/9¢) m[(0B/aq)—BY'/¥V].  (17)

This equation has meaning only if the right-hand
member is a function of the single variable £ In such
a case, Eq. (17) can be immediately integrated, yielding

P=&[L(5)] (18)
Here ®, is a constant and L(¢) appears in
(8/0n)(B/Y)=L(&)M (), (19)

the necessary condition, with M (») an arbitrary func-
tion, in order that the right-hand member of Eq. (17)
depend only on £ Conversely, if Eq. (19) holds, the
compatibility of our system is assured with the solu-
tion (18).

Suppose now 82 Ind/9¢dn#0. We can eliminate X
between Egs. (16) and (14b) and form a new system
with only two unknown functions, ® and ¥,

0D/dE=V/ A (202)
ad/dn=0 (20b)
v v
ot l44s 44
><3[(61_'3/377)—13(6 Ind/dn)]+24(3% Ind /9 29)
(821nA4/3£an)
® (8°B/3%dm)— (0B/3E)(d InA/dm)
- (20c¢)
2 (8% InA4/3¢dm)
VY /dn=W(d Ind/am), (20d)

to which similar integrability conditions can be applied.
We obtain, after some tedious but straightforward
algebra, the condition that

{323 dB d ln_A] ]
J 1dEan

dtdn 9t om 9lnd 9t on
(0%InA/3tdn) dn 99 l (6% InAd/d¢dy) J
=F(§) (21)
JB d1lnA 9% InAd B 0 lnd 9% InAd
l3("_ )+2A 3(——3 )+2A
i) an dn dEan an dn 9829y 0 1nAd 8% In4
— — : 44
677[ (9% InA/d&dn) (9% InA/dtdm) n d%dn

must be a function of the only variable £ In such a
case ® satisfies the differential equation

' /d=F (%) (22)
with the general solution
P=Poe/ F(DdE (23)

where &, is an arbitrary constant.

CHILD’S LAW

The dependence of current density on the three-
halves power of the potential difference between elec-
trodes is one of the well-established facts of space-
charge flow of any type. It was derived theoretically
by Child® for rectilinear flow between parallel plane

8 C. D. Child, Phys. Rev. 23, 492 (1911).
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electrodes. It will be shown how the expressions obtained
indicate its general validity, and how the proportionality
coefficient depends upon the particular shape of the
beam. In fact, replacement of (23) in (12) gives

04
K=<po%eafF<s>dE[A(F'+F2)+F—+B]. (24)
9t

Equation (24) together with (6) and the aforementioned
meaning of K, gives for the current density in the three-
dimensional case

J=eo(2g/m)}(hi3/ hoh3)[A (F'+F?)
+F(34/88)+BJet

The metric coefficients, as well as the whole expres-
sion in square brackets appearing in Eq. (25), depend
only on the geometry of the coordinate system in use,
that is, on the skape of the beam. If ¢ is the potential
difference between electrodes, Eq. (25) allows the
determination of the proportionality coefficient be-
tween the current density and the three-halves power
of the accelerating potential.

Unfortunately, the validity of Eq. (25) cannot be
checked against the already known solutions of recti-
linear motion between parallel plane electrodes, con-
centric cylinders, and concentric spheres. In fact, Eq.
(16) holds identically for such cases, and the function
F(£) cannot be calculated. On the other hand, one
obtains from Eq. (12) the already known equations for
the potential.

For the foregoing reasons, the theory was applied to
a particular case with the view of its experimental
reproduction.

(25)

POTENTIAL DISTRIBUTION FOR A
PARTICULAR BEAM

Let us consider an electron beam with hyperbolic
paths. The beam is supposed unbounded in the z direc-
tion. The equation for the trajectories is

xy="1, (26)

where 7 is a constant for each trajectory. The family of

orthogonal trajectories is given by the equation
1 (a?—9?) = £=const. 27)

In the coordinate system £, 5, the metric coeficients
are
b= b= () =3 (@) and Ja=1,

Formulas (13) now give
A=4(g4); B4

and Eq. (21) shows immediately that F(£)=0. Then,
by Eq. (23),
P =&y = const.

For the potential distribution inside the beam, we have
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from Eq. (6)
o= — (22412 = — Pgrk, (28)

The constant ®, is negative for electrons. In Eq. (28),
r is the distance from the z axis to the point under
under consideration. Theé equipotentials are concentric
cylinders. .

According to Eq. (25), the current density is

J=4e(2q/m)}(pH/1%). (29)

To obtain it in vector form we first calculate the
charge density p from Eq. (28) by application of the
Laplacian operator
(30)

The action function W follows from the definition of
® by integration

W = (2gm®,)£-const,

and because of Egs. (8a) and (27) the velocity is given
by

p=4ecDo.

v=(2g%o/m)}(21—7j). €29)
Multiplication of (30) and (31) gives
J=pv="4e®e} (2q/m)} (xi—y3). (32)

Now suppose our beam is not unbounded in the x, v
plane, but is limited by the hyperbolic cylinders xy=»\
and xy=—AX and the plane £=0. This is shown by the
dotted curves of Fig. 1. In such a case the total current
(per unit length in the z direction) is

Nz

I= J dy=8edot(2q/m)¥\.

—Nz

(33)

In the case illustrated in Fig. 2, the lower limit of
integration must be 0, and we have

(34)

ANz
I= [ Jay=tapQe/mi.

[1}

%3

i
<l

I16. 1. Beam shape and electrical connections in the first
experiment performed. The dotted curves show predicted beam
limits. Aj, As, and C are high-tension electrodes. R, electron
reflectors. I, filaments. T, grounded electrode.
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F16. 2. Beam shape and electrical connections in the second
experiment performed. The dotted curves show predicted beam
limits. A; and A, are high-tension electrodes. P, collector plate.
R and R/, electron reflectors. F, filament. ‘[”, low-tension elec-
trode. E, intermediate-tension electrode.

ELECTRODE ARRANGEMENT

The electrodes producing our particular beam must
be equipotential surfaces in the region outside the beam.

o= — 280 | IVI[{ (4 N— 122 40202} (w2 N2 —1?) T

SPACE CHARGE FLOW 1375
The mathematical problem involved is then the solution
of Laplace’s equation for the potential. The boundary
conditions result from continuity of the potential and
its normal derivative; this last requirement is a con-
sequence of the fact that the centrifugal force on an
electron depends only upon the velocity and the curva-
ture of the path, irrespective of whether it is a boundary
or an internal one.
Let us define now

u=£§ 1=n—\

w=u+1v w¥=u—1p.

The region devoid of charge corresponds to the half-
plane >0 in the complex plane w. The solution of
Laplace’s equation is then®

olun)=Rep(@)+Im [ W@l (39
0
with the following boundary conditions:
po(u) = o(u,0) = — 20y (u*+N?)} (36a)
No(u)=0¢/dv]smo= —2b\/ (u2+A)L.  (36b)

Expressions (35) and (36) allow the calculation of the
function ¢.

v+ (1/V2)[{ (2422 —22) - 4u?r?} i — (124 N2 —2) b
tg™! .
ut (1/V2)[{ (s34 N2—12)2 - 422} - (24 N2 —o2) ]

We have thus obtained the potential distribution for
the region devoid of charge of the first quadrant in the
x, v plane. For a beam like the one illustrated in Fig. 1,
it is evident from symmetry arguments that the same
distribution holds in the fourth quadrant. The boundary
conditions for the other two quadrants are

@o(y) = —Poy*
No(¥)=0¢/0x]sm0=0,

and we obtain for the potential

o (LD N =) 40T (2N =)

@37

¢(x,3) =Rego(y+ix) = —P(y*—a?).

The equipotentials are equilateral hyperbolas, whose
asyniptotes correspond to the equipotential ¢=0.

A similar argument holds for the fourth quadrant in
the case of Fig. 2. The potential is

o= —®(a?—»%).

We have still to plot the equipotential surfaces corre-
sponding to (37). We shall obtain a parametric repre-
sentation of them. The parameter will be

a=t

If we express the potential as
o= —2D\yY,

with ¥ a dimensionless variable, and then multiply (37)
and tga [given by (38)], we obtain the parametric
equation for v

1=A(—a)tga. (39)

£ ta IVIUL (24 D2 —2)2 4 40202 o (a2 A2 —92) )}

(38)

Similarly, the parametric expression for # is given by
u= =4[ (¥ —ea)?—cos?e Jt. (40)

Tt is easily seen that 0Sa Sy if ¢y <n/2and 0K a < w/2

if ¥>n/2. Moreover ¢y 2> 1. The justification for the
D P. M. Morse and H. Feshbach, Methods of Theoretical Physics

(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1,
p- 689.
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F16. 3. Electrode arrangements. (a) Jirst experiment, corre-
sponding to Iig. 1. (b) Second experiment, corresponding to
Fig. 2. In case (b), the crystal plates were taken off before
photographing.

additional electrode E of Fig. 2, corresponding to
Y=m/2, arises from the fact that when a varies from
0 to 7/2, v varies from O to oo, unless y=m/2. In that
case #— 0 when a — 7/2, and v can be made to tend
to any value from A to infinity when y approaches m/2

JORGE ROSENBLATT

from the right. The electrode E corresponds then to
the conditions =0, A< o< o, ¥=7x/2.

EXPERIMENTAL CHECK OF THE THEORY

Two experiments were performed corresponding to
predicted beam limits as shown by the dotted curves of
Figs. 1 and 2. The equipotentials were plotted from
the above formulas. The electrodes A;, Ay and C corre-
spond to the distance r=35cm from the origin. The
particular choice A=1 cm? allows the determination of
¥ according to its definition and Eq. (28)

Y=r2/(2\)=12.5.

Through slits 3.2 cm high and 2 mm wide, a beam 3.2
cm high (in the z direction) was produced by collimating
the electrons from thoriated-tungsten filaments F in
Figs. 1 and 2. In order to reduce edge effects the beam
was made to flow between two parallel crystal plates;
their job was to become electrically charged until they
were able to repel any electron tending to deviate from
the plane path. These plates as well as the electrode
arrangements of both experiments can be seen in the
photographs of Fig. 3.

In the first experiment U-shaped, negative electrodes
(R in Fig. 1) surrounded the filaments, and were used
as electron reflectors. By properly adjusting the poten-
tial of the electrodes, it was possible (1) to reduce to a
minimum the currents to A; and A; and (2) to obtain a
close agreement between experimental and theoretical
values of current in C for one value of the potential in
electrodes A;, A; and C. From then on the tension in
R remained fixed and the accordance was conserved for
other values of tension in A;, A,;, C. Variation of the
300 kQ resistance connected to the grounded electrode
T produced no change in the collected current, showing
that no measurable current was flowing through it. Of
course, a complete proof of the theory could only be
achieved if it could be known that the electrons escaping
from the slits in A; and A, had not only the correct
magnitude of the velocity but also the proper direction.
Nevertheless, the very fact that the expected current
was obtained is a qualitative verification of the theory.
Moreover, Eq. (25) is verified by the calculation of a
least-square value of 7/V}

(I/VY) exp= (11.240.1) X 10~7amp/ (v)*.

This can be compared with the theoretical value ob-
tained from Eq. (33),

(I/ VY theor=10.76X 107 amp/ (v)1.

The deviation observed can be ascribed to: (1) edge
effects not completely removed by thecrystalplates;
(2) unavoidable mechanical misalignments; (3) the
fixed tension of R producing a different over-all effect
for different values of tension in A, and A..

The second experiment, schematically shown in
Fig. 2, was designed to obtain information also about
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the shape of the beam. This was done by collecting a
considerable fraction of the beam in a plate (P on Fig. 2)
after the slit of A,. To obtain a differential effect on the
beam, variable with the total current emitted by the
filament, the reflectors R were replaced by two plates
R and R’, connected as shown in Fig. 2. From the
experimental results the following value has been
obtained:

(I/V¥) exp= (5.524£0.2) X107 amp/ (v)3.
This is in close agreement with

(I/ V¥ theor="5.38 X107 amp/ (v)%.
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A further evidence of the correctness of the theory
is derived from the large fraction (30%,) of the total
current emitted from the slit in A; collected in the
electrode P; moreover, less than 0.29, of that current
reached the electrode E. It was, therefore, concluded
that the shape of the beam was very close to the pre-
dicted one.
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