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T h e  eq u a tio n  th a t desc ribes  the  p ro p a g a tio n  o f e lastic  w aves has been  solved num erica lly  fo r lo n g itu d in a l v ib ra tio n s  o f tubes 
an d  th e  re su lts  a re  used  to  ca lcu la te  Y o u n g s  m od u lu s  for Z ircaloy -4  fuel shea th ings . T h e  values are c o m p a red  w ith  the  resu lts  
o b ta in e d  by  using  the  ap p ro x im a te  e q u a tio n s  p ro p o sed  in the lite ra tu re . T h e  d ifferen ces  observed  a re  less th a n  0.5% for the 
fu n d a m e n ta l frequency . F o r  the  h a rm o n ics , how ever, the num erica l so lu tio n  leads to  re so n an t frequencies th a t a re  w ith in  \%  o f 
th e  ex p erim en ta l values an d  the  ap p ro x im a te  e q u a tio n s  give e rro rs  h igher th an  10%.

1. Introduction

R esonance  m ethods  are widely used to de te rm ine  the 
e lastic  cons tan ts  of  solids. In the resonan t  b a r  tech­
niques the specimen is excited in different v ibration 
m odes  a n d  the appropria te  elastic constan t  is evaluated 
f rom  the m easured  resonan t  frequencies [1]. F o r  the 
case  of longitudinal  vibrat ions the simplest  solution of 
the  wave equat ion  for a cylindrical rod  leads to [1]

a = ^ ( £ / p ) i /2 . ( i )

w here  f k is the resonan t  frequency, E  is Y ou n g ’s m od­
ulus, p is the density  of the material,  L  is the length of
the  specim en and  k  = 1,2,3___ gives the order  of  the
harm onics .  Eq. (1) can  be used to ob ta in  E  from the 
m easured  frequencies.

T h e  p ropagat ion  o f  free harm onic  waves in an  in­
finitely long  cylindrical rod  has been discussed on the 
basis  o f  the l inear theory o f  elasticity by Pochham m er 
[2] a n d  Chree  [3]. A ccording to these au thors  the solu­
t ion  of the equations of m otion  for an isotropic elastic 
m ed iu m  leads, in a second approx im ation ,  to the known 
c o n tr ib u t io n  of lateral inertia  on  the p ropagat ion  of 
long itud inal  waves, a lready considered  by Lord Rayleigh

[4], This con tr ibu t ion  leads to [4,5]

;-2- 2- 2- 2
A * ( E / P ) ^ l x - k W r :

2 L 4 L 2
(2)

where r is Foisson’s ra tio  and  r is the radius of  the rod. 
Rayleigh 's  correction factor can be extended to several 
geometries by using the equation

k  . . .  , 1 / 2  / .  k 2v 2v 2 26
A = - 2 l ( E / p )  V (3)

where  6 is the m om en t  o f  inertia with respect to the 
longitudinal  axis a n d  M  is the mass of the specimen. 
F o r  the case of a hollow cylinder with inner radius a 
a n d  ou ter  radius b .  eq. (3) gives

k \ 2y 2 u 2 +  / , 2 '1 / 2 (4)

Eqs. (2) and  (4) in troduce  only small  corrections to the 
results given by eq. (1) in the case of long thin rods or 
long hollow cylinders with thin walls.

Eqs. (1) to (4) a re  only approx im ate  an d  d o  not 
result from the com ple te  solution of the equat ions  of 
m o tion  for an isotropic elastic solid. G azis  [6], however, 
has  studied the p ro p ag a t io n  of free harm onic  waves 
a long  a hollow circular  cylinder of infinite extent  within
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framework of the linear theory of elasticity. A c h arac te r ­
istic equation  appropria te  to the circular  hollow cylin­
der was ob ta ined  by the use of Helmholtz  potentia ls  for 
a rb itra ry  values of  the physical pa ram ete rs  involved.

It is the pu rpose  of this paper  to ob ta in  a  general 
re la tionship between Y oung’s m odu lus  and the resonan t  
frequencies for  longitudinal vibrations,  by solving 

umerically the equations of motion. The results will be 
.o m p a red  with actual experimental  da ta  ob ta ined  in 
/ i rca loy -4 ,  for rods and tubes, and the validity of  the 
approx im ate  equat ions  (1) to (4) will be discussed.

2. Theory

The equat ions  of motion for an  isotropic  elastic 
■t'dium are [7], in invariant form

3 2 u
.1 7 2U + (X + fl ) v v  • u  =  p — -  , (S)

3 12

where u  is the displacem ent vector, p is the density . X 
and n  are L am e’s constan ts  and v 2 is the three-dimen- 
sional Laplace operator.  The  deta iled solu tion  of eq. (5) 
for a hollow' circular  cylinder is described in [6) and 
only the p rocedure  will be outlined. The  vector u is 

\pressed  in terms o f  a dila tat ional  scalar potential  and 
equi-voluminal vector potential .  The  general solution 

■pends on  the characteris tic  equation , formed by the 
de te rm inan t

k ,, l = 0, ( / , y = l t o 6 )  (6)

where i identifies the row and j  the co lum n of the 
d e term inant.  The  e lements of the d e te rm inan t  are given 
in terms of different  kinds of Bessel functions o f  the 
inner and  o u te r  radii of  the cylinder and the param eters  
<• and ¡} given by

= - 2 - e  and P 2 = - \ - i 2, 
of  v 2

'■J =  (X +  2 / i ) / p ;  v j  =  f i / p ,

where £ is the longitudinal wave nu m b er  and  co is the 
angular  f requency of the waves; t>, and i-2 a re the 
velocities for p ropagation  of longitudinal and transverse 
waves, respectively. For the case considered in this 
paper, where only  longitudinal vibrat ions are considered 
■ J the m otion  is independent  of  the angular  coordi- 
iate, eq. (6) breaks into the p roduc t  o f  two subde term i­

nan ts  and the frequency equation

corresponds to longitudinal waves with d isp lacem ents  
in d ependen t  from the angu la r  coordinate .  T he  type of 
Bessel functions to be  used for the evaluation  o f  the 
elem ents  o f  the d e te rm in an t  of  eq. (7) d ep en d s  on  the 
pa ram ete rs  X, and  X2 which take in to  accoun t  the 
differences in the recursion and  differentia tion  form ulas 
between the different k inds o f  Bessel functions.  X, vary 
as follows

X | =  1, X 2 =  1;

X, =  1 X2 = l ;

<  v 2£ ^ i =  I X 2  =  — I .

O n  taking a p p ro p ria te  values for the elastic constan ts  
a n d  the density  of  Zircaloy-4 it can  be easily seen that  
X, =  1 an d  X 2  =  -  1.

In these conditions,  the e lements o f  the characteris tic  
d e te rm in an t  of  eq. (7) are

c ti =  ~  ( P \  ~  ^ 2 ) a ^ o ( a ta )  ~  2 a l I l ( a la ) ,

c , 2 - 2 0 l( a / o ( f l , a ) - 2 ( J l ( / i la ) ,

c i 3  =  ~~ ( f t i  ~  £ 2 )° ^o ( a ia ) +  20|/r,(a|a),

c-l4 =  2 ^ liaK0(/8|fl) - 2 i K 1(/81« ) 1 (8)

( 2I =  2{a| /, ( a , a ),

‘ 2 2 =  - ( / * . 2 - £ 2 W / V ) ,

c 23 =  - 2 £ a , K | ( a , a ) ,

< 2 4 =

where

a \ = [ ^ 2f k P {  I + " ) ( !  - 2 « 0 / £ ( l  - » ) ] - £ 2,

|  =  k t r / L .

J „( x )  and Yn( x )  a re  Bessel functions o f  the first a n d  the 
second kind, respectively, a n d  / „ ( * ) ,  K n( x )  a re  m o d ­
ified Bessel functions o f  the first and  the second  kind, 
respectively [8], T he  rem ain ing  two rows o f  the de te rm i­
nan t,  i.e., c 3l and c4( are ob ta ined  by subs ti tu tion  o f  a 
for  b.
O n substi tu ting  the e lements of  the d e te rm in an t  given 
by eq. (8) in to  eq. (7) an  implicit t ranscendenta l  func­
tion

<i> = <l>(E, i>, p ,  L , f k , a ,  b )  = 0 (9 )

is ob ta ined ,  where f k c an n o t  be solved algebraically. In 
this implicit function E,  v a n d  p  characterize  the  m ateria l  
a n d  L ,  a,  b the d im ensions  o f  the specimen. By fixing E,  
v, p,  L  and  b eq. (9) is reduced to an  equ a t io n  o f  two 
variables which, for a  given a , determines the  resonan t  
frequencies f k .
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Fig. 1. Block d iag ram  o f the  basic  e lec tro n ic  in s tru m en ta tio n .

3. Experim ental  procedure

T he  longitudinal resonan t  frequencies were measured 
by using the “ f ree - f ree” or f loating beam  resonant  
m ethod  described by Spinner and  Tefft [9] and  Sor- 
ren tino  [10]. In particular ,  the electrostatic  drive and 
de tect ion  m ethod  with a polarizing voltage (condenser 
m ic rophone  a rrangem ent)  [11,12,13] was used. T he  a p ­
p a ra tu s  was constructed  in the labora tory  a n d  the sup­
port ing  device was m ade  of Zircaloy-4 to avoid the 
influence o f  d i la ta t ions  on  the interelectrode capacity. 
T he  basic electronic inst rum en ta t ion  is shown as a block 
d iagram  in fig. 1 an d  the details  are described elsewhere 
[14.15],
T he  equ ipm en t  utilizes the capacitive coupling  between 
the specimen and  fixed e lectrodes positioned close to 
v ibrat ion  antinodes.  Disp lacem ent sensitivities o f  1-2 
nm  have been ob ta ined  at the stra in am pli tudes  o f  the 
o rde r  o f  10“ 8 used for the measurements .  Specimens of 
Zircaloy-4 in the form of cylindrical rods approxim ate ly  
150 m m  long and  12 m m  in d iam eter  and  tubes, n o r ­
mally used as fuel sheathings,  approxim ate ly  150 mm 
long and  12 m m  outer  d iam eter  were used. T he  densities 
of  all the specimens, de te rm ined  with a p icnom eter  at

T a b le  I
D im en sio n s  o f the  tu b e s  an d  ro d s  used

S pecim en L eng th
(m m )

2a
(m m )

2 b
(m m )

P - l - V 149.941 10.78 11.90

P - 5 - V 149.745 10.78 11.90

P -  1 -  M 149.883 - 12.37

P - 2 -  M 149.959 - 12.37

299 K. were

6.680 ±  0.003 g e m  3 fuel sheathings 

6.587 ±  0.003 g c m -3  rods.

T h e  detailed d im ensions of the specimens used are given 
in table 1. Finally, the frequency can be de term ined  
with a relative e rror of  2 X 10~3, in troduced  m ainly  by 
the suspension point.  In fact, the tem pera tu re  was c o n ­
trolled within ± 2  K which gave a relative e rro r  of  
3 x  10“ 5 in the de te rm ina tion  of the resonan t  f requen­
cies. All the m easurem ents  were pe rform ed  at room 
tem pera ture .

4. Results

Eq. (9) was evaluated numerically by using a co m ­
p u te r  p rogram  to ob ta in  the resonant  frequencies in 
term s of the elastic cons tan ts  and the d im ensions  of the 
specimens.  T he  details  o f  the com pute r  p rog ram  are 
given elsewhere [14],

Fig. 2 shows the numerical results ob ta ined  for speci­
m en P - 2 - M ,  where the inner radius has been changed 
from  zero (rod) to values near the ou ter  radius. The  
ra tio  between the fundam en ta l  frequency for the rod. 
/ m, where a =  0, a n d  the fundam en ta l  frequency for the 
tube,  / ,  has been p lo tted  as a function  of the ratio 
between the inner and  the outer  radius. A value of 
v =  0.33, the m easured  d imensions and density  and  E  =  
98 G P a,  as ob ta ined  from the m easurem ent o f  the

Fig . 2. R atio  betw een  the  fu n d a m en ta l re so n an t frequencies of 
a rod  an d  a tu b e  o f Z ircaloy -4 , w ith  the  sam e leng th  a n d  o u te r 
d ia m e te r , as a func tion  o f the  ra tio  be tw een  the  in n e r an d  o u te r 
rad ii. S pec im en  P - 2 - M :  E  = 98.0 G P a  and  v = 0.33.
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g. 3. F u n d a m e n ta l re so n an t frequency  as a  fu n c tio n  o f Pois- 
■n's ra tio  fo r a Z ircaloy -4  tube . Spec im en  P - 5 - V :  E  = 99.7 

iPa.

resonan t  frequency an d  eq. (1), have been used for the 
numerical calculations.  Fig. 3 shows the influence of 
variations in Poisson’s ra tio  on  the numerical results, for 
tube P - 5 - V  with £  =  99.7 GPa.
Fig. 4 shows the influence o f  var ia tions in Y oung 's  

'dulus on  the fundam en ta l  re sonan t  frequency, p lotted 
u function  of the inner radius, for  the tube  P - 5 - V .  

r =  0.33 was used for this figure. Plots similar to figs. 2 
to 4 can  be m ade  for the frequencies o f  the overtones.

T he  results given in fig. 2 were verified experim en­
tally by drill ing holes of different  d iam eters  on  rod 
P - 2 - M  and  m easuring  the fundam en ta l  re sonan t  fre-

Fig  4. F u n d a m e n ta l re so n an t frequency  versus in n e r ra d iu s  for 
d iffe ren t va lues o f Y o u n g ’s m odulus. S pec im en  P - 5 - V :  v =
0.33.

T a b le  2
C o m p ariso n  betw een  ca lcu la ted  an d  m easu red  frequencies  for 
spec im en  P - 2 - M  an d  d iffe ren t in n e r radii

a  (m m ) A , P(s _ ’ )

0 12863.1 12844.7
2.09 12829.7 12842.6
2.12 12813.2 12842.5
2.25 12838.5 12842.3

quencies. These  results  were com pared  with the n u m er i ­
cal estim ate  given by eq. (9). As show n in table  2, the 
m easured  frequencies,  / o p , show a  relative difference 
with the numerical results, / thcor, of  the o rde r  o f  3 X 
10 “ 3, which is close to the experimental  error. As 
show n in fig. 2 the resonan t  frequency changes by a 
m ax im um  of  0.15 % o n  going from a rod  to a  tube  with 
a very thin wall.

5. Discussion and conclusions

As shown by figs. 2 to 4, the numerical evaluation  of 
the resonant  frequencies d epends  mainly o n  the value of 
Y o u n g ’s m odulus  a n d  only slightly from Poisson’s ratio 
a n d  the ra tio  between the inner an d  the o u ter  radius. 
Fig. 4 was used to de te rm ine  the correct value for 
Y o u n g ’s m odulus  for tubes specimens, from  the m ea­
sured  resonan t  frequencies.  The  values ob ta in ed  are 
indicated by £ (9 )  in table 3. These results are com pared  
w ith those ob ta ined  by using the approx im ate  equations 
in the sam e table. £ (1 )  indicates the values ob ta ined  
w ith eq. (4). It is seen that  the results do  no t  differ more 
than  0.5 % indicating  that,  for practical purposes,  the 
a pprox im ate  equations  can  be used to ob ta in  Y o u n g ’s 
m odu lus  from the m easured  fundam en ta l  frequencies.

Fig. 5 shows that  differences were encountered ,  how ­
ever, for the overtones. In fact, on  increasing the o rde r  
o f  the harmonic,  s tronger differences were found  be­
tween the resonant  frequencies for tubes, calcula ted  
with the approx im ate  eqs. (1) and  (4) and  the numerical

T a b le  3
C o m p a riso n  betw een  th e  values o b ta in e d  fo r Y o u n g ’s m o d u lu s  
o f  Z ircaloy -4  tu b es  by  using  th e  ap p ro x im a te  eq u a tio n s  a n d  the  
n u m erica l so lu tion

S pecim en E (  1 ) G P a £ (4 )  G P a £ ( 9 )  G P a

P - l - V 99.4 99.5 99.8
P - 5 - V 99.3 99.5 99.7
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Fig. 6. R eso n a n t frequencies  as a func tion  o f P o isso n ’s ra tio  for 
rods. Full c irc les a re  th e  m easu red  values. Specim en  P -  1 -M .: 
E  =  98.0 G P a .

evaluation  through eq. (9). This difference is higher than 
10 % for k  = 7. T he  m easured  f h are within 1 % of the 
values ob ta in ed  by the numerical solution, even for 
k =  9, 11. Fo r  Jk =  1, 3 the numerical so lu tions are 
supe r im posed  on the approx im ate  eq. (4). O th e r  a p ­
p ro x im a te  equations  canno t  be indicated in the d iagram  
d u e  to the coincidence of the numerical values.
Fo r  rods, on  the con trary ,  the differences between the 
resonan t  frequencies calculated either with the a p ­
p rox im a te  equations  o r  numerically or  the m easured  
values differ only slightly. As we can see in fig. 6 the 
experim ental  results practically coincide with the eqn. 
(4) a n d  the numerical evaluation are superim posed  with 
th a t  equation .
In conclusion, no substantia l  differences were found 
between the values for Y oung’s m odu lus  calculated, 
f rom  the m easured  resonant  frequencies,  by using the 
a p p ro x im ate  equat ions  p roposed in the l i terature  and 
those  ob tained  by using the comple te  so lu tion  of the 
e quat ions  of motion.
N o  practical differences were found also if the a p ­
p rox im a te  equations are used also for tubes, except for 
the higher harmonics.
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