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S U M M A R Y

A conformal mapping-variational approach which allows solution oj a type oj steady 
State temperature distribution in bars made o f  composite materials is developed.

INTRODUCTION

O rthotropic elements find wide application in m odern technology. On the other 
hand a survey o f the literature reveáis that a limited am ount o f technical papers and 
reports dealing with heat conduction problem s in orthotropic solids is available.

The present paper deais with the determ ination of the tem perature field in an 
orthotropic prismatic bar of arb itrary  cross section where the tem perature has a 
uniform  valué on one end and is equal to zero on the other faces (Fig. 1).

It is assumed tha t the problem  is governed by the well-known equation1

, d2T  , S2T  d2T
i j T - f  +  k  - r - j  +  k  — - J  — 0  (1 )

d x 2 ' 3y  c z z

where k x, k  and k ,  are the heat conduction coefficients in the x, y  and z directions, 
respectively and they are assumed to  be independent of the tem perature.
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APPROXIMATE SOLUTION

M aking

T{x, y, t) =  T ¿ x ,  y )Z( z )  

and substituting in (1) one obtains

, d2T1 d2T1 . 
k^  +  k^  +  ^ = °

(2)

(3(a))
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d ^ _ £ Z  = 0
d z2

(3(b))
k :

where ¡i1 is the separation constant.
Since the tem perature is zero for z = L, the solution of (3(b)) is simply

Z(z) =  A sinh  —- = ( L  -  -) (4)

Finding the solution of the pardal differential equation (3(a)) is equivalent to 
perform ing the minim isation of the functional

A T A  =
* *

D
á x  dy (5)

(6)

subject to  the boundary condition

r ,[L (x , >>) =  0 ] = 0  

Let
w = x  + i y =  / ( O ;  £ =  Z + iri

be the functional relation which transform s the given, com plicated shape in the w- 
plane, onto a unit circle in the £-plane (Fig. 1).

Admittedly finding w = /(C )  is not an easy task, but it is known for many simply 
and doubly connected shapes of practical significance.2 

Substituting (7) in (5) one obtains

J [ T i ] = k x
* * - ’fdT: \ 2 i _

i—

i

C
2 Re

) f 2m + a c  3C l l / ' ( O I I J

/* *
2 Re

\ ( c t :
\ 1 1

e r l i

c X ñ , 2 dC d i  II / '( O I I J

/ '(O lí d i dr,
II/'(Olí d£dti

- P 2 Ti-W f ( 0 \ \ d £ d t ,  (8)

The simplest approxim ation which satisfies the transform ed boundary condition

r,(C, OI,cUl =  0

is probably the expression3
N

r ,  =  r la(c, o = ^ \ [ i  - (#)"]
n =  1

Substituting (10) in (8) and using the minim isation condition

d J [ T lm]
dA„

=  0 ( « =  1, 2 , . . . ,  N)

(9)

(10)

( 11)
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one obtains a linear system o f equations in the A„’s.
From  the non-triviality condition one obtains a secular determ inant whose roots 

are the desired eigenvalues / ^ ’s.
It should be clear at this point that expression (10) makes the algorithm ic 

procedure quite simple from  the point o f view o f calculating the separation 
constants. W hen expressing the tem perature field in its final form , it is considerably 
m ore expedient to use the Fourier-Bessel expansión3

N

T(C, c, z) -  ^ B „ y 0[a „ (Í .O 1,2]s in h - j ^ ( L  -  r)  (12)

n= 1 '

where J 0 is the Bessel function of the first kind and order zero and the a„’s are the 
roots of J 0(x).

Since
T(í, (, z)\: = L == T0 (13)

one finally obtains from (12) and (13) and m aking use of the well-known expressions 
for the Fourier-Bessel coefficients

2 T
B„ = ----------------- °— ------  (14)

a„. 7, (a„ ). sinh —=  L

Substituting (14) in (12) results in the expression
N

T  -  V  1 8 
— ( C, C, z ) ~ 2  > ----------------------—  J 0(cc„r)sinh— , ( L  -  : )  (15)

. 4 í  ( O

ln the case of an infinitely long rod (L -*• oo), eqn. (15) yields

T  

To

N

T  2 Z « ^ k ) y°< v ) e x p I w V *7)-'1 <16)
n= 1

NUMERICAL RESULTS

Figure 2 depicts the dimensionless tem perature variation along the axis for rods of 
square and octogonal cross sections,f respectively. The param eter N  has been taken 
equal to 2 in all cases.{

t  The m apping function is available in reference 4.
í  O bviously the accuracy o f the analytical determ inations will im prove increasing the num ber o f term s of 
the approxim ate solution. However, írom  the poin t o f view o f som e practical applications it will suffice to 
take a  small num ber o f terms.
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Fig. 2. T em perature variation  along the axis o f  an  infinitely long prism atic r o d : (a) Square cross section
and  (b) octagonal cross section.
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It is im portant to point out that very good agreement has been obtained between 
results obtained by means of the finite element m ethod and conform al 
m apping-variational techniques predictions in the case of unsteady state situations 
in orthotropic plates.4
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