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The m ultichannel (p H ) collisions are investigated in the three-state approximation. In our 
form ulation, precautions are taken to ensure that the State function has the correct asym ptotic behavior. 
Consequently, the spurious long-range interactions coming from  the nonadiabatic interactions do not 
appear in our coupled equations. These coupled equations are solved in the straight-line eikonal 
approxim ation. The calculated differential elastic, electron-transfer, and 2p^ -excitation cross sections are 
com pared with recent experim ental data and o ther theoretical results.

I. INTRODUCTION

T his is  the fifth of a se r ie s  of papers^~* in which 
we hope to develop a practical and system atic  
se m ic la ss ica l procedure for calculating electronic  
transitions in slow co llision s of atom s and m ole­
cu les. Our effort has been to reduce the coupled 
equations of the adiabatic state expansión method 
to a practical form for reg im es where the eikonal 
approximation is  valid. The problem was form u- 
lated in paper I, where it is  shown that the use of 
the eikonal approximation to describe the motion 
of the atom s and/or ions p erm its the coupled equa­
tions of the adiabatic state expansión method to be 
reduced to one-dim ensional equations defined 
along a c la ss ic a l trajectory. The techniques for 
the evaluation of the wave functions and the 
C reen’s functions of the coupled equations in the 
eikonal approximation were described  in paper n.
A few illustrative applications w ere given in paper 
III as w ell a s in paper II.

U tilizing these techniques, the coupled equations 
w ere further reduced in paper IV to a form  which 
allow s straightforward computation. A s a first  
exam ple of the application of the coupled equations 
in the multichannel eikonal approximation, we have 
in paper IV calculated the energy dependence of 
the 2^-excitation c r o ss  section  for the H e^(ls)
+ H (ls) —He'^(ls)+H(2/>) p rocess. In th is calcu la- 
tion, we have utilized the multichannel feature of 
our procedure and investigated the coupling of the 
asym ptotically degenerate channels associated  
with the 2pc and 2p^ H statés. It is  shown that the 
exp licit inclusión of th is coupling is  a n ecessary  
first step to bring the theoretical resu lt into a rea-

sonable agreem ent with experiment.®
The purpose of the present paper is  to in vestí­

gate the application of the coupled equations in the 
multichannel eikonal approximation to the calcu la- 
tion of the differential c r o ss  sections. For the 
calculation of differential c r o ss  sections, unlike 
the total c r o ss  sections, we must treat the phase 
relation in m ore detall. Consequently, we need 
to know m ore about the adiabatic states of the m o­
lecu lar system  to be considered. For this reason, 
we return to the (/>*, H) system  for which the exact 
states are known.® Reasonably accurate calcu la- 
tions of the e la stic  and 2^-excitation scatterings, 
as w ell as the resonant and 2/>-excitation electron- 
transfer co llision s, have recently becom e avail- 
able''"^  ̂ in a wide range of en ergies (30 eV to 
30 keV). These calculations would provide a very  
useful com parison in a sse ss in g  the valid ity of 
various sim plification assum ptions adopted in our 
multichannel eikonal approximation.

After a brief review of the recent developm ents 
in the treatm ent of the {p*, H) co llision , we p re­
sent in Sec. n a multichannel eikonal approxima­
tion for the (/)*, H) co llis ion s. In th is approxima­
tion we have taken the Isa^ , 2/>ct„ , and 2pv^ adia­
batic electronic sta tes into consideration.
This constitutes one of the sim p lest m odels which 
would provide a reasonable description of the 
Everhart damping*'* and the 2/)-excitation c o lli­
sions.'®’*® The method of evaluating the nonadia­
batic interaction between these adiabatic states is  
presented in Sec. II. The resu lts  obtained in our 
calculation are analyzed and compared with avail- 
able m easurem ents and other theoretical resu lts  
in Sec. III.
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II. E IK O N A LA PPR O X IM A TIO N FO R  
MULTICHANNEL (p",H) COLLISIONS

A. M ultichannel (p*,H) Collisions

The rem arkable m easurem ents of Everhart and 
his associates'^  in the early  1960’s have made it 
apparent that the fam iliar adiabatic tw o-state  
approximation^’' does not provide an adequate de- 
scription of the e la stic  and resonant electron-  
transfer (p*, H) co llis ion s. One of the salient fea- 
tures which the adiabatic tw o-state approximation 
fa ils  to account for is  the damping in the electron- 
transfer probability. One of the physical reasons  
for th is damping has been pointed out by a number 
of w ork ers‘®'̂ “ as being due to the coupling with ex- 
cited sta tes which are neglected in the adiabatic 
tw o-state approximation, and it is  th is coupling 
that concerns us in the present paper. A second, 
com paratively triv ia l, source of damping is  the 
difference in the am plitudes of scattering in the g  
and u sta tes at a given angle, which n ecessar ily  
leads to nonzero minima in the interference pat- 
tern. This type of damping is  w ell understood and 
requires no special comment here.^”’̂  ̂ The damp­
ing due to excited  sta tes m ust be accounted for by 
including these excited sta tes in the expansión  
leading to the coupled equations to be solved; the 
adiabatic representation provides the m ost com - 
mon approach to these coupled equations, but 
other approaches are a lso  useful in various c ir -  
cum stances/® ’̂ ®

We shall consider the form er approach and treat 
the multichannel (p*, H) co llision  in the adiabatic 
State expansión method by including the appropri- 
ate excited states. Bates and Williams'® have 
shown that the damping in the electron-transfer  
probability com es prim arily  from  the nonadiabatic 
coupling of the 2/>a„ state with the 2pv^ state at 
c ió se  internuclear separations. The effect due to 
the nonadiabatic coupling with the 2̂ 7t„ state on the 
electron -tran sfer  probability was then treated in 
the im pact-param eter approximation. The resu lts  
are in qualitative agreem ent with observations in 
that the electron -tran sfer probability is  no longer 
oscilla tin g  between unity and zero. The resu lts  of 
B ates and W illiam s w ere further im proved by 
Smith^' using an approximate wave treatm ent. The 
justification of the procedure is , however, not 
straightforward.^^ Attem pts at solving such three- 
state coupled equations in term s of the adiabatic 
m olecular states have been made only recently.®"'^

The th ree-sta te  approximation has been in vesti-  
gated by Knudson and Thorson® in the WKB approx­
im ation. In their work, the asym ptotic states  
w ere constructed in the m olecular reference sy s -  
tem . A s a consequence, spurious long-range in- 
teractions appeared in their coupled equations.

This spurious long-range interaction which com es  
from the 2/>a„ -  2/>7t„ rotational coupling has an R~  ̂
dependence. Fortunately, their calculation was 
carried out at relatively  low en ergies where the 
errors introduced by this spurious long-range in­
teraction are sm all. The total 2/>,r-excitation 
c r o ss  section  has recently been calculated by 
Rosenthal'^ in the four-ungerade-state approxima­
tion. Such spurious long-range interactions were 
also  presented in th is calculation.

One way to elim ínate the spurious long-range 
interaction is  to exp licitly  introduce a tran sla-  
tional factor in the state function to give the co r ­
r e d  asym ptotic s t a t e s . T h i s  was done correctly  
by Bates and Williams^'’ in the context of the tim e- 
dependent theory. The th ree-sta te  coupled equa­
tions as formulated by Bates and W illiam s have 
been solved by M cCarroll and P iacentin i“  in the 
150-eV -2 .84-k eV  energy región. The resu lts are 
in reasonably good agreem ent with experim ental 
observations.

The spurious long-range interactions coming 
from the nonadiabatic interaction can a lso  be for-  
m ally elim inated in the form ulation of the coupled 
equations. This has been done in paper I by Chen 
and Watson in the context of stationary-state  
scattering theory. This approach has the advan- 
tage that the spurious long-range interaction would 
not appear even in the absence of the translational 
factor. In the present work, we investígate the 
application of these coupled equations to the {p^,  H) 
co llision  problem in the th ree-sta te  approximation. 
We shall solve the th ree-sta te  coupled equations 
in the straight-line eikonal a p p r o x im a tio n .^ A  
sim ilar  procedure has been adopted by M cCarroll 
and P iacen tin i.”  The difference lie s , however, in 
the treatm ent of the longitudinal and tran sverse  
components of the momentum transfer. The non­
adiabatic interactions used in the present calcu la­
tion are those obtained using the exact adiabatic 

m olecular electronic states.
The set of coupled equations which is  free from  

the spurious long-range interaction takes the 
form  [see Eqs. (13.43) and (13.45)]

with

G a= {E- \ - ÍV- K-W a- Voc )~ \

(2 .1 )

(2 .2 )

where Wa+V^L are the eigenvalues of the adiabatic 
states <Pa, i s  the appropriate kinetic energy  
operator of the collid ing system  in the c.m . sy s -  
tem, and J^g are the appropriately m odified non­
adiabatic interactions [see Eqs. (12 .16 )and (13.28)]. 
In Eq. (2.1), we have labeled the in itial states as 
a  = O with incident relative momentum p . Thus,
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the coherent state represen ts the e lastic  
scattering [see Eq. (13.44)]. This set of equations 
i s  consistent with form al scattering theory. We 
shall solve these equations in the eikonal approx- 
imation.

In adopting these coupled equations and the eiko­
nal approximation we have restric ted  our in terest 
to problem s which are bounded by the following 
two inequalities (we are using the notations of 
paper I):

í?2 = V (e V ^ ) << 1, 

773= V ( / > a o ) « l .

(2.3)

(2.4)

where v and p are, resp ectively , the relative  
velocity  and momentum of the collid ing atom s, 
e^/ti  ^ 2 x 10 ’’ c m /se c  i s  a ch aracteristic  bound- 
electron  velocity, and is  the Bohr radius. The 
sm a lln ess  of the d im ensionless param eter tJj p er-  
m its a near-adiabatic description of the co llis ion s  
provided by the coupled equations. The sm alln ess  
of the d im ension less param eter p erm its the 
coupled equations to be solved in the sem ic la ss ica l 
eikonal approximation. For co llision s where the 
inequality for tJj is  not adequately satisfied , cou­
pled equations of the sam e form would st ill be ob- 
tained [see Eq. (1B .7)].

For co llision s when íja is  not sm all, the atom ic 
State or atom ic pseudostates may for certain  
c a se s  be used in place of the adiabatic m olecular  
State s  for the formulation of the coupled equa­
tio n s .’' D e t a i l e d  calcu lations with very en- 
couraging resu lts are obtained'^ for the {p*,  H) c o l­
lis io n s  at en erg ies larger than 1 keV. The coupled 
equations obtained in the atom ic state expansión  
can a lso  be solved in the eikonal approximation.^^ 
We shall, however, confine our consideration to 
the ad iabatic-state expansión and to the case where 
?]2 and rjg are both sm all.

It has been observed'®’̂ '̂  that the nonadiabatic 
coupling between the 2/>ct„ and 2pv„ sta tes alone 
would lead to much too large a c r o ss  section  for 
the 2/)j excitation of the hydrogen atom. There 
are a number of other adiabatic H2 * sta tes, nam e- 
ly, the 2scTj, 3/>a„, Sdo-j, 4/a„, and SdTTy states, 
which would lead to the w = 2 excitation of hydrogen 
atom s. Schneiderman and Russek^^ have pointed 
out, based on the calculation of Mukherjee and 
Russek,^® that the inclusión of the 3/>a„ state could 
significantly reduce the 2/>^-excitation cr o ss  s e c ­
tion. A detailed two-ungerade state (2/>ct„, 2/>ir„) 
and a four-ungerade state (2/>a„, 2pv„,  3/>a„, and 
3;>;r„) calculation have beeri carried  out by R osen- 
thal.^^ The resu lt indicated that the inclusión of 
the 3pa¡¡ state does im prove the agreem ent with 
experiment'® at en ergies above 2 keV.

It should, however, be pointed out that recently

the differential e la stic  scattering, electron -tran s-  
fer, and (w = 2 )-excitation  cr o ss  section, as w ell 
as their absolute ratios, have been measured.*^ 
Thus, by norm alizing the differential e la stic  sca t­
tering cr o ss  section  to the theoretical resu lt at 
one scattering angle, the absolute differential 
(w = 2 )-excitation  c r o ss  section  can be obtained.
The excitation c r o ss  section s so norm alized are 
in good agreem ent with the th ree-sta te  theoretical 
resu lts at en ergies of 0.7 and 1 keV. The magni- 
tude of the total (w= 2 )-excitation  c r o ss  section  ob­
tained from  such norm alized differential cr o ss  
sections is  a lso  consistent with the m easured total 
2pT-excitation c r o ss  s e c t io n . ( O n e  expects the 
total 2s -  and 2/><,-excitation cr o ss  sections to be 
sm all.) Thus, in this energy región ( £ « 1  keV), 
the th ree-sta te  approximation appears to be rea- 
sonable. In the present work, we shall confine 
our treatm ent within the th ree-sta te  (Isff^, 2/>a„, 
and 2/>7i„) approximation.

B. M ultichannel Eikonal A pproxim ation

To solve Eq. (2.1) in the eikonal approximation, 
we w rite for the Green’s function

G„( R, R') = -  (M,/27r)| R -  R '|- i  (2.5)

and for the wave function

'^6(R') = (277)-^/V6(R')e‘"B(^'). (2.6)

Here,
___

S„(R,R')= L  «a(R")ds (2.7)

and ^

Se(R) = j  /CB(R')ds, (2.8)

with

K ^ ^ [ m A E - w ^ - v ^ ) Y ^ \  (2.9)

We suppose that the eikonal amplitude y0Ís a re -  
la tively  slow ly varying function of the position.
We further suppose that E = (^p'^/M,)/(S{»\  (where 
(R is  the Rydberg constant), so that the path in te­
grá is for the eikonals given by Eqs. (2.7) and (2.8) 
can be evaluated in the stra igh t-line approxim a­
tion. A detailed investigation of the trajectory  
problem  for the {p* , H) co llis ion  was given in pa­
per II.

In paper IV, we have shown that the coupled 
equations given by Eq. (2.1) can be reduced, in the 
stra igh t-line eikonal approximation, to the form  
[see paper IV, Eq. (IV 2.48)]

'!'«( R) = Sao ;  { R) -  (2 ÍF ^ B

(2 . 1 0 )
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with [Eqs. (IV2.26) and (IV2.58)]

‘PocbÍ^', 6 )^ ^ (R ')-S b (R )

= - z { k g - k a  C0Se) + 5$„g(2, b)

+ Í[í>fl(6)-$„(6)], (2.11)

6<^a8( ,̂ b)= / '[ (1 A „ )F „  - (I /ü b )  Vgl dz'  ,
( 2 . 1 2 )

U tiliz in g  Eq. (2 .10), th e  t r a n s i t io n  m atrix fo r  a 
f in a l S ta te  a and  r e la t iv e  m o m en tu m  k a [ s e e  Eq. 
(13.46)] ,

(a k J r |O p )  = 6„„(A5-^,[/„^í„;)

+ (̂ cctiT y Z/ ’̂ aB%] ; (2.13)
“ B^a

may be evaluated to give 

roo=6«o(V  .t/o'I'íop) + (27r)-  ̂ ¿  V,
“ Sí̂ a

x f  b d b J „ ( k a b s i n 0 ) Q a B ( l > ) e ^ ‘ ^^^*c, (2.14)

with

= lim  Q^e(^,b),  (2.15)
¿ ao

<í‘a o = ' í > a  +  ‘í > o = -  f  i K U a W + P U o W l d ^ ,  ( 2 - 16)►'-cr.
where the t/^’s are defined in term s of the adiaba- 
tic  potential ■ü„ [see Eq. (IV 2 .12)]. For co n sis -  
tency in notation, we have k„ = p .

The quantities QaB(' >̂ b) are solutions of the set 
of coupled first-o rd er  differential equations

’ -  ^aB ^Bo~ QByy (2.17)
y^B

with

(2.18)

Thus, by solving Eq. (2.17), the transition m atrix  
given by Eq. (2.14) can be evaluated. The poten- 
tial scattering term s (Aj- ,?7o'í'co^) can be written  
in the form [see Eq. (115.11)]

(^k;>í^o'í'‘!o;) = l¿i^a/(27r)'i

x f  b d b J j k „ b 0 ) ( e ‘^oC)-i)^  (2.19) 
■'o

which was first derived by M oliere.^’'
In deriving Eqs. (2.10), (2.14), and (2.17) we 

have supposed that the nonadiabatic interactions  
have cylindrical sym m etry. Consequently in 

Eq. (2.14) only the zeroth-order B e sse l function 
J(,(z) appears in Eq. (2.14). For the intended ap- 
piication to the (/>"̂ , H) probiem , the error intro-

duced is  le s s  than one p ercen t.“  The extensión  
to interaction with exponentiai-type azimuthal an­
gular dependence is  given in Ref. 24.

C. Three-State A pproxim ation

In the th ree-sta te  approximation, Eq. (2.17) r e ­
duces to a set of three coupled equations. To 
sim plify our notation, we shall label these states  
in the num erical order 0 , 1, and 2 where O and 1 
denote, respectively , the asym ptotically degener- 
ate Isa^ and 2/>ff„ adiabatic H /  states and where 
2 denotes the final 2/)7t„ adiabatic H /  state.

From  sym m etry considerations, it is  o lear that 
the nonadiabatic interaction m atrix elem ents J„b 
vanish between gerade and ungerade states. This 
then uncouples gerade and ungerade interactions  
and the three coupled equations reduce to a pair 
of coupled equations for the ungerade states. We 
have from  Eq. (2.17)

O \  ^ 
if-*)

_d
dz

- 1
O (2.20)

In term s of the solutions obtained from Eq.
(2.20), the transition am plitudes take the form s 
[see Eqs. (2.14), (2.15), and (2.19)]

TÍV = [iVo/(2Try] f ° ° d b d J „  (pb s i n e ) { e ‘ ^  -  1),

(2.21)

/(2tí)"] f " b d b  J j k , b  s i n 6 )

x{e‘*i[l-¿r<“’ (6)]-l} ,

T¡f  = [ v , / ( 2 u V ] ^  bdbJoik^bsine)  

r[ ' ‘̂ {b) = { v , / v , )  Q[V(b),

(2 .22 )

(2.23)

(2.24)

where the su perscrip ts (g) and (u) are introduced 
to denote the gerade and ungerade sym m etries. 
From the com parison of Eq. (2.22) with Eq. (2.19), 
it is  c lear  that the dampings due to the coupling 
with the states in the ungerade mode of in ­
teraction give r ise  to the ¿r term .

In the th ree-sta te  approximation, the e lastic  
scattering and resonant electron -tran sfer am pli­
tudes may be obtained by appropriate linear com - 
binations of the e la stic  transition am plitudes 
and . We then have

da,.
f  ( l s - . l s )  = (27T)^M Mi(rW ±r$“n p . (2.25)í/n

It is , however, not possib le in the th ree-sta te  
approximation to distinguish electron-transfer
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excitation from  scattering excitation. We have, 
therefore, the approximations

dQ { \ s ^ 2 P ti) = ^ { U ~ 2 P 7 , )

)|2 (2.26)

The total c r o ss  section  and electron -tran sfer prob- 
ability can be readily determ ined in term s of 
these d ifferential c r o ss  sections.

D. N onadiabatic Matrix Elem ents

To so lve the coupled equations, we must first  
evalúate the nonadiabatic interaction. The m atrix  
elem en ts of the nonadiabatic interaction be-  
tween the adiabatic sta tes q>a. and <pg w ere defined 
in paper I in term s of the incident channel coordi- 
nates ( f i ,R i ) .  Since J^g, unlike A„g and are
le s s  sen sitive  to the choice of the coordinates, we 
shall use the usual coordinates (r , R) for the eva l-  
uation of J„B, where R is  the vector from the target 
proton to the incident proton, and r i s  the position  
of the electrón  with resp ect to the m ass center of 
the nuclei. We then have

(2.27)

with

A „ g  = -(1/2M ,)[((?)„, V|<í>B) +  2(<p„,Vf<P6)-V^]. (2.28)

This change in coordinates does not introduce an 
erro r  in J„g , under the condition m/M «  1 and 
Eq. (2.4). In the eikonal approximation, A„g to the 
order of takes the form

A „ e = - (¿ V ^ r ) - ( í> a , (2.29)

where the f ir st term  of Eq. (2.28), which is  com - 
paratively sm aller  than the second term , has been 
neglected in Eq. (2.29).

The electron ic coordinates in adiabatic states  
are usually exp ressed  in term s of the reference  
system  which has the z ax is p arallel to the m olec­
ular ax is of sym m etry. The co llision  system  is , 
however, sp ecified  in term s of a fixed coordínate 
system . The atom ic sta tes obtained from the adia­
batic sta tes in the R —<» lim it depend therefore  
exp licitly  on R . Consequently, the asym ptotic 
exp ression s of A„g [i.e ., a'J’b, see  Eq. (2.27)] are 
spurious for c a se s  where a  and (i sta tes belong 
to the scattering or to the rearrangem ent channel s. 
It has been shown in paper I that the appropriate 
nonadiabatic in teractions which appear in the 
coupled equations are J^g but not A„g. By defini- 
tion Ja¿ do not contain Â J’̂  and are therefore free  
from  the spurious long-range in teractions en-

countered in the work of Knudson and Thorson” and 
of Rosenthal.^^

Let R, y ,  and rj denote the unit vectors forjning 
the b a sis  of the spherical polar coordinates R 
= (i?, y , 7]) in the fixed reference coordínate s y s ­
tem . In the moving m olecular coordínate, the 
gradient takes the form^®

V? = ií

+  77

dR
* 1 /a  i

+ y —  -  -Z J , .R \ S y  K

c o s y (J * - - ta n y 4 -)^ , (2.30)
R s in y  \aT) ñ

where J , - , J , - , and are the C artesian com po- 
nents of the electron ic angular momentum opera- 
tor in the moving m olecular coordínate system .

Assum ing the c la ss ic a l trajectory l ie s  in 
straight Unes, we may take the local tangent k of 
the c la ss ic a l trajectory in the direction parallel 
to the 2 ax is of the fixed reference coordínate 
system . Since

Z-R = co sy  = {Z/R),  Z-y  = -  siny= -  {b/R),
(2.31)

Z-T)=0, 

we obtain from  Eq. (2.30)

(2.32)

where J,- can be exp ressed  in term s of the low er- 
ing and rising electronic angular momentum oper- 
ators. We have

with

±¿cot0' a q)',

(2.33)

(2.34)

where 0' and (p' are the polar angles of the e le c ­
trón in the moving m olecular coordínate system . 
The nonadiabatic interaction in the straight-line  
approximation then takes the form

cosy dR

. (2.35)

The nonadiabatic interaction between the 2pa^ 
and 2/>7t„ has been investigated by Bates and 
Williams^^ in the united-atom  and linear com bina- 
tion of atom ic orbitals (LCAO) approximations. 
This approximate exp ression  was used by 
McCarroll and Piacentini“  in their th ree-sta te  calcu-
lation. Evaluations of the _2pa nonadiabatic 
interaction can a lso  be carried  out using the 
exact adiabatic electronic wave functions.'*''^ 
We have a lso  carried  out such a calculation using
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FIG. 1. A ngular dependence of the th e o re tic a l d if fe r -  
en tia l e la s t lc ,  e le c t ro n - t r a n s fe r ,  and 2 /)^ -ex cita tio n  
c ro s s  se c tio n s  in thetf)* , H) c o llis io n  obtained in the 
th re e - s ta te  s tra ig h t- l in e  e ikonal approx im ation  a t  a  lab - 
o ra to ry  e n erg y  of 410 eV . The d iffe re n tia l -e x c ita -  
tion  c r o s s  sec tio n  c a lcu la ted  by Knudson and T horson  
(KT, R ef. 9) is  shown a s  the  d ash ed  cu rv e .

cí

FIG. 2. A ngular dependence of the  th e o re tic a l d if fe r -  
en tla l e la s t ic ,  e le c tro n - tra n s P e r , and 2 ^ „ -ex c lta tio n  
c ro s s  se c tio n s  in the ip* , H) c o llis io n  obtained in the 
th re e - s ta te  s tra ig h t- l in e  e ikonal approx im ation  a t a  lab - 
o ra to ry  en erg y  of 500 eV . The d iffe re n tia l 2p^ -e x c ita -  
tion  c ro s s  sec tio n  c a lcu la ted  by Knudson and T horson  
(KT, R ef. 9) is  shown a s  the d ashed  c ru v e .
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FIG. 3. C o m parisons of th e  2p^ -e x c ita tlo n  p ro b ab ility  
[se e  Eq. (3.1)] in the (p* , H) c o llis io n  a s  a  function of 
the im pact p a ra m e te r  ob tained  in the th re e - s ta te  quan­
tum  WKB, s tra ig h t- l in e  e ikonal, and im p a c t-p a ra m e te r  
ap p ro x im atio n s .

the exact wave functions. The resu lt agreed with 
those obtained by Knudson and Thorson® and by 
Rosenthal/^ The term  which is  exp ressed  in 
term s of atom ic states can be evaluated exactly. 
We have

2pn ,2pa

By subtracting from  A„g, we obtain the de- 
sired  nonadiabatic interaction For num erical 
convenience, we have fitted the nonadiabatic in­
teraction into a sim ple analytic expression  (in

FIG. 4. C o m parisons of the  a n g u la r  dependence of the 
ca lcu la ted  {p* , H) e le c tro n - t r a n s fe r  p ro b ab ility  in the 
th re e - s ta te  s tra ig h t- l in e  e ikonal approx im ation  w ith that 
m ea su re d  by H elbig and E v e rh a r t  (Ref. 14) and th a t c a l­
cu la ted  by M cC arro ll and P iacen tin i (dashed Une, R ef. 11) 
and in the tw o -s ta te  s tra ig h t- l in e  (dash -do t line), angle 
(dotted lin e ) , and c la s s ic a l- t r a je c to ry  ( 0 ( |p P a j) )  (dash- 
double dot line) ap p ro x im atio n s (Ref. 2).



atom ic units).

(R) = + m , / M r R ^ )

X (1 +0.9914/í + 0 .9355 ií2 - 0.2757Í?"

+ 0.1486Í?'*). (2.36)

This is  the exp ression  that we have used in the 
calculations reported in the Sec. III.

III. D IFFER EN TIA L CROSS SECTIONS IN 
(p \H )  COLLISIONS

Calculations oí the differential c r o ss  sections  
for the {p*,  H) e la stic , e lectron-transfer, and 
2/>j-excitation co llis io n s are carried  out in the 
th ree-sta te  approximation described  in Sec. n.
The coupled differential equations, Eq. (2.20), for 
the QaB are solved using the B u lirsch -Stoer nu- 
m erica l method.^® In term s of these Q^b» the 
transition am plitudes are then obtained by evalu- 
ating the in tegráis given by Eqs. (2 .21)-(2 .23). To 
account for the rapid oscilla tion  of the integrand, 
the integrations over b are sp lit up into two re -  
gions. For b < l / k s i n 6  the Gaussian quadrature 
is  used, and for 6fesin0>7 the in tegráis are eval-  
uated by u tilizing the asym ptotic exp ression s of 
the B e sse l functions to recast the integral in the
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. I d e g )

FIG. 5. C o m parisons of th e  a n g u la r dependence of the 
ca lcu la ted  {p* , H) e le c tro n - t r a n s fe r  p ro b a b ility  in the 
th re e - s ta te  s tra ig h t- l in e  e ikonal approx im ation  w ith 
th a t m ea su re d  by H elbig and E v e rh a r t  (Ref. 14) and that 
c a lcu la ted  by íCnudson and T h o rso n  (dashed Une, R ef. 9).

form

i ígi(<}b) s\n{qb) + g^iqb) cosCq'ft)],

where the functions and g 2  are fa irly  smooth 
functions. An exp licit evaluation of these integráis  
is  then carried  out by cubic-polynom ic interpola- 
tion of g¡ and g 2 . The resu lts  are presented and 
compared with experim ental m easurem ents and 
other theoretical resu lts in graphic form s.

a

FIG. 6. C o m p ariso n s of the 
a n g u la r dependence of the  th e ­
o re tic a l  d iffe re n tia l e la s tic  
and e le c tro n - t r a n s fe r  c ro s s  
se c tio n s  obtained in the  th re e -  
s ta te  s tra ig h t- l in e  e ikonal ap ­
p ro x im atio n  w ith th a t m ea ­
su re d  by H ouver e t al. (Ref. 15). 
The ex p erim en ta l r e s u l ts  a r e  
n o rm alize d  to  the  th e o re tic a l 
e la s t ic  c ro s s  sec tio n  a t lab o - 
r a to iy  ang les of 0.8° and 1°, r e -  
sp ec tiv e ly , fo r  e n e rg ie s  a t 700 
and 1000 eV.

L c b
(deg)

" L a b
(deg)
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FIG. 7. C om parison  of th e  a n g u la r  dependence of the 
th e o re tic a l d iffe re n tla l 2p^ -e x c ita tio n  c r o s s  sec tio n  ob- 
ta ined  ín the th re e - s ta te  s tra ig h t- l in e  e ikonal ap p ro x im a- 
tion  w ith th a t of the d iffe re n tia l (n = 2 )-ex c ita tio n  c ro s s  
sec tio n  m ea su re d  by Houver e t al. (Ref. 15). The m agn l- 
tude of the ex p erim en ta l d a ta  is  obtained based  on the 
s in g le-p o in t n o rm aliza tio n  in F ig . 6. The 2 ^ ^ -e x c ita tio n  
c ro s s  sec tio n  c a lcu la ted  by  M cC arro ll and P iacen tin i 
(Ref. 11) and by M cC arro ll e t al. (Ref. 8) a re  shown as 
dashed  and do tted  c u rv e s , re sp ec tiv e ly .

In F igs. 1 and 2, the angular dependence of the 
differential e la stic , e lectron-transfer, and 2pn- 
excitation cro ss  section s are displayed for two 
fixed laboratory en erg ies at 410 and 500 eV. The 
2/>j-excitation c r o ss  section  has been calculated  
by Knudson and Thorson (KT) at these energies.®
It is  seen  from F igs. 1 and 2 that their c r o ss  s e c ­
tion exhibits the sam e angular dependence, but

, (deg)

FIG. 8. C om p ariso n s of the  an g u la r dependence of the 
calcu la ted  (p* , H) e le c tro n - t r a n s fe r  p ro b ab ility  in the 
th re e - s ta te  s tra ig h t- l in e  e ikonal approx im ation  w ith th a t 
m ea su re d  by H elbig and E v e rh a r t  (Ref. 14) and by 
Houver et al. (Ref. 15) and w ith th a t ca lcu la ted  by Mc­
C a rro ll  and P iacen tin i (dashed lin e , R ef. 11) a t a  la b o r­
a to ry  en erg y  of 700 eV.

with slightly sm aller  magnitude in com parison  
with the present resu lt.

A com parison of the 2/)^-excitation  probability

(3.1)

which appears in the im pact-param eter integral 
approximation for the total 2/>^-excitation cro ss  
section

Q ,.e .( ls -* 2 /)J =  2 ^ /  bdbP,p^{b),  (3.2)

is  made in Fig. 3 with those calculated by Knudson 
and Thorson in the quantum WKB and im pact-pa- 
ram eter approximations at an energy of 500 eV.
It is  apparent that the present stra igh t-line eiko­
nal approximation y ields resu lts  which are in 
c lo ser  agreem ent with the quantum WKB resu lts  
than the im pact-param eter approximation.

The electron -tran sfer probability can be ob­
tained from these differential c r o ss  sections by 
the approximate relation

( I s -  l s ) +  ^  ( l s - 2 i 0 j
Pe. =

dQ

( I s -  Is) + ( I s -  Is) -dQ d ü
^‘" ' ( ls ^ 2 / ) , )+  ^ ( l s - 2 / . J

(3.3)

díí dO.

Com parisons of the angular dependence of with 
experim ental data'“ at these en ergies are given in 
F igs. 4 and 5. The damping due to the coupling 
with the 2/>77„ State is  apparent at large angles. We 
have included in F igs. 4 and 5 the th ree-sta te  r e ­
su lts obtained by M cCarroll and P iacentin i”  and 
by Knudson and Thorson,® resp ectively .

At these relatively  low en ergies, one would ex-

pect that the trajectory effect would a lso  be of 
im portance for large-angle co llis ion s. In paper 
II, we have investigated this trajectory effect in 
the tw o-state approximation by following the c la s-  
sica l trajectory up to the order This result
was then compared with those obtained in the 
straight-line and angle a p p r o x i m a t i o n s . F o r  
com parison, these resu lts obtained in paper II are
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8, (deorees)Lab

FIG. 9. C om p ariso n s of the  an g u la r dependence of the 
ca lo u la ted  {p*, H) e le o tro n - t ra n s fe r  p ro b a b ility  in the 
th r e e - s ta te  s tra ig h t- l in e  e ikonal appro x im atio n  w ith that 
m ea su re d  by H elbig and E v e rh a r t  (Ref. 14) and by 
H ouver et al. (Ref. 15) and w ith  th a t c a lcu la ted  by M c- 
C a r ro ll  and P iacen tin i (dashed Une, R ef. 11) a t a  la b o r-  
a to  ry  e n erg y  of 1 keV.

now reproduced in F ig. 4. It is  seen that at £iab 
= 410 eV, the trajectory effect is  st ill appreciable 
in com parison with effec ts due to the nonadiabatic 
coupling with the 2/>7t„ state at large angles.

Recently detailed m easurem ents of the d ifferen- 
tial e la stic , electron -tran sfer, and (w = 2 )-exc ita -  
tion c r o ss  section s in the (p*,  H) co llision  have be-  
com e available for the first tim e at slightiy higher 
energies.*^ A com parison of the angular depen­
dence of the theoretical and experim ental d ifferen- 
tia l e la stic  and e lectron -tran sfer  c r o ss  section  is  
made in F ig. 6 at 0.7 and 1 keV laboratory en er-  
g ie s . The experim ental data are norm alized to the 
theoretical e la stic  cr o ss  section  at laboratory  
angles of 0.8° and 1°, resp ectively , for en ergies  
at 0.7 and 1 keV. At these angles, the e la stic  
c r o ss  section  goes through dips. The theoretical 
and experim ental data shown in Fig. 6 are in 
reasonable agreem ent. The inclusión of the cou­
pling with the 2/>7t„ state to allow for the 2p^ ex c i-  
tation does have a substantial effect on the d iffer- 
ential e la stic  and e lectron -tran sfer  cr o ss  section  
at the large-angle ta ils .

Since the m easurem ent a lso  provides the abso- 
lute ratios of the differential e la stic  and (« = 2)~ 
excitation c r o ss  sections, th is sin g le-an gle nor- 
m alization in F ig. 6 a lso  determ ines the absolute 
magnitude for the differential (w = 2)-excitation  
c r o ss  section. A com parison of the excitation  
c r o ss  section  so norm alized with theoretical re -  
su lts is  made in Fig. 7. The magnitude of the 
c r o ss  section  agrees rem arkably w ell. At these  
en erg ies, we expect the 2s and 2pa excitations to 
be sm ail so that the (w = 2) excitation constitutes  
predom inantly the 2/)  ̂ excitation. The magnitude 
of the total 2/)^-excitation  cr o ss  section  obtained 
from the differential cr o ss  section  at these ener-

« 1 o, u,)

FIG. 10. C om parison  of the se m ie m p ir ic a l fiinction 
i Í 3 [se e  E q s. (3.4) and (3.5)1 w ith the th e o re tic a l va lúes 
(denoted by x) obtained fro m  Eq. (3.15) [se e  a lso  
E q s . (3.8) and (3.9)1 in the th r e e - s ta te  s tra ig h t- l in e  
e ikonal approx im ation .

g ie s  is  consistent with that m easured by Stebb- 
ing et  al.^  ̂ At higher en ergies, the th ree-sta te  
approximation tends to overestim ate the m agni­
tude of the 2 /):r-excitation cr o ss  section.

The angular dependence of the m easured (n = 2)- 
excitation cr o ss  section  i s  in reasonable ag ree­
ment with those obtained in the m olecular adiaba- 
t ic  state expansión at the sm all-angle side. For 
the large-angle ta il, the agreem ent between the 
theoretical and experim ental resu lts is  not sa tis -  
factory. This is  partially owing to the straight- 
line approximation adopted in the theoretical cal- 
culations for the c la ss ic a l tra jector ies. The 
trajectory effect is  appreciable at these large an­
g le s  (see F ig. 4). At 1 keV, it is  seen  from Fig.
7 that the atom ic state expansión® actually y ie lds  
an angular dependence which is  in better agree­
ment with experim ent. This is  somewhat su rp ris- 
ing since the 2p^ excitations are induced by the 
2/>a„ -  2/>77„ rotational coupling at c ió se  encounters, 
where the m olecular characters are dominant.
One, however, expects that at these en erg ies the 
additional coupling interaction com ing from the 
translational factors^* would be of im portance. 
Calculations which include these additional cou­
pling in teractions as w eil a s trajectory effects  
would be instructive.

Com parisons of the theoretical and experim en­
tal angular dependence of Pet at these en ergies  
are given in F igs. 8 and 9. The agreem ents among 
the theoretical and experim ental resu lts are very  
reasonable. It is  seen  from  F igs. 8 and 9 together 
with F igs. 4 and 5 that the angle above which the
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damping due to the coupling with the 2pv^ State 
becom es appreciable, d ecrea ses with increasing  
en erg ies. In these damping regions, the exp eri­
mental data in general lie  slightly above the theo- 
retical resu lts . In the present calculations, re ­
sidual osc illa tion s are found to be significant in 
these damping regions.

As mentioned before, the d ifference between the 
two theoretical re su lts  in the m olecular adiabatic- 
state expansión obtained by M cCarroll and P iacen- 
tini and by us com es p rim arily  from the approxi- 
tion in the momentum transfer.

Shortly after the m easurem ents on the electron- 
transfer probability f ir st becam e available, sem i-  
em pirical equations based on the im pact-param - 
eter treatm ent have been proposed to reproduce 
the experim ental data/^''**’̂  ̂ It would be of in ter- 
est to exam ine the Lockwood-Everhart sem iem - 
p irica l equation

K , { \ / v ) + K ^ { \ / v ) s i n ^ [ K , { \ / v ) ]  (3.4)

in the fram ework of the present eikonal coupled 
equations. In Eq. (3.4), and are slow ly vary- 
ing functions of v ~ \  and takes the form

with

(3.5)

where (E^) i s  an “effective valué” related to the 
phase integral and 6 is  a constant phase. For the 
iP*,  H) system , } and 5 have the experim ental 
valúes of (63.7 ±1) e V - A  and (0.28 ±0.01) t¡, re -  
sp ectively .

From  Eqs. (2.14) and (2.19), the e lastic  sca tter- 
ing amplitude for the gerade and ungerade m odes 
of in teractions can be written in the form [i.e ., 
see  Eq. (2.29)]

4 o ’ = K/(27>)"] Í  bclbJ^(k^bsmB)Jo

x { e ' '* o [ l - ¿ rW (6 ) ]_ l} ,  (3.6)

Í ’ í i ’ =  [ ¿ * ^ i / ( 27t) ^ ] f  b d b J a i k ^ b s i n e )
Jf\

l -¿r<^>(6)=l-¿ ^  (3.8)

1 -  ¿r (¿,) = 1 -  ¿ ^  (b)  ̂ ^

where the exp ression s for and r'" ' would be 
slightly modified for noncylindrical interactions.^^ 
In the im pact-param eter approximation, the total 
resonant electron -tran sfer c r o ss  section

a e , ( l s - l s )  = (2ir)^M^ /  |Í(rf"„> -  ) |^díí (3.10)

reduces to

a e , ( l s - l s )  = 27T f  b db P ^ ^ H l- s - l s ) ,  (3.11)

with

p'eV = i  líe'^’c d  - 1 ] -  (1 -  ¿ r (“)) - 1  .

(3.12)

Substitution of Eqs. (3.8) and (3.9) into Eq. (3.12) 
yields Eq. (3.4) with

(3.13)

(3.14)

(3.15)

(3.7)

A com parison of Eq. (3.5) with experim ental valúes 
for (£„) and 5 with Eq. (3.15) in the three-State  
approximation is  glven in Fig. 10. The agreem ent 
is  reasonably good. Deviations from the straight 
line are found in the th ree-sta te  approximation at 
low v e lo c itie s . The th ree-sta te  valúes for and 

are slow ly varying with v"' and stay c lo sely  
to zero and unity, resp ectively .
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