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The possibility of an asym ptotic vanishing of total cross-sections has recently been 
suggested (l,a). The conventional high-energy llegge-pole fits are not able to support 
or reject such a proposal (3).

Im plem enting the information deriving from the high-energy tota l cross-section  
data w ith the results of a continuous fam ily of sum rules by means of which inform ation  
from lower-energy data is extracted, we have succeeded in determ ining a,, (the t =  0 
intercept of the Ponieranchuk trajectory) to be 1 w ith  an uncertainty of 0 .0 2 —0.03.

The sum rules we use are essentially a generalization of the conventional finite 
energy sum rules (4) and have been derived independently by Or.ssox (5) and the authors 
of this note (6) (see also refs. (7-8)). H owever, we should stress that although Olsson's 
and our sum rules are very similar, there are significant differences when total cross­
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section data are used in their evaluation. In Olsson’s approach, indeed, to see the  
maxim um  in <p(y) (see eq. (I) below and ref. (5,s)(*)) corresponding to the dom inant Regge 
poles requires giving too much weight to the near-to-threshold data. In this w ay large 
errors are made to appear just in tlie region most sensitive to the relevant Regge para­
meters. In the study of the antisym m etric part of forward tc-.V scattering, this fact has 
prevented the above author from recognizing the existence of a sizable background (8) 
which was instead evident from our sum rules.

W e w ant to apply here the sam e technique to the sym m etric part of the forward 
scattering. W e are now faced with a difficulty which was absent in tlie antisym m etric 
case. In fact, the real part of the am plitude which enters the sum rule has to be eval­
uated using dispersion relations and the latter need a subtraction in the sym metric 
case. This would mean putting the precise total cross-section data beside a rather 
uncertain scattering-lengtli value which would spoil the precision of the sum rule. To 
avoid this trouble we have reconsidered our approach on the basis of the two following 
observations.

i) Given the total cross-section half sum a<~>-- ¿(cr_ +  <r+) from threshold to co, 
one m ay define (10) as well a« the physical sym m etric am plitude, an antisym m etric one, 
both having as their im aginary parts q,,nl+) for v >  0. In the Regge model the high- 
energy parts of these am plitudes are described by essentially the same Regge poles 
(i.e. sam e trajectory intercepts, sam e residues) but with opposite signatures. The use 
of an antisym m etric am plitude has tlie advantage that it vanishes for v — 0 and this 
m ay help us in elim inating the subtraction constant.

ii) If we define the im aginary part of the am plitude for v > 0  not as qL n' ;i hut, 
as qLo{^)ivs (with <5 not too large, see below) the com plete am plitude is described in its 
high-energy part by the sam e Reggo parameters but w ith the trajectory intercepts 
shifted down by <5. If som e Regge trajectory in th is w ay crosses — 1. this fact may 
no longer be true. In fact, the Regge background contribution ( O ^ 1)) changes w ith 6 
and in the antisym m etric case, for instance, when a trajectory approaches a — - 1 
it  develops a counter contribution to cancel the divergence. All this may easily be 
understood by looking, for exam ple, at dispersion relations.

These considerations allow us to extract the relevant Regge parameters not from the  
physical sym m etric am plitude, the determ ination of which im plies the knowledge of 
a subtraction constant, but from the antisym m etric am plitude whose im aginary part 
for v >  0 is g £(T(+)/l’', w ith som e not-too-large <5. It is to this am plitude that we apply 
exactly  the sam e procedure used in the treatm ent of the antisym m etric case (8). 
Moreover, there is a new parameter S on which the sum rule depends and, as we shall 
see, the use of this parameter is of the utm ost im portance in our considerations.

One m ay wonder w hat are the advantages of extracting Regge parameters in such 
a com plicated w ay and not directly from experiinental-data lits. Some advantages 
are the following:

a) One can extract inform ation from interm ediate-energy data which are not 
directly exploitable because they are affected by nonnegligible Regge background.

(’ ) A ll sj'iuIjjIm and  iiotiiU n:«  arc defined as in  ref. (').
(*) I ts  w e igh t a t  (j GeV w as ~  .0 % in th e  p h ysica l am p litu d e  and ~  20 % in  th e  curve <fiv) for 

som e regions of th e  moment. y.
( l0) L et uh n eg lec t convergence problem s for a mom ent’.
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b) The function <p(y) (see eq. (I)) is more sensitive to the positions of the Regge 
trajectories than the physical am plitude. This is due to the presence of the factor 
l/(a  f ? — 1) which enhances a particular Regge contribution for y — 1 — a.

c) Again, for the presence of the factor l / ( a + y - - l )  the Regge background  
contributes in a simpler form to cp(y) at a given v0 than to the physical am plitude at the  
sam e energy. In fact, if we assume that the physical am plitude is given by a few  Regge- 
pole contributions plus an integral in the /-p la n e  along the axis which goes from  
(— 1 — i  oo) to ( - -1  -| i co), the contribution to <p(y) of the various pieces of th is integral 
are w eighted by l l ( J - r y — 1), w hich dam ps down the contributions far from the 
real axis. This fact allows one to sim ulate th e background contribution to qi(y) more 
sim ply (i.e. w ith  less parameters) than the one to the physical am plitude, and th is may 
be particularly useful when only low-energy data are available and the cut-off v0 is 
therefore rather small.

d ) The sum rule results are not critically affected by possible large errors in the 
data in som e restricted region of the energy.

The detailed form of the sum rule used is

where O f a 1) represents the Regge background contribution, F 0(v) is defined by (n )

(total cross-sections in mb and v in GeV).
Two values of the cut-off have been considered: v0= 3  and v0 = 6 G e V . For the

( i )  n M  = ■  -  K ' " * ’ i l v v 7  l n i  e x P  -  *  2  y

0

y  Pn _  sin (7t/2)(qn— Ô -I- -/ — 1)
„ COS (ji/2 )(a „-  ô) a „ —  ô + y  —  1

„ U „  - i )  (_ 0(vo 1 )

00

(2)

i'a(O) by

(3)

and the Regge parameters are normalized by

! (a- +  o+)
n

i 11) Wc have n eg locted  th e  nucleon pole, because i t  g iv e s  (a t  (li-r(ï) GeV) a pure background con ­
tr ib u tion .
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a)

evaluation of the sum rule w e have used the currently known total cross-section data (12), 
including som e recent measurement in the interval (0.750 : 2.30) GeV. B eyond 20 GeV 
we have extrapolated the to ta l cross-soction to infinity by means of the fit of F o l e y  
et al. (12c) in  order to com pute the real part of the am plitude. However, our results are 
largely independent of th is particular extrapolation.

Two values of <5 have been considered (<5 =  0.3 and ¿ =  0.6) and the resulting <ps(y) 
have been best-fitted sim ultaneously. A best fit of th is kind is much more sensitive to 
the Kegge parameter values than a best fit 
to only one <ps(y)- In fact, if for <5 =  0.3 
the ratio of the relative w eights in <ps(y) 
of P ' and P  is r = W F' I WP; for S =  0.6 
this ratio becom es ■— 1.5r and, moreover, 
its exact value is determ ined purely by <xF 
and ctp' w hich are present in the denom i­
nators cos (nl2){tx„— 6) of eq. (1).

The best fit has been performed in the  
interval y  =  1 5. W e have neglected the  
points w ith y  less than 1 because they  
depend too strongly on the near-to-thresh- 
old total cross-section data affected by non- 
negligible uncertainties. The w eight of these 
data is particularly enhanced by the denom ­
inator va present in eq. (2). The points 
with y  greater than ~  5 g ive no essentially  
new inform ation, because for this value of 
y  the various denominators 1 j(ocn +  y — 1) 
present in eq. (1) have in practice reached b)
their asym ptotic form (supposing that the  
low est sizable singularity has y. ~ — 1) and 
therefore, in varying y,  the relative weight 
of the various pole contributions does not 
change.

W e have made a three-pole fit (P , P ' 
and a pole w ith  fixed a =  — 1 sim ulating  
the Kegge background). The total number 
of free parameters was six (the two back­
ground coefficients at <5=0.3 and <5=0.6 were independent). The background con­
tribution w as, however, found to be negligible both at 3 and 6 GeV (below 1%).

W hat essentially differentiates our determ ination of P , P ' parameters from those 
preceding is that w e are able to  determine aP(0), the Pom erancliuk intercept at t =  0. 
This is possible because the interinediate-energy data are brought into the gam e by  
use of the sum rule and, furthermore, in the sum rule one m ay better determ ine the
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F ig. 1. -  P lots of a) and 6) 9>a.,(y) ior
vQ =  6 GeV, as an  illu stration .

(l i ) Tho d a ta  w ith  T n < 7 5 0  M eV have  been, ex tra cted  from  th e  references qu oted  in  th e  review  
by: a) M. N . F o c a c c i and  G . G ia c o m e l l i : C E R N  R eport Gfi-18 (A pril 196«), T he d a ta  have been  
selec ted  look in g  a t  errors and  co n tin u ity . In  th e  in terv a l 0.750 < T n < 2 .3 0  G eV  w e have used data  
from  recen t m easurem en ts a t  B rookhaven. (G . G ia c o m e l l i : p rivate  com m u nication  to  ï ’roî. L , B e r - 
t o c c h i .)  Tho d ata  for 2.30 G eV  w ere tak en  from  b ) A . C it r o n , W . G a l b r a it h , T . F .  K y c ia ,
B . A . L e o n t iö , R . H . P h i l l i p s , A . IU t o s s e t  and  P .  II. S h a r p : r h y s .  I le  v . ,  144, 1101 (1966). B eyond
7 G eV  we used th e  B rookhaven data  c) K . J .  F o l e y , R . S. J o n e s , S. J .  L in d e n b a t jm , W . A . L o v e , 
S. Oz a k i , K. I). P l a t n e r , C. A . Q u a r l e s  and  E . I f . W i l l e n : Phys .  R ev .  L e t t . ,  19, 330 (1967).
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relative w eight of P , P' varying w ith  <5 the relative w eight of low- and higli-energy 
data.

W e have at first used the sum rule looking for loast-squarc configurations indepen­
dently at v0 =  3 and v0 =  6 G-eV. A t this stage one does not obtain a unique solu­
tion (13); however, all solutions have an aP(0) near to 1 (the low est txP{0) being 0.97 (14)).

W e then compared the solutions at 3 and 6 GeV, elim inating those w hich were clearly 
not acceptable for both }>0’s. In this w ay we were left w ith  a more restricted set of con­
figurations. A m ong the latter the favoured one both at 3 and 6 GeV was

a) aP = 1 .0 0 ,  £ p =  2 0 .2 5 , =  0.60 , 0 ^ = 1 6 .2 5 .

The parameters of all other accepted configurations were contained betw een those 
of the following:

b) otp = 1 .0 1 5 ,  f}P — 2 3 .3 , op. =  0 .4 5 , £ p - = 1 1 .9 ,

c) ocP =  0 .9 9 , |Sp= 19 .1 , «p. =  0 .6 5 , 0p-=  16 .25 .

The parameter correlation is strong and it  is such th at all accepted configurations 
give very similar predictions for the sum of 7t±p tota l cross-sections and the sym m etric 
real part D (+) at high energy. In Pig. 2 and 3 these predictions are compared w ith  the

data of F o l e y  et al. (i2C'15) betw een 8 and
,-0.1 r - 20 GeV. D <+> is well reproduced w ithin  

the errors (— 15%), w hile the prediction

12 14 16
qL (GeV)

F ig . 2 . -  Comparison, w ith  th e  B rookhaven data  
o n  th e  real p art o f th e  forw ard c .m .s . am p li­
tu d e  <16). T he contin uous lin e  represents th e  pre­
d iction  of so lu tio n  a). T he dashed lin e  repre­
sen ts  th e  prediction  of so lu tio n  d).  (See te x t .)

F ig . 3. -  Com parison w ith  th e  B rookhaven data  
on to ta l Tip cross-section s. The contin uous line  

rep resen ts th e  pred iction  o f so lu tion  a).
for (T_ +  a + is constantly higher by  4%  
w ith  respect to  the Brookhaven data  
w hich arc quoted w ith a precision ~ 0.2% .

One w ay of looking at th is discrepancy is to  consider 4% as a reasonable error for 
our sum ride predictions. H owever, the fact w ould then be inexplicable that both for 
v0 =  3 and r0 =  6 GeV and for all solutions (also for those successively rejected) one 
gets th is discrepancy. Indeed in  the 6 GeV sum rule, data w ith  a considerable w eight 
appear w hich essentially do not enter into the determ ination of the 3 GeV sum rule.

(13) W o rot lin ed  as «so lu tion s » a ll th e  configurations for  w hich  th e  m in im izin g  fu n ction  w as not 
larger th an  tw ice  th e  ab so lu te  m in im um  found.

(14) T he h igher bound on  otP for th ese  so lu tion s  w as 1 .00 . W e should observe th a t, because of 
th e  range in  y a va ilab le , th e  sum  rule is  b e tter  ab le  to  reject configurations w ith  *P <  1 th an  w ith  <xP >  1.

(15) K . J . F o l e y ,  R. S. J o n h s ,  S. J . L i n d e n b a u m ,  W . A . Lovio, s. O z a k i ,  E . IX P l a t n e r ,  C. A. 
Q u a u l e s  and  F .  D . W i l l e d :  P h ys .  l iev .  L e t t . ,  19, 193 (1967).
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To obtain an indication of which parameters are m ainly responsible for the discrep­
ancy, w e remade the fit w ith  the constraint of reproducing w ithin the errors the  
Brookhaven to ta l cross-sections. The fit to  th e tw o <ps(y) provided by  the various solu­
tions were worse than before but still reasonable. Still, all solutions had <xP very near 
to 1 (the solution w ith the low est aP had aP = 0 .9 8 ) .  B ecause the minimum was 
rather narrow in  aP and flatter in the other parameters, sm all variations of aP were 
correlated to appreciable variations of the other parameters w ithin  the set of accepted  
solutions. To have clearer indications about fiP, /?,,■ and u.P> we therefore performed the  
analysis anew w ith  aP fixed at 1, and obtained an essentially unique solution w ith

d) (ip =  21 .5zt 1 , Pr' =  1 6 .8 ± 0 .7  , aP- =  0.41 ± 0 .1  ,

where the errors (still correlated) are only indicative and have been determ ined con­
sidering both the variance m atrix and the spread of the various parameters in the set 
of solutions.

Comparing th e  solution d) and a), one finds that the constraint of reproducing the  
Brookhaven data  has produced a considerable lowering of aP' leaving th e  other para­
m eters essentially unchanged. Now th is fact is not isolated and m ay be p u t in  connection  
w ith  other facts. Indeed, first, it  is correlated w ith  the circum stance th at the best 
solutions (w ithout constraint) at 3 GeV had aP ~ 0 .7 5  and at 6 G-eV had aP'^ 0 .4 5 ,  
both  kinds of solution having been rejected as unacceptable at both v0. Second, it  is 
correlated w ith  the fact th at the fit of F o l e y  et al. (12C) to their to ta l cross-section data  
gives aP' =  0.31 ±  0.1. That is, it  seems that aP' shifts to  lower and lower values when  
in  its  determ ination the w eight of higher-energy data is more and more enhanced.

This fact, if really true, w ould mean th at P ' sim ulates a more com plex syxtem  of 
singularities (16). In particular, the quoted deviations could be explained by the presence 
of a third Regge pole P" w ith  ixP" lower than aP- and w ith ¡3P* negative. One could  
equally w ell reproduce the system  P ' +  P" by  a cut.

W e believe that one cannot definitely exclude the possibility that all the above 
system atics concerning aP’ is only an effect of the errors; however, we should observe 
that the previous determ inations using sum rules (i.e. low -energy data) g ive system ­
atically an aP' considerably higher than those using only high-energy fits and this 
looks like a confirmation of our quantitative considerations. (See Table I in  w hich a 
representative sam ple of previous determ inations is presented.)

In conclusion w e are able to  quote the following results:

i) aP(0) has been found to be 1 w ith  an uncertainty ~  (0.02^-0.03). This is in 
contrast w ith  the recent suggestion (1,a) of a dom inant pole w ith  a less than 1 ( a ~  0.93), 
which w ould im ply to ta l cross-sections vanishing at very high energy.

ii) There seem s to be som e evidence th at the system  P  ±  P ' sim ulates a  more 
com plex singularity structure. In term s of E egge poles, the observed deviations could  
be explained by  a third pole P" w ith  aP’ lower than ar - and w ith  residue opposite to  
that of P '.

(16) W orking in  th e  nonforward d irection  and  u sin g  d ifferentia l cross-section and polarization  d ata , 
H o h l e r  an d  E i s e n b e i s s  (17) a lso  found d ev ia tion s from  th e  P + P '  m od el in  n - N  scatterin g .

(17) G. H o h l e r  and  G, K i s e n b e i s s : Z e i l s . P h y s . ,  202, 3 9 7  (1 9 6 7 ) .
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ßP (mb GeV) CCp’ ßP, (mb GeV)

F o l e y  et al. (“) 
B a r g e r  et al. (b) 
B a r i t a  et al. (°) 
K e s t i g n o l i  et al. (*) 
S c a n io  (e)
M iy a m u r a  et al. (/ )

22.12 ±  0.95
21.2 ± 0 .3
20.48
17.48
16.2 
i9 .6 ± ì;|

0.31 ± 0 .1  
0.51 ± 0 .0 3  
0.57
0.658 ± 0 .0 3 3  
0.69
o .e i i ì ; !

18.5 ± 4 .2 5
14.7 ±  0.6
14.6 
17.85
19.8 
15.41?;°

(a) O nly th e  B rookhaven n^p to ta l cross-section  d a ta  are used  (12C).
(b ) From  a genera l fit to  a ll to ta l  cross-section  and  forw ard charge-exchange data  (18).
(c) From  a genera l fit to  7tp, p p  and  pp sca tter in g  a t  sm a ll m om en tum  transfer (1#). 

(S o lu tion  3 of ref. (1B), d eterm in ed  from  B rookhaven d a ta  is  considered  here.)
(d ) From  a  h igh -en ergy  fit w ith  sum  ru le  con stra in ts  to  n X ,  K N  and  K X  to ta l  cross­

sec tio n  d a ta  (i0).
(e) H igh -energy  fit w ith  sum  rule con stra in t to  n N  to ta l  cross-section  d ata  (81). B eyond

8 GeV th e  d a ta  o f G a l b r a it h  e t a l .  (2a) are used .
(/) Sam e as in  e ) w ith  th e  m ore recen t B rook haven  d a ta  (28).

* * *

W e should like to thank Prof. L. B e r t o c c h i for very useful discussions and for his 
interest in  th is work.

One of us (L.M.) is indebted to Profs. A. Sa la m  and P . B u d in i  and the IA E A  for 
kind hospitality at the International Centre for Theoretical Physics, Trieste.

One of us (L.M.) wishes to thank Prof. L. F o n d a  and the Istitu to  di F isica Teorica 
dell’U niversita di Trieste for financial support during the last period of this investigation.

(ls) V . B a r s e r , M . O l s s o n  and  D . R e e d e r : A sy m p to t ic  projections of scattering theories, to  be  
published. See also ref. (’).

('•) W . R a r i t a ,  R . R i d d e l  jr .,  C. C h iu  and  R . P h i l l i p s :  Law rence R ad ia tion  Laboratory, UCRL- 
1 7 5 2 3  (1 1  A p ril 1 9 6 7 ) .

(*°) M . R e s t i g n o l i , L .  S e r t o r i o  a n d  M . T o l l e r : P h ys .  R ev . ,  150, 1 3 8 9  (1 9 6 6 ) .
(!I) J . J . G . S c a n i o :  P h ys .  R e v . ,  152, 1337 (1966).
(” ) W . G a l b r a i t h ,  E . W . J e n k i n s ,  T . F .  K y c i a ,  B. A . L e o n t i ó ,  R .  H .  P h i l l i p s  a n d  A . L .  R e a d :  

P h ys .  R ev . ,  138, B 9 1 3  ( 1 9 6 5 ) .

( " )  0 .  M iy a m u r a  and  F . T a k a g i : T ohoku U n iv er sity , preprin t 22 (1967).

by  Società  Ita lia n a  di F isica  Proprietà, letteraria  riservata

S tam pato in  B ologna dalla  Tipografia Com positori coi t ip i della T ipografia M onograf 

Questo fascicolo è s ta to  licen zia to  da i torchi il 18 V-1968  

D irettore responsabile: G IU LIA N O  TO RALDO  D I FR A N C IA


