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1t ia well known that dual models with zero-width resonances show Regge behaviour
when the asymptotio variables arc taken out of a cone around the rcal axis. Obviously,
the asymptotic behaviour on the real axis is meaningless, beeause of the presence of
poles above any physical energv. A way for giving a meaning to this asymptotic behaviour
is to take some average over resonanoes; one may cxpeet that this average is related
to tho Regge-pole cxpansion of the amplitude.

A possibility of performing an average is through the global duality ides of finite.
vnergy sum rules (FRSR) for the hnaginary part of the amplitude, 1t turned ont, however,
that in the 4.puint case (1) a disorepancy appears between the integral over the resonances
and the one over the Regge-pole expansion. This diserepancy appears at the level of
the second and lower lying Regge daughters.

In the present note we study the scini-local duality properties as analyted by
Dg Tar el al. (?), including daughters contributions, of Veneziano amplitudes applied
to total and one-particles inclusive cross-scctions. As a consequence we may clarify
the origin of the above.mentioned discrepancies in the FESR.

In order to test the semi-local duality. we perform the average of the imaginary
part of the amplitude over one resonance, and compare its asymptotie hehaviour with
the Regge-pole expansion evaluated at the resonance position.
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Beginning with the 4-point amplitude, we define g
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where, for all channels, a, = o + @, and ¢ is the overall coupling constant. For large
XN we get

. 1 w11 B34 B2
2 AN ) >agNa| - DT g
) (N> {mm41f*wwoN+ 54T (a— 1) N

We compare this result with the Regge-pole expansion which arises from taking the
amplitude for o,—»— oo and subsequently continning it analytically to a,— -+ oo, i.r.
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1t turns ont that the coeflicients of expansion (3), onee the above pr(\m'ri]nion is followed,
are equal 1o those of (2) for any power of o, = N. We remark that we arve not com-
paring the avernge of a resonanee pmplitude “nh the average of the Regge wmplitnde
but with its value al the resonanee position,

it in now elcar why diserepancies in the FESR appear. In fact. il one subtraets
twn FESE for the imaginary part, with ent.offs in o, =8 + § and a, =~ N — {4, one
obtains for the parent Regge-pole contribution
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The second term of 8. of eq. (4) corresponds to a diserepaney at the level of the
second daughter, when compared with the ¥ term of eq. (2). The inclnsion of the
seeond danghter in the Regge side of the FESRK gives a leading vontribution cqual
to the X2 term of eq. (2), and (lu‘rufmv cannal cancel the above diserepancy
Similarly, the inelusion of the first d.ulfrhlvr gives rise to a diserepaney of the order
O %), which cannot be eancelted by taking into acconut further ferms.

Turning now onr attention to single-particle inelusive processes, we must consider
the dnal 6-point tree graph as the simplest coniribution (3). We genetalize here the
above treatment in order to investigate the fulfilment of the sum rules of rel. ().
In this case nne considers the triple Regge region for the b-fragmentation of the inclusive
reaction a + b—ec + X. The sum rule implics a comparison hetween the integrals over
the missing mass of the amplitude deseribed by Fig. 1a) and b).

We consider first the tree graph with the ordering eébbed; Ahis is the simplest
becanse it does not contain regonanees in the ab-channel. The other permutations will
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be discnssed later. The averaged discontinuity is defined as
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Fig. 1.~ Triple Regge region: a) resonance amplitude, b) reggeized amplitude.
>
where 8 = (p, + p,)% % = (p,— )% TFor s> M? the contributions of parent and

daughter Regge poles in the t-channels come from the Stirling expansion of the I'-functions
“containing «,. The remaining sum can be evaluated from (%)
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As an example, we report the coutribution up to first daughter in one of the t-channels
(Fig. la)): -
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where for the triple Regge region N — co.

To analyse the Regge asymptotic behaviour we generalize the treatment given by
DE Tar et al. (%) to include also daughter contributions. Considering a parallel with
the above-mentioned work we emphasize two relevant differences. One is to express
the variable of the M® channel as y = exp[z/a,:], its power expansion giving rise to
suecessive Regge daughters in the aa channel. The second difference consists in taking
the binomial expansion of terms of the type [1 — (ays/a,]#,]%** to obtain the Regge
daughters in the ¢-channels. The final result is that this Regge expansion evaluated
at ay: =N (N> o0) comcldes term by term with eq. (7).
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In the spirit of ref. (%) one is tempte(l to write for the dual amplitude the sum rule
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wlere for simplicity only parent Regge poles in f-channels are kept. However. as in
th - 4-point case, the semi-local duality found above necessarily implies a discrepaney
be ween both sides of eq. (8), at the level n > 2 daughters for the nd channel.

Finally. we make some comments about the other permutations of the B, tree graph
wlich one would expect to give simply the signature factors of the f-channel Regge
po es. Considering the order abécba, onc has the additional problem of averaging the
resmances in the s-channel to compare with Regge asymploties. Onc possibility is
to average independently over ab resonances and ab resonances: the result for the
tri le Regge region is then the same as for the achbea ordering times the expeeted phase
fac tors correspending to f-channel Reggeons. However, another choice scems correet
for narrow-width resonance, namely to consider that the product of the resonances in
ch nnels ab and ab gives

1/(s — m% + imgg) X U/(s — mi — imp I'p) & st/ (mp Iy X 8(s — m3)

an1 then to average over a small range of s (°). This implies to neglect the interference
be ween resonances of different mass, which is reasonable only if the widths are small
ev m at high energies. The second choice turns out to be asymptotically not satisfactory
be jause, e.g., for the triple Regge region one obtains
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U less mgI', is independent of B, eq. (9) violates the scaling behaviour and in any case
it does not coincide with the corresponding Regge asymptotics. Morcover, studyving
in this way the behaviour of the abéchb@ graph in the pionization region one obtainx at
m st a power damping in ¢, instead of the expected exponential one. These difficulties
m ght be solved if the widths increasc with energy, so that the interferences among
di ferent resonances become important. In this way one would pass. for inereasing
en :rzics. from one method of averaging to the other, re-establishing the proper high-
en rgv behaviour and. the validity of the semi-local duality.
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