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Tt Í8 w p!! known that dual models with zero-width rcsonances show Reggc behaviour 
when tho asymptotio variables are taken otit of a cone aronnd the real axis. Obviously, 
tke asymptotio behaviour oa the real axis is nieaningless, because of the proBciico of 
pokís aboVo any physical cnergy. A way for giving a meaning to this asymptotic bohaviour 
i8 to tnko sorac avera^e ov»>r rcaoiiaiitips; ono may cxpi^ot that this averagc i« relatcd 
to tlio Rc^so-polo ('xpaiisioii of tho arnplitiido.

A poasibility of perfonuing an average íh through tUe global duality idea ot finití'- 
vnergy su»! ralos (FK SR ) for tho imaginary part of tho niuplitude, I t  tunicd on f, liowcvrr, 
thaí iu tlio 4 piiiwt oas«' ( ' )  a diaorepancy appears botwecn tlin integral over t]i(  ̂rononiinecK 
and the one o w r  the Reggc-polc expansión. This disc.repancy appears at (he leve) of 
the second and lowor lying líeggo daughters.

I i i  the present note we study the semi-looal duality propcrties as analyfod by 
D e Tab et al. (®), including daughters contributions, of Veneziano amplitudes applied 
to total and onc-particles inclusive cross-sections. As a consííquence we niay elnrify 
th<! origín o f the above-rnentioncd discrepancies in tlie FESR.

In  ordnr to test th « semi-local duality. we perfonii the avorage of the itiiaginury 
part o£ tho amplitudo over one rcsonaneo, and compare its asymptotio behaviour witli 
the, Itogge-polo expansión cvaluatcd at tho resonance position.

(*) .Supported fn part ty Istituto Nazionale di Fisic» Nucleare, Seziono di Napoli.
'*•) Fellow of Consejo Xacional de InTeetlgaciones Científicas y Técnicas, Argentina.
{■> A. D k l l a  S e l v a  and L .  M a s p k r i :  Proftr. Theor. Phys., 46, 190 (1971).
(’ ) P. G o r d o s  and G . V e n e z i a n o :  Phvs. Rev. D, 3, 2116 (1971): M. A. V tR A S O R o : Pliyn. Rrr. J>. 3. 
2S3Í (1971); K. I)R T a r .  K. K a n o ,  C.-l T a n  and J. H. W e i s ;  Phys. Ilev. V, 4, 425 (197)»: 
R. J. Biebl, D. BeB£L and D. Ebbrt: Berlín Zouthen preprint No. PHE 71-9.
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Iic<;iiuiiii;; w i l l i  l l ic  4 -po in í  am ii l i tm lc ,  wc  dcíiuc

A -+ i
/'(TV +  a, +  1)

da  ̂ I m O =  .̂ !/-

where, for all cliannels, a* =  <x„ +  x, and g is tho overall coupliiig constant. For largo 
JV we fjot

1 «H -  1 ' +  •'■'«1 +  2 '_ , +  ' _  J-----í_'------------------
r(a,-| 1) 2r(«,)JV^ 24r ( a , - l )

WV co i i ipan '  l i l is  rcsult w it l i  ( l ie  K’ cí;g('-i»olo cxpaiimon wliic li ariscB froin Isiking th<; 

a iuplitudo for  a , ^ — oo and  R\ibsü(iucntly c.onliniiinfí i l  aiia l.vtically to  « , -> ■ +  oo, i.c .

(3) Tin ^  g ^ r ( -  a , ) [Tm ( -  a , ) -  +  ...] •
1 (— a¡ — oct)

It tuniH oiit- U ia t lli(! «•oclIicicntH o f  cxpanHÍon {‘.i), onco l l ic  abovo  i in w r ip t  ion is fo l l tw od ,  

:irc, c(|u¡il l o  llioK(! o f  (2 ) for  an y  pow cr  o f  a , - -  K.  \Vr rciiiark l l ia l  « c  ave not coui- 

[i.uiii;; l l io  avt ni^'f o f  ¡i n'Koniinrr i implil mii ' w i l l i  ( l ie  ¡ivi'iMjfi' ol ( l i r  lít'i^gt' iunplilndi ' 

bul w i l l i  i t »  vftIiK' a f  lli(< irHoniini-t^ posil ion.
II íh i io w  f.ldar w l iy  dÍKr.rcj>an<’ icH iii l l ic  l ' ' l ’, 8 l f  a|>p<'ar. In fiicl.  if  ono sublriiiMs 

lw o  F L 6 f t  for  (Jif, irnaKinary part ,  w i l l i  rn l -offs in a, = = -A '+  J and a , ^  | . onc 

fd.ta ins fo r  ( L e  p a rrn t  IJcRRe-polc con tr i lm lion

(4)
•V-J

+  ----- VT +  0 {N -* )
r ( « , +  1 ) . '  ‘2 4 r ( a , - l )

T h o  st'pond (orm o f  r.li.s. o f  oq. (4 ) rorrosponds ( o  a discTopancy at l lin  I f vp l  o f  Ihe  

s ivon d  daughtor ,  whoii  com parod w i ( l i  (In* (ortn o f  c-q. (2 ).  'Plic inclnsion o f  tlif) 

sooond danffUlor in thc  Kcgpo  RÍdo o f  (Ikí F K S I !  givcR a li :idinf! c,on(rilm lion (̂ <|ual 
l o  l lu ' X '<  ^ to rm  o f  (‘ q. (2 ),  and  t lu 'r i ' fon ’' raiinoí, cancel ( l io  abovc  diHcrojiaiioy. 

S iin ilavly .  tho  inchiRion o f  tho firsl d an gh ic r 'ü ivo s  riso lo  a d iscrcpancy o f  Dio ordor 

wh ioh  oannot bo cancollod b y  lak in g  in lo  acconnl f i i r lb c r  (ornis.
Tnrning n ow  on r attontion to  R inglo-particlo incliisiv(! procoRsoR, w c  innst considcr 

tho dnal (i-point tvoo g ra jih  as tho siniplosi con lr ib n tion  {- ).  Wo gonc+alize horo t lie  
ab ovc  troa tm on t in order to  investigate thc fnlfilnioiit o í tho Rnin rulos o f ro». ( ’ ). 

lu  th is  case one considors tho tr ip le  Roggo región for th c  ¿(-fraginontation  o f  tho inohisivo 
reactiou  o — b-^c  -i- X . Tho snm  rnlo implioR a com parison  botw oon  th c  integráis ovor 
tlio  ini-ising mass o f  th o  a in p litu do  doscribod b y  Fig. In ) and b).

\V<- considor íirut tho  troo graph w it l i  tho  ordor i i ig  (lilificTt; tliÍR is tho siniplesl 

Ixc.iriso it doftH not contain  n son an ces  in tho «/i-ohannel. 'I'lio o lh o r  ] iernuila1ions will

P )  A .  I .  \ A I ,  I My-í í. ' ,  ( J ! I 7 I )  í h i  Im- ihiI.IIhIhmI |m I'/i i i h . M .  M. K l M I o l i N .  .1. i i inl

J I ix K í . r . - 'r r . i . v ;  , ' I , A C - l ' i : i i - 1 0 0 «  I ' I i i/h . U n - ,  1). f», ü ( l ( ! : r ( l ! » 7 ¿ ) ;  S. |i. Ki.i . ik m id  A. 1. S \ n i m :

\ \ t . - 1 11V - (! )  .r. K w i r . c i . s . t K i ; C n i i ' o w  l U p o r t  752/ l ’ í l  (J ' . I7 Í ) ;  T .  O L I í s u n ; ( . 'K li .N  p r cp r ln l

T U  l. !7 ti ( I U T U .
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be diacussed latcr. The averaged disoontinuity is defined as 
»» *

(6) jv”, <) =

• í"

daj,!
dÍ8Cj^.B'“® '(í, i/", t) 

~ 2 i

n a o  +  l ) r {2 o o )  r n ~  a, -  a„) F{1 +  l )  T(fc f 1)

r { j — « ( — «o );- r {— «U + 1  +  Je) r (— o „ + í  +  j) f í n — i— k— j +  0^-*-1) 
f ( j  +  1) T { - < x ^ ~ « ¡ V f + k )  a, +  1 + i )  r ( j r - i - T - y ^  n

a)

Tig. 1* -  Triple lícgge  roerion: a) restmance amplitude, b) refirgeized amplítude.

where « =  (pa +  l>6)^ « = ( P a  — Pe)'- Por s » J f -  the contributions of parent and 
daughtor Regge poksin  the í-channels como from tho Stirling expansión of the r-functioiis 

"containing a„. The remaming sum can be evaluated from (*)

í r , V  F { x + n ) r { y + n )
(o) Z

F(w +  s — x — y — \)

F { w  +  n ) F { z  +  n )  e m n x á n T i y  r(w —  x ) F ( z — x ) F ( w  —  y ) r { z — y)
t »

As an examplo, we report the contribution up to first daughter in ene of the (-rhannels 
(F ig. la )) :

jT2 (-a ,) , r ( i V - 2 a , + «0 +  I)
(7) N , i )  =  ng*

r ( _ 2 a , +  a o + l ) F { N +  1)

■where for the triple Regge región N  -> oo.
To analyse the Regge asymptotic behaviour we generalize the treatnient givon by 

Df, T a r  et al. {^) to include also daughter oontributions. Considering a parallcl with 
the above-mentioned work we emphasize two rclcvaiit differences. One is to express 
tho variable o f the M ‘  channel as y =  e x p its power expansión giviiig risc to 
snccessive Regge danghters in the aa channel. The second difference consists in taking 
the biñomial expansión o f terms of íhe type [1 — to obtain the Regge
daughters in the í-channel«. The final result is that this Regge expansión eraluated 
at (x„t— N  {N -* o o )  coincides term by term with eq. (7).

(•) BaUman Manuacript Projecl, Tlightr Transcendenial Funclions, Vol. 1 (New York, 1954)
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In tlie spirit o f ref. (**) óne is tempted lo writo for th(i dual amplitudo the sum rule

(8)
'  ̂ d i s o j ^ , 3 P .  t)  X Y ' ‘
d a v i----------- (i-)2i W  O o -2 a ,+  l - í i

-ni ero for simplicity only parent Regge polos in í-channcls are kept. Ilow fver. as in 
til ■ 4-point caso, Ihe semi-local duality fonnd above neooRsarily impliés a discropancy 
be weou both sidos of oq. (8), at tho levol n > 2  daughtera for tbo aa oliaiintl.

Finally, we mako somo commcnls aboiit tlie othor penniitatioiis of tho trco grapii 
wl icli one would expect to givo simply tho signatun^ íaclors of tho /-('lianiiol lu ¡;i:o 
po e». Oonsidcring tho order abcrM, onc has the addilional iirobloiii of avoragiiig tho 
rcíinanccs in tho «-channol to oomparo with Roggo asyniptotics. Oiio possihility ií 
to averago indopendently over nh rosonaiicos and ah roaonancos: tlio rosult for tho 
tri )le Rogge región is then tho samo as for the avhhcá ordoring timos tho oxpootod ¡tluiso 
fa< tors corrosponding to í-channol Rcggcons. Ilowevor, another ohoico sooms rorn i t 
foT narrow-width resonance, namoly to considor that tho product of tho rosonaiic( s in 
ch nnels ab and áE givos

l /(s —  +  i m , ¡ r j t )  X  l/(s —  m i  —  n l { m „ r , ¡ )  X  <5{s —  m“ )

an 1 then to avorage over a small range of s (®). This implies to nogloct the intorforonrcf 
be ween resonances of difíoront mass, whiüh is reasonable only if the widtha aro small 
ev m at high energies. The socond choice turns ont to be asymptotically not satisfactory 
beiause. e.g., for the triple Regge región one obtains

-.T .. .sin^jiaf r^{— a¡) r(JV— 2a, +  a„ +  1)
JV, t) =  g* -— f r  t;—

r ( - 2 a , + a „ +  1) r { N + ] )

N  2«,(«o — K<) , 

■ -  2a, +  «o +  1 ‘ \ J '
where

R+i

U less is indopendent of l i ,  eq. (9) violates tho soaling bohaviour and in aiiy i'aso
it doR8 not coincide with the corrosponding Reggo asymptotics. Jloroover. sttidyiiig 
in this way tho bohaviour o f the ahccba graph in tho pionization región one obtains a( 
m st a powor damping in í, instead of tho oxpectod oxponential one. Thoso dilficultios 
m ^ht be solved if the widths incroaso with energy, so that the intorforonces among 
di terent resonances become important. In this way one would pass. for inoroasing 
en ;rgios, from one method of averaging to the other, re-establishing tho propor higli- 
en Tgy behaviour and. the va lid ity of the semi-local duality.

♦ ♦ *
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