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Abstract

Over the last decade and given the impressive agreement between the Standard Model (SM)
and the LHC experiments, particle physics has progressively become a precision science. In
this scenario, where both SM and Beyond the Standard Model (BSM) physics must be tested
through small deviations between theory and experiment, Drell Yan lepton pair production
happens to gather the important properties of a precision observable. As the experimental
determination for Drell Yan reaches the percent level, the study of this mechanism works
both as an important testground for the Standard Model and as a way to evaluate alternative
BSM theories, as well. Therefore, theory must be ready for this appointment by producing
equally accurate instruments to correctly interpret the available high-precision data.

One of the ways to access the Drell Yan mechanism is the inclusive cross-section. In this
sense, in the first part of this work we complete the set of NNLO initial state corrections to
the neutral current contributions to Drell Yan lepton pair production. We add both the mixed
QCD®QED and the NNLO QED terms to the perturbative expansion of the production of
a Z boson in hadronic collisions. Specifically, we obtain these corrections by exploiting the
resemblance between the abelian part of QCD and the EW f f vertex to develop a suitable
abelianisation procedure to extract the mixed order O(«;«) and even the pure electromagnetic
O(a?) results.

Furthermore, in order to offer an integral description of the mechanism, we dig deeper
and focus on the fully exclusive calculation of the mixed QCD&®QED correction terms. In
order to achieve this goal, we extend the gr-subtraction method, originally developed to
address pure QCD corrections, to apply it to the calculation of the mixed NNLO contributions.
We present the explicit expressions for the subtraction term and the hard factor, therefore
providing all the ingredients needed for the application of the formalism up to O(«;«). We
compute the mixed QCD®QED corrections and study the phenomenological impact at the
level of kinematical distributions.

Our exclusive computation was implemented within a parton level Monte Carlo code,
which allows the user to apply arbitrary kinematical cuts on the final-state leptons and
to compute the specified distributions in the form of bin histograms. The kinematical
dependence of the full differential calculation, together with the magnitude of the inclusive

result, were shown to be relevant and highly non trivial at the LHC energies.

Keywords: Drell Yan, Mixed corrections , Abelianisation, gr-Subtraction.
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Resumen

Durante la tiltima década y debido al impresionante acuerdo entre el Modelo Estdndar (SM)
y los experimentos del LHC, la fisica de particulas ha comenzado a convertirse en una ciencia
de precision. En este contexto, en el que tanto el SM como las teorias de fisica més alla del
Modelo Estandar (BSM) deben ser contrastados a través de pequefias desviaciones entre
las predicciones tedricas y el experimento, el mecanismo de Drell-Yan ha resultado ser un
excelente observable de precisiéon. Mientras que la determinacién experimental se encuentra
en el nivel porcentual, el estudio de este mecanismo sirve como un importante campo de
pruebas para el Modelo Estdndar, tanto como una forma de evaluar teorias alternativas de
nueva fisica. Consecuentemente, la teoria debe estar preparada para este desafio y producir
instrumentos adecuados para interpretar correctamente los datos de alta precision que hay
disponibles.

Una de las formas de acceder al mecanismo Drell-Yan es a través de la seccion eficaz
inclusiva. En este sentido, en la primera parte de esta Tesis completamos el conjunto de
correcciones de estado inicial de NNLO para las contribuciones de corriente neutra de la
produccion de pares de leptones en colisiones hadrénicas. En particular, afladimos tanto los
términos mixtos QCD®QED como los términos de NNLO de QED a la expansién perturbativa
de la produccion de un bosén Z. Estas correcciones son obtenidas a partir de la similitud entre
la parte abeliana de QCD y el vértice EW f f~, que nos permite desarrollar un procedimiento
de abelianizaciéon adecuado para calcular los resultados mixtos de orden O(«;«) e incluso los
puramente electromagnéticos de orden O(a?).

Ademads, con el fin de ofrecer una descripcién integral del mecanismo, focalizamos
la segunda parte de esta Tesis en el calculo totalmente exclusivo de los términos mixtos
QCD®QED. Para lograr este objetivo extendemos el método de sustraccién de g, original-
mente desarrollado para abordar correcciones puras de QCD, y lo aplicamos al calculo de
las contribuciones mixtas de NNLO. En este trabajo presentamos las expresiones explicitas
para el término de sustraccién y el factor H, proporcionando asi todos los ingredientes nece-
sarios para la aplicacion del formalismo hasta orden O(a«a). Finalmente, presentamos un
estudio del impacto fenomenolégico de las correcciones mixtas al nivel de las distribuciones
cinematicas.

Nuestro célculo se encuentra implementado en cédigos de tipo Monte Carlo, que permiten
al usuario aplicar cortes cinematicos arbitrarios a los leptones en el estado final y calcular
las distribuciones especificadas en forma de histogramas. La dependencia cinemaética de
los célculos exclusivos, junto con la magnitud del resultado inclusivo, han demostrado ser

relevantes y altamente no triviales para las energias del LHC.

Palabras clave: Drell Yan, Correcciones mixtas, Abelianizacion, Sustraccion de gr.
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CHAPTER

Introduction

It is clear that, over the last decades, the Standard Model of particle physics (SM) has been
strongly established as the theory for the fundamental interactions. These series of quantum
theories developed to describe the dynamics of elementary particles were successfully unified,
which represents one of the greatest achievements for the physics of the twentieth century.
Furthermore, experiments have strongly supported the SM theory, which also offered accurate
predictions for reachable observables, at each energy level tested [1].

The Standard Model, technically speaking, is a gauge theory that describes the dynamics
of the 12 spin 1/2 fermions (and their antiparticles) under the three fundamental forces, which
are represented by the specific exchange of a spin 1 boson particle. Each fermion is charged
under the SM symmetry group U(1) x SU(2) x SU(3) and the mediators are photons () for
the U(1) symmetry group of electromagnetism, W* and Z bosons for the SU(2) symmetry
group of the weak force, and 8 gluons for the strong interactions.

Nevertheless, explicit mass terms can’t be added to the Lagrangian without breaking the
symmetries of the SM. Therefore, a mechanism known as Electroweak Symmetry Breaking
(EWSB) was developed to break the U(1) x SU(2) symmetry of the SM into the electromagnetic
and weak interactions, thus providing also masses to the W* and Z bosons through an
interaction with a new scalar field under U(1) x SU(2). This new field would also generate
masses for the fermions through Yukawa interactions, making the SM fully compatible with
the experimental observations. Finally, the excitation of this scalar field predicted a new

0-spin particle, now known as the Higgs boson. In this sense, the search for the Higgs boson



and the study of its properties have become a major focus of all particle accelerators.

Since the SM was first postulated, a path of experimental confirmation has been pursued
and the observation of all the predicted particles was the main purpose of many experiments.
This journey culminated in the discovery of the Higgs boson, which was first observed in
2012 by ATLAS and CMS experiments at CERN [3-5]. Furthermore, over the last years, and
especially since the measurement of the Higgs, discoveries have made the way for a high
luminosity era, and thus particle physics has progressively become a precision science [6-9].

While new physics may be measured through the direct observation of notorious peaks
on kinematical distributions, searching for small deviations from some SM observables might
also be a suitable way, especially if Beyond the Standard Model (BSM) physics is above the
energy scale of the experiment. On the other hand, despite its overall success, the SM is
known to be incomplete, mainly due to the existence of some unresolved issues, such as the
existence of Dark Matter or the Naturalness problem, among others. In this sense, many BSM
theories were postulated in order to address some of these issues, but so far, there has been a
remarkable agreement between the SM and the experiments at the Large Hadron Collider
(LHC) at CERN. This is why new physics is considered to arise at higher energies, above the
TeV scale and thus, the discovery of BSM physics is likely to hide in precision experiments.

In this context, the impressive high precision experiments at the LHC, which are reaching
the percent scale, demanded a theoretical upgrade to match the accuracy achieved.

Broadly speaking, the standard procedure to obtain theoretical predictions in Quantum
Field Theories (QFT) is to perform a perturbative expansion in powers of the coupling
constant. In the case of the LHC, given that the experiments are initiated by hadron collisions,
this perturbative procedure, which is carried out at the partonic level, has to be combined
with the non-perturbative contribution of the parton distribution functions in order to get
complete reliable predictions for full hadronic processes.

In this sense, the way to systematically enhance the precision of a calculation is not lineal,
and requires getting the relevant contributions within the perturbative expansion in powers
of the coupling constants. In the case of the LHC and, in order to reach the percent level,
partonic cross sections have to be calculated at least at Next to Next to Leading Order (NNLO)
for most of the observables. This means being able to obtain the series in the strong coupling
up to O(a?). Additionally, ElectroWeak (EW) corrections may also become necessary, given

that a? ~ a. In fact, for many observables the EW corrections happen to exceed the few



percent level (e.g. [10,11]).

From all the experiments at the LHC, the inclusive lepton pair production (Drell Yan
process [12]) gathers some important properties that make it work as an important testground
of perturbative Quantum Chromodynamics (QCD). On the one hand, it offers a sensitive way
to study parton distribution functions (PDFs) [13-15]. From weak bosons production, charge
asymmetry measurements and invariant mass dependencies have also helped to extract
precise information on both the quarks valence structure functions and the separation of
quarks flavours, as well. On the other hand, knowing the behavior of charged-current (CC)
and neutral-current (NC) processes has allowed to perform high-precision measurements of
fundamental Electroweak parameters, like Z and W widths and masses and the EW mixing
angle. With W and Z bosons in final or intermediate states of hadronic processes, some clean
production channels can be characterized with great levels of precision by studying leptonic
decay modes. This has also served to accurately calibrate detector components, which was
important for further measurements [16].

In addition, the Drell-Yan process is not only relevant to test SM predictions, but also
to evaluate alternative BSM theories, where W and Z bosons usually appear as final or
intermediate states in the decay of particles predicted in new physics models, like new gauge
interactions, supersymmetry or heavy resonances [17]. For these reasons, the study of Drell
Yan processes and, in general, theoretical and experimental explorations of multiple EW
gauge boson productions, becomes a priority in the development of current high-energy
physics. Advancements in our understanding of Drell Yan mechanism will have deep
implications for our knowledge of fundamental interactions and the search for new physics.

In terms of accuracy, the Drell Yan mechanism also constitutes a clear example of the
statements of a precision observable. The experimental precision is at the percent level at
the LHC for the total cross section, and the differential distributions are also measured at
an impressively high accuracy. On the theoretical side, the perturbative QCD corrections
have been computed at next-to-leading order (NLO) in Ref. [18], at NNLO for the inclusive
cross section in Refs. [19-21] and considering differential distributions in Refs. [22-28]. In
addition, N3LL results in association with the N3L.O have been also presented in Refs. [29-31].
Recently, the N*LO QCD corrections have been obtained for the inclusive cross section of
the production of a lepton pair via virtual photon exchange [32], and for the production of

on-shell massive vector bosons as well [33-35]. Furthermore, N3LO QCD corrections for the



Drell Yan mechanism have been presented at the differential level, for certain kinematical
distributions [36-38].

However, computing several terms in the o, expansion is not enough to reach the ul-
timate accuracy goal, since EW corrections, i.e. O(a"), are also expected to be important
contributions.

In this sense, and considering that the improvement in statistics over the last years has
made higher-order corrections experimentally noticeable, having access to QCD (and QED)
corrections to these processes has become of great importance to put the previous predictions
on a firmer ground. For instance, it is important to achieve a better comprehension of the
so-called Sudakov regime, where large logarithmic EW factors play an important role, and of
the order O(a;a), that represent the first QCD corrections to these large EW factors, or even
O(a?) corrections.

Furthermore, recent work has been performed to include QED effects in the evolution of
parton distributions, by providing explicit expressions for splitting kernels up to O(a, ) [39]
and O(a?) [40] and by the determination of precise photon distributions in the proton within
the LUXqed approach [41,42] . The availability of these QED corrected parton distributions
is essential to match the theoretical calculations at the partonic level.

From the point of view of partonic cross-sections, the O(«;«) and O(«) corrections repre-
sent the first EW and mixed order contributions to Drell-Yan pair production in the general
expansion

do =) aladet™, (1.0.1)

%)
where pure EW do(®) and QCD do*? corrections, as well as mixed order contributions, which
combine effects of the two interactions, arise.

In the case of the EW contributions, exclusive computations for NLO-EW corrections
to CC-DY are available in Refs. [43—45] and for NC-DY, in Refs. [46,47]. Finally, progress
towards the computation of NNLO-EW has been accomplished in recent years too [48-51].
On the other hand, for the case of the QCD-EW corrections, mixed contributions have been
presented for NC-DY and CC-DY in Refs. [52-58].

Additionally, due to the previous lack of full calculations of the NNLO mixed-order terms
O(asa), different approaches have also been followed to approximately combine the QCD

and QED/EW corrections [59-63], by either assuming the full factorization or the additive



combination of the strong and electroweak contributions. Particularly, partial exclusive
results have been presented for the resonance region, by using the pole approximation [64-66].
Technically speaking, these corrections represent the first term in the fixed order expansion
that takes into account, at the same time, mixed effects from the strong and electroweak
interactions. The computation of the mixed QCD®QED O(a,«) corrections to the inclusive
on-shell production of a Z boson in hadronic collisions, and the later characterization of all
the differential distributions in various kinematical regimes, together with the extension of
the theoretical methods in order to take into account both strong and EW interactions, are the
main goals of this Thesis.

This work is organized as follows: in Chapter 2 we review the formulation of the Standard
Model and the formalism of perturbative QCD, the assumptions in the partonic model, which
allow us to achieve general formulations and handle the calculation of hadronic cross sections,
the main observable to access through the LHC experiments. Furthermore, we review the
main available methods to obtain the higher order corrections within the perturbation theory.
In Chapter 3 we will address the complete set of Next to Next to Leading Order contributions
(i.e. all the terms that correspond to i + j < 2 in Eq. (1.0.1)) to the inclusive production of
a Z boson in hadronic collisions. In order to obtain these contributions, we will develop a
suitable abelianisation procedure to handle the non-abelian QCD results and construct the
mixed order and the pure EW terms, which are presented in the appendices. After this, in
Chapter 4 we will discuss the NNLO mixed QCD®QED initial state corrections to the Drell
Yan mechanism, and study their relevance in a number of observables at a fully exclusive
level. Furthermore, aiming to achieve these results, we extend the FKS and ¢;-subtraction
formalisms, originally developed to address pure QCD corrections, in order to apply them to
the calculation of QCD®QED mixed contributions. Our results are of value for transverse-
momentum resummation at the corresponding logarithmic accuracy. Finally, our conclusions

are presented in Chapter 5.



CHAPTER

Precision Physics

During the second half of the 20th century, and after the successful generalization of electro-
dynamics as a quantum-relativistic theory, a new and someway similar theory was developed
in order to explain the strong interactions. In this chapter we will review some of the con-
cepts of these two theories, especially focusing on the facts that make it possible to perform
perturbative expansions in powers of the coupling constants. We will emphasize on the
factorization properties of the amplitudes in the soft and collinear limits, and refer to hadronic
collisions through short and long range factorizations within the naive parton model. We
will discuss the evolution of the parton distribution functions and comment on the running
of the coupling constants. Finally, we will make use of all these ingredients to review the
method developed by Frixione, Kunszt and Signer in Ref. [67] (the so called FKS-subtraction,
useful to calculate Next to Leading Order QCD corrections), so that we can apply it to the
calculation of the mixed QCD®QED contributions to Drell Yan.

2.1 SM Lagrangian and Perturbation Theory

In order to explain the dynamics of the elementary particles, the Standard Model Lagrangian
includes several terms that describe the behavior of the quantum fields and their interactions.
In this sense, there is a term devoted to the electroweak (EW) theory, and a strong (QCD)
term that characterizes the color interactions between quarks and gluons. Both EW and QCD

are gauge theories, based on local symmetries, which play a crucial role in determining the



2.1 SM Lagrangian and Perturbation Theory 7

main interactions and properties of the SM particles and therefore, also the observables.

2.1.1 Electroweak Theory

On the one hand, the electroweak theory unifies the electromagnetic and weak interactions,
and the Lagrangian of this sector reads:
1 1

Lew = —— B, B" —
EW 4om 4

W, W + L (2.1.1)

Here, the first two terms involve the field strength tensors, B,, and W;,, (i =1,2,3),
which represent the electromagnetic and weak gauge fields, respectively. These gauge fields
interact with the fundamental particles and actually carry the forces associated with the
electromagnetic and weak interactions. The third term represents the EW Lagrangian for the

fermions 1)y, which after the Electroweak Symmetry Breaking (EWSB), is (see Chapter 10 in

Ref. [1] for more details) can be expressed as

Lr=Y 1, (zﬁ— #) Wy
f
_ 2%5;%7“ (1=7°) (T"W,) + T"W, ) oy (2.1.2)
—eY QibpysA, — m > b Mgy — 94 ) 2
f !

Here, 0y = tan~'(¢’/g) is the mixing angle, with g and ¢’ the coupling constants associated
with the SU(2) and U(1) gauge symmetries, respectively. On the other hand, e = ¢ sin 6y is
the absolute value of the electron charge, such that the fine-structure constant is defined as

a = €2 /47, Furthermore,

A, = B, cos Oy + Wi sin Oy
W, = w (2.1.3)
Z,=—DB, sin Oy + Wi cos Oy
are the photon field (v) and the charged (W) and neutral (Z) weak boson fields, respec-
tively. The Yukawa coupling of H to ¢; in the first term in L is gm/2Myy,. The second term

in L represents the charged-current weak interaction, where 7" and 7 are the customary

raising and lowering operators. The third term in £y describes electromagnetic interactions
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IVAVAVAVAVAVIY' i — (1 - g)lky]
? L{:QJrie (1 g)(kZ)Q
Z i
1 o o v _ —‘Yuv
> 12— M2 +ie
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Figure 2.1: Some of the Feynman Rules for the EW sector of the Standard Model, specifically
concerning v and Z bosons and their interaction vertices f fy and f fZ with fermions. These
rules are obtained from the EW piece of the Lagrangian in Eq. (2.1.2).

(QED) [68,69] and the last is the weak neutral-current interaction [70-72]. Within this last

term, the vector and axial-vector couplings are

g{; = t31.(f) — 2Q; sin® Oy

gf; = tsr(f)

(2.1.4)

where t5;,(f) is the weak isospin of fermion f (41/2 for u; and v;, and —1/2 for d; and e;) and
Q) is the charge of ¢; in units of e.
Within the electroweak sector 2.1.1, we can identify the quantum electrodynamics (QED)

part, which specifically describes the electromagnetic interactions. This is by itself an abelian
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gauge theory that can be obtained after imposing a local U(1) symmetry to the Lagrangian,
where the photon emerges as a massless spin 1 gauge field that assures the conservation of
the electric current. According to QED, all spin-1/2 charged particles interact through the
electromagnetic field, with a strength proportional to the fine-structure constant o.

By isolating the electromagnetic field and its interaction with charged particles, we obtain
the QED Lagrangian:

1 —
Laep = = Fu " + > 4 (19" D, — my) 1)y (2.1.5)
!

where 7, are the Dirac matrices and F),, represents the electromagnetic field strength

tensor, given by

Fw/ = 8MAV - 81/A,u (216)

and A, is the electromagnetic four-potential of Eq. (2.1.3). On the other hand, D, is the

covariant derivative, which includes the electromagnetic interaction. It is given by
D, =0, —ieAp (2.1.7)

with —e the electron charge. Finally, the sum over f in Eq. (2.1.5) includes all the charged
fermions, denoted by vy, with masses m;. In figure 2.1 we can see the Feynman rules for
some of the electroweak interactions addressed in this work, according to the Lagrangian of

Eq. (2.1.2).

2.1.2 Quantum Chromodynamics

On the other hand, Quantum Chromodynamics (QCD) is the other fundamental pillar of the
SM. In fact, this is a non abelian field theory dedicated to describe the strong interactions
between quarks and gluons. Unlike QED, isolated colored particles have never been seen, but
only inside hadrons, which are complex states mainly formed by a collection of quarks and
gluons, among other fields. This is why the strong interaction has to be explored in hadron
collisions, like those that take place in the LHC.

The Lagrangian of the QCD sector reads

1At the scale of the T boson mass, a(M3;,) ~ 1/128 ~ 0.008.
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DOC0000T000 e — (1= &) o)
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e
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_quab( [(Z)_(D z)i+<q_7>aqﬁ,+(7_p)ﬁg‘ya]

(p+q+r=0)

Figure 2.2: Some of the Feynman Rules for QCD, important to the development of this thesis.
The ggg and Gqg vertices were obtained from the strong piece of the SM Lagrangian in Eq.
(2.1.8).

LQmaz—ZG;GW”+§:w V"D, —my) U, (2.1.8)

Here, the first term represents the field strength tensor for the gluon field, denoted by

G, = 0,G% — 0,G5 + gs [ GGy, (2.1.9)

where a is the color index, and f** the structure constants of SU(3). The gluon fields G;,
are the gauge bosons associated with the strong force”. On the other hand, the second term in
Eq. (2.1.8) involves the quarks with mass m,, denoted by 1),, which are the fundamental spin

1/2 particles that experience the strong force. Additionally, this term encodes the interactions

“Note that this definition implies, contrary to that of the electromagnetic strength tensor in Eq. (2.1.6),
that the term G}, G**” mvolves interactions between the gauge bosons through 3 and 4-gluon vertices, with
strengths ~ gg and ~ g%, respectively.
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between quarks and gluons through the covariant derivative for the QCD sector, which is

given by

Dy = 0y, — igst“Ge. (2.1.10)

Here, )\, are the Gell-Mann matrices, the generators of the SU(3) color group, with the
relation t* = 47, and g is the strong coupling constant, such that oy = g% /4. In figure 2.2 we
can see the Feynman rules for some of the QCD interactions to be addressed in this thesis.
These are obtained by means of the QCD lagrangian in Eq. (2.1.8).

Here, by comparing the second terms of Egs. (2.1.5) and (2.1.8), together with the definition
of the covariant derivatives (2.1.7) and (2.1.10), we see how similar the structures are for the
fermion-fermion-boson vertices in each case. It is clear that, apart from the couplings and the
color factors, the abelian parts of the interactions have the same shape, for both QCD and

QED theories®.

2.2 Radiative Corrections

On the theoretical side, the way to obtain reliable predictions of the SM observables, such as
cross sections or decay rates with acceptable levels of precision and accuracy, is to perform
perturbative expansions in terms of the coupling constants. In hadron collisions (see section
2.3), the largest contributions usually come from the interaction of two colored partons, which
are proportional to o, = g?/(47) and constitute the first and simplest term, i.e. the Leading
Order (LO) in the perturbative series.

In general, the way to systematically enhance the precision of a calculation is to get
higher order terms in the perturbative expansion. For example, given the generic process
of two incoming partons, each with momenta %, and k,, as the one shown in figure 2.3, this

expansion can be written as

o(k1, ko {pn}; as, @) = aFa Z olad o) (ky, ka3 {pi}), (2.2.1)

i.j=0

where the powers k£ and ¢ characterize the order of the first non-vanishing term of the

SHere, and all along this thesis, by abelian we mean all the terms and contributions that don’t involve the
structure constants f**. In fact, they constitute exactly the commutator of the group generators (\, for SU(3) in
this case), and thus they encode all the non-abelian effects that may arise within the interaction.
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Figure 2.3: Feynman diagram corresponding to the generic scattering of two incoming partons
with momenta k; and &, at Leading Order.

series and {p;} the momenta of the final state particles. In addition, the terms of the form
o9 symbolize pure QCD corrections, usually denoted as NLO (Next to Leading Order),
NNLO (Next to Next to Leading Order) and so on. On the other hand, the terms ¢(®7) are the
EW corrections and finally, o) |; ;, are the so called mixed order corrections, which include
combined effects of both the electroweak and the strong interactions. If « and o, are small,

then the first estimated value for the cross section is given by

ool o0 (ky, ko {pi}) = /dUB (2.2.2)

n

where the Born cross section do? is given by the integration of the absolute squared value
of the matrix element M>" ({p:}) over the phase space d¢,, times a measurement function 8

and a flux factor:

do, 9
do® = ﬁ I MOO({p}) 2 8({pi}), (2.2.3)

de, = (2m)*6* (kl + kg — Zn: pi> ﬁ

=1 i=1

5+ p2). (2.2.4)

In this equation, M®? is computed following the Feynman Rules, while the measurement
function 8§ accurately specifies the observable to be calculated. Interesting values for § are
8 = 1 along all the integration region, that corresponds to the inclusive cross-section, and

8 = 0(¢n — én,0) which indicates the fully differential cross section in the phase-space point

¢n,0-
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Moreover, in order to achieve a higher precision, some of the following orders (in the
sense of Eq. (2.2.1)) might be required. While Leading Order calculations are thus taken into
account, Next to Leading Order contributions involve the computation of two different terms
(see figure 2.4). On the one hand, there are corrections due to the real emission of an extra
particle, which imply one more parton in the final state. On the other hand, virtual corrections,
which have the same final state as the born cross section, must also be considered. For the sake
of simplicity and without loosing generality, from now on throughout this chapter we will
focus exclusively on pure QCD corrections to illustrate the calculation of NLO contributions.
This means that the second index, according to Eq. (2.2.1), will take a constant 0 value and
will be understood, in the following equations. These pure QCD contributions constitute
by themselves gauge-invariant corrections to the relevant observables and their structure is
in general analogous to that of the other interactions at this order. Furthermore, given the
dominant value of gg they are, for most of the processes in the LHC, the main contributions
to take into account®. Specifically, regarding the NLO QCD corrections from the real and

virtual sides, we have

JNLO:/ daR+/d0V
n+1 n

= dfns1 ©0) |2
N /n+1 2(k1 + k)2 | Mot 7 Snia

dé,
+ / 50 - k) (MM + MOTMDT 8,,. (2.2.5)

In order to tackle this calculation, some important limits must be considered. First of all,
the virtual M{" amplitude might contain ultraviolet (UV) divergences originated from the
unconstrained loop momenta p, in the limit p, — oo (see the virtual contribution in figure
2.4). On the other hand, infrared (IR) divergences are also present in the limit p, — 0 if the
particle in the loop is massless (see the diagram in figure 2.4b ). As the final results should be
finite, these infinities have to be handled in order to obtain a reliable prediction for the NLO
cross section.

In the case of UV divergences, one can absorb them by renormalizing the fields or the

parameters in the theory, like the couplings or the masses, at the price of adding a depen-

4Later in this thesis, when it is needed, we will recover the EW notation by recalling the second index, in the
sense of Eq. (2.2.1)
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]{71

kl — Pn+1

ko ~ gke! ks ~ gke!

(a) Next to Leading Order correction due to a virtual (b) Next to Leading Order correction due to the emission of a
gluon with momentum py. real gluon with momentum p;,41.

Figure 2.4: Feynman diagrams corresponding to the generic scattering of two incoming
partons with momenta k; and %, at Next to Leading Order.

dence on a so called renormalization scale pp (see section 2.2.3 for a deeper discussion on
renormalization). On the other hand, IR singularities can be handled differently. It has been
shown [73-75] that although some IR divergences may arise during the calculation of loop
diagrams in partial transition probabilities, they always cancel when considering the total
probability. In the case of Eq. (2.2.5), they cancel with those arising from the integration over
the phase space of the real term [, do*. In this integration, the singular behavior happens
to be associated with the momentum of the extra massless particle whenever it becomes soft
or collinear (for instance, p,1 — 0 in figure 2.4).

To illustrate, if we had an extra gluon emitted from one of the initial legs with momentum

Pn+1, @S We can see in figure 2.4b, the propagator of the virtual particle reads

1 -1 1

= = 2.2.6
(k’l _pn+1)2 —m?2 2/{?1-pn+1 2 | k1 || Pn+1 ‘ (COSQ — \/1 + m2/ ‘ k1 |2> ( )

where m is the mass of the incoming particle with momentum k;, such that ¥} = m?,
and 6 is the angle between the 3-momenta k; and p, ;. As can be seen, there are 2 regions
where this propagator becomes singular. From one side, | p,+1 |— 0 leads to a divergence,
associated with the soft limit p? ,; — 0, where the emitted gluon has vanishing energy. From
the other, the limit ¢ — 0 can also lead to a singular region, whenever the initial leg is
massless, i.e. m = 0. This is the collinear limit, in which the gluon is emitted in the same

direction than the initial state parton.
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To be able to compute a reliable observable, we need to handle these divergent contri-
butions to obtain an infrared-safe quantity. This means that the Next-to-Leading-Order
corrections to the observable must truly approach the expression for the previous order in the
unresolved regions. In order to achieve this, we have to understand each singular behavior

and either absorb or cancel all the singular terms with other parts of the calculation.

2.2.1 Soft Limit

In the case of the soft limit, we consider a gluon of momentum p,,.; and color q, such as
the one emitted from the initial leg in figure 2.4b, in the limit p,; — 0. In this region, we
can nearly factorize the amplitude into a divergent piece that depends on the energy and
angle of the emitted gluon, and a second piece which is precisely the amplitude omitting that
gluon. The reason why the factorization is not exact is originated in the color correlations.
The emission of a soft gluon does not affect the momenta and spins of the radiating hard
partons, but it always carries away color charge, no matter how soft the gluon is.

In order to address the behavior of the amplitude in this limit, let us first consider the
case in which the emitting particle is an external final state quark® of momentum p; and
color ¢; = 1,..N¢ (see figure 2.5a). We simultaneously regularize ultraviolet and infrared
singularities by using dimensional regularization. This involves the analytic continuation of
loop momenta to d = 4 — 2¢ space-time dimensions and the introduction of a scale y, such
that g, — g,u°. In this case we can write the amplitude for the process M, 1, involving the
soft gluon and other n external partons of momenta {pi, ..., p, } and colors {c1, ...,c,} as ®

A [(eL-nia)

— i""pn-i-l Y
y ooy Pns Pn = Us Eu 7 ta c; n Mp—Mﬁ, 227
et (D1 e s D) = GspU(P:) (E%) e, €0 (Ps1)y ET (2.2.7)

where 1 is the Dirac spinor of quark i, t* = X\%/2 is the a™ Gell-Mann matrix, €(p,, ) is the
polarization vector of the emitted gluon, v* are the Dirac matrices in four-vector notation
and p = p,~*. Finally, M? is the n-particle matrix element with an off-shell quark 7, such that
M = a(p,) M.

We can easily see that in the limit p,,.1 — 0, where the momentum of the gluon becomes

soft, the amplitude M of Eq. (2.2.7) takes the form

*It is important to note that if the emitting particle was an internal off-shell parton, then the amplitude would
not be singular in the soft limit.

®This formalism also works with an extra arbitrary number of external particles with no color (photons,
leptons, Higgs or vector bosons, among others).
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Pntt, @

(a) Soft gluon emission from an external final state quark (b) Soft gluon emission from an external final state gluon

with momentum p; and color ¢;. with momentum p; and color ¢;.

Figure 2.5: Diagrams used to illustrate the emission of a soft gluon in a generic scattering
process.

cl,....cnja €— o i -
M;“ (D1 oes Pui Pa1) = gon“u(pi) (¢ )eis eu(PnHWMLMQ
2pl - Pn+1
o (2.2.8)
= g5t €(Pny1) {—] (t)e, M5
i DPi - DPn+1 g

In the last line, we have used the anticommutation identities for the gamma matrices
{»*,7"} = 2n* and the Dirac equation for massless quarks: u(p;)p; = 0. Likewise, with a little
extra work we can see that this factorization, which we achieved in Eq. (2.2.8) for the emission
of a soft gluon from a an external final state quark leg, is also valid for an initial antiquark leg,
and even more, with the corresponding replacement (t%)..5 — (t*)c;5 = — (%) gc;, for emissions
from final state anti-quarks and initial quark legs, respectively.

On the other hand, let us consider the different case of the soft gluon radiation generated
from a gluon line i of color ¢; = 1,...NZ — 1 (see figure 2.5b). In this case, the amplitude

becomes

Mf(fi’i"’cn;a) (D1, ooy Pri Prt1) = 1€ (Pai1)€N(pi) V,fiic(—pi; ~Pnt1, Pi + Put1) D5(pi + Pny1) J\N/[;"B7
(2.2.9)
where D (p; + pn11) is the gluon propagator, which can be expressed in a physical gauge,
i.e. removing the unphysical polarizations and the ghosts, and taking the arbitrary n* vector
to be orthogonal to the gluon polarization vector ¢"(p;), such that n.€(p;) = 0. On the other
hand, V% (p, ¢, r) is the triple gluon vertex (see figure 2.2), depending of the QCD structure

o
constants f%¢ for p, gand r (p + ¢+ r = 0)



2.2 Radiative Corrections 17

VSl (p,q,r) = —gsf [(0— 0)'9°% + (¢ = 7)*¢” + (r — )’ 9]
V;Vbi(—pi, —Pn+1,Di + Pny1) = —gsfabc [(Prg1 — Di)w Gux + (—pi — 2Ppn41)a Guv (2.2.10)

+(205 + Prt1)p Gon] -

Finally, M? is the n-particle matrix element with an off-shell gluon 7, such that M¢ =
€o (pz)Mg’a
It is easy to see that, in the limit p,,.; — 0, the amplitude of Eq. (2.2.9) behaves as

ML (D1, ooy P Prr) = =Gt () (D3) F [(=D2) v Gur + (—Di)x G + (200 Gin] X
[g,, B n’ pig + pi g
(Di + Prg1)? + i€ P on. (pi + Prt1)

pZM N c;ac C
= gstt€u(Pni1) { } (3 f) M.

Di - Pn+1

—1

X ] Meh

(2.2.11)
As we can note by comparing Egs. (2.2.8) and (2.2.11), the soft limit behaves just the same,
with the exception of the color factors (t%).,s and (i f““¢), which are related to the color index
and the nature of the emitter. This general behavior, that has been addressed in Refs. [76-79]
allows us to express the soft limit in a general shape, by defining the color charge operator T;

to describe the color correlations produced by a soft gluon of color a. In this sense:

T, = (a| T, (2.2.12)

where given {|ci, ..., ¢;,,) } a generic color basis of the interacting QCD partons, T; acts as

<a, Clyeeey Ciyonny Cm’TZ'|b1, ceey bia ceey bm> = 6clb1"'T£bi"'5Cmbm7 (2213)

where it is important to note that 7, has to take different values, depending on the
particle that radiates the soft gluon. In this sense, T4 = i if the particle 7 is a gluon,
TG = (t")y if the emitting particle is a final-state quark or an initial-state antiquark and

T4 = (—t*)e if the emitting particle is an initial-state quark or a final-state antiquark.
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With this definition, the algebra for the color-charge operator is:
TPTe=T; - T;=T;-T; if i#j; T;=C; (2.2.14)

where C; is the Casimir operator, i.e. C; = C4 = N, ifiisa gluonand C; = Cr = (N2—1)/2N,
if 7 is a quark or antiquark.
Note that, by definition, each vector |M(ps,...,pm)) is a color-singlet state. Therefore

color conservation is simply

> T M(pi,....pm)) =0. (2.2.15)

On the other hand, the dependence of the matrix element M on the color indices ¢y, ..., ¢,

is written as

Mq ..... cm(pl>"'apm) = <Cla--'7Cm|M(pl7"'apm)>a (2216)

where the ket |[M(p, ..., p,,,)) is a vector in the m-parton color space.
Within this formalism, a generic soft limit for a gluon emission can be generally written

following the factorization formula

(a|M(g, 1, - Pm)) = gsp“e(q) (@) M(p1, - pm) (2.217)

where ¢ is the momentum of the soft gluon and M(py, ..., pn,)) is the amplitude without
the soft gluon. Finally, the factor J#(g) is the tree level soft gluon current, that depends on
the momentum ¢ and on the momenta and color charges of the hard partons in the matrix
element as well.

o
i

F(@=>T b (2.2.18)

piq
In the right hand side of Eq. (2.2.17), the "~" means that all the contributions less singular
than 1/q have been neglected in the limit ¢ — 0.
As a matter of fact, it is clear that the soft limit has some general important properties that
may help to achieve a better understanding of the scattering amplitudes, and reach higher

precision levels in the calculations. Here, given the similarity between the QED vertex and
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the abelian piece of the strong interactions (see comments in section 2.1.2), and taking into
account the aim of this work, which is to characterize the mixed corrections, it is important to
comment that we could easily extend this expression (2.2.17) to also address the soft photon

radiation, by making some simple replacements:

Js — €4q;
(2.2.19)

a

Here, in the case of pure QED interactions, the soft radiation does not carry any color, and
thus the @ index makes no sense anymore. As a consequence, in this case the amplitude does
exactly factorize in the soft limit.

Finally, in order to express the relations at the level of the squared amplitude |M|?, which

is that of the differential cross section do, we can write

|M(p17 -+-Pn; q _292 % Z Sz] ‘M (4) pl» . 'apn>‘2 (2220)

1,7=1

where S;; is the eikonal function and M_;; is the color-correlated amplitude:

S, (q) = Pi-Dj ’
’ @ 2(pi-q) (Pj-Q) (2.2.21)

2.2.2 Collinear Limit

On the other hand, as we commented in section 2.2, the case in which two (or more) particles
become collinear also leads to a divergent behavior in the amplitude. This phenomenon has
been studied in detail in Ref. [80], and higher order contributions to this behavior have been
addressed in Refs. [81-87].

In order to show the collinear limit in a suitable way to perform NLO calculations, we

will consider the (n + 1)-particle tree level amplitude

MLy omicar S SmiSa (g - D Das ---) (2.2.22)
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and the associated vector in the color + helicity space

11, ...,m;a, .. )ns1 (2.2.23)

in the sense of reference [79], where indices 1, .., m indicate final state QCD partons, and
a, .. indicate partons in the initial state. Additionally, we parametrize the momenta p; and p;,

of the partons i and j as

(2.2.24)

where p* is a light-like vector that represents the collinear direction and n* is another
light-like direction to determine how we approach the collinear limit. Thus, £, is a vector

perpendicular to p* and n*, such that

a

o (2.2.25)

2pip; = —

and the collinear limit corresponds to k; — 0.
Furthermore, it can be seen that in the limit where p;||p;, the matrix element squared

behaves as follows [79]:

|M(p1, ...,pn+1)|2 = pi1all,omia, L omsay 1. —

1 (2.2.26)
— —gg,u26 na(ls ..
Di-Dj

where g; is the strong coupling in d-dimensions, and the n-parton matrix element can
be obtained by replacing the partons i and j in Eq. (2.2.22) with a single parton ij, that
represents the partons i and j in the collinear limit, in such a way that its momentum is
p" = p} + pjj. Besides, the flavour of ij is given by the rule: anything + gluon — anything
and quark + antiquark — gluon.

In this case, contrary to the soft limit, the collinear radiation does involve spin correlations.
The kernel P(ij),i is the d-dimensional Altarelli-Parisi splitting function, which represents the
splitting ij — i+ j. It depends on the momentum fraction z involved in the collinear splitting,

but also on the helicity of the parton ij in the n-parton matrix element and on the transverse



2.2 Radiative Corrections 21

momentum k, which add an azimuthal dependence on the angle on the emitted particle’.
Note that, because of these spin correlations, the matrix element squared cannot be simply
factorized in Eq. (2.2.26), and thus, this equation has to be regarded as a limiting formula,
rather than a factorization one. The case of the implementation in the calculation of QCD
cross sections always requires a careful treatment of momentum conservation away from the
collinear limit.

As has been stated in the comments below the formulation in Eq. (2.2.23), so far we have
considered the case in which two final-state partons in M, ,... become collinear. In general,
one has to deal also with the case in which a final-state parton ¢ becomes collinear to an
initial-state parton a. For the sake of completeness we also address the limiting behavior

corresponding to this last collinear case, which is straightforward with the definition

k% nt
1 —z2p,n
. (2.2.27)

k
Qpi-pa = - = kJ_ — 07
1—2x

pi =1 —2)ph +ky —

where the corresponding splitting process a — ai + i involves the transition from the
initial state parton a to the initial state parton ai with the associated emission of the final state

parton i. Here, the corresponding behavior in the collinear limit is

|M(p1, ...,})n+1)|2 = 1l cymsa, 1, o myay ) pi1a —
) (2.2.28)

1 R
— ——gg,uzE nai(L, ooy m; al, .| Poay (2, k15 €)1, ., ms ady ) g

T Pi-Pa
Note the main difference with respect to Eq. (2.2.26). The initial-state parton ai carries the
momentum x p#, which also introduces the additional factor 1/x in Eq. (2.2.28).

The explicit expressions of Py, (z, k. ; €) for the splitting processes
a(p) — b(zp + ki + O(k7)) + c((1 — 2)p — ki + O(k?)), (2.2.29)

are

1+ 22

(s|Pyg(z, k1;€)|s') = 0o Cr —e(1—2)| , (2.2.30)

7 Although this azimuthal dependence is not usually relevant for NLO calculations, since its average over the
azimuthal angle of the collinearly emitted parton is zero, it is of some importance to include the explicit form,
since it could improve the numerical treatment of some local subtraction terms.
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N2
s|P(z,ki;€)|s") = sy Cp 1+(1=2)" ez| (2.2.31)
ag >
. Sl et
(1| Pyy(2, k15 €)|v)y =Tgr {—g‘“’ +4z(1 - z) ZEL] , (2.2.32)
~ 1 — k#kl/
By ki ) =208 |~ (2= + 222) —o(1— a1 - "L 2239)
11—z z k7

where the spin indices of the parent parton a have been denoted by s, s’ if a is a fermion and
w, v if a is a gluon.

Finally we recall the most commonly used expressions for the kernels P,, at LO in QCD
for each of the splitting processes as presented in Ref. [80] after the corresponding average

over the polarizations of the parton a®:

1+22 3 3C
Pq(;’o)(l’) = CF (1 — C(])+ -+ 55(1 JI):| = Cquq(.I) + TF(S(l — ) s
PO (z) = Tr [2* + (1 — 2)%] = Trpg(), -
14+ (1 —x)? 2.
Pg(ql’o) () =Cp %} = Cp pgq(T),
T 1—=2
with 8y = (11N¢ — 4npTg)/12 and the usual plus distribution defined as
/ L 1@ / L f@ =) (2.2.35)
0 (I—x)y 0 l—az

for any regular test function f. Additionally, No = 3 and Tx = 1/2 for the SU(3) color
symmetry group.

Note that some of the splitting functions in Eq. (2.2.34) are divergent for = — 0, 1. These
divergences are the soft singularities addressed in section 2.2.1. Thus, when using the limits

(2.2.20) or (2.2.26) to approximate the singular behavior of |M(pi, ..., pn11)|* we must be careful

to avoid double counting the soft and collinear divergences in the overlapping region (see

8Note that in the AP formulation there is a slightly different labeling for the partons in the kernels. While
P(ij)ﬁi(z) in Ref. [79], which we followed to obtain our results, stands for the probability density of finding,
inside a parton ij, another parton i with fraction z of the parent momentum, the labeling in the following
equations 2.2.34 and 2.2.36 corresponds to ]51»7(”) (i.e. the indices are crossed). This new labeling will be, unless
made explicit, the understood for all the following deductions in this work. Furthermore, in order not to confuse
the QCD or the QED corrections for the kernels, we now include the full QCD®QED notation in the sense of
2.2.1 to indicate both strong and electromagnetic contributions to the splitting functions.
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section 2.4 for a deeper discussion on this topic).

Finally, the same similarity reasons between QED and QCD that we previously discussed
for the soft limits also hold here and, regarding the emission of collinear radiation coming
from QED interactions, we could address these effects by taking care of the color factors,
for the LO and even for higher order contributions to the splitting kernels, just in the way
discussed in reference [39], where high order QED and mixed corrections were presented to
the Altarelli-Parisi splitting functions. Here, we recall the expressions for the Leading Order

QED contributions to the kernels [88]:

3
Pq(((;vl)(x) — eg [pqq(:v) + 55(1 — x)} ,
Pq(f;’l)(x) = N¢ eg Pyg(),

PV(SJ)("E) = 63 Pgq()

2
Phgg’l)(:c) =3 Ze? il —ux),
f

(2.2.36)

where an explicit dependence on the quark electromagnetic (EM) charge arises. Likewise, the

sum over fermion charges in the PO kernel corresponds to the definition

> e} =Ne nZF el + nzL e, (2.2.37)
f q !

with ny and n;, the number of quark and lepton flavours, respectively. As it is clear, with
the exception of P, (that at LO in QED only receives the j-contribution, while its parent
P,, also involves non-abelian terms) all the other splitting kernels at this order could be
constructed by carefully handling the color factors, with no further changes within their

functional dependence.

2.2.3 Evolution of the couplings

In order to achieve a detailed understanding of the underlying physics, we will address
the behavior of the QCD coupling constant, and its relation with two key phenomena that
characterize strong interactions: confinement and asymptotic freedom.

As was first discussed in section 2.1, all the fundamental interactions are proportional

to a coupling constant that states how strong the fields may couple to each other. From the
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Standard Model Lagrangian, the procedure to obtain theoretical predictions, such as a cross
section, is to perform perturbative expansions in powers of this coupling constant. In this
way, all the quantities are generally expressed in terms of the coupling at a given known
scale, which is preferably close to the typical scale of the process studied. Thus, the coupling
at this scale actually indicates the effective strength of the interaction in the process. As it can
be expected, this value may be different for different energy scales. In fact, this dependence
is known as the running of the couplings constants. Moreover, despite theory can not predict
the value of the coupling, its dependence on the energy scale inherent to the process can
indeed be calculated.

In the case of QCD, all the particles that can be found isolated in nature are color singlets.
In this sense, the color confinement refers then to the fact that quarks and gluons are always
confined in bound states known as hadrons. Specifically, this phenomenon is due to the
behavior of the strong coupling, which becomes larger (and so the force stronger) as particles
are more separated, so that it isn’t likely that low energy partons can escape an hadron. It
is important to note that this is a non perturbative effect, which cannot be fully understood
through perturbative series in powers of g, and other considerations have to be taken.

As a matter of fact, in order to gain insights into the distribution of QCD partons within
hadrons and the subsequent hadronization process, the Parton Distribution Functions (PDFs)
and fragmentation functions have to be determined. These distributions are fundamental
quantities that provide essential information about the momentum and spatial distribution
of partons inside hadrons, and they are essential for predicting the outcome of high-energy
scattering processes. However, the determination of PDFs and fragmentation functions
heavily relies on experimental data (for a more comprehensive discussion on PDFs, see
section 2.3.1).

Contrary to this, one can calculate the running of the strong coupling constant within the
perturbative region. This running arises due to quantum effects, which cause the g, coupling
to depend on the energy scale at which it is probed. In this region, the running involves the

resolution of the following renormalization group equation for a;:
BQCD leg O(s o Z b Oén+1 (2 2 38)
dlog(12) o

where 3P is the logarithmic derivative of the coupling constant, the b, = 3,,/7"*! are

the coefficients multiplying each power of o, and p is an arbitrary energy scale. Both the
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value of the coupling, as well as the exact form of each of the coefficients (specifically the ones
that define higher orders in the expansion), depend on the renormalization scheme in which
the coupling is defined. This means that they depend on the convention used to subtract
infinities in the context of renormalization and generally, the most common choice is the MS
scheme [89-91]. Once a convention is stated, the value of «a, is always determined in terms of
a known value at a given scale as, for example, the mass of one of the electroweak bosons,
which serves as a reference value for the coupling. For instance, o; has been determined to
be (M%) = 0.1179 & 0.0009 at the scale of the Z boson mass M. In figure 2.6 one can find a
summary of the most recent determinations for each of the studies performed. As we can see,
this constitutes a reasonable and stable value for the strong coupling.

On the theoretical side, the first results for the running «(u?) were obtained in Refs. [92,93]
where Gross, Wilczek and Politzer achieved the first calculation of the S-function for a Yang-

Mills theory. At the lowest order, the resolution of Eq. (2.2.38) reads

2y _ as (1) 2.2.39
asli) 1+ as(pd) 2 log (u2/13)’ (2239

where (3, stands for the first coefficient of Eq. (2.2.38)

11Cy — 4npT,
g, = G = nrln (2.2.40)

with C4y = N¢ = 3 the Casimir invariant of SU(3) and np the number of active light quark
flavours in the theory. As can be easily observed, the value of f is positive for QCD, which
implies that a,(u?) vanishes when 1?2 — oo (i.e. at high energies). These results show that
the strong force becomes weaker for processes involving large momentum transfers (i.e.
at very high energies or very short distances)’. This theoretical result shapes the so called
asymptotic freedom, and justifies the perturbative expansions in powers of a;, for energy scales
in the 100GeV — TeV range, where the hadrons could just be seen as a collection of almost-
free partons that are weakly interacting. What is more, this behavior is supported by the
experimental evidences, where the available measurements of o, at different energy scales ()
agree with the limiting behavior of Eq. (2.2.39), as can be seen in figure 2.7.

On the other hand, although this result does not hold for very low energy scales, one can

easily see that Eq. (2.2.39) diverges for small values of ;.. This defines a scale

Given that this perturbative result relies on the smallness of «, any further argumentation coming from
this result only holds within the perturbative region where a; < 1.
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AQCD = Ho€XP {—m} (2241)

that represents a typical hadronic limit where the strong interactions become stronger,
which agrees with the confinement of color but also indicates that the theory does not admit
perturbative expansions any more in this region, and thus all the effects taking place below
this Agcp scale must be addressed through non-perturbative analysis.

Furthermore, if deeper perturbative effects were required, more terms can also be consid-
ered in the perturbative expansion of the 3 function, apart from the pure QCD contributions
in Eq. (2.2.38). These might be important in order to offer a complete description of any
observable (such as the cross section) to a certain mixed order, in the sense of Eq. (2.2.1).
Here, the presence of electromagnetic interactions inside loops may lead to mixed terms in

the running
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5RCD _ dlog(as) 04s _ Z bip il — Z by aitiad

dlog i=0,j=1
o (2.2.42)
dlog o
QED __ /o g+l roi g+l
B Tloa(12) loa (1 Z by, o zZIZj:O b agad™

where now the first index refers to QCD orders, and the second one to QED ones, in a sense
that by = 27 /i1, by, = BPPP /791, Additionally, by = Bi;/7H+D and by, = Bl /x40,
with ;i j0, Bi;lij0 are the mixed §-coefficients.

The first result for the mixed S function was calculated in Ref. [94] in order to reach a

leading mixed order contribution for the resummation formula.

2.3 Hadronic Collisions

As has been mentioned, hadronic collisions are the crucial tool for studying and testing the
behavior of the strong force, which is described by quantum chromodynamics. In this sense,
they involve a complex interplay of strong, electromagnetic, and weak interactions and both
perturbative and non-perturbative effects, which have to be understood and considered to
access an hadronic cross section.

In general, the cross section for a generic hard scattering process

Hi (K1) + Ha(K5) = F(Q) + X (2.3.1)

where the collision of the two hadrons H; and H; with momenta K; and K, produces the

final-state system F, accompanied by an arbitrary final state X, can be obtained by calculating

A p
r(H, Kp) = Z / n / dy fiI) (21) f312)(22) 67 ayar (11 K1, 220G5) + O (%)

ai,a2

(2.3.2)

Here, we have made a factorization assumption, based on the so called naive parton model,
where the pair a;, a; denote each partonic channel contributing to the production of the final
state F, and z; and x, are the respective momentum fractions that each parton carries out of
each hadron. The assumption indicates that the cross section can be essentially obtained by

convoluting the low and high energy contributions. On the one hand, fa; (H1) (1) and faHZ)( 2)
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are the parton distributions functions (PDF), which represent a probability density of finding
each parton a; and a, within the hadrons H; and H,; with momentum fractions z; and z,
respectively. These PDFs are process-independent, in the sense that they only depend on
the specific hadrons and partons being considered, and they characterize all the factorizable
long-distance mechanisms that cannot be accessed through theory. On the other hand, 65,4,
is the partonic cross section for the production of the final state /, which can be calculated
in perturbation theory because it involves all the short distance (i.e. high energy) parton
scattering effects.

Finally, all the terms that escape the factorization assumption (i.e. the terms that are
process-dependent and also non-perturbative, and therefore non-factorizable) are considered
in (Agep/Q)?, which states the relation between the non-perturbative effects scale Agcp and
the hard scale ) of the process, where p is a non-negative integer that characterizes the power
suppression of higher-order QCD corrections in the perturbative expansion, such that its

value depends on the specific process and observable being considered.

2.3.1 Parton distribution functions

Nevertheless, it is really important to notice that this factorization assumption, which serves
as a reasonable ground to express hadronic cross sections by separating between perturbative
calculations and experimental determinations, involves certain degree of arbitrariness.

In principle, the collinear emission of a parton b with momentum fraction z from an
initial leg a could be considered both as a real emission correction to the hard process, or
as a correction to the PDF itself. In fact, we might directly find a parton b with momentum
fraction ( = zx , instead of first finding in the hadron a parton a with momentum fraction
z, followed by a further splitting a(xP) — b(zzP) (see figure 2.8). This arbitrariness shapes
a factorization-scheme dependence, where all the PDFs could be in principle redefined by
convoluting them with some process independent perturbative function. MS [89,90] DIS [18]
and MS [91] are some of the most commonly used factorization schemes. As we know, the
physical quantities cannot depend on such an arbitrary election, which makes the partonic
cross section also depend on the factorization scheme, in such a way that the total final
contribution is independent.

This situation introduces a dependence on the so called factorization scale yr, where the

partonic cross section can be cast in the form
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(a) Initial state collinear emission as a correction to the PDF. (b) Initial state collinear emission as a real emission correction
to the hard process.

Figure 2.8: Arbitrariness within the factorization assumption. A NLO correction given by an
initial state collinear emission could be seen as a correction to 65 ,,4,, as well as a correction

to the PDF £\ ().

OF araz (P1, P2) Z / dz / dza OF by (2101, 22D2; 10F) Ubyar (2105 07 ) Thgas (22 pir). (2.3.3)
b b
In this sense, while at the Leading Order there is no loss of momentum due to extra
radiation from the incoming partons, at higher orders the situation is different. Whereas
the quantity 65,s, is finite, the transition functions I'y, 4, (21; ptr) and I'p,a, (22; ) encode the
singular behavior of collinear emissions of partons carrying a momentum fraction of (1 — z;)
and (1 — z3), respectively. Furthermore, as we anticipated, we could redefine the PDFs so that
these transition contributions are absorbed within the functions fi" (1) and fiH2) (z2) in Eq.

(2.3.2):

SUCTEEDY / CH (D) lpr) = Y (P e Tw) (1), @34

a

In this sense, as in the case of the coupling constants, the parton distributions also depend
on the energy scale of the interaction and they must usually be "evolved" from a known initial
scale to the scale of the interaction. After the redefinitions in Eq. (2.3.4), the hadronic cross

section takes the form

op(Ky, Kp) = Z/ diﬁl/ dﬂf2fa1 1)(-T17,UF)f(§2 2 (293 1F) OF aray (71 K1, T2 Ko pip), (2.3.5)

ai,az
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where the partonic distributions F (x; pup) are now corrected by the transition functions
I'pa(2; pr), which are computable order by order in perturbation theory, and each order is
controlled by the splitting kernels defined in section 2.2.2. Specifically, in the case of the NLO
QCD corrections, the expression for I',(2) in the MS scheme, obtained through dimensional
regularization, is

1 oy

Fan(2) = 0ud(1 = 2) = =3Py () + 0(a3). (2.3.6)

In this way we can address the calculation of radiative corrections with collinear singular-
ities, which is essential to compute higher-order terms in the perturbative expansion of the
cross section. In fact, it is common to express the hadronic cross section in 2.3.5 in terms of
subtracted partonic cross sections 75 4, in which the singularities due to collinear emissions

from the incoming partons are cancelled by suitable counterterms originated in Eq. (2.3.6).

Explicitly,
~(0) ~(0)
O, (p1,p2) = Oq (p1, p2; 1F)
iHF iHF (2.3.7)
5515)—>F(p1,p2) = &ébgp(pl,pz) + oleth) + olet)
with
=Y [ 00 e
(2.3.8)

= 15 [ ot O

Here, as we can see, these are in fact NLO contributions (i.e. O(«s) corrections) with
Born kinematics, that subtract the singular behavior of the hard scattering ab — F with
extra particle emissions that result collinear to the incoming partons, and can be addressed
by convoluting the Altarelli-Parisi splitting kernels with the Leading Order partonic cross
section al(polb. In practice, these contributions are to be cancelled with infrared singular
terms coming from the real and virtual parts of the NLO in Eq. (2.3.7) (see section 2.4 for a
deeper discussion on this subtraction). Furthermore, the expressions above do not depend
on the explicit decomposition of the phase space element in each case. As a consequence,

their validity extends to the full differential form of the cross section do, without further

modifications.
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On the other hand, although the pr cancellation would be exact when doing the complete
(i.e. to all orders) calculation of a cross section, the truncation at a given order n formally
adds a ;1 dependence of order n + 1. This fact and the actual ;i (and ;:z) dependences at a
given order may help estimate the size of higher order terms in the expansion, which is often

used as an uncertainty estimator within theoretical calculations.

2.4 NLO Calculations and the FKS Method

As has been previously stated, the calculation of higher order corrections in perturbation
theory brings the need to handle the infrared divergences that arise within the computation of
each separate term in these contributions (see section 2.2 for a deeper discussion on the ways
in which IR divergences appear). For this reason, Frixione, Kunszt and Signer developed a
method [67] (the so called FKS-subtraction) to calculate Next To Leading Order contributions
to hadronic cross sections. Although it was first developed to address the three-jet production
in hadronic collisions, it actually provides a systematic approach to include higher-order
corrections in a broad spectrum of physical observables. The aim of the method is to achieve
the analytic cancellation of the divergent parts in the sum, which defines any infrared-safe
physical observable, just as, for instance, a cross section. In fact, such an analytic treatment of
the divergences is essential for the amplitudes to be numerically evaluated within a computer
code, which is generally the case.

In this section we will discuss and schematize the FKS-subtraction method [67,95] in order

10 We will see in detail how to

to address the NLO corrections to a generic hadronic process
handle both initial state and final state collinear singularities, as well as soft singularities,
which complete the set of infrared divergences appearing at NLO. Later in this work, the
FKS subtraction will be used to deal with the mixed NLO contributions to the production of
Z+jet in hadronic collisions (i.e. all the double-real and real-virtual terms that contribute to
the production of a Z boson at O(a;«). See Chapter 4 for details on this calculation). Let us
begin with the expression for a differential hadronic cross section for the process H; Hy — F),

where F'is a state composed by N particles that, in this case, could have color charge. This

cross section, according to the factorization assumption (see Eq. (2.3.2)), can be written as:

10Tn fact, the following assumptions could also be made for processes that are not purely hadronic, like dé.,4,
(photon-hadron cross sections) and dé.,, (DIS cross sections), or not hadronic at all, such as the ete™ cross
section d6.+.-, among others. See the formulation in Ref. [95] in terms of Lgf‘fj ) to fully address these cases.
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as alaQ(leIMTQKQ) 5 (2.4.1)

do M) (K Ky) = Z/dxld%fgh)(xl)f(m)(x2)d&

aja
where H; and H; are the incoming hadrons, with momenta K and K, respectively, féfli) is

the distribution function for the parton a; in the hadron H;, and dé,,., is the short-distance

atay
partonic cross section for each channel a,a, of a 2-parton scattering. We consider that any
ultraviolet divergence has already been properly renormalized, and thus we will especially
make focus on the IR divergences appearing at NLO. On the one hand, given that the incident
particles come from hadrons, the singular behavior introduced by collinear emissions from
the partons a; and ay can be regulated by means of the collinear counterterms presented
in section 2.3.1 (see particularly Eq. (2.3.8)). On the other hand, as has been previously
commented, the Kinoshita-Lee-Nauenberg theorem [73-75] guarantees that for sufficiently
inclusive observables, the remaining IR divergences appearing in real and virtual terms in
the unresolved regions cancel against each other when considering the whole contribution.
The goal will be to show and perform the cancellation analytically, by expressing the real
corrections in a suitable form along the integration region, in such a way that each differential
term will have one soft-collinear divergence at the worst.

We start by considering both the LO and the NLO QCD contributions to do
in Eq. (2.4.1)

($1K17372K2)

aiaz

6., = dol”) +d6ll) . (2.4.2)

aiaz ajag

On the one hand, d6(°)_is free of divergences and can be computed exactly by recalling

the equation (2.2.3) in section 2.2

o, = AN ({a} )8 ndow, (24.3)

ajag

Here, AMN0 is the leading order squared averaged partonic amplitude for the process
H, H, — F with N particles in the final state (see, for example, figure 2.3), which includes
the flux, structure and all the statistical factors. On the other hand, at the Next to Leading

Order, d6(!) is composed by the sum of three terms

o) = dol") +dol" + dol®) (244)

ajag ajag?
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where

do™) = AN (L, V)8 yi1ddn s (2.4.5)

ajag

is the contribution from the tree diagrams of (N + 1)-parton corrections, and

do') = AWY{a NS ndpy (2.4.6)

aiaz

is the contribution of the QCD-loop corrections to a; a; — F, with born kinematics (see, for
instance, figures 2.4b and 2.4a, respectively). In addition, dagﬂm is the contribution of the
initial state collinear counterterms (see Eq. (2.3.8)).

We know that, although the virtual and real quantities defined in Egs. (2.4.6) and (2.4.5)
and the collinear counterterms are infrared divergent, their sum in Eq. (2.4.4) is finite, and
thus the divergences will cancel according to the KLN theorem, if 8 is infrared-safe.

In this sense, we need the measurement function 8y.1(¢n41) for the (IV 4 1)-particle
phase space to be equal to the measurement function Sy(¢x) of the LO kinematics in the
unresolved regions. This condition defines a safe mapping in the regions where i becomes

soft and ¢ || j, that allows the cancellation to happen:
ki~>0

Sni1(eo kicy, kiy kg1, ) = Sn (.o, kic1, ki1, -

killk;
Snvat ook by ) "W g (s 1 Ky ).

(2.4.7)

Starting from this point (2.4.7), we have to explore each divergent region in the NLO
corrections and show the explicit cancellation of all the poles appearing in the expressions.
Thus we will be able to get the NLO contributions as a sum of terms, each of them suitable
for numerical integration.

In order to achieve the cancellation, we will first address the virtual contributions. Al-
though the calculation of the loop corrections da(ﬁ% is often complicated, the structure of the
divergent terms is straightforward [96-98] and can be expressed by recalling the result in Eq.

(3.1) in Ref. [67]:

as  (4m)*

A(N’l)({al}l,NJrz; {kitine2) = %F(l s (%) V{ahivaoi {kitinee) (2.4.8)
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where
1 N+2 1 N+2
V({ar}1 v {kifinge) = — (6_2 Z Clan) + B Z 7(an)>A(N’O)({al}1,N+2; {kibin2)
n=1 n=1
N+2
1 %y - ko 1
+2_e Z log 0?2 @A%{O)({GZ}LNH; {ki}1,n42)
i
+\A§vj\gl)({al}1,N+2; {ki}1,n42) - (2.4.9)
with
11C4 — 4Txrn
Clg)=Ca=N,, o) =~ (2.4.10)
N2 -1 3
=Cfr = —; =-CF. 24.11
C(q) = Cr N, 1(q) = 5Cr ( )

Here, 1 is the renormalization scale and () is the Ellis-Sexton scale, an arbitrary mass
scale introduced in Ref. [98] to facilitate the writing of the result''. On the other hand, A0
are the color-linked Born squared amplitudes as defined in Ref. [67], with the additional

normalization of 167% with respect to our definition in Eq. (2.2.21). On top of that, they satisfy

N+2
> AN {adviz; (ki ngz) = 16 Cam) W AN ({ar}y v vo; (i} ay2) - (24.12)
ot

Finally, ALY represents all the non-divergent terms of the virtual contributions.

The key points from now on in order to perform the subtraction are that the /N partonic
phase space can be completely factorized out of the (N +1)-body partonic kinematics in the un-
resolved limits. Additionally, we exactly know the behavior of the amplitude ANV ({a,}1"?)
in these limits and, furthermore, the measurement function 8, can be constructed in such a
way that it reduces to 8y in each of the infrared limits, thus guaranteeing that the cancellation

can be carried out and that the Next to Leading Order contribution d&g?l2 is finite. According

to Eq. (2.4.7), we specifically need

M1t §s important to note that, in the end, the final result does not depend on the election of @). In fact, the
variation of () could be useful for cross-checking the result of the calculation.
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loim 8N+1 = SN s llI{l SN+1 = SN s (2413)
i illk;
lim 8N+1 = SN s lim SN—i—l = SN s (2414)
kil killka

with 1 and 2 the initial state partons, 7, j # 1,2 and 7 # j. These can be seen as a definition for
the conditions that must be fulfilled by the measurements functions to induce an infrared-safe
cross section. What is more, these conditions also imply that, at least at the NLO, the only
non-vanishing multiple infrared limits for 8, are the soft-collinear ones, which allows us

to deal only with one soft-collinear divergence at the worst'”.

2.4.1 Separation of singularities

The main objective ahead is to fully organize d&g}lQ into (N + 1)-parton and N-parton contri-

butions, such that the whole NLO correction can be expressed as

de!) = de{bND 4 ag () (2.4.15)

ajag

where

ajag ajag,i ajag,ij

da_(l,NJrl) _ do (in,f) + do (out, f)
22-: Z (2.4.16)

de BN —da”) —i—da —|—d<7mJr +do (1 +dac) + doloutt)

ayas ay ajay
Here, each term is either finite or its singularities evidently cancel with those of the others,
so that do(:*1) and d6 (")) will be suitable for the numerical evaluation.
In the following, we will show how to achieve each term in the separation of Eq. (2.4.15)
by regulating the divergences due to the integration over the infrared singular regions in the

real part of the differential cross section do(") . First, we will profit from the decomposition

N+3 N+3 N+3
SNt1 = Z SES’"Q) = Z Z 8 Ok, —kZ.) | - (2.4.17)
i=3 i=3
J#Z

12Gee the reasoning in section 2 in Ref. [95] and the specific measurement function used to address the three
jet cross section to Next to Leading Order in Ref. [67].
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where the functions SEO) and 81(-;) in Eq. (2.4.17) are defined by their behavior in the neighbor-

hood of the infrared singular regions. In particular

Sgo) #0 onlyif k? — 0, EZ I /;1, Ez | E2a (2.4.18)
SV 40 onlyif k) — 0, K =0, | k. (24.19)

J

As can be easily seen, this decomposition accomplishes the expected property of having
one soft-collinear singularity at most in each term. Note that SZ(-O) and 85]1-) are exactly 0 in
other infrared singular regions than the specified in Eqs. (2.4.18) and (2.4.19), and that they
could be redefined by any other measurement term that also vanishes in these limits "°.

Next, we can replace the decomposition (2.4.17) in the differential form of the real contri-
bution (2.4.5) and thus split do(") in a sum of terms that exclusively encode the singularities
associated to parton i'*

N+3
dol) =" doline) (2.4.20)
=3

ajag ajag, i’

Here, each do*") is proportional to 8 in Eq. (2.4.17).

ayag,i

In order to show the final result in Eq. (2.4.15), we have to choose suitable partonic
kinematic variables to perform the subtraction for each term daﬁfi’f? . In the case of Frixione,
Kunszt and Signer, they decided to use the energy and angle variables instead of transverse
momenta and rapidities. This election shows a number of advantages with respect to the
previous subtraction methods. In fact, the soft integrals become much simpler in this way,
and the FKS formalism is still valid for inclusive production of any number of jets.

With this election, we write the momenta of the initial state partons 1 and 2 in the partonic

center-of-mass frame, as

VS
2

/5 (2.4.21)
2

13This was the case with the additional term ng ™) in the three jet calculation of [67], while in the calculation

of the Drell Yan mixed contributions at a fully differential level, we chose to absorb 8!/ within 8{*""? when

defining the NLO measurement function, as suggested in Ref. [95] (see Chapter 4 of the present work).
4Note that the 0 function in Eq. (2.4.17) assures that each term S,E;)G(kJZT — k2.) does not get contributions

when j is soft. Furthermore, the region in which i || j contributes to both ${*"*# and S;sing ), but the 0(k3, — ki)
in Eq. (2.4.17) prevents any double counting.
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%
where /S is the partonic center-of-mass energy and 0 is the null vector in (2 — 2¢)-

dimensional space. Furthermore, the momentum for a generic final state parton ¢, can be

N
ki = Tfi (1, L —yieir, ?Ji) : (24.22)

Here, €}, is a unit vector in the (2 — 2¢)-dimensional transverse momentum space, —1 < y; <1

written as

and 0 < ¢; <1 are the angle and energy variables for the parton :.
As we can see, this parametrization implies that when &; — 0, the parton ¢ gets soft, while
on the other hand, the limit y; — +1 indicates the collinear limits ¢ || 1 and i || 2, respectively.
Moreover, the general (/N + 1)-body phase space d¢x1 can be expressed as a product of

the invariant measure over the variables of parton i and d¢ as

don 11 = dgdo,

2—2¢
doi— kL (Y5) 1) dedyan -
i (27T>3—2e 2]620 2(271’)3_26 9 7 [ WY i 5

where dQ?_QE) is the angular measure in 2 — 2¢ dimensions. Additionally, d¢ is the remaining
part of the (N + 1) phase space element, in the sense of Eq. (2.2.3). Now we can regulate the

soft singularities of do*""?) by multiplying the invariant amplitude squared by ¢2.

dofiins) = & AN ({a]179) 87 dodo,
=& AN ({a") 8
1 VS
2(2m)3-2¢ \ 2

(Sing)d¢

2—2¢
x ) §717% (1 — y?) “ deydy, QP> . (2.4.24)

Thus, we could therefore isolate the e-divergences by using the identity

e = Sy + (1) —2("5%) o), (2425)

where . is an arbitrary parameter satisfying the condition 0 < &+ < 1, and the distributions



2.4 NLO Calculations and the FKS Method 39

in the right hand side are defined as follows

1 f(fl) f(0)8<§cut - 51)
(&) f>= / d&; 3 , (2.4.26)
log¢; _ ey oy | logé
<< 3 >c7f > = /O dg; [f(&) F(0)0(Eeur — &) Pt (2.4.27)

As it is clear, this parametrization allows us to separate the ~ §(¢;) soft term from the

others. We write

o) = dof?),  +dol) | (2.4.28)
N Scuze sin,
ol =~ 5(E)des (€ AT ([} ) 5" do
2—2¢
1 VS _ -
1 02) " dudQ®29
8 2(2m)3-2% ( 2 ) ( y%) Yias s

daa?; P = [ 51) — 2e <%> :| (SZQ A(N+1)({al}11\/+3)) Sgsmg)d(b

&
1 VS
2(2m)3-2¢ \ 2

2—2¢
) (1 —y2) " d&sdy,d > .

While the quantity daam , contains singularities due to the parton i becoming soft, the
term daam , is free of them, but it does contain collinear singularities.

(sing)

On top of that, by taking into account the decomposition of 8" in Eq. (2.4.17) we can

also fully disentangle the collinear singularities of olaalf2 i

do™) = dgtm) da (out) (2.4.29)

ajag,i ajag,i ajag, 7,]7

where!®

15The superindex [i] in the sum in Eq. (2.4.29) means that j can take the values 3, ..., N + 3 with the exclusion
of 4.
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ol = [(1) -2 (%) ] (€ A (ahunes) 500

&i &
2—2¢
1 (VS . B
X 3myp ( 5 ) (1 —y7) " d&dy:dQ®™ | (2.4.30)
1 lo i
dagfg?u - [ (5—) — 2e ( ?5 ) ] (512 A(N+1)({al}1,N+3)) ngl_)wkng — k2)do
2—2e¢
1 (VE . B
< 32n)F ( 5 ) (1 —y?)  dédy:dQ®™) . (2.431)

By construction, Eq. (2.4.30) contains only initial state collinear singularities, while Eq. (2.4.31)
contains only final state ones.
So far, we managed to express the real part ngLQ of the cross section as a sum of terms

with singular behaviors well defined, and properly isolated.

(7]
o) =3 (daﬁflw +dol™ 4> dag‘l’fj;?”) . (2.4.32)
J

Now that we have isolated the soft limit, we will deal with the collinear singularities. As
for the term 05?1)2’1-, the divergences due to parton i« becoming collinear to one of the incoming
partons can simultaneously be regulated by multiplying the invariant amplitude squared by

the factor (1 — y?) = (1 4+ v;)(1 — ;). Eq. (2.4.30) becomes

ol = [ (2) —2 (%) ] (1 3€ AN ({ar}s ) 8o

& &
2—2¢
1 \/§ 2\ —1—¢ (2—2¢)
X 2(2m)3-2¢ ( 2 ) (1 o yz) d&;dy;dSY; . (2.4.33)
We use the identity
2\ —1—e (2(51)_5
(=) =5 |00 =g +0(1+wi) | +P(yi) + O(e), (2.4.34)
where
1 1 1
Plyi) =3 + ( ) : 2.4.35



2.4 NLO Calculations and the FKS Method 41

Here ¢, is an arbitrary parameter satisfying the condition 0 < §, < 2, and we defined

<< 1 ) 7f>:/1dyif(yi)_f(l)g(yi_1+51)7 (2.436)
L=wvi)s, ~1 L=y

1 ot ) = f(=D0(—y — 1+ 6,)
< (1+yi)6l,f>—/_1dy,- Tty . (2.4.37)

Therefore, by using Eq. (2.4.34), Eq. (2.4.33) can be splitted into three terms, the first two
proportional to 6(1 + y;) and §(1 — y;) respectively, which contain the collinear singularities
(and in which the invariant amplitude can be substituted with its collinear limit), and the

third one which is finite in the limits y; — +1. Explicitly

do'™ = dolm ) + dgln) 4 dolint) (2:4.38)
where
1 1 5 1 \/g 2—2¢
(in.f) _ . ) g [ 208S
daalag,z P(vi) [ <€z)c € ( 3 )c] 2(27 )32 ( 9 >
x (L= AN {arh,ns)) 8 dgdeidy,d* > (2.4.39)
and

(in,£) _ _(251)_E
do—alaz,i - 26

01 F )

(6. (%) [ (£)

x (1 =y AN {a}1 n1)) 8 dde;dy;dQP ) (2.4.40)

The subtraction prescriptions of P(y;), which regulate initial state divergences, and the
decomposition in Eq. (2.4.17), which guarantees that 8\” does not get contributions from final

state collinear divergences, assure that Eq. (2.4.39) is finite, and therefore we can set ¢ = 0:

2
() _ L (l) ( 1 ) ( ! ) ! VS
do-ala27i - 2 51 . 1 _ yl 6] + 1 + y’L 6] 2(27T)3 2

x (1= y2)e AN ({ar},nss)) 81 ddeidyidp; (2.4.41)

Since all the divergences have been properly regulated, this quantity in Eq. (2.4.41) can be

numerically integrated. On the other hand, all the remaining initial state collinear singularities
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are still encoded within do'"™*)

ajag,i *

Now, we concentrate in doﬁfzgzj in Eq. (2.4.32), which contains final state collinear diver-
gences corresponding to the limit i || j. We can follow a path similar to the initial state case
and regulate the final state divergences.

First, we can parametrize the momentum of parton j as

\/g 7 7 N A~ —
k= 426 (1, kj) ey =piR, = (ﬂ /1- yf-ejT,yj) . (2.4.42)
—
where R is the 3 — 2¢ dimensional rotation matrix that rotates (0, 1) into the parton i
3-momentum (/1 — y?é;r,y;) of the definition (2.4.22). This parametrization leads to the
product

2
V'S
ki« kj = (7 &g (1 —y;). (2.4.43)
Therefore, in the limit y; — 1 the partons ¢ and j become collinear to each other.
Due to the known universal behavior of the collinear limits, we can regulate final state
divergences by multiplying the invariant amplitude squared by the factor (1 — y;). Moreover,

with this definition (2.4.42) we can factorize the j-part out of the d¢ piece of the phase space

in a similar way as in Eq. (2.4.23) and write:

do = dpdep; (2.4.44)

2—2¢
> 172 (1 — y2)“de;dy;dQF 2 (2.4.45)

where, from Eq. (2.4.23),

s > R (2.4.46)

T 4—2¢e ¢4—2¢
dp = (2m)* =0 <k1+k2—zkl Hm

=3
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In this way, we can write the piece with the final state collinear singularities of Eq. (2.4.31) as

do) = [(g) — 2e (lfg) ]((1—%)@2 AN Lar} nys))

1 \/§ 2—2e¢
M pr1.2 2\ 77 2\ € (2—2¢)

X €72 (1 — ) (1 4 )y AP (2.447)

(out)
ajag,ij

We can therefore split do into two terms, by using the identity

(1—y) "= —(502_65(1 —Y;) + (1 _1%.

> +0O(e), (2.4.48)
do
where 0 < , < 2 and the ();, distribution was defined in Eq. (2.4.36). Thus:

do_(out) — dO-(OUt7+) + dO-(OUtvf) (2.4.49)

ajag,ij ajag,ij ajag,ij ?

where dg(“H)

ajag,ij

is proportional to §(1 — y;) and do@uth)

ajag,ij

is free of singularities, and therefore

suitable for numerical integration, after setting ¢ = 0. Explicitly:

1 1
dogfi:;z?z( ) ( ) (1= )€, AN ()1 nse)) VO, — K2)
c do

& -y,
2
2(217T)3 ( g )2 dddg.de, dysdy;drdi; (2.4.50)
and
ot =~ B30 -y, [ (5) -2 (1§§)]
X ((1 — )& ‘A(N+1)({al}1,N+3>) Sz(;)0<kj2T — kiy) (2.4.51)
x| 5 (273)3_25 (?)226 dp €2 (1 — y2) “ dede;dy,dQ ) dF >

(out,+)

Here, the last expression do, ,,,;, encodes the final state collinear behavior and can be

exactly evaluated in the collinear limit.
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2.4.2 Cancellation of singularities

As we can see, after all these considerations we finally got to express the NLO corrections
d6lt) in Eq. (2.4.4) as a sum of (N + 1) and N-final state parton contributions, just in the way
anticipated in Eq. (2.4.15).

On the one hand,

da_(l,N-f—l) — Z do- in,f) + Z dO-(OUt f) , (2452)

ajag ajag,i ajag,ij
7

where these (N + 1)-parton quantities are given in Egs. (2.4.41) and (2.4.50), respectively.
They are finite, and suitable for numerical integration in 4 dimensions.

On the other hand, from Eq. 2.4.15 we see that there is still the term d6{":)). It is formed
by both the virtual part daala2 and the collinear counterterms of Eqs. (2 4.6) and (2.3.8),

do_(zni andd (out,+)

ajag, i/ ajag,t a1a2 ij 7

respectively, and by the remaining divergent pieces of do(") L dol?)

summed over the partons (these quantities are specified in Eqs. (2.4.28), (2.4.40) and (2.4.51),

respectively).
Z dof’),
do i) = Z dolin) (2.4.53)
dagfgz +) Z Z do iigz : )
so that

do(tN) = dol) +dol®) +dolmt) + delmn) + dol) 4+ dolont ). (2.4.54)

ajag aja ayaz

Here, we will profit from the known universal behavior of the amplitudes in the soft and
collinear limits (see sections 2.2.1 and 2.2.2) to achieve Born-like expressions for the quantities
in Eq. (2.4.53). Thus, their poles will cancel against each other and with the ones originated

from the virtual amplitudes da as well as from the counterterms in Eq. (2.3.8), which arise

from the evolution of the PDFs. The cancellation will leave finite remainders dependent on
the factorization scale y, which will be suitable for numerical computation.

In order to show that the separation above leads to an explicit cancellation of singularities,
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we will first address do'*). .. Here we can recall the expression (2.2.20) for the soft limit and

ajag,i*

write (after relabeling the partons in Eq. (2.2.20) so that ¢ takes the soft particle and m and n

the emitters)

(v+1) TR S R SRR
gll_lg%]fl V{abvesi {kitves) = Oga, 27 2= o o kA ({a WAL 1N+3>

n<m

(2.4.55)
where n and m in the sum run also over the values 1 and 2 (incoming partons), &, -

(W2 are the color-linked Born squared

km/(kn - ki ky, - k;) is the eikonal function and AL,
amplitudes as defined in Ref. [67] with the additional factor of 167%, which explains the
different normalizations between Egs. (2.4.55) and (2.2.20). Note that the conservation of the
fermionic number implies that, regarding the NLO QCD contributions, only the soft gluon
contribution is different from 0 in the limit (2.4.55).

Furthermore, by replacing the expression (2.4.55) in daifl% ., and taking into account the

limits (2.4.13) and the phase space reduction

lim do = dow (k:l, ky — {ky}! N+3) (2.4.56)

the soft component in Eq. (2.4.28) becomes therefore

g @bt 2 (ST
araz.i 21 2e 2(2m)372¢ \ p?

[i]
y Z A NO) ( 1N+37 {kl}l N+3) S3([1]) don (/ﬂ,kz — {ki 3N+3)

2
\/g ky, - k 2 — 29
: nIIm €2 (1 — ) dedydQP T 2.4.57

as can be seen, the dependence of dafle , on yz- and €, is fully contained in the last line.
Therefore, the integral over d¢;, dy; and dQ ) can be performed explicitly. This analytical
integration leads to the product of a form factor and the color linked cross section element

do'y), with one less particle in the final state:
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N+2

ST (04 1 909) o) ({ar}iv2) (2.4.58)

n,m=1

ajag

(s) _ E (s) _ s 1
do =2 daalaw
where

daﬁ,% ({al}1,N+2; {kl}l,N+2) = A,‘%O’ ({&1}1,N+2; {kl}l,NJrQ) SN don (kla ko — {kl}s,N+2)

(2.4.59)
and
A 1 (dm)e 2\ |1 1 2%k, - km AE,E,,
J(dw) - -~ En— | —1 2.4.60
T 82 T(1 - e) <Q2 e\ T % el )| (2460
1|1 E245 208 ky-k kn -k
(reg) - _1 2& 1 cut 1 n m —L n m
T = Gz | 108" "oz Tlosm g loe g — Lia { o
L. 52k, ky 2k, -k, kr - K, 9
= —log (4 — 1 —2log™2]. 24.61
Tole °g< B E,, ) ®5E,E, % ] (2.4.61)
Here FE,, is the energy of the parton n in the partonic center-of-mass frame
E, = (k1 + kp) - Ky . (2.4.62)
VS

and @ is the Ellis-Sexton scale.
On the other hand, we have also the terms with the initial state collinear singularities,

o) and d6 (") in Eq. (2.4.54). These are proportional to §(1 F ;), which allows as to take

ajaz

the collinear limits ¢ || 1 and ¢ || 2, respectively.
Given that d&giﬁé_) is completely analogous, we will focus on the case of d{"-"). First of
all, we write the collinear limit for the squared amplitude, following the limiting behavior of

Eq. (2.2.28). Here, we could easily get rid of the azimuthal part (i.e. the £, -dependence in Eq.

2—2¢)

(2.2.28)), because the integral over ng is 0 at the NLO. As for the z-dependence, we have:

lim AN ({a )1 nv3; {Fiings) =

yi—1

| | (2.4.63)
(Z7 E)A(Np) (S<a17 ai)? asz, {al}[;,]N—i-S; Zkl? k27 {kl}g,]N—i-S) )

drasp®
ki . kl S((l1,(_li)a1

where Pj(z,¢€) is the Altarelli-Parisi kernel for z < 1 in 4 — 2¢ dimensions and S(c, d) is
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the flavour of the parton which can split into two partons of flavour ¢ and d.
Here, by definition, if the splitting into the flavours c and d is not possible, Py, ,, is zero.
Additionally, the z parameter is defined in the collinear limit according to Eq. (2.2.27), as

ki = (1 — 2)k;. If we consider the parametrization of k; in Eq. (2.4.22), we have

Furthermore, if we write explicitly the product of k; and k;, and consider the factors £?

and (1 — y?) of Eq. (2.4.40), we have

yhﬂnﬂ (1= 9) EANY {ahyvrsi {kitines) = (2.4.65)

2 2
87ra5u2€ (ﬁ) fiP;(al’ai)al(l - 5@'7 6)

X .A(N’O) (S(Gl, ai), as, {al};[;]NJrg; (1 - gi)kla k27 {kl :[;,]N+3> : (2466)

Now we recall the whole expression for dagﬁ’;) in Eq. (2.4.40). We have formally obtained
the limit for the average squared amplitude, and with all the remaining factors, together with

the phase space reduction

lim dg = o (1= &)kr ke = {(itiss) (2.4.67)

Eillk1

and the infrared safe behavior of S ; in the collinear limit (2.4.13), we get

. 1 56 1 log &;
dolint) — _%s Z _log =L — ) — e =22
et T Tor e %) |\&), " e ).,
)

X ‘A(Nﬂ <d7 az, {al}i[;,]NJr?); (1 - gi)kla k2> {kl :[Si,]NJrS)
x Ss((i)dow (1= &by = {Jatilya) dés. (2.4.68)

§iPa, (1= &y €)

where the azimutal angle has been integrated out

B 2 1—e
/ A0 = - J_ 5 (2.4.69)
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and
1 1
- = - — g +log4nm. (2.4.70)
€ €

We can now show that the divergent part of Eq. (2.4.68) is cancelled by the collinear

counterterm of Eq. (2.3.8). In order to achieve this goal we can rewrite Eq. (2.3.8) in terms of

the variable &; in the collinear limit

. , 1] /1 B
dolenth) — ;‘_ﬂ Xd: {% [ (€_> EPE (1= €,0) + 04a (&) (v(d) +20(d) log gcut)] }
« A0 (d, as, {ar} g (1= &)k, Ko, {kl}g}m)
x 83([i])don ((1 — &)k ke — {ky g}N+3> dé; , (2.4.71)

where the AP kernels have been put in the form

(1 = 2)P5(20)

(1—2)4
2C(a)0ap0(1 — 2) = 6(1 — 2)(1 — 2)P5(z,0), (2.4.73)

Pu(2,0) = + v(a)dapd(1 — 2), (2.4.72)

with C'(a) and v(a) the Casimir operators for the flavour a and the contributions from virtual
graphs to the Altarelli-Parisi kernels F,,, as defined in Egs. (2.4.10) and (2.4.11).
Also, the following identity has been used

5(1 — ) (1 ! Z)+ 51— ) [ (51) +5(6:) log 5] . (24.74)

Now we compute the quantity

da_(in,—i—) — dO'(ier.) + dO'(CmH_) (2475)

ajag,i ajag,t ajag

using

P5(z,€) = P5(2,0) + €Pir(2,0), (2.4.76)
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we have

~(in A 1
delmt) = %E(V(al) +2C(ay) log Ecut)

x AN ({al [1i,]N+35 {ki [1i,]N+3) 83([i])don (kl’k2 — {k ‘L’i’]N*?’)

o < 1 S0, log &;
+ o ; {gipdal(l —&,0) [ (g)clog 22 +2 ( 3 )C]

1
LGP (1 6.0) (g) }

X A(N,O) <d7 asg, {al}g,]N—l—B; (]. — gi)kla k?g, {kl}g,]N—i-S)
x85((i])don (1= €ka, ks = {Iatly ) déi. (2.477)

As it is clear, we check that the subtracted da—ﬁj’z;t.) quantity does not contain any pole associ-
ated with pure collinear singularities (corresponding to the non-soft region z < 1). The pole
part of this equation, which originates from the ¢ term in the flavour-diagonal Altarelli-Parisi
kernels, cancels a corresponding term in the soft-virtual contribution. As for the remaining
part, it is finite, and can be numerically evaluated.

Finally, by summing over ¢ we can get the d&gi’;’;) contribution to Eq. (2.4.54) as

ajag ajag,i

_ag [ (@m) (PN 1 p?
‘%<r<1—e> (&) Z”"W)

X (7(%) +2C(a1) log fcut) da(o)({al}l,N—i—Q; {ki}1.n42)

Qs - 1 S0, log &
g fmnmco] () it on ()

Py (1-£,0) @}

X dU(O) (d7 az, {az}s,N+3; (1 - 5)k1, ko, {kl}3,N+2) dg , (2-4-78)

da,(in,Jr) _ Zda.(m,+)

where do(?) is the born cross section of equation (2.4.3). As for the o) term, the treatment

is completely analogous, and the result is
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e 2\ € 2
E L L G0 M T R
192 2r \ (1 —e) \ Q? € Q?

X (7((12) + 20(a2)10gfcut> dU(O)({az}l,N+2; {kl}l,N+2)

s < 1 S0, log &
+ % ; {gpdtm(l - 57 O) [ (E)CIOgTMQ + 2 (T)c]

— P (1-£,0) (%)}

x do'(ay, d, {ar}s nia; ki, (1 — )k, {ki}an2) dE . (2.4.79)

Finally, the last remaining term to deal with is dag‘l’g’;) in Eq. (2.4.53). Here we could,

as anticipated, take a similar path as in the initial state collinear terms. In this case, we can

conveniently define the extra momentum p in the unresolved region

p=ki+k; (2.4.80)

such that

§i=(1=2), &§ =25, = d§d§;=E,dEdz. (2.4.81)

Thus, we have

6(1 —y;) (ki + k) = 0(1 —y;)p = (1 — yj)ggp (1, 11— yfe:T,yi) , (2.4.82)

Which defines £, in a way consistent to Eq. (2.4.22). In fact, in the collinear limit this parameter
is proportional to the energy of the parton that eventually splits into the two collinear partons
7and j.

By taking into account the definition of the extra momentum p, the factors ¢ and (1—y;) in
Eq. (2.4.51) and cancelling the k, -dependence in the splitting, given the azimuthal symmetry
at NLO, we have
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lim

(1= 5)& AN ({arhivss) 8500k — k)|

yj—>1
. 4 vy i
i, (1= )62 TP, (20 ({arh s (0P, ) SO — ) =

Pa<Ja ( ) NO) ({ }1 ,N+3; p7 {kl}[li,]}]\ﬂr?);p)
(2.4.383)

v@>_ 1_29<2_1)5Nwﬂ>

47TC¥8,U26 (T
z

with
a, = S(a;, aj). (2.4.84)

Additionally, with the definition in Eq. (2.4.81), the phase space measure in the third line

of Eq. (2.4.51), corresponding to d¢ 1 with the i, j element factorized out, becomes

1 /3 2-2¢\ 2
_ T 1-2¢ —2¢ —e (2—2¢) 3 (2—2¢)
=\ 5= ( 5 ) dp 27 dz & d, (1 - y?) “dydQ*IdOP ™ (2.4.85)

29 which adds a factor 271~ /T'(1 — €), and we get

=)

s ) a(d])

({a }1 N+3;p s { kit N+3:p

Finally, we integrate over dQ;

-2
ou 250 e 271'176 . \/E
daiwﬁ’fj) = _( 6) T(1—o) 47Tozsu2 (T) @(0)(z) 9 .D(l)<z)

X dz (1 —2z)z % Pcfap( €).Al

2-9¢\ 2
1 V'S _— . o
) (2(27)326 ( 2 ) ) do&§,~"dg, (1 _yi) dy;dQ; )

where we can see that the last line agrees with the definition of the N-particle phase space,

(2.4.86)

according to the definition (2.4.81). Therefore, we have

dolout+) — _%s (i — log 55;> [{]((lo)a — 29 ]
¢ j%p =P

ajag,ij ' 2/~L
7] )83([ij])dng (/ﬁ, ky — {kl}quﬁ}wg;p) . (2.4.87)

x A0 ({al}l N+3:p) {kl}l,N—i-S;p
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with
1 1
19 = [ a1 2) P30 ( ) 5) D). (2:4.88)
0
1 1
1 = [ dsa (1= 2) P00 ( ) 5) DY), (24.89)
0

and D and DM the expressions for the subtraction terms in Eq. (2.4.31) by means of z

DO(2) = (1 ! Z) + log (;p ) 5(1 - 2), (2.4.90)
- cut
~ (log(l —2) 1 1
DW(z) = (ﬁ)+ +log &, (1—_2) 3 (log? &, —log? Eeur) 6(1 — 2).
(2.4.91)
(out,+)

Finally, we managed to arrange do as a product of a Born-like cross section with

ajag,ij

LO kinematics, and a term dependent upon the Altarelli-Parisi kernels, which completely

out +
ajag,ij

describes the collinear splitting. We can sum over 7, j the quantities do’ and recover the

quantity in Eq. (2.4.54)

o't t) = ZZd oloutt), (2.4.92)

In the end, we can address the integration of Eqgs. (2.4.88) and (2.4.89) and get the expression

as  (4m)© >\ °
dagizzﬁr):_ (47) (,u_) do O ({a;}1.n+2)

2 (1 —e€) \ Q?
1 N2
X — Z [ C(aj)log é}ji}g
+ g—s do® ({ar}i nv2)
7T
iy S6, 2F;
X Z [ —log — 202 (y(aj) — 2C(a;) log §cut\/§>

E; E;
+2C(ay) (log2 2—\/§J — log? fcut) — 2v(a;) log 275] : (2.4.93)
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with
67 272 23
v(9) = —Ca — —Ca — —TgNy, (2.4.94)
9 3 9
13 272
7(a) = 5 Cr = =Cr. (2.4.95)

As it is clear, the divergent term cancels its analogous in the virtual contribution, and also
the ~ C(a;) piece of doﬁffw. This final cancellation accomplishes the desired goal of cancelling
all the infrared divergent pieces within Eq. (2.4.54) and making the whole NLO contributions
suitable for numerical computations.

Moreover, along this work the FKS method has shown useful to obtain the mixed O(a,a)
contributions to the partonic cross section of a Z + a system in hadronic collisions, where by a
we mean the broad definition of parton, which includes quarks, antiquarks, gluons and also
photons. Specifically, this calculation involves several terms that constitute important steps
towards the computation of the NNLO mixed QCD®QED corrections to the production of
an off shell Z boson in hadronic collisions.

On the one hand, FKS has been used to address the NLO QCD terms for the production
of Zv,and Z (21) in (5)7 channels. These are O(a) contributions to the Z-production process
with the additional O(c,) corrections of an extra gluon, and can be fully addressed with this
formalism.

On the other hand, the FKS subtraction has also helped us getting the QED corrections
to Zg, as well as Z (21) in (Q)g channels. It is worth noticing that in this case, where the
subtraction was applied to obtain NLO electromagnetic contributions, we had to deal with
QED divergences, instead of the singularities inherent to QCD corrections, which were
studied all along this section. In this sense, although the way to proceed is nearly the
same, the structure of the divergent terms has to be slightly modified to take care of the
electromagnetic interactions. Specifically, concerning the soft and collinear limits, one has to
take into account the changes in Eq. (2.2.19) and the QED splitting functions in Eq. (2.2.36)
to address the soft and collinear electromagnetic radiation. In fact, the introduction of these
new expressions in the formalism leads to some modifications in the coefficients C, v, 7’ and
the kernels themselves.

In the following we present the modified coefficients for the expressions in the Eq. (2.4.54),

which allow us to apply the formalism for the calculation of the NLO QED contributions.
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First of all, in the case of quark-initiated electromagnetic radiation, the coefficients C'(a)
and ~(a) participating in the virtual term V in Eq. (2.4.8), and in the real-divergent pieces
do®) , do{"®) and do(**) in Eqs. (2.4.58), (2.4.78), (2.4.79) and (2.4.93), respectively, acquire

ajag’ ajag

the form

CO(g) = 2
(2.4.96)

~ED(

q) = §eq )
In addition, the coefficient 7/(¢) needed to compute the quantity do{*““") in Eq. (2.4.93)

becomes:

YD () = 22 - g2, (2.4.97)

Finally, all the expressions involving the Altarelli-Parisi splitting kernels in the quantities
in Eq. (2.4.54) (see Egs. (2.4.78), (2.4.79), (2.3.8) and (2.4.93)) have to be adapted by changing
Pé; 0 Pa(g’l) according to Egs. (2.2.34) and (2.2.36), respectively.

These modified coefficients allow the complete application of the FKS formalism to obtain
the NLO QED corrections to the production of Zg, and Z (6) in (6) g channels. What is more, all
these contributions, together with the NLO QCD terms for the production of Zvy and Z (Z]) in
(6)7 channels, constitute the complete single-virtual plus one parton emission and double-real
emission correction terms within the calculation of NNLO QCD®QED contributions to the

Drell Yan full differential cross section (see Chapter 4 for more details on this topic).



CHAPTER

Inclusive Drell Yan Production

As has been previously pointed out, the study of the Drell Yan mechanism is crucial towards
a deeper understanding of particle physics. This experiment provides a precise way to
access the electroweak sector, serves as a crucial background for new physics searches, brings
important insights into parton distribution functions, and offers opportunities for testing the
limits of our current theoretical framework.

In order to offer a complete description of this process along various kinematic conditions,
in this Chapter we will address the calculation of the full set of NNLO QED®QCD corrections
(i.e. all the terms that satisfy i + j < 2 in the sense of Eq. (1.0.1)) to the inclusive Drell Yan
cross section. In order to achieve this goal we will first review the NLO and the NNLO
QCD corrections, presented in Ref. [19], and also the ones for the corresponding NLO QED
part [46,47]. Finally, mixed corrections coming from diagrams with simultaneous QCD
and QED vertices, as well as pure NNLO QED contributions, are to be studied. We will
characterize the importance of each different contribution in the perturbative expansion by
comparing the K factors for different energies, and we will discuss the interesting behavior
in the vicinity of the LHC center of mass energy v/S ~ 14 TeV. Moreover, in the case of the
mixed corrections, we will study in detail the contribution from each of the channels involved
in the Drell Yan process to the mixed K factor. Finally, we will see how the the inclusion of
the NNLO corrections diminishes the dependence on the factorization and renormalization
scales, thus indicating the convergence of the perturbative series.

In this work, we will especially make focus on the neutral current contributions, which
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are mediated by a Z boson. The figure 3.1 shows the leading order diagram for the Z boson
production in hadronic collisions, originated in a ¢gg annihilation.

From the theoretical side, the contributions for a general (i.e. including the decay of
the gauge boson) perturbative calculation of Drell-Yan can be roughly characterized into
the following subsets: on the one hand, purely factorizable terms that arise due to initial
state (production, from the initial state partons) and final state (decay, from the final state
leptons) emissions and, on the other hand, non-factorizable terms originated by soft photon
exchanges between the production and the decay. As for the non-factorizable O(a«;) terms,
they have been shown [64-66] to have a negligible impact on the cross section, allowing to
treat effectively Drell-Yan in the (resonant) limit of the decoupling between the production
and decay processes, at least for the achieved experimental accuracy. Additionally, the mixed
contributions are by themselves a gauge-invariant set of the complete Drell-Yan cross section
calculation at O(a«;), even for charged current contributions to the mechanism.

The presentation of the complete set of NNLO corrections to Drell Yan and, furthermore,
the computation through a suitable abelianisation procedure of the so called mixed QCD®QED
O(aas) contributions to the inclusive on-shell production of a Z boson will be the main goals
of this Chapter. Finally, counting with analytical expressions for the total cross section will be
useful to establish a subtraction method to compute differential distributions for different
observables at O(ac,) by extending the gy— subtraction method [99] originally developed
for pure QCD corrections, so that it can also address mixed contributions. See Chapter 4 for a
deeper discussion of this mechanism.

In principle a full computation of QCD®QED O(ac) terms involves, as in any NNLO
calculation, the evaluation of double-virtual, single-virtual plus one parton emission and
double parton emission contributions, where parton in this Chapter will always refer to
quarks, antiquarks, gluons, and photons. Most of the needed double real contributions were
presented in Ref. [100], including the case of I boson production which is not discussed in
this work ', while the master integrals for the two-loop calculation were obtained in Ref. [101].

The structure of this Chapter is as follows: first we will introduce useful notation and
recall the NLO QCD and NLO QED corrections (U(Zl’o) and U(ZO’U in the sense of Eq. (1.0.1))
to the production of a Z boson, as presented in Ref. [19] and [46,47], respectively. Next we
will address the NNLO QCD contributions in relation with the calculation in Ref. [19] (see

!Only the contribution from the interference of QCD and QED ¢q — ¢q diagrams is missing in Ref. [100].
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Figure 3.1: The Leading Order contribution to the production of the Z boson in hadronic
collisions given a by ¢g annihilation.

section 3.1.2). After this, regarding the mixed corrections, instead of following the path of
a dedicated calculation for each term, we will profit from the NNLO O(a?) contributions,
by pointing out the abelian component, and obtain the corresponding QCD®QED O(aay)
corrections (see section 3.2.1). Furthermore, we will discuss the phenomenological impact for
the inclusive cross section at different hadronic energies. Finally, we will show how the same
approach is useful to calculate the QED? O(a?) corrections, completing, therefore, the set of

NNLO contributions in QCD®QED (i.e. all terms that correspond to i + j = 2 in Eq. (1.0.1)).

3.1 First orders and NNLO QCD Corrections

3.1.1 Background and Notation

In general, the cross section for the production of a Z boson in hadronic collisions can be
written as

do? 9 1o )

age ~ oA M)W (. &), (3.1.1)

where 0 is the point-like LO cross section, v/S is the hadronic centre-of-mass energy, Q the

invariant mass of the produced Z, 7 = %2 and Wy (7, Q?) is the hadronic structure function.
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The point-like cross section that appears in Eq. (3.1.1) is defined as®

1 r
> 12y — T L Z=X 3.1.2
oz(Q°, M3) AM , sin? Oy cos? Oy Ne (Q2 — M%)2 + M%FQZ’ ( )

where N = 3 is the number of quark colors, Oy is the weak mixing angle (with sin® 6y =
0.23), Mz = 91.187 GeV and I'; are the mass and width of the Z, and I';_, x is the partial
width due to the decay of the Z to X (e.g. for leptonic decay, X = ¢/). The narrow-width

approximation used along this calculation consists on making the following replacement

™

2 _ 2
(Q% — M2)% + M2T2 - MZFZ6(Q Mz). (3.1.3)

ensuring the decoupling of the production and decay mechanisms. The hadronic structure

function appearing in Eq. (3.1.1) can be written as a sum of contributions of different orders

Wy(r, Q) = /01 day /01 das /01 dz (7 — xwi22) Y (O‘—) (g)j Wi (2, 21, 12, Q?), (3.1.4)

— \ T ™
]

where the dependencies on the factorization 1. and renormalization j: scales are understood.
Within this notation, the coefficients w'/”) are the ones that encode the perturbative corrections
at different orders, along with the partonic distributions and the specific couplings and factors
for each of the channels involved in the Z production.

For the LO, the channel is ¢g (see figure 3.1), and the contribution is essentially that
of 07(Q* M%) in Eq. (3.1.2), plus the weak couplings to the Z boson and the partonic

0)

distributions, so that w(ZO’ can be expressed as

wy? = 3" (@) Gir2)8(1 - ). (3.1.5)
i€Q,Q

Here, ¢;(x1) and ¢;(z2) are the distribution functions for the quark and antiquark i, re-

spectively, and ¢; = v? + a?, with v; and a; defined as the vector and axial couplings of

?In order to separate the QED contributions computed here from the weak induced effects, we will consider
the coupling between the Z boson and the quarks as an effective coupling and do not take into account self-energy
insertions in the Z (and eventually v) propagator.
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(a) Diagrams contributing to the order a correction to Drell Yan.
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(b) Diagrams contributing to the order « correction to Drell Yan.

Figure 3.2: The ¢g channel for the Next to Leading Order contribution to the production of the
Z boson in hadronic collisions. Diagrams contributing to ¢gg and ¢y channels can be obtained
from the real contributions presented in this figure via crossing.

particle
vy =1 — gsin2 Ow, ay = — 1, (3.1.6)
vg=—1+ Zglsin2 Ow, aq =1, (3.1.7)
ve = — 1+ 4sin® Oy, a. =1. (3.1.8)

On the other hand, regarding the NLO corrections, there are contributions from two
different parton subprocesses in each case. Let us consider the NLO QCD corrections (see
tigure 3.2a). Here, we have to take into account the contribution coming from a real gluon
emission from one of the quark legs (9¢ — Zg squared) and also the interference between
the one loop corrections to ¢g, originated from a virtual gluon between legs 1 and 2, with the
leading order diagram of figure 3.1. Additionally, we must also consider the ¢gg channel, that
shows up for the first time in this order’. The diagrams for this new channel can be obtained
from the real emission diagrams in figure 3.2a via crossing. In this sense, the coefficient w(Zl’O)

can be expressed as

3Here and from now on, by ¢ we mean any quark or antiquark considered for the production.
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wi® = 7 {eiai@n)aile) CrAly ()+
P (3.1.9)

(qi(21)g(w2) + g21)ai(w2)) AL () }
where g(z) is the gluon distribution function, C4 = N¢ and Crp = (N2 — 1)/2N¢ are the
Casimir operators of SU(3) and, Aé?(x) and Ag? (x) the QCD correction functions for ¢g
and ¢g channels at first order, respectively. These corrections can be calculated by using
n-dimensional regularization, as was first done in Refs. [18,102,103]. Recalling these results,

the non-pole expressions, that constitute the DY NLO QCD correction terms, are

ALY =8Dg(x)L,, +16Dy(x) + 6(x — 1)(6L,, +8(y — 16)
4 (x* + 1) log(z)

— ALy, (z+1) - - — 8(z + 1) log(1 — z) (3.1.10)
1
Ag? =3 (2(22° =2z + 1) (L, + 2log(l —x) —log(x)) — 72° + 6z + 1), (3.1.11)
where we define the following distributions
Di(x) = [1@@(1——:5)1 (3.1.12)
11—z N

that appear in the soft terms regularizing the divergence of soft emission (r ~ 1) and whose

action is as usual, according to

| Dt~ | 8 1= 1) — f(1) da. (3.113)

1l—=x

We also consider an auxiliary variable to write the dependence on the factorization scale,

Lo (i3
we = —log |53 (3.1.14)

where i is the factorization scale and @ the invariant mass of the produced Z*.
On the other hand, if we wanted to calculate the NLO QED corrections to Drell Yan, we

could take the same approach as in the NLO QCD case. These contributions (which were

*Here we amend the definition of L,,,. given in Eq.(B.3) of ref [2] by adding the corresponding missing —1
factor to the log(p2./Q?)
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Figure 3.3: Two-loop diagrams contributing to the NNLO QCD corrections to Drell Yan.

tirst carried out in Refs. [46,47]) arise from partonic diagrams for Z production containing
QED (i.e. e-order) vertices, where we would have to consider the terms coming from a real
photon emission from one of the quark legs (¢q¢ — Zv squared, as showed in Fig. 3.2b) and
also the interference between the one loop corrections to ¢g, originated from a virtual photon
between legs 1 and 2 (see the virtual diagram in figure 3.2b), with the leading order diagram
of figure 3.1.

In this case, the results for the NLO QED corrections may be easily obtained in dimensional

regularization, which we can express within this notation as

W = 3 {eq(e)a(ea)E AR (2)
P (3.1.15)

(qi(w2)y(2) +v(21)ai(x2)) :2Caef AL () .

Here, v(z) stands for the photon distribution within the proton (that has been recently
determined by the LUXqed approach [41,42]) and the electric charges of the quarks e; for the
QED coupling. As can be notably seen, A%) (z) and Af,? (x) are the same correction functions
than in the previous QCD case, which means that, for the next to leading order, the QCD and
QED contributions are almost equal for each channel. In fact, the main differences, apart from
the gluon and photon PDFs and flux factors, are the color structures arising from each QCD
vertex, which are to be changed by the electric charge times a J of color, in the QED case.

This behavior is not surprising, given that the QED ¢gvy and the QCD g¢gg vertices have

the same structure, except for the color factors and the couplings. Furthermore, in this case
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Figure 3.4: One-loop plus one parton emission diagrams contributing to the NNLO QCD
corrections to Drell Yan.

of NLO corrections to Drell Yan, none of the non-abelian QCD vertices is present in the
diagrams, which makes the calculations almost entirely analogous. This similarity will be

very useful to complete the next order.

3.1.2 NNLO QCD Results

In order to improve the theoretical precision for the process and match the accuracy achieved
at the LHC, we should go one step further and address the NNLO corrections.

While the full set of next to next to leading order contributions to the Drell Yan cross
section (in the sense of Eq. (1.0.1)) is formed by pure QCD, pure QED and also mixed order
terms, we will first discuss the pure NNLO QCD terms, which were completed for the first
time in Ref. [19]. These are expected to be the biggest at this order, given that a? > a,a > o?.

In principle, the computation of O(a?) terms involves, as any NNLO calculation, the
evaluation of double-virtual, single-virtual plus one parton emission and double parton
emission contributions. Additionally, in this case one has to consider a greater number of
parton subprocesses: ¢ and qg, as in the NLO case, but also ¢q and gg, which complete the
set of parton-parton reactions at this order.

For the sake of completeness and in order to present the full set of topologies inherent to
the NNLO corrections, which will also be crucial to obtain the mixed QCD®QED and pure
NNLO QED terms, we recall the relevant diagrams for the NNLO QCD contributions, as
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Figure 3.5: Double-real diagrams contributing to the NNLO QCD corrections to Drell Yan.

presented in Ref. [19] in figures (3.3-3.7). Whereas the topologies in the figures for stand for
quark-initiated processes, the diagrams for all the quark channels, as well as the remaining
qg and gg contributions can be obtained from these diagrams via crossing.

The calculation of the terms in figures (3.3-3.7) was carried out in pieces as follows: the ¢q
process was calculated in Ref. [104] (see figure 3.7), the soft and virtual gluon contributions
from the ¢g process with two gluons or a quark pair in the final state were determined
in Refs. [105,106] (see figures (3.3-3.6)), and the computation of the gg subprocess was
performed in Ref. [107] (see fig. 3.5). Finally, the hard gluon contribution to the ¢g subprocess
(figures (3.4-3.6)), the O(a;) correction to the gg subprocess (figures 3.4 and 3.5) and all the
possible interference terms between the various ¢¢ — ¢qZ subprocesses (figures (3.6-3.7))
were obtained in Ref. [19], thus completing the O(a?) corrections.

Here, in order to present the full set of NNLO corrections to the Drell-Yan Z production,
we recall the order o2 results from [19] and rewrite them in the notation of Eq. (3.1.4), as

performed in Ref. [2]:
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Figure 3.6: ¢q annihilation diagrams contributing to the NNLO QCD corrections to Drell Yan.

wi? = Z qi(1)qi(x2)
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keqQ
(3.1.16)

where several correction terms A were introduced. Here we denote with a C4 superscript
the corrections coming from the non-abelian part of the contributions (only relevant for
the NNLO QCD contributions), with nx the ones that involve a sum over fermion families
and with C the rest of the abelian contributions. All the A correction terms needed for Eq.

(3.1.16) are detailed in the Appendix A.
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Figure 3.7: Gluon exchange graphs contributing to the NNLO QCD corrections to Drell Yan.
The topologies here address the subprocesses qg — Zqq and qq — Zqq with both identical
and non-identical quarks in the initial or the final state.

3.2 NNLO Mixed QCD®QED and QED? corrections

Once the pure QCD contributions have been presented, one can address the calculation of
Drell Yan corrections that involve QED vertices at the partonic level. The most important, after
the consideration of the NLO QED terms in Eq. (3.1.15), are the NNLO mixed contributions
to the production of a Z boson. These, together with the NNLO QED terms, involve the
calculation of a large number of Feynman diagrams, but the relevant topologies are fully
included within those of the NNLO QCD, which were shown in the previous section in
the figures (3.3-3.7). As has been stated when presenting to the NLO corrections in Egs.
(3.1.9) and (3.1.15), and checked all along this work in every QCD quantity calculated, the
resemblance between the QED vertex and the abelian ¢gg QCD interaction usually makes it
possible to convert QCD quantities into QED ones. Besides, a first abelianisation procedure was
developed in order to obtain the QED corrections to the Altarelli-Parisi splitting kernels, in
Refs. [39,40].

In this sense, there might be a mapping between the QCD result for Drell Yan and both
the mixed QCD®QED and pure electromagnetic corrections, if one could get rid of the non-
abelian terms in the calculation and handle color and flux factors within the abelian QCD
part. As we pointed out in Ref. [2], there are interestingly two ways to obtain these mixed

QCD®QED and QED? contributions. On the one hand, one could approach the same way as
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in the NNLO QCD case and compute all the diagrams for each partonic channel involved in
the production. But on the other, we could observe that the relevant diagrams and topologies
that take part in the calculation are completely included within the set needed for the NNLO
QCD case, except for the fact the QCD corrections involve ¢gg and ggg vertices, while the other
involve only ¢¢y ones. On top of that, we could take advantage of the similar structures of the
QCD qgg-vertex and the QED ¢gvy-vertex by observing that these abelian QCD contributions
could be converted to QED ones by taking care of the color and flux factors. Additionally, the
diagrams containing gluons self-interactions, which arise exclusively from the non-abelian
part of QCD, do not have any correlation with the mixed order nor with the NNLO QED
terms, and thus do not contribute in these cases.

In the next section we will analyze the contributing diagrams for each interaction and
take the corresponding abelian limit from the existing NNLO QCD calculation. Thus we will
obtain the mixed QCD®QED terms.

3.2.1 Abelianisation

To calculate the mixed contributions we need to compute the correction terms for the ¢g, qq, qg,
¢y and gy channels. In order to schematize the procedure used to accomplish the mixed order
and without loosing generality, we describe the algorithm of gluon-photon interchange taking
as an example the most relevant ¢g channel. Furthermore, all the remaining contributions for
the other channels could be obtained via crossing.

First of all, we analyze all the topologies inherent to each partonic subprocess in QCD and
determine the corresponding color factors, coming from the color structure in the vertices.
Then we replace a gluon by a photon in each diagram and profit from the similarity in
QED and QCD fermion coupling factors to pin down the abelian parts of both calculations.
Moreover, given that the photon has no color, non-abelian terms (i.e. all the terms arising
from NNLO QCD diagrams that contain three or four gluon vertices) do not contribute to
QED corrections and therefore can be thrown out. Thus, we recalculate the color factors for
the mixed topologies attained identifying changes and substitutions to be made in previous
QCD results in order to obtain mixed order QCD®QED correction terms.

For the explicit case of the ¢g channel, in order to show how the method works and given
that the color factors in the partonic cross section only depend on the QCD structure, we

concentrate on diagrams with double real emission which appear only to tree level (the same
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Figure 3.8: Some of the diagrams contributing to NNLO QCD corrections to Drell-Yan.

considerations can be applied to the two-loop and one-loop plus real emission contributions).
As can be observed in figure 3.8, and check in figures (3.3-3.7), there are four kinds of diagrams
to consider, which we will label with the supra-index (k, ) according to the total number of
QCD (k) and QED (!) vertices for each topology. It is also important to note that the order
of external momenta does affect the color structure of the diagram. In this sense, we will
refer as (a) to the diagram showed in figure 3.8, while (a’) represents the corresponding
diagram obtained after crossing the final state parton lines. There we can recognize different
color factors, according to the configurations of color matrix traces in the calculation of each
contribution to the partonic cross section.

For example, terms corresponding to the calculation of |(a)®*) ‘2 in NNLO QCD result

proportional to 53 T'r [TT*T*T"] = 33-C%, where the N in the denominator arises due to
C

the average over the color factor of the incoming quarks and the symmetry factor 1/2 is due

to the appearance of two identical gluons in the final state. For the case of [(a)?*% x (a)®0)]

both abelian and non-abelian contributions appear resulting in a factor 57 [T*T*T?T| =
PP 8 2NZ,

_1
2NG

portional to ﬁ fever [TeT°T") = 2;(% Tr [[T*, T|T*T"] = —55-(CrCa/2), a purely non-

Cr (Cr — C4/2) and, when considering terms from [(b)(m) X (a*)@’o)}, they result pro-

abelian contribution.
Once color factors are characterized for each term, we choose a gluon in the diagram,
replace it by a photon and recalculate the color structure, thus obtaining modified diagrams

with the corresponding new factors for QCD®QED corrections. These are shown in figure 3.9.
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Figure 3.9: Diagrams that result after applying the abelianisation procedure to the real NNLO
QCD corrections in figure 3.8.

Naturally, all the diagrams of type (b) (i.e. topologies containing at least one 3-gluon-vertex),
which always contribute to second order for the NNLO QCD calculation in this process,
vanish when considering the abelian limit.

Taking this into account, we find that the modified factors for |(a)® ‘2 and [(a)®V) x (o)1)
are both given by %TT [TT%] = ;—?’CC’ r, where we have included the charge of the quark for
the QED coupling, while the non-abelian one obviously vanishes. Here we may notice that all
the color factors proportional to C4, which corresponds to non-abelian part of the calculation,
could be thrown out when considering the abelian limit, while the ones proportional to C%
are to be replaced by QegCF, thus obtaining QCD®QED factors in each case. It is worth
noticing by performing the same analysis for the topology shown in figure 3.8¢c, i.e. the
production of a ¢q pair, that also the color factor 75 vanishes when the similar contribution is
analyzed in the QCD®QED case, since the result for [(¢)*? x (¢*)®?] becomes proportional
to T'r[T]. Therefore, since terms proportional to both C4 and T are vanishing, the same

occurs for terms proportional to 57"

in the original pure QCD calculation, consistent with
the fact that no renormalization is needed at this order either for the QED or QCD couplings®.
Same wise, only a few contributions survive in the products of the type [(c)*? x (d*)©?)]

and [(d)® x (d*)©?], i.e. the interference of amplitudes with one photon and with one

5As stated above, we consider the Born coupling between the quarks and the Z in the sense of an effective
coupling.
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Color factors in ¢q

diagram o? a X g a’

(@) Ck | 2iCr K

(d)x (@) |  CpTy 0 Caefe]

(c) x (c*) nrp CrTr 0 ¢ [NC Z ek + Z ei]

ke kel

(a) x (a") | C} = G2 | 262Ck ‘

(d) x (d) | O — “5554 | 22Cp g

(®) x (@) | =540 ’

(¢) x (d) | CF — C5fa | 2620, ‘

Table 3.1: Color factors corresponding to ¢¢ channel for each contribution to NNLO
QCD@QED corrections to Drell-Yan, up to an overall ﬁ factor. Focusing on o? factors, the
third column includes sums over sets of quark (@) and lepton (L) final state charges, while e;
and e, refer to different quark flavour charges in the scattering.

gluon exchange.

This strategy can be extended for all the topologies in ¢g. In Table 3.1 we show the
different color factors (after factorizing an overall factor of 1/2N) for diagrams contributing
to 029, and the resulting ones after the abelianisation procedure corresponding to oY), The
replacements in the color structures needed to go from the NNLO QCD coefficients to the
QCD®QED ones can be directly read from the entries in Table 3.1.

As an important feature, this method shows to be versatile in order to obtain NNLO
QED corrections to Drell-Yan as well (i.e. the calculation of ¢(*?)), if a deeper abelian limit
is considered in this case. Here, by turning two gluons into photons from the topologies
of NNLO QCD calculation one can recover correction terms up to second order in «, thus
completing the set of QCD®QED NNLO corrections to Drell-Yan, in the sense of Eq. (4.3.1).
The corresponding color factors (including electric charges of both quarks and leptons that
might appear in the final state) are also shown in Table 3.1 for the ¢g channel.

The same occurs for other channels, after treating carefully the initial flux factor, which
depends on the color properties of initial state particles. For instance, both ¢y and ¢g contribu-
tions to o(1:Y) can be obtained from the gg calculation for NNLO QCD corrections, by choosing
the initial or final state gluon, respectively, to perform the abelianisation and following the

procedure detailed above. Particularly, in the case of v¢g channel, we have performed as a
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check the explicit calculation of the fixed order corrections, finding perfect agreement with
the result obtained by applying the abelianisation procedure.
By following this path, we managed to calculate all the expressions for the Mixed

QCD®QED and QED? correction coefficients w*!) and w(®?, which read:

wi = > Gi(11) @i (22) 262 Cr AL (1)
i€Q,Q
+ Z qi(21)qi(w2)ci2e] Cp A ()
i€Q,Q
+ Z [2CACF(qi(w1)y(22) + v(21)qi(22)) + (qi(21)g(72) + g(1)qi(72))]
i€Q,Q

X cie?Ag?cF (x)

+ (g(z1)7(w2) + v(21)g(22)) 2CA (Z Ckek) A(Q (z) (3.2.1)

ke@

wi? = Z qi(21)Gi(x2)

i€Q,Q

X {cie? (e?Aé?CF(x) +2

+ Z [ckAqq )+ azakA(?w(m)] 20 e3¢}

NCZekJrZek

keQ kel

+ Z [Ck’Aqq ) +aia Aé?”(m)] 26?6%}
kel
+ Z Cin‘(xl)%‘(@)Aé?q)id(x)e;l
i€Q,Q
+ 3 qilan)gi(@2)2Cede?
,j€Q,Q
X [(Cz + Cj)A((IZ)non-ld( )+ UzU]A(Q)non -id, V( )+ ala]A( )non-id, A(m)]

+ 3 (@) () + (@) gi(w2))ei2Cac? {?A%CF( )+ BEEP AL (7) log (ZR>:|
i€Q,Q )

2)Cr (), (3.2.2)

99

+7(21)7(22)4C

N¢ Z ckek + Z ckek

keQ kel

These are expressed, like the results for the NNLO QCD in Eq. (3.1.16), in terms of the
coefficients A presented in the Appendix A.
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Figure 3.10: K-factors for the different distributions as defined in Eq.(3.3.1). The (blue)
dashed line corresponds to K5£, the (blue) dotted line to K35, the solid line to the mixed
K58 580k and the (black) dotted line to the pure NNLO QCD corrections K545

3.3 NNLO Results and Phenomenology

In this section we study the phenomenology of the total inclusive cross section, i.e. in all the
decay channels of the Z, within the narrow-width approximation. To this end, a specific code
was written which makes use of the LHAPDF [108] package to interpolate sets of parton
distribution functions.

For the phenomenological study, unless explicitly stated, we set the renormalization and
factorization scales to pup = p1p = M. For both interactions, we set the running coupling
at the corresponding renormalization scale (i.e. a(Mz) ~ 135 ©) and always use the parton
distributions to NNLO (QCD) accuracy [13-15,109] with the corresponding QED corrections
from LUXqed [41,42]. In figure 3.10 we plot the K-factors for different orders as a way to
quantify the size of the QED and QCD corrections to Drell-Yan at different centre-of-mass

energies.

Here the K-factor is defined as the ratio of the cross-section computed at a given order

®For the sake of simplicity we make the same choice for the value of the coupling between quarks and the Z
boson in the Born cross section in Eq. (3.1.2).
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Figure 3.11: Ratio R between the exact and the factorization approximation for the mixed
QCD®QED contributions. The inset plot shows the ratio of the cross section computed
exactly and with the factorization approximation for the mixed term.

over the previous one, i.e.

FNLO o0 + o gD
QED — 7(0,0)
gpgo = 70 F 00l + as oY (33.1)
Q o(0,0) 1 g o (1,0)

FNNLO g0 4 g0 4 2 5(0:2)

QED 500 + o o00)
KNNLO . 000 4 o O + oy o(1,0) + aay gL
QCD®RQED — 0(0.0) 4 o g(0.1) 4 , &(1,0)

As can be observed, the NNLO QCD corrections are of the same (~ 5 per mille level)
order, but typically with the opposite sign, as the NLO QED corrections, as expected from
the simple counting o2 ~ . The mixed QCD®QED turn out to be positive and below the
per mille level over the whole range of energies spanned in the plot. Interestingly, due to the
particular dependence of the NNLO QCD corrections with the energy, with a sign change
around /S ~ 18 TeV, for the LHC at v/S ~ 14 TeV the mixed QCD®QED corrections are only
a factor of ~ 3.5 smaller than the pure NNLO QCD contributions. Furthermore, for lower
centre-of-mass energies v/'S ~ 2 TeV the mixed terms almost reach the per mille level and are

just a factor of 5 smaller than the NLO QED ones, showing that the elementary counting of
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couplings can fail under certain kinematical conditions. The pure NNLO QED terms, also

plotted in figure 3.10, are negative but the corrections always remain at the O(107°) level.
Even though for this particular observable the mixed QCD®QED contributions are small,

it is interesting to study how well they can be approximated by the factorization assumption

on QED plus QCD corrections, where it is assumed that kg = [K g LOx K chg} oo =
5 (0.1)5(1.0) oL

s Zog2woy, compared to the exact case fimixed = s 25y - For that purpose, in figure 3.11

we plot the following quantity

| (0.0) 5 (1)
o — (3.3.2)

- )
/{fact 0’(071)0'(170)

which is the ratio between the exact and the approximated factorized contribution. As it can
be observed, the factorization approach fails to reproduce the correct behavior of the mixed
contribution typically by a factor of two or more. Of course, given the size of the corrections,
the effect of the factorized treatment of these contributions is small at the level of the cross
section, as shown in the inset plot of figure 3.11, where we show the ratio between the cross
section computed exactly and within the factorization approach, but the situation might not

hold for other observables or even for more exclusive distributions in Drell-Yan.
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20 40 60 80 100
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Figure 3.12: Contribution to the mixed QCD®QED K-factor from the different channels.
Here the label g accounts for both quarks and antiquarks and ¢q represents the sum of ¢g and

aq.

In figure 3.12 we show the contribution to the mixed QCD®QED K-factor from the
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different channels. It is noticeable that the photon initiated contributions are rather small,
mostly due to the size of the photon pdf in the proton, as can be observed by comparing ¢y
and ¢g contributions, which share the same partonic coefficient apart from the color factor. It
is also clear that the different signs of ¢q (fully dominated by the born level ¢g channel and
exceeding the per mille level) and gg contributions conspire to reduce the effect of the mixed
QCD®QED corrections to the Drell-Yan cross section. Again, in more exclusive distributions
this partial cancellation might be spoiled by some kinematical cuts, resulting in an increase of

the mixed order corrections.

“NLO .
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Figure 3.13: Cross sections corresponding to LO (dashes, i + j=0 in Eq. (4.3.1)), NLO(dots,
1+ 7=0,1) and NNLO (solid, i + j=0,1,2) at different factorization and renormalization scales
with pp = pp = p. All results are normalized by the corresponding cross section at ;1 = M.

Finally, we discuss the effect of the higher order contributions in the stabilization of the
perturbative expansion in terms of the scale dependence for v/S = 13 TeV (very similar
behaviors are observed for other values of v/S). In figure 3.13 we show the LO (¢(*?)), NLO
(09 40 0OV 4+, ¢19) and NNLO (69 +a 0OV 4o, 010 +aa, oV 4- a2 002 4- a2 0(20)
cross sections for different values of the factorization and renormalization scales pg = ur = p,
normalized by the corresponding value at the central scale ;1 = M. From the slope of the
different curves, it is clearly visible the reduction in the scale dependence when including

higher order corrections, mostly due to the dominant QCD effects but also thanks to the
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inclusion of the QED and mixed contributions.



CHAPTER

Fully differential Drell Yan cross section at NNLO
QCD®QED

As has been previously pointed out, high theoretical precision is needed in order to interpret
the high-precision data of the LHC experiments. This scenario, together with the fact that the
NNLO QCD perturbative corrections to the inclusive Drell Yan production have been found
of the same order than the mixed QCD®QED ones at the LHC energies, motivates a new
theoretical effort to go beyond NNLO QCD contributions within the kinematic distributions.
In this Chapter we will focus on the mixed order QCD®QED corrections to Drell Yan pair
production at the full differential level.

A crucial ingredient in the calculation of fully differential distributions are the so-called
subtraction methods. For the case of pure QCD corrections to the hadroproduction of
colorless final states, the gy-subtraction method [99,110,111] has been extensively used in
order to obtain NNLO-accurate predictions. In this Chapter we will extend the ¢r-subtraction
formalism in order to apply it to the calculation of O(«a,c) mixed corrections at a fully
exclusive level. These results are of high value for transverse-momentum resummation at the
corresponding logarithmic accuracy. In particular, we will describe the mixed QCD&QED
corrections to the production of an off-shell Z boson decaying into a neutrino-antineutrino
system . We consider the simplest case of uncharged particles in the decay of the off-shell
Z boson as a way to directly address the relevance of the initial state corrections to a number
of exclusive observables.

In order to achieve this goal, we will first explicitly address the NNLO contributions for
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each partonic channel, and handle the NLO infrared divergences due to soft and collinear
emissions within the double-real and real-virtual topologies (see figures (3.4-3.7) in section
3.1.2) through the FKS-subtraction method (details for this method are shown in section 2.4),
in this case slightly modified to deal with mixed order NNLO corrections with non-vanishing
transverse momentum. Then we will go one step further and include the remaining ¢r = 0
piece of the calculation by extending the gp-subtraction method, originally developed for
pure QCD processes, in order to get stability of the mixed order results within the region of
small transverse momentum. In this sense, both the extension of the ¢r-subtraction up to
mixed order, and the calculation of the NNLO QCD®QED corrections to Drell Yan, are the
main goals of this Chapter.

The next sections are organized as follows: first of all we describe the regions of small-¢; in
the cross section by sketching the formalism of transverse momentum resummation [111-114].
In section 4.2 we introduce the gr-subtraction, as it was originally formulated in Refs. [99,111]
for the calculation of pure NNLO QCD contributions. In section 4.3 we extend the method to
address the mixed QCD®QED corrections to Drell Yan. Finally, in section 4.4 we study the

phenomenological impact of our results, by comparing the differential distributions.

4.1 Transverse-Momentum Resummation

4.1.1 Basics and notation

In order to introduce the ¢r-subtraction formalism, we must first describe the general behavior
of a differential cross section in the regions of small transverse momentum. To this end we
will discuss the formalism as presented in Ref. [111] to calculate the ¢ distribution of a
generic colorless system up to NNLO in the strong coupling constant.

Let us consider the production of a system F’ with total invariant mass M and transverse
momentum ¢, and no color in the final state. According to the QCD factorization theorem
(see Eq. (2.3.2) in section 2.3), the corresponding transverse-momentum differential cross

section d6r/dg3 for the production of F in hadronic collisions can be written as

dop ! ! dorap A
rtar M) = Y [ o [ daa funorsh) funa s it) M55 02). e ).
qr wb /0 0 qr

(4.1.1)
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where f,/n(z, p%) (@ = q¢, Gy, g,7) are the parton densities of the colliding hadrons at the
factorization scale jip, do g o1/ dq% is the partonic cross sections, 5 = x5 is the partonic centre-
of-mass energy, iy is the renormalization scale and a;(¢?) is the running QCD coupling.

As it is well known [113,115-120], in the small-¢r region (¢r < M), the convergence of the
fixed-order expansion is spoiled, since higher-order perturbative contributions to the partonic
cross section dopq,/dg7 are enhanced by powers of large logarithmic terms, In™(M?/¢7.).
These are originated from soft and collinear final state radiation to the incoming partons
that arise when considering perturbative corrections. As a consequence, to obtain reliable
predictions at higher orders, these logarithmic terms have to be resummed to all orders in «;.

To that end we can introduce the following decomposition of the partonic cross section in

Eqg. (4.1.1):
9 ( ) dé A~ (res.) ~ (fin.)
OF ab _ dUF ab dOF ab
dqz. dqi daz

, (4.1.2)

where the distinction between the two terms here is purely theoretical.

The first term in Eq. (4.1.2), d&g‘f,;), contains all the logarithmically-enhanced contributions
(a/q7) In™(M?/q7) at small gr, and has to be evaluated by resumming them to all orders
in a. The second term, d&}‘?j;g, is free of such contributions, and can be computed by fixed-
order truncation of the perturbative series. It is clear that we can locate any perturbative
contribution proportional to d(¢r) within d&gzsb'), as long as it also encodes the logarithmically-
enhanced behavior. Additionally, whereas this "resummed" component could systematically
be organized in classes of LL, NLL, ... terms, both the finite and resummed contributions
have to be consistently matched at intermediate values of ¢, so as to obtain a theoretical
prediction with uniform formal accuracy over the entire range of ¢r, from ¢r < M up to
qr ~ M.

On the other hand, the resummation procedure has to be carried out in the impact-
parameter space, to correctly take into account the kinematics constraint of transverse-
momentum conservation. The resummed component of the transverse-momentum cross
section in Eq. (4.1.2) is then obtained by performing the inverse Fourier (Bessel) transforma-

tion with respect to the impact parameter b. We write

o) ) M2 [db A
— oo M35 (i), s 1) = = /4— P WE (b, M, 5; 05 (1), i, ) (41.3)
qr S ™
M2 00 b .
=25 [ b S ) WE. M55 0. e ).
0

8
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where Jy(z) is the Oth-order Bessel function.

The perturbative and process-dependent factor W, embodies the all-order dependence
on the large logarithms In M?b* at large b, which correspond to the gr-space terms In M?/g3.
that are logarithmically enhanced at small g7 (the limit ¢y < M corresponds to Mb > 1,
since b is the variable conjugate to ¢r).

Here, in order to present the corresponding structure of the logarithmic contributions,
we will show some key features of the resummed partonic cross section. To this end, the N-
moments of the process dependent factor W, for the all-order resummation can be organized

in the form'

WA (b, M g (%), %, %) = FH& (M, ag(pid); M2/ iy, M2/ 1%, M? Q)

% exp{ G (e (113), Ls M2/ M2/QP)} (4.1.4)

The function H% does not depend on the impact parameter b and, therefore, it contains all
the perturbative terms that behave as constants in the limit b — oco. The function § includes
the complete dependence on b and, in particular, it contains all the terms that order-by-
order in a; are divergent when b — oo. In fact, all the large logarithmic terms o L™ with
1 < 'm < 2n are included in the form factor exp{G}. More importantly, all the logarithmic
contributions to § with n + 2 < m < 2n are vanishing. This property [114-118] arises from
the perturbative dynamics of generic gauge theories and from kinematics factorization in the
impact parameter space. Additionally, this factorization between constant and logarithmic
terms involves some degree of arbitrariness [121], since the argument of the large logarithms
can always be rescaled as In M?b* = In Q?b* + In M?/Q?, provided that () is independent of b
and that In M?/Q* = O(1) when bM > 1. To parametrize this arbitrariness we introduce a
dependence on the so-called resummation scale (), such that () ~ M (see the right-hand side

of Eq. (4.1.4) ). Also, we define the large logarithmic expansion parameter, L, as

(4.1.5)

where the coefficient by = 2¢77% (yvg = 0.5772... is the Euler number) has a kinematical

origin.

'the N-moments hy of any function h(z) of the variable z are defined as hy = fol dzzN"1h(z) .



4.1 Transverse-Momentum Resummation 80

Now that we got all the ingredients to write G in a useful way, we perform a perturbative

expansion in powers of a logarithmic parameter o, L. In this sense, § can be expressed as:

S (as, Ly M? /12 M2)Q) = Lg™ (0, L) + g3 (v, L M2 1%, M?/Q?)
- % g (s Ly M2 113, M2 Q) (4.1.6)

+Z (O‘) 0 (L M2 /12, M?/Q?)

where o, = a,(¢%) and the functions ¢ (o, L) are defined such that ¢ = 0 when o, L = 0.
Thus the term Lg" collects the LL contributions o L"*!; the function ¢(® resums the NLL
contributions a”L™; g©® controls the NNLL terms a”L"~!, and so forth. Note that within the
resummation approach, the parameter o, L is formally considered as being of order unity. In
this way, the ratio of two successive terms in the expansion (4.1.6) is formally of O(«;) (with
no L enhancement). As a consequence, the resummed logarithmic expansion in Eq. (4.1.6)
works as any customary fixed-order expansion in powers of .

On the other hand, the function H% in Eq. (4.1.4) does not contain large logarithmic terms

to be resummed. It can be expanded in powers of a, = a(u%) as

Qg
H (M, s M i, M2, M2/ QP) = 0 (g, M) |1+ Z2 3G (M2 i, M2, M2/ QP)
g\ 2
+ (?) IO (M2 113, M /1, M2/ Q) (4.17)

+Z< > 3 (M i, MP i, M2 Q)

where a}()) =or a}LO) is the lowest-order partonic cross section for the hard-scattering process

hy + he — F(M, qr).

In what comes to the factorization scale, the ;1-dependence of da res.) ~ /dg3 is due to the
arbitrariness of the factorization assumption (see section 2.3.1), and therefore this dependence
must be balanced with that of the PDFs. Given that the parton densities do not depend on
the transverse momentum ¢y, there is no reason to think ;1 can introduce any logarithmic
dependence on b in the factor exp{G}. As a consequence, the perturbative expansion (4.1.7)
of the function H% depends on i, while the exponent G of the form factor does not depend

on i and neither does on the factorization scheme used to define the parton densities.
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Furthermore, the form factor is also process independent. It is produced by universal soft
and collinear radiation from the QCD partons entering the hard-scattering process, which
have nothing to do with the final state F' of the collision. The dependence on the process, on
the other hand, is fully taken into account by the hard-scattering function 3(%;, that embodies
contributions produced by virtual corrections at transverse-momentum scales ¢, ~ M.

In general, in order to reduce the impact of unjustified resummed logarithms in the
large-qr region, it is common to express the form factor using a procedure inspired by that
introduced in Ref. [122] to deal with kinematical constraints when performing soft-gluon
resummation in e*e~ event shapes. We consider the exponent §(ay, L) of the form factor in

Egs. (4.1.4) and (4.1.6) and replace

G(as, L) — G(as, L) . (4.1.8)
where L is defined as
. QQbQ
L=In (b—g + 1) : (4.1.9)

In this way, within the resummation region ()b > 1 we have L=L+0(1/(Qb)?), and thus
the replacement in Eq. (4.1.8) is fully legitimate to arbitrary logarithmic accuracy. On the
other hand, although L and L are equivalent to organize the resummation formalism in the
region Qb > 1, they lead to a different behavior of the form factor at small values of b: when
Qb < 1, we have L — 0 and exp{G(a, L)} — 1. Therefore, the replacement (4.1.8) reduces
the effect produced by the resummed contributions in the small-b region, where the use of
the large-b resummation approach is no longer justified.

By following this path, one may be able to handle and compute both the hard function
HE and the form factor exp{G} in Eq. (4.1.4), which makes it possible to get d6':}) /dg2 in
Eq. (4.1.1) at a given logarithmic accuracy.

Finally, with the aim to exploit the logarithmic behavior at small-g; and establish a
subtraction method to regulate the ¢ = 0 divergences within the fixed order result, he have
to exactly know the specific dependence of H and exp{G} on the process, the PDFs and on
the universal structure of soft and collinear radiation from the QCD partons entering the

hard-scattering, respectively.
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4.1.2 Perturbative coefficients

Now we must show how these ingredients in the resummed cross section can be expressed
in terms of perturbative coefficients. This approach was fully formalized by Collins, Soper
and Sterman in [113]. In order to achieve the expressions for WX in Eq. (4.1.4), we can start
from the consideration of the structure of the hadronic transverse-momentum differential
cross section at small values of ¢r. In fact, it can be written as

dor M?

oo b .
E((]T, M,S) = ? /0 db 5 Jg(qu) w (b, M7S) +..., (4110)

where the dots stand for terms that are not logarithmically enhanced at small ¢, (large
b). Considering that the quantity in Eq. (4.1.10) is the hadronic cross section, the b-space
function W¥ (b, M, s) depends on the parton densities of the colliding hadrons. Also, it
encodes all the real and virtual contributions due to soft and collinear radiation at small
momenta, and the virtual corrections. As a consequence, the b-space function W (b, M, s)
will depend on the soft A.(«;) function, the flavour conserving collinear coefficients B.(c)
and the collinear functions Cy; (v, ), together with the parton distributions at the gy-scale

and the process-dependent factor HY.

WE (@b, M) Zacc el (M?), M) HF (a,(M?)) S.(M,b)
X Z Cea, N (s (05/6%)) Cet, 5 (s (05/6%)) fapn, n(05/6%) fopna, n(05/0%). (4.1.11)
Here f,/n, n(p*) are the N-moments of the parton density f,/,(z, u*), and aig?  is the lowest-

order cross section for the partonic subprocess c+¢ — F'. The function S,.(M, b) is the Sudakov

form factor of the quark (c = ¢, ) or of the gluon (¢ = g), and it has the following expression:

2/b2 ¢ q

sc<M,b>=exp{— / d—qQ[Acms(q?» 1n%f+Bc<as<q2>>]} . (4.1.12)
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The functions A, B,C' and H” in Egs. (4.1.11) and (4.1.12) are perturbative series in ay:

Ad(ay) = ; (%)nAE”) , (4.1.13)
B.(a,) = ; (%)"Bgﬂ , (4.1.14)
Cup(@g, 2) = 6 0(1 — 2) + i ( ) , (4.1.15)
n=1
g\ ™
HF (o)) = 1+ Z ( W) HF O (4.1.16)

The functions A., B, and C,, are process independent, while H depends on the specific
hard-scattering process.
On the other hand, comparing the partonic (Eq. (4.1.3)) and the hadronic (Eq. (4.1.11))

cross sections, we see that

Wy (b, M) ZWab (0 Mi g (1) s 1) fana, N(E) fopna, v (1) - (4.1.17)

Finally, to express the resummed partonic cross section WY, in terms of the perturbative
coefficients in Egs. (4.1.13)—(4.1.16), we need to replace the parton densities f,, v (b3/b*)
in Eq. (4.1.11) for the same parton densities evaluated at the factorization scale pp. The

substitution can be done by using
fa/h,N(MQ) = Z Uab,N(M2;M(2)) fb/h,N(,ug) ) (4.1.18)
b

where the QCD evolution operator U, (1%, 1) fulfils the evolution equations

dUabN u u
VR Z%cN (1)) Uab v (1%, 115) (4.1.19)

and 74, N () are the parton anomalous dimensions or, more precisely, the N-moments of the

customary Altarelli-Parisi splitting functions Py (as, z) [91]:

1 00 n
Yab, v (05) = / dz 2N Pyl 2) = ) (O‘—) S (4.1.20)
0 n=1 d ’
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Then, we can finally write the resummed W,  factor as

Wan N0, M; (i), i, 17) Zacc plas(M?), M) HE (a(M?)) S.(M, b)

X Z Cear, N(as( O/b )) Cavy, n(cxs(b (2)/b2)) (4.1.21)

a1, by

X Uaya, N (0367, 117) Uny, N (03 /67, 117

which relates the resummed partonic cross section in Eq. (4.1.4) to the perturbative coefficients

in Egs. (4.1.13)—(4.1.16) and the anomalous dimensions coefficients in Eq. (4.1.20).
Furthermore, we can express Cy(a,(b2/0?)) in Eq. (4.1.21) in terms of Cy(as(M?)) by

evolving the strong coupling, which adds to the coefficient the renormalization-group correc-

tion:

Cx(0u(B3/17)) = Ol (M) exp{ // U laudaty) T ”} @12

Finally, we insert in Eq. (4.1.21) the solution of the evolution equation (4.1.19):

phoog.2
UN(bS/bZ,M%) = exp {—/ d% ’YN(OéS(CJQ))} . (4.1.23)

After all these considerations, we are now in a position to express WY,  in the useful
exponential form of Eq. (4.1.4). Once there, the calculation of the g™ functions is straightfor-
ward (see Ref. [123]). With this notation, the all-order form factor exp{G} could be expressed
as
" o) w2

S0 LM MHQ) == [ (o) n Ty + §N<as<q2>>} (@124

2 4

where the A(a,) is exactly the perturbative function in Eq. (4.1.13), and By (o) can be also

expanded as

Bu(ay) = (W)B“w( ) B® +§:( ) (4.1.25)
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and expressed as follows in terms of the perturbative functions in Egs. (2.2.38), (4.1.14),

(4.1.15) and (4.1.20):

dln CN(O./S)

EN(OKS) = B(“S) + 25(045) dln ay

+ 2yn () (4.1.26)

On the other hand, The expression of the hard-process function H%; in Eq. (4.1.4) is

N (M, g () M [ i, MP 115, M2 Q%) = 02 (g (M), M) H (s (M?)) (s (M?))

(a
Xexp{/MiQ%{A(as( %)) ln]\j—2+BN (as(q }+/ﬂM2d— (q2))}

(4.1.27)

Unlike the form factor exp{§}, the non-logarithmic function 3%, in Eq. (4.1.27) explicitly
depends on the factorization scale 1, on the factorization scheme (through Cy; n (o) and
Yab, N(¢ts)) and on the final-state system F' (through 0;9) and HT). Nonetheless, H% does not
depend on the resummation scheme, since the factor H*'(a;)C% () is invariant under the
resummation scheme transformations.

Now, for the sake of completeness and in order to have all the components to perform
the ¢r-subtraction at NNLO QCD and even more, to expand the formalism up to mixed
NNLO QCD®QED, we report the expressions for all the coefficients needed to perform the
resummation up to order O(a?).

The first order coefficient for the universal (i.e. independent of the process and of the
factorization and resummation schemes) perturbative function A.(«;) in Eq. (4.1.13) is
[111,114,124]

AV =, | (4.1.28)

where C, = Crifc=¢q,gand C. = C, if c = g.
The first-order coefficient EEIJ)V in the expansion (4.1.25) of the universal perturbative

function By (o) in Eq. (4.1.26) is

B\ =BV +290)y | (4.1.29)
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with [114,124]

1
BW = B = —g Cr, BW= —5 (1Ca—2N) (4.1.30)

q

As for the first-order Céllj) coefficients, Cé;) and C’g(;) in Eq. (4.1.15) do not depend on the
process and on the resummation scheme, and were first computed in Refs. [125] and [126],

respectively. Their expressions in the MS factorization scheme are

q9 q9

CH(z)=CW(z) = %z(l —2),  OWE)=cY(z) = %C’F z . (4.1.31)

On the other hand, the flavour-diagonal first-order coefficients Cé;) and Cé? and the
coefficients H, M) and HY W do depend on the resummation scheme. Here we recall the
expressions for the coefficients C(g,) and Cé;) in the so called hard scheme?, as presented in

Ref. [110]:

1
Cl)(z) = b4 5Cr(1 = 2) (4.1.32)

Ci)(z) =0, (4.1.33)

where ¢’ stands for both quarks and antiquarks of all the possible flavours, and the §,,
ensures the complete flavour conservation at this order.

As for the process-dependent coefficient HY', we specifically recall the expression for
the NLO hard-virtual function H, f Y for the Drell Yan mechanism, in the hard scheme, as
presented in Refs. [110,127]:

DY (1 m
HPYW = Cp (7 — 4) . (4.1.34)

Moreover, the coefficients corresponding to the second order in the expansions (4.1.13-

4.1.15) for the case of quark initiated processes and even the process-dependent H' function

in Eq. (4.1.16) for the specific case of the Drell Yan mechanism are explicitly presented in

2The hard scheme is the scheme in which, order by order in perturbation theory, the coefficients C (EZ) (z) with
n > 1 do not contain any ¢(1 — z) term. This definition implies that all the process-dependent virtual corrections
to the Born level subprocess are embodied in the resummation coefficient H". The hard-scheme expressions
for the perturbative coefficients can be achieved from any other resummation scheme by simply setting the

coefficient of the §(1 — z) term to zero in the expression for C’C(LZ) (2) (see Eq. 4.1.15).
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the Appendix B, thus completing the set of perturbative coefficients needed to perform the

transverse momentum resummation up to second order in the strong coupling constant.

4.2 gp-Subtraction

Once we have revised the logarithmic behavior of the cross section in the small-¢; region,
we can exploit this known dependence to formulate a method, which was developed to
cancel the infrared divergences in a practical way by exploiting the universal behavior of
the associated transverse-momentum distributions in the limit g7 — 0. In the next sections
we will introduce the general formalism for the gr-subtraction and discuss its usefulness to
address NNLO QCD corrections. Later, we will extend the method up to the mixed order to
address the QCD®QED contributions.

4.21 Background and formulation

This method was firstly devoted to obtain the NNLO QCD corrections for the production of
colorless high-mass systems in hadron collisions. In fact, this implies that the LO partonic
subprocess can be ¢q annihilation, as in the case of the Drell Yan process (or also gg fusion, as
in the case of Higgs boson production). As has been previously stated, each perturbative con-
tribution is logarithmically divergent in the region of small-¢7, and therefore the calculation
has to be organized in order to achieve stability within the whole ¢ spectrum.

We consider the inclusive hard-scattering reaction
hi(p1) + ha(p2) — F(M,qr) + X, 4.2.1)

where the collision of the two hadrons h; and h, with momenta p; and p, produces the
triggered generic final state F', without color and electric charge, such as one or more neutral
vector bosons (v*, Z, ZZ,~, . ..), Higgs particles, and so forth. The observed final state F'
is accompanied by the final-state radiation X, which might be composed by either quarks,
antiquarks, gluons or photons. The system F' is formed by n final-state particles with
momenta ¢y, g2, - . - , ¢, and has total invariant mass M? = (¢, + q2 + - - - + ¢,)? and transverse
momentum gr.

The first thing to take into account is that, at the LO, the transverse momentum ¢r of the
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final state F' is exactly 0. This means that all the terms with ¢ # 0 are at least of NLO, which
then correspond to the Leading Order contributions to the production of a triggered final
state F' + jets. Thus we can rewrite the cross section as

F+jets
do{yynrolar0 = do(yyLo (42.2)

By keeping this in mind, we could address the whole set of NNLO contributions with
gr # 0 just as an usual NLO calculation, and then handle the IR divergences corresponding
to this ¢r # 0 region with one of the known NLO methods, just like, for example, FKS or the
Catani-Seymour dipole subtraction (see section 2.4 for details on the FKS method).

Once this is done, The only remaining singularities of NNLO type are associated to the

F+jets

limit g7 — 0. In this case, we can profit from the fact that the singular behavior of do{ ;5

in the ¢y — 0 limit is well known, and corresponds to the truncation of the resummed cross
section at the same order. Thus, we can combine the results with the fixed order calculation
and get fixed order results that are independent of the enhanced logarithmic contributions of
the small-gr region (see section 4.1 for a deeper discussion on the resummation formalism).

To schematize the subtraction, we will shortly sketch the general method introduced by
de Florian, Grazzini, Catani and Bozzi [99,111] to subtract the divergent behavior of g = 0
for QCD calculations. Within their notation, we can define a subtraction counterterm in the

gr — 0 limit as

do“" = dot, @ ¥ (qr/Q) d*qr. (4.2.3)

F+jets

where the function X (¢7/Q) embodies the singular behavior of do when ¢ — 0,

which is related to the enhanced logarithmic contributions at small-g7, of the form

= (r/Q) — :

@ @

o n 2n 2 2
(ﬁ) Yo mr L (4.2.4)
™
n=1 k=1
It is essential to note that within this notation, the coefficients ¥ (%) are gr-independent.
Furthermore, they are also universal, in the sense that they only involve a dependence on the
partons of the LO subprocess (for instance ¢g annihilation in the case of Drell Yan), and do

not depend on the final state F' of the collision.

Therefore, in the equation (4.2.2) it is possible to regularize the divergence of dagv) NLo In
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the limit gy — 0 by subtracting the expansion (4.2.4) at the same order in the coupling constant.
Finally, an additional J{ term has to be considered, in order to add the corresponding finite
contribution to the cross section in the limit gp — 0. This quantity is also ¢gr-independent, but
it does depend on the specific hard-scattering subprocess of the LO diagram.

With these extra ingredients we can extend the Eq. (4.2.2) to finally include the contribu-
tion at gy =0 as

F+jets
dotvzo = Hhnio ® doko + [da( e doGhLo| - (4.2.5)

where I is the hard function in Eq. (4.1.7) and admits the following expansion

HE =1+ (a—> FHEO 4 (%)QU{F@) o (4.2.6)

™ ™

Now we may note that, given that the counterterm in Eq. (4.2.3) regularizes the singularity
of do™ ¢ in the limit gr — 0, the expression in the square brackets in Eq. (4.2.5) is then
IR finite and integrable over ¢;. As a consequence, this method shows useful to compute
arbitrary infrared-safe observables for this class of processes. Furthermore, according to this
method, the NLO calculation of do’ requires the knowledge of H”() and the LO calculation
of do¥ i while on the other hand, the NNLO can be obtained by knowing the coefficient
HF? and also the NLO of dof+7¢ts.

4.2.2 Explicit formulae for NNLO QCD calculations

Now, for the sake of completeness and in order to provide the basis for the extension to the
mixed order, we recall the expressions for the fixed order expansion of the resummed cross
section up to NNLO in QCD as first addressed in Ref. [111].

If we take into account the resummed component of the transverse-momentum cross
section (see Eq. (4.1.3) in section 4.1), we can expand the known structure (4.1.24) in powers

of o, and explicitly get the X7 (%) coefficients schematized in Eq. (4.2.4), which read
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Wan(b7 M?‘g;aS?u?%?u%?QZ Zacc F Oés, {5&1 5cb (5(1 _Z>

s «F (n T M2 M2 M2
+ Z<a> |: cceng (Z L;uT»E,@) (427)

R

M2 M2 M?
+9Q&ab(, a2 ’Q?)}}'

Here, L = In (Q L 1) is the logarithmically divergent quantity in the ¢r — 0 limit with

the constraint of perturbative unitarity in the large-gr region®, z = M?/35, ay = a,(u%),
aég? plas, M) = aber O'EEOF)(M ) and, in general, the power p.r depends on the lowest-order
partonic subprocess ¢ + ¢ — F. In Eq. (4.2.7), W, is the resummed cross section on the
right-hand side of Eq. (4.1.3).

The form of the coefficient 2 (" is a polynomial of degree 2n in L. Tt vanishes by definition
when L = 0 (i.e. in the large-¢; region corresponding to b = 0) and the b-independent part is
represented by the coefficient H¥

As stated in Ref. [111], the perturbative coefficients in the expansion of Eq. (4.2.7) up to

NNLO in o, are

if(‘?f—l?zb(z7 Z) = Ef‘cf—lfb( ) L2 + Ecc<—ab< ) z 9 (428)
SO D) = SEEN ) D LB () T4 sl P+ sl L, @29)

where the dependence on the scale ratios M?/u%, M?/u3. and M?/Q? is understood. The
b-independent coefficients 7 (158 (2) HF ) (), ©F 2K)(2) and HF @)(2) are presented by con-

sidering their N-moments with respect to z as

- 1
Seecan = = 5 AL deabn (4.2.10)
chf—ab N(MQ/Q ) [5ca56b (B((;l) + Agl) ﬁQ) + (Sca’Yé;’)N + (Sgb’}/éi?N] s (4211)

M2 M? M? 1
F(1
%ccglb,N(E, s @> = oubat {Hf ™ _ (BS) + §AWQ) lo — chﬁozR} (4.2.12)

+ 00aCl)y + 0l e + (5ca’7<§;7)N + 5ab7§zlz?1v) (lr —Lq) ,

3The impact parameter b here is the variable conjugate to gr, such that the limit ¢z < M corresponds to
Mb > 1 (see Chapter 4.1 for more details on this parameter and on the L quantity).
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: 1
Sty = 5 (AD)" Sl (4.2.13)
1
Ecc<(—ab N(MZ/QZ) |i BO 5ca60b + 2 9 Eca(—ab N(Mz/Q ):| (4:214:)
2 2 2 2 2 2
pon (MM L[ (MM
cct—ab, N (/ﬁ{’ M%” QQ) -9 chE(—ab,N MRv :U’F Q2 Bo Oca cb( R Q)
1
"2 Efc(iallbl VO /Q) [0l + G y]  4215)

2

[ 5&15 cb + 1) + A(l) EQ B ) cceab N(MQ/Q ):|

N | —

. M? M? M?
g ( ) = BEOD (M2)QR) By (L — Ln)

cc+—ab, N luR :uF QQ
M? M? M?
F(1 1 1
— Z j‘(:c(—:f_zllth( ) Q ’ Q2 ) |:5a1a5b1b (Bél) + Agl) gQ) + (Smafylgll),’]v + 5b1b’y¢(Ll)a, N:|
a1,b1

— [0uades (BE + AL ) = By (0:aCl)y + 02CL) ) + 8uarly + G| . (4216)

g_(l“i@)

cc<—ab, N

M? ]\42 M?
e
LHPO (5mc,,,N+5cbcm N) + 2 AD By 2, bondap + = [A(2 Seaden + o S (M2 /@ )]

— [t (B + AL tg) — 5 (500,051, W+ 05CE ) + Sy + 048] o
1 M? M 2 M?
t3 Bo ( ca%b Nt 5cb%a N) (% + (&ﬂéz?zv + 551;75?]\/) lp — 9'@82;@1\/( 02 ) Polr

1 ol M? M? M? (1)
+ 2 Z |::HCE<(—211b1,N( , 2 Q2 + Geay Oty HY Y +5ca10b1 v+ e, Ceay v

a,by

1
x {(%wglb N+ B ) (6 = £Q) = Saadiuy (( B+ 5 ALY gQ) (g + per B eRﬂ

) Seadep HE @ + 6., C3)y + 05, CL) y + OV Oy

1
— bcalep Per <§ B3 O, + B IZR) : (4.2.17)

The right-hand side of Egs. (4.2.10)—(4.2.17) is expressed in terms of the resummation-scheme
independent coefficients given in section 4.1 and of the logarithms
M? M? M?

14 —ln—, / —ln—7 lop=In— . (4.2.18)
f NR 4 /v‘F ? Q?
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As for the hard-virtual coefficients H. " in these expressions, they can be found up to

O(a?) for the case of Drell Yan in the Appendix B.

With these coefficients we can obtain the fixed-order contributions of dé' Fab ) and then

construct the counterterm in Eq. (4.2.5), up to NNLO in a:

do ) e o
dg%b (qT7M78 = 7,045(M?%)7M?%7M%‘7Q2> :|LO — T Q2 CC F 065 M)
~ 2 ~
X {Efcﬁfﬁ (2) L(gr/Q) + S (z @) Il(qT/Q)] . (4.2.19)
doles) .M s
dZZb (QTaM; § = 7’ aS<M2R)7M2R7M%‘7Q2) }NLO = [ dFQb (q’f; M, 8; Q‘S(MR) MR?MF? Q ) ]LO
T
as(13)\* = A M M2 M2 ~
+ (—WR ) o2 > o (o szc(ﬁa,} S ) Tar/@), (4220

On the right-hand side of Egs. (4.2.19) and (4.2.20), the dependence on g7 is fully embodied

in the functions I, (¢r/Q), which are obtained by the following Bessel transformation:
~ o0 b Q2 b2
L(qr/Q) = @ / db 5 Jo(bar) In" ( ot 1) : (4.2.21)
0

The term In"(1 + Q2b?/b2) = L" in the integrand comes from the replacement L — L (see

Eq. (4.1.8)).

4.3 Mixed QCD®QED contributions

In order to extend the formalism of the gp-subtraction and apply it to the mixed corrections,
we start by considering the QCD®QED perturbative expansion of the (differential) cross
section for the production of the final state F' in the sense of Eq. (2.2.1), by expanding in

powers of the strong (o) and electromagnetic («) couplings,

do" =" (%) (%)] dot?), 43.1)

i?j

(4,0)

where do ;" stands for the pure QCD corrections, and dag]’j ) for the pure QED ones. The mixed

corrections are represented by da 7 with both 7,5 # 0, being the first mixed contribution
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daFl 2

Following a similar structure to the one valid in the pure QCD case (see section 4.2), the
basic formula for the gr-subtraction method in the case of mixed QCD®QED corrections can

be expressed in the following way,
dod = Y @ dol?” + [doll, — dol ] | (4.3.2)

where dcrgfj)et corresponds to the F' + jet production cross section at O(«,«). It is important
to note that in this context ‘jet” stands for either quarks, antiquarks, gluons or photons in the
tinal state and all of them need to be considered in the initial state as well. The term inside
the square bracket in Eq. (4.3.2) is finite in the limit of vanishing transverse momentum of
the F' state, but the individual terms da}ljj; and dagé)T are separately divergent. In order to
evaluate dagii)et, we can make use of any NLO subtraction method (adapted, though, to the
case of mixed QCD®QED corrections).

The subtraction counter-term da}lé)T encodes the singular behavior of the real scattering
amplitudes in the small-¢; region. The coefficient function .’Hg’l) restores the correct normal-
ization to the total cross section and it has Born kinematics (i.e. it is proportional to J(gr)).
Both coefficient functions can be calculated, through the abelianisation procedures [39,40],
from Egs. (4.2.10-4.2.17) in section 4.2.2. We have also made sure (as a self-consistency check)
that the same coefficient functions can be obtained from first principles, i.e redefining Eq. (6)
in Ref. [110] to take into account QED emissions and expanding it to a given fixed order.

Next we present the explicit expression of all the required terms needed for the sub-
traction at O(asa). These are constructed by convoluting the parton distributions with the
corresponding partonic terms, which up to O(a;«) are given by

a 1,0 F (0,1 « « F(1,1
dolyor = (f) do ab(CT) + ( > daab((JT) + (_s> <;> d%b(CT)

™

- Zd { ( >Ech(<i2b (z,qr/Q) + ( ) f;(_ab (2,qr/Q) (4.3.3)

- (2) (2) 550 g T/@}
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and

e drio = [1+(T) 20t (T) 20+ (3) (T) ] e ack

(e

Z do'%9 {5caacb5(1 )+ (f‘r) FEGO (1) (4.3.4)

(@ (2) (o)

In order to simplify the notation, we indicate by = the dependence on both partonic momen-
tum fractions z; and z,. The explicit dependence on either z; and z; can be easily understood
in terms on the dependence on the partonic label a and b, respectively. Also, it is implicit the
dependence on the renormalization (), factorization (ur) and resummation (()) scales.
Note that, for the sake of generality, in the results contained in this section we keep the
full dependence on the resummation scale [111]. This dependence is needed in the context of
transverse-momentum resummation. The fixed-order cross-section is independent of this

scale, and it is convenient to set ) = M to simplify the corresponding expressions.
F(i,j)

The contributions to the counter-term %"/}

can be organized in the following way
Sada(zar/Q) = S0 () (ar/Q) + 52l L (ar/Q) . (435)

SEO0 (2 ar/Q) = SECU L (4r/Q) + SECUN ()T (4r/Q) | (4.3.6)

S (2, ar/Q) = SECVE )L (4r/Q) + SEEP N (4r/Q)

+ SaEP L (¢r/Q) + SEENP (L (ar/Q) (43.7)

according to their power of logarithmic enhancement. The dependence on the transverse
momentum is given by the known integrals I (qr/Q) presented in Eq. (4 2.21).

The corresponding coefficients for the expansion of ni b and H"! b are more easily

CC(*(Z CC(*(I

presented by considering their N-moments (Mellin) with respect to the variable z. At NLO in
QCD and QED they are given by

: 1
$FAL0L2] _ -3 ALOG 5 (4.3.8)

cc—ab,N
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Zfﬁ((_Lgl)),[}\;l} - [5%5017 (B(l O+ A ) EQ) + 5ca%b Nt 5cb7ci (J)\;] ’ (4.3.9)
. 1
Strcaby = 5 A Scab (4.3.10)
SR = = [deadn (BOD + ADVEQ) + 6ear§N) + 8 0N] (43.11)
1
:}Ccc(%abN = 5 5 |:HCF(170) - (BS’O) + EAELO)KQ) EQ:|

(4.3.12)

+ 6‘3“05(;:]?/) + Oz bC(Ea N + (5 g;]% + 6057&1 ) €F - gQ

I F(0,1) 5.5 HF(O 1) B(O,l) lA(OJ)g /
cceabN ca¥ch c + 2 c Q Q
(4.3.13)
+ 0 CN + 0 Clary) + (5 N+ O, N) (lr = Lq)
while for the mixed QCD®QED corrections at O(a,«a) they are given by
1
Ecc(i iz);[?v 4] _ ; ZALO AOD s 5 (4.3.14)
1,1)(2;3 L r10)1;1 1 ro);
Ecc(%al))[N] A((:071)2 cc( ab[N A(l 0 2 cc( ab)[N ! ) (4315)
F(1,1)[2;2 1 F(0,1 1 F(1,0)[1;1 0,1
ZCE((—G,Z)),[N} - §A£1’0)}Ccés—al)),N - 5 Eccg—azg)l ) [6(11(171516 N + 5b1b’7a1a )N}
a1,b1
1 -
— AV | SR 5 0 + S ] (4.3.16)
a1,b1
1 . .
- 3 At (BOD + A0g) SEE + (B0 + AP Ve SECY]
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F
cc(iib ?Vl = Z J—Cccic?zbl |:6a1a6b1b (B (0.1) + A .1 EQ) + 5“107b1b N + 5b1b/7a(1]a1)Ni|
a1,by
= 3 I [Basadns (BEO + ALO Q) + 0tk + ity | (43.17)
a1,by

_ [(59(15619 (Bél’l) + Agl’l 14 ) + 5ca’YCbN + 56b’7¢clu JI\)T] J

GO = Sl HEOD 45,000 4 6,000 4 CU000D 4 0N (D

cc<—ab,N

+ HFO0) (5CQOCS}V + 62,Cle. ”) + HFOD (5 O+ 50170610))

1
" §Aglvl>6w55bez + (0t + 021 )

- |:5ca50b ( A(l b £ ) + 50&76(;,7]1\/) + 55b7£¢1:ifl\)7:| eQ
T3 Z [ ccemln N + 56@1 551)1 HF (1.0) + 56010 ;10])\7 + 551’1 Cc(if?\f} (4318)
a1 by

1
X |i(5a1a71§?b1])\[ + 6b1b7a1a )N) <€F - gQ) - 5a1a6b1b ((Bgo’l) + 5142071)6@) gQ)}

T35 Z [ cc<—a1b1 N T 56“1681’1 HF o - 5“”0 1())11])\[ . 561)1 0(52’11’3\7}

a1 b1

1
X [(5ala751bN -+ 5blbfya1a N) (gp — EQ) 5&1a(5b1b ((B((:l,()) + §A£1’0)€Q> EQ)} .

In the expressions above we have defined /o = In M?/Q? and (r = In M?/u%, while fyfj)jjz,
represent the corresponding (moments of the) splitting functions. The coefficients AP and

B! arise from the mixed expansion of the Sudakov form factor,

Se(M,b) = exp {— /b;; dq—(f {Ac (as, )lnj\;—2 + B. (g, )} } : (4.3.19)
with
= (2 4074 (22804 (2) ()40 .

(4.3.20)
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and their explicit expression for the quark-initiated case (which is the case in the Drell Yan

mechanism) is given by

q q 4’
po _ 34 Bon — 3 (4.3.21)
¢ T g7 “ 2 B
OF62
AP =, B = S 2 156

Notice that the coefficients A} and B{"") can be calculated by abelianising the coefficients
AP and B in Egs. (B.1) and (B.3) in the Appendix B, respectively.

Finally, we present the collinear functions, again for ¢ = ¢, and the hard-virtual coefficients,
the latter specifically for the DY case as they are a process-dependent quantity. The separation
between C' and H coefficients is scheme dependent. Those presented here are obtained in the

so-called hard scheme [110]. Up to NLO in QCD and QED, the hard-virtual coefficients take

the form
HPYO9) _ ¢, (12 _ 4> _ Crpgpvon, (4.3.22)
2 ey
and the collinear functions are given by
CF CF
Ca() =5 (1) = 50" ().
C0 ) = L1 oy = ey LE (4.3.23)
a9 2 a GgNC ’
Cr Cr
o) = o= S,
q

The hard-virtual coefficient needed for the first order in the mixed QCD&®QED expansion

takes the following form,

Cpe? 511 6772 177
DoY) a(_q o 4.3.24
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while the needed collinear functions are given by the following expressions:

2 /T (1 _ _
Cé;;l)(z) — 6, e(QICF{ 142 (ng(l 2) N 1 Lis(2) log(1 — 2) + 3 Lis(z) log(z)

1—=2 2 2 2
5 Li 3 1 1 )
- 123(2) + 1 log(z)log®(1 — 2) + 1 log®(2)log(1 — 2) — EWQ log(1 —2) + %)

+(1—2) (— Lis(z) — glog(l — z)log(z) + 2?7# - 24—9) + i(l + 2)log*(2) (4.3.25)

1 1 1
: (§ (—22" + 22 + 3) log?(2) + 1 (172% — 13z + 4) log(Z))
— Z

~Zlog(1 —2) — 1 [(2° ~ 18)(1 — 2) — (1 + 2)log 2] }

(L) N o [1+2% (3Liz(—2) _ ' 1 Lis(—2) log(2)
Cq&’ (2) = Ogy ZC’Feq{ T2 ( 5 + Liz(2) + Lis ey 5

Lis(2)log(z) 1. 4 1., 1 9
— 5 " m log”(2) G log”(1 + z) + 1 log(1 + 2) log*(2)

w2 1a(2
t 455 log(1 + z) — %) +(1—2) (LTU + %log(l — z)log(z) + %) (4.3.26)

- %(1 + 2) (Lig(—2) + log(z) log(1 + z)) + 72T—4(z —-3)+ é(llz +3) log(z)} ,

Lis(1 — 2z Lis(z 1 .
Cé;’l)(z) = eg{ (22* =22+ 1) (Cg _ Lig( 3 ) _ ?;3( ) + 3 Lis(1 — 2) log(1 — 2)
Li 1 1 1 1
—f-w T log®(1 — 2) + 6 log(z)log*(1 — 2) + 6 log?(2) log(1 — z)>
322 1 9 3 1 9 9
— = — (42" =224+ 1) log’(2) + — (—82* + 122 + 1) log?(z) (4.3.27)
8 96 64
1 , 5 1z 1 )
+ 3 (—82% + 23z + 8) log(2) + Yl (1—2)z+ 3 + 8(1 2)zlog”(1 — z)
= (1= 2)zlog(1 - 2)log(2) — =3 — 42)zlog(1 — 2) —
1 z)zlog 2)log(2) — 1 z)zlog )= 5

_le zlggz+%(1—22)+(7T2—8)Z(1—Z):| }7
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C(l’l)(z) — ZCFCAC,E;J)(Z) ) (4.3.28)

ay

Note that the hard-virtual function HPY (1 in Eq. (4.3.24) and the collinear coefficients in
Egs. (4.3.25)-(4.3.28) could be calculated by means of the C® NNLO QCD coefficients in Egs.
(B.5)-(B.8) and the hard-virtual function H”Y® in Eq. (B.9) in the Appendix B, by taking the
corresponding abelian limit.

The results above provide all the ingredients needed for the application of the gp-subtraction
formalism to the calculation of mixed QCD®QED corrections. The same coefficients are
required by the transverse-momentum resummation formalism, considering in this case the

full dependence on the resummation scale Q).

4.4 Results and Phenomenology

In order to obtain quantitative results, our calculation is implemented in two independent
parton-level Monte Carlo programs. One of them is based on MCFM [27] (including the
NNLO QCD corrections), suitably modified to deal with mixed corrections and to apply
the gp-subtraction formalism. The other is a private implementation, which relies on the
FKS subtraction method [67] to deal with the NLO-type divergences (adapted to the mixed
QCD®QED case), and on analytic results for the relevant scattering amplitudes obtained from
Ref. [128], plus an explicit calculation of the tree-level all-quarks channels using FEYNCALC
9.2.0 [129].

For our phenomenological analysis we consider ny = 5 massless quark flavours. We work
in the G, scheme for the EW couplings, using the input values G, = 1.16639 x 107> GeV?,
My = 91.1876 GeV and My = 80.385 GeV. The width of the Z boson is set to the value I'; =
2.4952 GeV. For the parton luminosities and strong coupling, we use the NNPDF3.11luxQED
set with five flavours [130] through the LHAPDF interface [108], always at NNLO accuracy,
regardless the order of the calculation. Both renormalization and factorization scales are set
to the default value pup = pp = my,4,. For the cutoff parameter of the subtraction method,
qrcut, We choose the central value g7« = 0.2 GeV. We checked that our results are compatible
within uncertainties when varying this parameter around its central value by a factor of 2.

As a first check of our implementation, we computed the inclusive cross section for
the production of an on-shell Z boson, and compared to the predictions obtained from the

analytic results presented in Ref. [2] (see Chapter 3 of the present work). The corresponding



4.4 Results and Phenomenology 100

Channel qaq' a9 il 97
gr-subtraction | 52.6(4) -34.8(3) -1.41(1) 0.569(2)
[pb]

Analytic 52.3 -35.0 -1.41 0.571
(Ref. [2]) [pb]

Table 4.1: The O(a,«r) contribution to the inclusive on-shell Z production cross section for
the different partonic channels. The results obtained using gr-subtraction are compared
to the inclusive predictions obtained in Ref. [2]. Numerical uncertainties on the last digit
are indicated in parenthesis for our predictions, while the uncertainties of the inclusive
implementation are below the last digits shown. The category denoted by ¢q¢’ includes all
combinations of quarks and anti-quarks.

O(asa) contributions to the cross section, split into quark-quark, quark-gluon, quark-photon
and gluon-photon initiated channels, are shown in table 4.1. As can be seen from the table,
we can reach sub-percent precision for these inclusive predictions, and we find full agreement
with the analytic results from Ref. [2]. As an additional validation, we have computed
the NNLO QCD differential distributions using the public code MATRIX [131], finding full
agreement with our results.

For all of the differential distributions presented here, we consider the following set of
cuts,

pr >25GeV, pre, >20GeV, |yln, <2.5, my, > 50GeV, (4.4.1)

where ¢; and ¢, represent the final-state leptons, ordered according to their transverse mo-
mentum. Since we consider only neutrinos in the final state, there is no need to recombine
collinear leptons and photons.

We start by presenting the transverse momentum distribution of the leptons in figure 4.1.
The kinematical dependence of the mixed corrections is highly non trivial. This feature is
also shared by the pure QCD and QED corrections, and it is expected due to the particular
features that these two distributions present at fixed order in perturbation theory. At LO
both leptons are back-to-back, and therefore the distributions are identical. The radiative
corrections produce the change of shape that render the py,, spectrum harder than the py,
one, producing therefore sizeable distortions in the distribution. Furthermore, some regions
of the phase space are almost not populated at LO, and therefore radiative corrections become
more relevant. This is the case for the region of p;,, below the lower cut on pr,,, which is
directly not allowed for Born kinematics, or the region above pr,, , ~ M, /2, which does not

receive contributions from the Z peak at LO.
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Figure 4.1: Transverse momentum distributions for the hardest (left) and softer (right) lepton.
The upper panel shows the NLO QCD prediction, while the lower panel shows the NNLO
QCD (blue), NLO QED (green) and mixed (red) corrections, normalized to the NLO result.

From figure 4.1 we can observe that for pry, < M/2 the mixed corrections are positive,
representing an increase of about 0.5% with respect to the NLO prediction. The corrections
then change sign, being of the order of —0.5% in the first bins after pr,, = Mz/2, which
corresponds to the expected Sudakov shoulder near the kinematic boundaries mentioned
in the previous paragraph [132]. The mixed corrections then result smaller at the tail of the
distribution. With respect to the softer lepton, we can observe that the corrections become
very large around and slightly above pry, = Mz/2, a pattern shared by the NNLO QCD
corrections. In this region, the effect of the mixed QCD®QED contribution can reach the
O(5%) with respect to the NLO QCD result. In addition, we can also observe a small (negative)
peak in the corrections around pry, = 25 GeV, which is related to the presence of a cut in pr4,,
as mentioned before.

We continue by presenting the rapidity distributions of the leptons, again ordered accord-
ing to their transverse momentum, in figure 4.2. In both cases, we can observe that the mixed
corrections are extremely small, and show a very mild dependence on the corresponding
kinematical variable. The reason for this particularly small value of the corrections is a very
strong cancellation between the main partonic channels, that is the ¢g and ¢g initiated pro-

cesses, over the whole rapidity range under consideration, a pattern that can also be observed
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Figure 4.2: Rapidity distributions for the hardest (left) and softer (right) lepton. The upper
panel shows the NLO QCD prediction, while the lower panel shows the NNLO QCD (blue),
NLO QED (green) and mixed (red) corrections, normalized to the NLO result.

for instance at the level of the total cross section. We note that this effect is even stronger with
the set of cuts in Eq. (4.4.1), compared to the fully inclusive case, with cancellations of about
90% between the different channels.

In figure 4.3 we present distributions for the lepton-pair system, specifically its transverse
momentum and rapidity. The mixed corrections are negative below pr ., ~ 15 GeV, and
diverge in the pry, — 0 limit. The sign of the mixed corrections in the low transverse
momentum region is the same as the one of the NNLO QCD corrections, as one can infer
from the sign of the logarithmic coefficient with highest power (see Eq. (4.3.14) for the mixed
corrections and Eq. (66) of Ref. [111] for NNLO QCD). Above pr,¢, ~ 15 GeV the mixed
corrections become positive, increasing the NLO QCD result by about 0.3%. In the same
region the NLO QED corrections are of the order of 0.5%. As it is well known, at low-gr,
the large logarithmic corrections to the cross section have to be treated with transverse
momentum resummation in order to recover the reliability of the prediction. This is true
not only for the transverse momentum distribution but for any observable which presents a
kinematical region directly related to g = 0.

The mixed corrections for the lepton-pair rapidity present a kinematic dependence that is

similar to the one of the NNLO QCD contribution. They are negative for small |y|s,.,, and
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Figure 4.3: Lepton-pair transverse momentum (left) and rapidity (right) distributions. The
upper panel shows the NLO QCD prediction, while the lower panel shows the NNLO QCD
(blue), NLO QED (green) and mixed (red) corrections, normalized to the NLO result.

become positive for larger values of rapidity. The overall size of the mixed corrections is of
course much smaller though, being of the order of 50 times smaller than the NNLO QCD

corrections.

Finally, we present in figure 4.4 the ¢* and cos 0" distributions, defined as [133]

¢* = tan <—7T — A(I)) sin 6*
2
Ad = ¢€1 - ¢€2 (442)

cos 0 = tanh (W) )

Since at LO the two leptons are back-to-back, the ¢* distribution is trivial at that order,
and contributions with ¢* # 0 only start at NLO. As in the case of the transverse momentum,
the small-¢* region is not well behaved at fixed order and it is necessary the use of transverse
resummation in order to recover the reliability of the prediction in those kinematical regions.
The pattern of corrections, not only for the mixed but also for the NNLO QCD and NLO QED
contributions, is very similar to the one observed in the pr, ., distribution, in particular with

the mixed corrections being negative at small ¢* and becoming positive for larger values, and
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Figure 4.4: The ¢* distribution. The upper panel shows the NLO QCD prediction, while the
lower panel shows the NNLO QCD (blue), NLO QED (green) and mixed (red) corrections,
normalized to the NLO result.

about a factor of 2 smaller than the NLO QED corrections in the tail of the distribution.

In the case of cos 6%, the distribution is rather flat in the central region, and presents a strong
suppression for cos §* = 1, which is only populated by events with very large and opposite
rapidities of the corresponding leptons. This region is therefore particularly suppressed by
the presence of the cuts on y, ,, which directly forbid the region above | cos §*| ~ 0.987. From
the lower panel of the figure we can observe that the perturbative corrections are rather flat
in the region where the bulk of the cross section is located, and therefore they follow a pattern
similar to the one observed for the total cross section. In particular, the mixed QCD®QED
corrections are extremely small, and become more relevant only close to the boundaries,
where they reach the 0.6% level (note that the last bin of the distribution is larger and extends
from |cos 6*| = 0.8 to 1).

Before going to the summary;, it is interesting to compare the size of the mixed QCD®QED
corrections computed here against the naive approximation in which QCD and QED correc-

tions factorize. Specifically, defining for a given bin

dA(ZJ) — do-(lvj)/do-(o»o) , (4.4.3)
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Figure 4.5: Comparison between the mixed QCD®QED corrections (red) and the naive
factorization approximation (purple), for the transverse momentum of the hardest (left) and
softer (center) lepton, and the rapidity of the pair (right).

the multiplicative approximation to the O(a;a) based on NLO QCD and QED predictions is
given by the product

dol) = do 0 aATO gAY

approx

(4.4.4)

In figure 4.5 we present the mixed QCD®QED corrections together with the approximation
defined by Eq. (4.4.4), for the transverse momentum of the two leptons and the rapidity of
the pair. The results are normalized to the NLO QCD prediction, as in the lower panels of
the previous figures. We can observe that, in all cases, the multiplicative approach is a rather
poor approximation to the full results. This is in line with the observations made for the
total cross section in Ref. [2]. The discrepancies, however, can be strongly enhanced at the
differential level. This can be seen for instance in the pr,, > M /2 region, where the exact
O(a,) corrections are at the per-mille level, while the factorization approximation predicts
~ 7% corrections. The reason for this big discrepancy is the presence of large K-factors at
NLO (both in QCD and QED), associated to the fact that at LO this region is only populated by
events that are away from the Z peak. In the case of the pr,, distribution, we can observe that
the multiplicative approach has the wrong sign for py, < Mz /2 (note that the approximation
is not well defined for pr,, < 25 GeV due to the cut in the hardest lepton), and fails to
reproduce the correct size of the corrections around the peak located in pr 4, ~ M/2. Finally,
for the rapidity of the lepton pair we can see that the factorization approximation predicts a

rather flat K-factor, failing to describe the kinematical dependence of the mixed corrections.



CHAPTER

Conclusions

It is undeniable that over the last decade, both the theoretical and experimental developments
in particle physics have shown an impressive agreement. While no conclusive evidence for
new physics has been found yet, BSM theories might not be available for direct detection in
resonant searches, but only through small deviations between theory and the experiment.

These facts shape the need for precise theoretical computations to effectively test the
predictions of the SM. Moreover, although the Large Hadron Collider was first meant to
explore high energy sectors and discover new fundamental particles, such as the Higgs, the
great accuracy of the measurements, which will be even enhanced in the High-Luminosity
upgrade, makes it an useful and essential tool for precision testing.

Specifically, from all the experiments at the LHC, the Drell Yan mechanism gathers a big
interest, since it is one of the most clean, sensitive and precise ways to access and test the
EW and strong sectors of the SM. In this sense, all along this work we focused on reaching
precise theoretical determinations for the Drell Yan cross section at the LHC, by including
the electromagnetic effects within the perturbative expansion. These, although subdominant,
become important in the current context of precision measurements.

As for any theoretical calculation, the path to reach precision is rather involved and
non-lineal, especially concerning the higher orders. In the case of the mixed corrections
to Drell Yan, both the photon PDF and the mixed order splitting functions were needed,
and they were, in fact, recently computed [39-42]. With this in mind, in the first part of
this work we presented the mixed QCD&®QED corrections to the total Z-production cross



107

section in hadronic collisions. These results were obtained for the first time and achieved
via an abelianisation procedure that profits from the available pure QCD NNLO terms. Even
more, we also computed the pure QED NNLO corrections, thus showing the versatility of the
procedure and, most importantly, completing the set of NNLO contributions to the neutral
current Drell Yan mechanism. These results were published in [2].

Furthermore, regarding the phenomenological impact, our analysis showed that the
mixed corrections are of the order of per mille at the LHC, but only a factor of ~ 3.5 smaller
than the pure QCD NNLO due to a sign change that occurs in the latter at v/'S ~ 14 TeV. On
the other hand, pure QED NNLO terms were found to be negative small corrections of the
order of 10~°. Finally, the full QCD@&QED NNLO corrections are found to stabilize the scale
dependence of the final result.

Additionally, the exact K -factor at order O(«;) was compared with the naive factorization
approximation, which consists of the mixed order term of the product of QCD and QED NLO
K-factors. It was shown that the latter fails to reproduce the exact result by a factor of two or
more. Although in this specific situation the difference is not highly significant, due to the
smallness of the overall contribution, this result hints that the factorization approximation
may not work in a general case.

In a second part, we decided to go one step further and focus on the exclusive calculation
of the mixed terms for the neutral-current Drell Yan process. To achieve this goal, we
addressed the extension of the ¢r-subtraction formalism in order to deal with the case
of mixed QCD®QED divergences in the gr = 0 region. We extended the method to be
applied to the fully exclusive calculation of the O(a;s«) corrections to the production of
generic colorless and neutral final states (e.g. Z and Higgs bosons, photons, neutrinos).
Specifically, we have provided all the relevant formulas for its implementation at O () and
used the formalism to address the production of an off-shell Z boson in hadronic collisions.
Furthermore, our coefficient functions and the hard virtual coefficients are also of value for
transverse momentum resummation and the expressions contain the full dependence on the
resummation scale (). Our results are published in [134].

As for the phenomenological impact, we studied the production of an off-shell Z boson,
followed by a consequent decay into a pair of neutrinos. We presented differential distribu-
tions for the final-state leptons at the LHC, and found that the corrections can have a sizeable

dependence on the kinematics, and not necessarily following the pattern of the NNLO QCD
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corrections. The size of the corrections is typically very small and below 1%, though it can be
enhanced in some particular phase space regions.

We have also compared the mixed QCD®QED contribution with the factorization ap-
proximation based on the product of QCD and QED K-factors, this time at the differential
level. We have found that this multiplicative approach is in general a bad approximation
to the mixed corrections, and the disagreement can be quite extreme for some differential

distributions.



APPENDIX

NNLO Correction Terms for Drell Yan

Here we present the expressions for the different correction terms needed for the full set of
NNLO QCD@QED inclusive results. For the sake of completeness we include also the NLO
A functions, which were first mentioned in section 3.1.

we recall the following distributions

Di(r) = [lg“—‘@”)} + (A1)

1—2z

which appear in the soft terms regularizing the divergence of soft emission (z ~ 1) and

defined as usual by

/0 D, () f () = / 8 L= 1) — f(1) da. (A2)

1—=x

We also define an auxiliary variable to write the dependence on the factorization scale,

B K
L, =—log (@) , (A.3)

where 15 is the factorization scale and () the invariant mass of the produced Z.



110

The corrections needed for the NLO result are

AL =8Dy(x)L,, + 16D;(x) + 8(z — 1)(6L,,, + 8 — 16)
4 (2% +1)log(z)

11—z

1
Aé},) =3 (2 (2962 — 2z + 1) (L, +2log(l —x) —log(x)) — 7x? + 61 + 1) ) (A.5)

_4LHF ('Z'—i_ 1) -

—8(z + 1) log(l — x) (A4)

For the second NNLO, several correction terms are introduced. We denote with a C4
superscript the corrections coming from the non-abelian part of the contributions (only
relevant for the QCD NNLO contribution), with nx the ones that involve a sum over fermion
families (relevant for the QCD and QED NNLO result), and with Cr the rest of the abelian
contributions.

The non-abelian contributions on the quark-antiquark channel are

AP = AJSOa  ATFCAr (A.6)
AL = ANSOr o AJFTCOA)? (A7)
w8
N == (9Do(2)L, + Ly, (36D1(x) —30Do(x)) — 36Do(x)Ca + 28D )
1
—60D; (x) + 36Dy (x)) + 1—8(5(33 — 1) (36L2, —204L,, — 224,
+144¢; + 381) + 7 1) (2 (2 (182°Lis(1 — ) — (z — 1)

X (9L2  (z+ 1)+ Ly, (6 —66x) — 362(; + 103z — 36, — 47))
—24log(1 —2) ((x = 1)(3L,, (x4 1) — 11z + 1) — 6 (2” + 1) log(x))
+18 (4L,, (2*+1) — 112° + 10z — 9) log(z) — 72 (2* — 1) log*(1 — z)

—9 (52° + 7) log*(z))) !, (A.8)

'Here we amend the result for Ag? 42 given in Eq.(B.11) of ref [20] by adding the corresponding missing x
factor to term 103z above.
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where

1
NS,C
Ay :@5(;5 — 1) (—1980L2, —4320L,, (34 11580L,,,

—432¢3 + 11840¢, + 5040¢; — 23025) — ;7 (99Dg(z) L2

+108Dy(x) L,y Co — 402D () Ly, — 396D (w)Ca — 378Dy ()3
+404Dg(z) + 396D (v) Lo, + 216Dy (1), — 804D () + 396Dy (z))

+ m [2 (36Lix(1 — 2) (3L,, (2*+1) —72° + 3z + 3)

+99L2% - (2® — 1) 4+ 6Ly, (x —1)(22(9¢ — 62) + 18¢; — 19)
+2702°S1 2(1 — ) — 1628, 5(1 — x) + 324Li3(1 — x) — 4502, — 3782°C3
+11392% + 1082, — 13627 + 342, + 378¢; + 223) + 121og(1 — )

x (362°Lis(1 — ) + (z — 1)(66Ly,, (z + 1) + 36x( — 239z + 36,

—38) — 6 (222% + 13) log(z)) — 18log(x) (12 (z* + 1) Lis(1 — )

+L,, (442”4 26) 4 122°C — 1092% + 83z + 12, — 78)

+792 (2* — 1) log*(1 — z) 4+ 9 (552° + 32) log* ()] (A9)
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AT =L (= Do(w)(646 + 128) + 96D () + 192Ds()) + L, (48Do(z)
+ 64D (2)) + 256D ()5 — D1 ()(128C, + 256) + 128D5(z) + 6(x — 1)

8 2
x (LiF (18 — 32C2) + Ly, (24¢, + 176¢5 — 93) + %

—70C, — 60Cs + %) + ﬁ [2 (12 (Liz(1 — ) (2L, (2* - 3)

—A? +a+3)+ L, (— (2" +42=5)) + Ly, (x — 1) (x(4 +2)

+ 4y + 15) + 62781 2(1 — x) + 28, 5(1 — x) — 42?Liz(1 — x) + 6Liz(1 — x) — 82°C,
—1622C3 + 62° + 162(, — 15z — 8(s + 16¢3 + 9) + 6log(1 — )

x (6 (2> = 3)Lis(1 —x) — (x— 1) (8L%, (x+ 1) — 4Ly, (x—7)

—2(16¢ + 3) — 16(¢ +4)) + 4 (Ly, (927 +5) — 72* 4 11z — 4) log(z)

—12 (227 + 1) log®(z)) 4 12log(z) (3 (* + 1) Liy(1 — z) + L3, (32 +1)

+L,, (—32%+ 102 — 1) — 122°¢, + 62° — 192 — 4G — 1)

—6log*(1 — ) (8(x — 1)(3L,, (z +1) — 22 +2) — (3927 + 23) log(z))

— 6 (L, (92° +3) — 62% + 8z — 2) log®(x) — 96 (z* — 1) log*(1 — )

+ (252% 4 11) log*(x)) | (A.10)
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1
3(x—1)

+4 (2° + 1) log(1 — x) + 2 (22° + 62° — 4z — 1) log(z) + 9z — 1)

Cr—Ca/2 _
Aqq -

(12Lis(1 — 2) (2L, 2 + 2L, — 92° + 427

+ 72(z — 1)(x + 1)*Lig(—2)(log(z) — 2log(x + 1) + 1) + 84L,,, 2*

+12L,,, 2*log®(z) — 24L,, v*log(x) — 180L,, x

+12L,,, log*(x) + 60L,, log(x)+ 96L,, + 962°S;s(1 — )

— 1442°S1 5(—x) + 3002%S; o(1 — x) — 1442%S; »(—x) — 19228, 5(1 — )
+14428; o(—x) + 1281 2(1 — @) + 1448, o(—x) — 242°Liz(—x) — 722°Liz(1 — 2)
— 242%Lig(—x) + 24aLis(—x) — 24Lis(1 — 2) + 24Lis(—2) + 362°(,

+ 24235 log(z) — 722 (o log(z 4 1) — 782% 4 423 log® () — 9023 log? ()

— 722% log(x) log®(z + 1) + 602 log?(x) log(z + 1) + 722° log(x) log(z + 1)

+ 3622, + 242°G log(z) — 722%¢ log(z 4 1) — 24022 + 622 log®(2)

+ 242% log(1 — x) log?(x) + 5422 log®(x) — 722% log(x) log?(x + 1)

+ 602 log?(z) log(x + 1) + 1682% log(1 — x) — 482% log(1 — ) log(x)

+ 422% log(z) + 722% log(z) log(z + 1) — 362¢, — 242, log(x) + 722, log(x + 1)
— 24(, log(x) + 72¢ log(x + 1) + 762z — 122 log®(x) — 14 log®(x) + 84 log*(x)
+ 727 log(x) log*(z + 1) — 60z log?(z) log(x + 1) + 24log(1 — ) log*(x)

— 93log?(z) + 72log(x) log*(x + 1) — 601log?(z) log(x + 1) — 360z log(1 — )

+ 162z log(z) — 72z log(z) log(x + 1) + 1921og(1 — x) + 1201og(1 — x) log(z)

—276log(x) — 72log(x) log(z + 1) — 36(s — 444) (A.11)

The singlet contributions for the (anti)quark-(anti)quark channel include terms arising
from identical initial quarks, and non-identical ones. These are given by the following

expressions.



114

Aé?id =2 <L”F (_J/’L—Fl (4 (:c2 + 1) (4Li2(—x) —log®(z) 4 4log(x + 1) log(z) + 2{2))

1
3(z+1)

+8(z + 1) log(z) — 16(z — 1) ) - (4 (2* 4+ 1) (—18Liy(1 — z) log(z)

. . (1—-x o (x—1
+ 12Liy(—x)(2log(1 — ) — 2log(z) + log(xz + 1)) — 24Li3 (x——|—1> + 24Li3 (x—+1>

— 248, 5(1 — ) 4+ 1281 2(—2) + 24Lis(1 — x) + 6Lis(—z) — 9 log(z) + 12¢; log(1 — )
+ 6y log(z + 1) 4 2log®(z) — 6log(1 — x) log?(x) — 21 log(z + 1) log*(x)

+61og”(z + 1) log(z) + 241log(1 — z) log(z + 1) log(z) + 3¢3)) + (1 — 2)

x (= 16Lis(—z) log(w + 1) = 168 5(—z) + 8Lig(~z) + 4 log(w) — 8¢z log(x + 1)

- glog?’(x) + dlog(x + 1) log>(x) — 8log?(x + 1) log(x) + 32log(1 — x) + 8C; — 34)
+4(x + 1)(2Liy(—2) + 4log(1 — z) log(z) + 2log(x) log(z + 1) + ()

+ 8(z + 3)Liy(1 — x) — 4(3x + 1) log®(z) + 2(7x — 9) log(x)) - %(m —1)?

x (6Liz(1 — z)(2log(z) + 3) + 1281 2(1 — z) — 12Li3(1 — x) + 2log®(z) + 9log”(z))
+ 4(62 — 7)log(x) — 262 + 562 — 30 (A.12)

A(Q)non—id _ 1

a =5 (36Lia(1 — 2)(2(12Ly, (v + 1) + 2(8x + 15) 4 39) + 6 (w + 1)

x (4log(1 — z) + log(x)) + 16) + 6z log(x) (18L7  (z + 1) + 36log(1 — z)

X (2(Luy +3)x + 2L, +2(z+1)log(l — z) + 42® + 3)

+18L,, (42 + 62 + 3) + 202% — 72(x 4 1) — 48z 4 345)

+ (¢ — 1) (—18L% (x(4z +7) 4 4) + 24log(1 — x)

X (=3L,, (x(4x+7)+4) = 3(x(4x +7) +4)log(l — x) + (17 — 22x)x — 22)
—12L,, (x(22x — 17) + 22) 4+ 7032* 4+ 72(z(4x 4+ 7) + 4)¢; — 18952 — 116)
— 9z log®(2)(24L,,, (x + 1) +48(z + 1)log(1 — x) + 5(z(8x + 15) + 3))

+432z(z + 1)(3S12(1 — ) — 2Lis(1 — 2)) + 162z (x + 1) log*(z)) (A.13)

It is worth noticing the sign difference in the non-identical vectorial contribution for ¢q initial
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state, with respect to ¢q.

ARonIdV  _ gnonid, V. 3%6 (2 (12Liy(—2) (2 (22% + 5) log(z) + 5a(x + 1) — 6(z(x + 2) + 2)
x log(x + 1)) — 6zLiy(1 — z)(4z + (z — 10) log(z) — 5) 4 6(3z((x — 2)Lis(1 — )
— 4z + 2)S1 2(—2)) + 4(z(z + 2) + 2)S1 2(1 — x) + 2(10 — 3x)2Lis(—x))
— 14481 5(—z) + 24Lis(1 — z) — 120Lig(—2) + 30z(z((s + 4) + & — 4)
+ 6log(z + 1)(5log(x)(2z(z + 1) + (z(z 4 2) + 2)log(z)) — 6(z(z + 2) + 2)()
— zlog(z)(—62¢, + 48z + zlog(z)(4log(z) + 39) — 60C, + 60) — 18((z — 6)
+4)(; — 36(z(z + 2) + 2) log(z) log*(z + 1))) (A.14)
ADROMEA 4o (1 — 2)((32 + 2) log(x) + 1) + 8Liy(—2)(z + 8log(x) — 6(x + 2) log(z + 1)
+ 1) 4 4(4(z + 2)S1.2(1 — ) — £(12S o(—z) + Lis(1 — x) — 10Lig(—x)))
9681 5(—2) + % (=T2Lig(—) + 6((Co + 9Cs + 4) + G — 6C5 — 4)
+6log(z + 1) (—6(x + 2)¢ + 5(x + 2) log*(x) + 2(x + 1) log(z))
+log(2)(6(5xC, + 2¢, — 2) — zlog(z)(4log(x) + 3))

—36(z + 2) log(z) log®(z + 1)) + 8Lis(1 — ) (A.15)

The correction terms that appear in the ¢g and ¢ channels are given by the following ex-
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pressions:

2)Ca __
A«(zg)A_

1 /2 . .
3 <§LM (36 (22° + 62 + 3) Lix(1 — z) — 36 (22° + 2z + 1) (Liz(—2)
+ log(z)log(z + 1)) — 72 (22° — 2 + 1) { + 732” + 54 (22 — 22 + 1) log*(1 — z)
+6 (—713:2 + bdx + s + 9) log(1 — x) + 18 (282” — 2z + 3) log(z)
T

44
+36 (~20% + 102 + 1) log(1 — ) log(x) — 127 + — — 36(3x + 1) log’(x) — 87>

—4 (22 + 22 +1) (4Liz(—x)(log(1 — x) —log(x)) + 2Li3(—x) — 4Lis (i :L f)

1

+4Li3 (i—ﬂ) — 3log(x + 1) log*(z) + 4log(1 — ) log(z + 1) log(:v))

4 ) 16 , ) .
+ 3 (4427 + 90z + — + 33 Lio(1 — x) + 8 (52% + 10z + 7) Lis(1 — z) log(1 — z)
+ 8 (42® + 5z + 1) (Lis(—2) + log(z) log(x + 1)) + 8zLix(1 — z)

2
+ 82(7 — 20)Lis(1 - 2) log(x) + S L7, ( —312% + 6 (2% — 20 + 1) log(1 — 2)
4

+ 24z 4 — 6(4x + 1) log(x) + 3) + 8 (42® 4+ 162 4+ 9) S12(1 — ) — 4 (122% + 34

4 8
+15) Lig(1 — x) + 3 (107952 — 84z — — 4 15) G —32(20° — 2+ 1) G log(l — 2)

183722 26
2735 + 5 (22° — 22+ 1) log*(1 — )

4 8
+ 3 (—77x2 + 63z + " + 6) log”(1 — z) + 4 (—62% + 222 + 1) log(z) log*(1 — z)

—4 (22 + 4z +1) G+

34622
3

2
9
2

+ 4 (22° — 14 — 3) log*(z) log(1 — z) — ( + 5) log?(z) + (74x2 + 75x

+ 55 _ 210) log(1 — z) + 20 (132 — 2z + 1) log(z) log(1 — z) — = (4572* + 12z
T

9
1226x 116 2
— 4+ —(2 log?
9 + 27x+3< 0x + 9) log”(x)

—4xlog?®(x) + 8z log(z) log(1 — x) — 8xlog(x) + %) (A.16)

—354) log(x) + 16z (2x — 5)(a log(z) —
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A(2)CF _

a9

N | —

(L#F (—482°Liz(1 — z) + (22° — 2z + 1) (361log*(1 — z) — 8() + 2227

+8 (42® — 22 + 1) log®(z) — 4 (232® — 34z + 8) log(1 — ) + 2 (462° — 40z + 5)

x log(z) — 8 (162® — 10z + 5) log(1 — z) log(z) — 68z + 24) + (22” — 2z + 1)
70

<—16Li2(—x) log(z) + 32Li3(—z) — 16¢2 log(1 — ) + 3 log®(1 — z) + 1OOC3>

+ 2 (402® — 28z + 3) Liy(1 — x) — 4 (262® — 62 + 3) Lix(1 — ) log(1 — )
— 16 (32® + 22 — 1) (Liz(—x) + log(z) log(z + 1)) + 8(z — 3)Lix(1 — x) + 4(1 — 2z)
X Lig(1 — ) log(z) + 3LZF ((82° — 8z +4) log(1 — z) + (—8z% + 4o — 2)
x log(z) 4+ 4z — 1) — 4 (342” — 220 4+ 11) Sy 5(1 — z) + 4 (182% + 22 — 1) Liz(1 — )

30522 1

+4(=122° + 224 5) G + 24 (42® — 2z + 1) (; log(z) — -3 (522% — 34z

1

+17) log® () — 5 (42° — 68z + 35) log?(z) + 8 (102® — 6z + 3) log(1 — z) log*(z)

— 6 (222” — 142 + 7) log*(1 — ) log(z) — 2 (632® — 80z + 23) log?(1 — z) — (1742”
—245z + 59) log(z) + 4 (48z* — 50z + 13) log(1 — z) log(z) + 2 (88z” — 147z + 38)

x log(1 — z) — 12(x — 1) + 2332 — 4(x — 3) log*(x) + (28 — 442) log(z) + 8(z — 3)

x log(1 — z)log(z) 4+ 24(x — 1) log(1l — z) — 1—§1> (A.17)
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The last correction terms correspond to the ones contributing to the gg, gy and vy channels

A(Q)CA _ 0124 1(
99

“r 130" 8(x + 1)%Liy(—

2)(9log(z) — 6log(x + 1) — 2) — 24(z — 1)®S; »(1 — )

+48(x + 1)2S; o(—7) + 72x(z + 2)Liz(—x) + 72Liz(—2) + 2(z(8¢ + 48¢3 + 191)

+16(C + 6¢; — 9)) + 24¢ log(z + 1) + 4log(z + 1) (6z(z +2)¢e + (z + 1)*(4
—9log(x))log(x)) + 24(z + 1)*log(z) log*(x + 1) + 2log(z)(—x(75x + 38)

+ (2(25z 4 2) — 2) log(z) — 6) + 8¢ + 48(5 — 47)

(4Liy(—z) — 3log?(z) + 2log(z + 1) log(z) + 2() + 451 2(—2))
— 427 + 1)*(Lig(1 — 2)(4log(1 — x) + log(x)) — 4Li3(1 — x) + log(1 — z)
x (2log(1 — z)

(A.18)
AP =1, (22 + 1)*(2log(x) (log(z) — 4log(1 — x)) — 8Liy(1 — x)) — 672* + 60
z+16(x — 1)(3z + 1) log(1 — x) + 2(1 — 4(z — 2)x) log(x) + 7) — 4(z + 1)
x (log(z + 1)
(

— log(x))log(z)) + 4(2x(7z — 2) — 5)Lig(1 — z) + 8(x(z + 4) + 2)
X Lig(—x)log(z) + 8(x + 1)(Liz(—z) + log(z) log(z + 1)) — ZLZF

x (=62% + 4z + (2z + 1)* log(x) 4+ 2) — 8(z(7z + 10) + 1)S12(1 — ) + 8((z — 2)z

— 1)Lig(—x) + 982” + 4(3(3 — 4z)x + 5)Co + 4(102(z + 1) + 3)(o log(x) + 4(2(x — 1)z

—1)¢y — 662 — §(8x<x +1) + 3) log®(x) — 2( + 1)(dz + 3) log?(x) + 16(z — 1)

x (3z + 1) log?*(1 — x) + (2(1052 — 64) — 23) log(z) + 4(1 — 4(x — 2)z) log(1 — z)

x log(z) — 2(x — 1)(67z + 7) log(1 — x) — 32 (A.19)



APPENDIX

Resummation formalism up to O(a?)

Here we complete the expressions (4.1.28)-(4.1.34) in section 4.1 by providing the second
order perturbative coefficients needed to perform the transverse momentum resummation up
to O(a%). We focus exclusively on the case of quark initiated processes, such as Drell Yan, and
recall the functions Aff), B??V and CG(L? in the hard scheme, as presented in [110,111,124,127]
and [135], respectively. Furthermore, we also present the process dependent quantities HY
needed for the Drell Yan mechanism, as reported in the appendix A of [110].

On the one hand, the coefficient A'? in the expansion (4.1.13) can be read from the Eq.
(47) in [111]:

1 67 2 5
AP = 5 Ce [(E — F) Ca— §Nf] , (B.1)

where C. = Cr if ¢ = q, q.
On the other hand, the function EJ(V?) in Eq. (4.1.25) can be expressed in terms of BY  the

2
cc, N as

tirst order collinear function Cgi’)N and the NLO anomalous dimensions

B = B® —25,CVy + 272, (B.2)

2
cc

where the expression for the perturbative coefficient B in the hard scheme reads (see

Eq. (34) in [110]):

B = _7;(61) + 780 Ca G2 (B.3)



120

with v,1) (@ = ¢, g) the coefficients of the 6(1 — z) term in the NLO quark and gluon splitting

functions [86, 87]. In the case of quark initiated processes, the expression for 7,i) is

17 88 2 16
Y1) = Vq(1) = (=3 4 24¢ — 48(3) C%‘ + (—— — =G+ 24(3) CrCy + (— + §C2) CrNy ,

3 3 3
(B.4)
and (, is the Riemann zeta-function (¢, = 72/6, (3 = 1.202..., {4, = ©/90).
As for the C? collinear coefficients from the expansion (4.1.15), they can be obtained
from Egs. (37-40) in [110]. Here we present the final forms of Cl2(2), Cg)(z), C’é?(z), C(gj,) (2)

and C’é;,) (2) in the hard scheme, relevant for the quark initiated processes, such as Drell Yan:
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7¢; 101 1
203 (2) = CACF{ (7 - 7) <1 - )
+

1+ 22 Lis(1 —
4 _ 3(1—2)
1—=2 2

_ Liy(z) log(2)
2

. 1. 1
+ Lis(2) - ELIQ(Z) log(l —z) — 2 log?(2)

(—}1(11—3;:2) (s

1 1 2
— ~log*(1 — 2)log(z) + —7?log(1 — z) — W—) +

2 12 8 1—=2

7)
+(1—2) (LI2T(Z) + % log(1 — 2) log(z)) + 2 —;7100 + 1zlog(l — z)}

4
14 1
e {2 (1)

% log(=)(3log(2) +10) + ﬁ(—wz — 37)}
+ C}%{ 11-tzz (L13(12— z) B 5L1;(Z> + %Liz(z) log(1 — z) + w

3 1 1 5}
+ 2 log(2) log?(1 — 2) + { log?(2) log(1 — 2) — —x*log(1 — =) + g)

1 1
T (_22 1122 + 11) logz(z) ~ 3% (8322 — 36z + 29) log(z) +

+(1—2) <—Li2(z) — —log(1 — 2)log(z) + 2 §) + — (1 + 2)log*(z)

L (1 2 2
1—z(§ (—22% 4 2z + 3) log”(2) +

L o
_ZK% —18)(1—2)— (14 2)Inz] }

+ @{%(1 (22— 24 2) (LIZ_(Z) + Llog(1 — ) log(2) — ﬂ)

(172° — 13z + 4) log(z)> - Zlog(l —2)

6 6 36

1 2 1 2 2
+ 575,01 2) (1362° — 143z + 172) B (82" + 3z + 3) log’(2)

1 1
+ 36 (322" — 30z + 21) log(2) + ﬂ(l + 2) logg(z)} , (B.5)
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CA(z) = CA{ L (1—2z)(112% — 2 + 2) Liy(1 — 2)
Lis
(22 — 2z +1) ( 3 — —L12(1 —z)log(1 —2) + @ log®(1 — z))

3Lis(—2) L13 (1+z) Liy(—2)log(2) 1 3
3 1 — 3 ~ 51 log®(1 + 2)

+ 22 +22—|—1 (

1
+ 1 log(1 + 2) + —n2log(1 - i (— i
16 og ( Ylog(1+ 2) + 487r og(l+ z)) + 4z(l + z)Lis(—2) + zLi3(2)
I . . 3 14922
_ §zL12(1 — z)log(z) — zLiy(2) log(z) — 3 (222 +1) ¢ — 516
1 1 2z 43z
— — (4422 — 12 1 — — i T o
96( z z+3) 0g()+72(68z + 6772 3Oz—|—21)10g()—|—24—|-48
43 1 3 2 1 2
1085 + 48(2z+ 1)log®(2) —zlog(l z)log*(2) g(l z)zlog™(1 — z)
1
o1+ 2)Tog(1 4 2) og(3) + (3 — 42 Iog(1 — ) — 22}
Liz(1 — Li 1
+ C’F{ (22° — 22 +1) (Cg _ Lig( 3 2 138(Z) + gLiQ(l — z)log(1 — 2)
Liz(z)log(z) 1 . 4 1
=V 08E) " 1og3(1 — 2) + — log(2) log?(1 — 2) + —1 log(1 —
+ 2 15 108" (1 = 2) + 75 log(2) log?( Z)+160g()0g( 2)
— Si 1 (42* — 22 + 1) log’(z) + 1 (—82% 4+ 122 + 1) log*(z)
8 96 64
1 11z 1 ,
+32( 82% + 23z + 8) log(z) + 2 (1—z)z+3—2+8(1—z)zlog(1—z)
1 1 9
21— 2)zlog(1 — 2)log(z) — — (3 — 42)zlog(l — 2) — —
T 2)zlog(1 — 2)log(2) — (8 — 42)=log(1L — =) — =
1 1
7 zlnz+§(1—22)+(772—8)z(1—z)] } . (B.6)

On the other hand, the flavour off-diagonal coefficients Cq(? (2), C’;i,) (z) and Cé? (2) are
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Cid (2) = Cr (CF - %CA) {111‘:: <3L132(—Z) | Lig(2) + Lis <lj—z> - LiQ(—ZQ) log(2)

_ Lis(z)log(2) 1

: 57108°(2) = 5 log*(1+ =) +  log(1 + =) log*(2)
+ 1—; log(1 + z) — ﬁ) (1-2) (LIQT(Z) + %log(l — 2)log(z2) + %)
%(1 4 2)(Lin(—2) + log(2) log(1 + 2)) + ;j(z “3) 4 é(llz 1 3) log(z)}
+ CF{ S22 2 4 2) (Lig(z) 1 log(1 - 2) log(2) — %2>
+ @(1 — 2) (1362% — 143z + 172) — 9i6 (82% + 32 + 3) log*(z)
+ % (3227 — 30z 4 21) log(2) + %(1 + 2) 10g3(z)} , (B.7)

Cg,)(z) = Cg,)(z) = Cp{é(l —2) (222 —z+ 2) (Lig(z) +log(1 — 2) log(z) — %)

1(l—l—z)log (2)

1—2)(1362" — 1432 + 172
+ 1395 ¢ z) (1362 32417 )+48
1 1
~ 5% (82" + 3z + 3) log®(= D+ (322" — 30z + 21) log(z)}, (B.8)

As can be seen, from these expressions ((B.1), (B.3) and (B.5)-(B.8)) one can obtain, by
taking the corresponding abelian limit according to the procedure detailed in Chapter 3, the
mixed order coefficients Agl’l) and Bél’l) in Eq. (4.3.21) and the collinear functions Cé;;l)(z),
C(%,’l)(z), ClyV(z) and €V (2) in Egs. (4.3.25)-(4.3.28). Those are exactly the universal
perturbative coefficients needed to perform the ¢t-subtraction up to mixed order O(a,a).

Finally, we move to the process-dependent H! coefficients and recall the NNLO hard-

virtual function HqD Y® for the Drell Yan mechanism, in the hard scheme, as presented in

[110,127]:

59¢; 1535  215w2 wt 1
HPY®) = CpCy - - —
F ( 18 192~ 216 240) "1

864CFNf (192¢5 4 1143 — 1527%) (B.9)

2 4
Yoo ( 15¢; + 511 677 177r)

16 12 * 45
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Here, just as in the case of the perturbative coefficients in Egs. (B.1), (B.3) and (B.5)-
(B.8), the abelian limit of Eq. (B.9) results in the expression for the mixed order hard-virtual

coefficient H" " in Eq. (4.3.24).
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