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POLARIZED ELECTROMAGNETIC RADIATION

The subject of Electromagnetic Polarized radiation has
become important in the last few years, especially because
there are available sources of polarized radiation, such as
Cob0 at low temperatures, bremsstrahlung radiation from elec-
tron accelerators and }{ - lines from charged particle reac-
tions,

Starting with Maxwell's equations
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We shall confine our attention to that part of the field
-
which contains no charges or currents, i.e. where P = 0 , j = O.

Combining Maxwell's equations one gets
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These are standardequations of wavs motion for the Elec-
tric and Magnetic field in free space propagated with veloci-
ty c.

The simplest solutions of these equations are spherical
and plane waves. Here we shall consider only plane harmonio
waves for the Electric vector, i.e., which have a constant
amplitude and phase linearly variable with time. In this case
we say that the waves are monochromatic. An analogous treat-
ment can be used for the magnetic vector,., It will be shown
that a consequence of the monochromacity is the completely

pelarized character of this wave.,



a) Elliptic nolarization

Let us consider the 2z axis as the direction of propaga-

tion of the wave., Bach component of E and H is given by
- 3 C

o - ] IO\ - .
E = a cos (wt-'k*r-}g):R{aei\u't h r,*(l)%

W = angular frequency of the wave
k = propagation vector = 2 Tc/,\

The argument of the cosine is the phase.

phase factor

Since the Zlectric and Magnetic fields are transversal we

have Ez = 0 and

Ex = a; cos (T + Sl)

(2)
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where T =z wt - k e r

Let us consider now the nature of the curve described by
the envelope of the extreme of the Electric vector. To do this

we have to eliminate T . Rewriting the above equations

B
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Analogously
E E
X cos (52 - % cos 61 =
al 3.2

Squaring and adding (3)
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This is an equation of an ellipse because the associated
determinant is not negative:
1 coss
- -
1 : 28 sin
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The ellipse is inscribed in a rectangle of sides 2a; and

2a,, which are parallel to the axis x and y respectively. Gra-

phical solutions for different values of (5 are given 1n fig, 1
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We distinguish two cases of polarization according to the
sense in which the end point of the electric vector describes
the ellipse, and this is determined by sin & ¥ O.

In the two cases the light is said to be elliptically po-
larized,

We shall define here the polarization as right-handed (R.H.)

when to an observer lorking in the direction from which the

light is coming the end point of the electric vector describes
the ellipse in the clockwise sense, In this case we have sin(S) O.
For Left-handed (L.H.) polarization, we have the counter clock-
wise sense, In this case sin §¢ 0.

We can easily see that sin‘% 0 determines the two kinds of
polarization, This is done by using a graphical method of deter-~
mineing the resultant of two motions at right angles, using the
projection of uniform circular motion for generating each of
the two simple periodic motions, for different values of S .

For example consider the two cases: a)d = T ana o) =3—2'1

>z {3

$-) = a; cos ("CA.-Sl')

Ex = aj cos (Teo;

a) b)

Bt
X

a, cos3 (T-}-SZ) E}’r = a, cos (T« 52')

By
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Dividing a complete period into eights, the numbers O to §

represent the position of the generating points. The phase diffe-

rence determines the starting points. For example 8 = igE when
y = 0 we have x = a;, and for 8 = jg; 3y =0, Xx = -ay.

b) Linear Polarization.

£ §=8, -81 = 1¢ m=0,%1,%2,

then we have

B _
..L. = (_.]_)m A..
ay ag

The ellipse is transformed into a straight line, and the

light is said to be plane polarized or linearly polarized. In

this case there is only one kind of polarizations:

¢) Circular Polariza*ion

If(5=82—81:m.12c_. e Yi,% 3

and a; =z a, = a

then the equation of the ellipse becomes

which is an equation of a circle, and we have two kinds of pola-
rization given by the sign of sin 5‘.

sin 5\) 0 right-handed circular polarization.

8:-T-25—+2m7t m= 0,51,% 2,....
ané |
Ex = a cos (tﬁ-gl)
T - ,
Ey = a cos (E+81+—2— ) = - asin (t-s-gl)
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for sing< O left-handed circular polarization

we have 5:-12"—4-2;117: m=O0,% 1, %2

td

= @ coS ('»Cﬁ-sl)

Ey = a cos (T_+Sl--1;—-) = a sin ('UQ-(Sl)

\-

Characterization of the state of Polarigzation by Stokes paramet r-,

In order to characterize the elliptic polarization of a
light wave,we used 3 independent parameters, the amplitudes ay,
and a5, and the phase difference 8 s or the two axes of the

ellipse, and the angle of inclination \l,’ .

Fig. 2

Stokes in 1852, found a very pictorial way of describing
the polarized light, by introducing four parameters assoclated

with Poincare's sphere, and defined in the following way:

Se = al2 + a22

S§ a12 - a22
- D
Sl = 2 aja, cos 8

%

where only three of these parameters are independent since we

2 a.—‘_a.2 sin (S

have

2 proe 2 ' .
Jf S 2 e S 3 P
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The parameter s, 1s proportional to the intensity of the
wave, while S19 So9 s3 are associated with the inclination of
the ellipse ( \y ) with respect to the axis, and the direction
in which the ellipse is described (X ) .

If we describe a sphere with a radious s,, then we see that
Sy 52, s3 are the projections of a point P on the carthesinn
axis x, ¥y, 2 and we have
s; = s, cos 2X cos 2V
so = s, cos 2 X sin 2V

83 = S, sin 2 X

with

tan X = % -S-

where

b = minor axis

a = major axis
Fige 3

The sign % determine the direction of polarization

+ polarization R.H.

- polarization L.H.

These equations show a simple geometric way of representing
a beam of light by the point P, whose cartesian coordinates
are sy, So and Sye
Since X is positive or negative depending on the kind of
polarization we have
»1lliptic polarization
X >0 R.H. polarization point P - North hemisphere
X < 0 L.H. polarization point P - South hemisphere

Circular polarization

L H

X» 0 R.H. polarization aq

o
no
951
-
1] 1]
(@ o

6‘ =T(/2 82
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The point P is situated on the North pole

H
(@

X<o L.H. polarization a; = a, Sq

8:"‘7‘(/282“

L}
(@]

The point P is located on the south pole
Linear polarization

82-61:m7t 2% 53 =0

The point P is located on the equator.,

Thus we can see that to every polarized beam of light the-
re correspomsa point on the Poincare's sphere, which describes
completly the state of polarization. It will be shown that if
the light is unpolarized then it is represented by the whole

superficie, and with a variable radius.
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QUAST-MONOCHROMATIC LIGHT

Let us consider a beam of light, which consist of sharp
spectral lines, e.g. emitted by Cadmium vapour, and let one of
them illuminated a Michelson interferometer, adjusted to give
circular fringes, then if the two paths PM; and PM, are nearly
equal, distinct interference fringes are seen by the observer.
If, however, one of the paths becomes longer then the other one,

then the fringes tend to blur

J20L2 Ll L L

and eventually dissapear. This can
A be - explained by supposing that
\V the spectral lines are not strictly

monochromatic, but consist of a

ey

b 4
v

superposition of wavge of different

+

2y PP7 7

frequencies, which form a wave

\al packxet of duration t, and a large
number of them pass .at random time
intervals during the observation

\§?¢ time.'Thus, when a wave packet enters

fige b the interferometer, it is divided

into two which follow the paths PM; PO and PM, PO respectively.
If the difference PM; - PMy, > At then one of the wave packets
will arrive at O after the other one and there will be no inter-
ference.,

We define & t, the duration of the wave packet, as the

coherence time, since this is the maximum time interval during

which interference can be made.

This can be illustrated mathematically by a simple example.
Consider a light disturbance F(t) at a time t, due to a

wave packet, and let us assume that F(t) = O when 'tl%:to.
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Then we can express it as a Fourler integral

/\F(t) (*G)

L

pd
‘v -k, o  +u, we must make a sumation over an

fig, 5 infinite number of frequencies.

Using the Fourier inversion theorem we have

: + .
F(\N:J Fo(t) 2RIVE g ¢ (2)
-

Suppose now that all wave packets are of a duration Dt

during which F(t) is simply periodic with frequency

£, e=2TWiV, ¥ pen |t €At/2 )
3
when |t} >at/2

F(t)

/N FY
In this case the wave packet is

of the same frequency V,. dere

/ .
v-——’J ot b fo is a constant.

-t + ==
2. z Using (2) and (3) we write
At
+ 2 I\
- el 271Vt
fig. 6 £(OV) = foj . e dt
)

—

= I, Ot [Sin{n‘(\) Vo)at )
TV - VAt J

Fit) =1 £(V e 2T 1Yt 49 (1)
- (P
Thus we see tthat 1n order to have

a wave packxet of this special form,

composed only of sinusoidal waves

This is a function of a type sin x/x. The intensity distri-

bution of the Fourier components is given by

. 2
(Sln{ﬁ(\)' Vo) 4 t‘s )
R e _ T - e

as shcwn in the fig. 7

The first zero, which occurs

when the argcacht of the sin is

equal to 7T 1is
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so we have AV T 1/ /¢

Thus the reciprocal of the coherence time is equal to
the effective spectral width of the wave packet.

In practice, wave packets are not all identical, and y
of this simple form, since according to the atomic thoery the
loss of energy suffered by the atoms during the light emissici:,
results in damping of the wave packets. Besides this the ato.s
move in a random thermal motion, so that the spectral line
emitted is modified by the Doppler effect. All this influences
the form of the wave packet, Therefore we can in a general way
say that if we have a light disturbance F(t), whose Fourier
inverse is f(V), it is possible to define At and 4V, which

are rcspectively the « varage duration and thy average width of
the wave packet and which satisfy the relation and

1
AV > -
At "

and this inequality 1s analogous to the Heisenberg uncertainty
principle,

Consider a simple sinusoidal wave of one frequency\)o
then we have 8V =z 0, At = eo. Therefore we get an infinetly
long wave packet, which is the monochromatic case, and the -
¢oherence time is infinite,

If on the other hand we have a very sharp light pulse,
such that At =z 0, then this pulse is composed of an infinite
number of monochromatic waves, and AV = @ , This correspends
to a light emitted by an atomj the coherence time is zero, and
one never gets interference effects,

There is an intermediate case, which is the guasi-mono-

chromatic light. Light emitted from real sources is never

strictly monochromatic because of the finite width of the
spectral lines, and because the source is never a strictly
point source, but has a finite extension due to a large number
of clementary radiation (atoms). Thus the amplitude and phase

of such a wave is no longer a constant, but undergo irregular
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fluctuations, with a rapidity depending on the offective width
Q V. The amplitude practically constant only during a time
interval which is small compared to the coherence time, i1.,e.
the reciprocal of the effective widht AV, and the change of
the relative phase of any two Fourier components is much less
then 2 JU during the same time interval. Thus the addition of
such component will represent a disturbance which in the tinec
interval A t, behaves like a monochromatic wave of mean fro-

quency '3' o But this is not valid for times longer than

AV

i.ce the coherence time,

Consider then the quasi-monochromatic light of mean

frequency V) given by

i[¢l(t) PEES, t]

Ex (t)

aj (t) e

. () ei[cpg(t) -2V t_]

E, (t)

We can see that if we do not make any assumptions about
the time variations of the amplitudes and phases, then the abo-
ve equations represent natural light.

We shall show here that the quasi-monochromatic light
is partially polarized and we shall define the degree of po-
larization.

Let us then take the two above component E, and Ey, and
introduce a retardation eii in the component Ey, This is
done, for example, by using a compensator, which can in parti-
cular transform elliptically or circularly polarized light
into linearly polarized light. In this case if the phase diffe-~
rence between the two components EX and Ey is S s then we in-
troduce a rctardation ¢ in one of the components such that
the total phase difference is a;+-€ =7 or O, In particular a
¢ = IS

gquarter wave plate 1s used, whose retardation is 3



- 13 =
The component of the electric vec-

tor in the direction @ is then

y
Ey/x L .E given by .
't E(t,0,€) = By cosO+ T, et sin
: so that taking the time average of
e >; N the intensity over a time long com-
fig. 8 Ex x pared to the period

* 2 ¥ o * it X g€ )
I(@,Q):(EXEy)cos D +(EyE ysin“B +(E;Ep>e” sinfcos® +(E3;E5,c'icos931n@

- Jxxcosze-b Iyy sin® @+ Iox e:LE sin@cos@ 4+ Tyx e-1t sin®cos®

where the Jy ,y... are the elements of the matrix
2 1 (43 -d?z)
Jex ny | <a; > ajage 2
J =
4
' -i(4>2 "¢l) -
Jyx Jyy (818, © > (az)

This is the coherence matrix.
The diagonal elements of J represent the intensity of
the components in the x and y direction. Therefore the trace

of the matrix is equal to the total intensity of light.
- * o va? 2
Tn J = Jyy + Jyy SCE ELD+(Ey B> =qap) ¢ (a5 ?

The matrix is hermitian in general, so that we have

J = J*
xy = yX

We. shall define here
Ixy

19 % . Xy
)LXY:-lj"xylePy ‘\,_—_—-—-JXXJYY .

The term '}*’Xylg 1 represents the degree of coheren-
ce and ﬂxy the effective phase difference

We can write now

2¢ : -1
I(OE) = Jyx cos”Or Iy sin®@+ 2 cos @ sin ) R(Iyy 6™

-—"—-——.-—w » ~
= Ty 003294. Iyy sin® QD+ 2VJXXJny_%Xy‘cos@sin@cos(ﬁxy-f:)
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The elements of the coherency matrix can be determined
by a relatively simple experiment. Let us take a polarizer, i.e.
a Nicol prism, and a compensator, and measure the intensity of
light as the function of the angle of polariser GB y and the
retardation & . Then we can solve the above equation for these
angles, For a certain.e)we shall obtein a maximum of intensity,
and by puting a quarter wave plate after the Nicol we obtein
zero intensity for elliptically polarized light.

But for partially polarized light we shall obtein only
maxima and minima in the light intensity, measured after the
quarter wave plate, as we turn the Nicol prism, varying the
angle @ .

NATURAL LIGHT

Light most frequently encountered in nature has the
property that the intensity of its components in any direction
perpendicular to the direction of propagation is a constant,
and it is not affected by any retardation introduced in one

of the rectangular components, So that we have:

1(0,€ ) = constant for all O and € .
This is called natural light.
In order to have I((,€) independent of © ana €,

we must put
',beyl =0 and J. = Iy

The first condition implies that Ex and Ey are mutually

* .
=d , Wwe can write the second con-

i nd since J
incoherent, and since J, vx

y
dition as

[ . -

ny - Jyx = O B JXX od Jyy

and since ;

J J = I
XX+yy

L4
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it follow that the coherency matrix for natural light is

S
2 0o 1

J =

MONOCHROMATIC LIGHT

In this case the amplitudes a1y a, and the phase

2
431, 472 are independent of time, so that the coherency
matrix is
a2 a, a eis
172

7= with O = . - ¢,

and in this case we have

J J = 0

bal = 3 xy Jyx

XX JYY
and the complex degree of coherence of Eg and Ey is given by

Ix _ 10 . ;
o= g +e5  Jpol o

and the phase is equal to the difference of phase of the two
components i.e. ﬁxy = S.

In this case we have complete coherence or complete

polarization.
LINEAR POLARIZATION
We have O = n m=0, 1, * 2,% ...,
and the coherence matrix becomes
2 _1ym
ay (-1 a4 a,
m 2
(-1)" a1 a, a5

Therefore the electric vector vibrates in the direction

a
given by the line Ey - (o1)m 2

al
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and in particular we have

direction x - axis direction y - axis
6.2 = 0 al =0
1 0] 0 1
J= I : J= 1
0 0 0 0]

direction 45¢ with x - axis direction 135¢ with y - axi

aq = a, m=0 al = as mz=1
1 1 1 -1
J = EL I J :'%f I
2 1 1 -1 1

19
al=a2 S:m_ m:tl,t3,t...

The coherence matrix is

1 1 t1i , upper sign gives R.,H., polarization
J = —1
2 ti 1 lower sign gives L.H. polarization

PARTIALLY POLARIZED LIGHT:

In this discussion we have to use an important theorcm,

If several independent light waves which are propagated

in the same direction are superposed, the coherence matrix
of the resulting wave is equal to the sum of the coherence
matrices of the individual waves,

Iet E(n), E(“)

(n 1, 2,...4N) be the components of
the individual waves. The components of the electric vector

of the resulting wave are

RE (n) - (n)

- n n - 7

Ex = L x By Fiam B
n=

so that the element of the coherency zatniz ds.igiven by

ng ={BEp) = Z Z {Elin) e Zn<El({ n) (n‘+ L (F(n) % )>




since the waves are assumed %o be independent, then each term

in the last summation is zero, so that we have

n)
5

) n)x
Ep(*l) N g

-
-y

- (
e = 2_ < B “
n

=R ]

n
where Jke are the elements of the coherercy matzix of the
th
n="— wave,
Conversely any wave may be regarded as the sum of inde-

pendent waves, For example:: suppose we have natural light

1 0 0 0
;= ..l..IJ

1

- I

1 9| ;
= + — I
2 0 0 * 2

2 o 1 o 11}’

two independent linearly polarized waves, with electric vectors

at 902, each of intensity I

1 1 0 7 +1 +1 1 1 -1
J 2 =T = -1 + — I
< 0 1 L -1 ¢l b +1 1

two independent circularly polarized waves in the right and

left handed direction respectively, each of intensity %4 I,

Thus we can see that matural light can be considered as
a superposition of linearly polarized light at 902 or circu-~
larly polarized in L.H. and R.H. directions.

We shall apply this to partially polarized light.

We will show that any quasi-monochromatic 1ifht wave
may be regarded as the sum of natural light waves, and mono-
chromatic wave, independent of ths formes, and this represen-
tation is unique.

. To establish this we must ~nly show that the coherency:

2
matrix J can be uniquely 2xpressed by J = s 4 g ) (1)
whare
J = JXX Jky ‘
Jyx JYY '
and '
A B D
NEOI 0 @) , A
0 A ’ - i D C
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P
J(l) being the natural light, ané ghe) the monochromatic

wave, and we also have

Ao B0 , T 3o
and
>
BT - DT =0 (2)

Therefere according to (1) we must have

A+ B =z J_ D = Uy (3) ‘
D* = J A+C= J ‘
yX Yy
substituting (3) in (2) we have
(Jgx = A) gy = B) - I T =0 (%)

This equation has two roots given by

= 1 1 2 ‘
Az =5 (JXX + Jyy)t 5 \V/szx +* Jyy) -4 )l (5)

where
fol = 0y 3y Ty Tyx 2 O (6)
since %
Jyx = ny then ny Jyx 2 0
’ £ L )2
e o ‘J’ - JXX Jyy é )+ (JXX + J-yy/ (7)

Both roote are real and non negative, but the root of A with
positive sign leads to negative values of B and Cj; so it has
to be rejected. Let us then consider the other root with the

negative sign. We then have

!

1 2
R R N kL
!

1 1 2
B=-§-(Jxx-Jyy>+—2—mxx+Jyy) - % 17

¥y xx) +



We have thus obteined a unique decomposition of the
required kind.

The total intensity cf lignt is

Tior = Tr J = J.. +% Jyy (9)

and the total intensity <f poclarized part is

- - B 4 2
Iy = Ir 7@ 2z Bic :\/;JXX P Ig)E = |3l (o)

The ratio of the polarized intensity to the total in-

tensity is called the degree of polarization P.

I |l '
p = 2oL _ \//; - ~ (11)
(T + I,

Itot vy’

from (11) and (7) we have
0 &£ P <1

when P = 1 the light is monochropgatic and lJ‘ = 0 and we
have completly polarized light,
when P = 0O we have completly unrolarized light and H}J\:(JXX+Jyy

2
oo Uxx = Jgp)T + 3 Jgy Ty = 0

N
. L%
and since Jyx = ny
. o JXX ot Jyy ny = Jyx =0

which is the case of natural light.
If we have 0P <1, then the light is partially polari-

zed, and when E, and E, are mutually incoherent (but the light

)2

y
not necessarily natural) then ny = J.  and |Jl = Jyx Jyy anc
have -
dxx = Jyy
P = = difference of comporent intesities
Jxx - Jyy total intensity

We can also write

I + P Jox

I - P Jyy ellipsoid of intensities.
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ANGULAR MOMENTU4 OF POLARIZED TLIGHT

On the basis of either the wave thoery or the quantum
theory, a beam of circularly polarized light exerts a torque
on a doubling refracting plate which changes the state of
polarization of the light becam.

The results are also true for elliptically polarized light,

Classical Theorvs: According to the elcctromagntic theory, a

light wave passing through a plate exerts a torque given by
g = P X E
the torquc per unit volume produced by the action of the
electric field © on the polarization P of the mediumj since
X (dielectric constant) is a tensor P and E are not parallcl.-
Let the clectric componets of a plane light wave propa-

gated in the z direction be given by:

=
M
1

A cos £ cos (tl + D)

il

v & & sin fg) sin (52—[_\)

E =0
Z

We may calculate the torque for a simple case (assuming
a doubling refracting medium of permeability unityj and{take
as X, y, z axes the principal axes of the tensor X , for
the light frquency in question). One gotis:
A )2
T

L= ( n A sin 20(sin 2/ - sin 24)

for the torque per unit area on the crystal between z; and z,.
(The derivation of this formula is given by R. Beth (P.R.50,115/52%))

Quantum Theory: Here one has to assume explicitly that the

angular momentum of a circularly polarized photon 1is f f;
(right and leftc circ. pol.)
Consider an elliptically polarigzed light wave, propagatacd

in the z direction in a vacuum, whose componcnts along an arbi-
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trary pair of perpendicular x and y axes in the plane of the
ellipse are:
Ey & a; cos (Z + Sl)
¢ (1)
E, 2 ap cos (T + 52)
Supose we have now the same wave whose components are

given as functions of the principal axes of the ellipse O\'\, OE .

Then the components E; and Eﬂn are related to Ex and Ey by
E = E, cos E._ sin
g x cosY + B Y
E E i E (@)
=-E_ sin
u < sinV &+ , cos Yy
The equation of the ellipse referred to 0f , OM is:
’ Bp = acos T +8,)
. (3)

En, *+ b cos (Z,+SO)

The two sipgns distinguish the two possibles senses in
which the end point of the electric vector may describa the
ellipse, To determine a and b, we compare (2) and (3) and use
(1), and one gets:

Eiz_ a(cos cos (50-sinl sin (So):al(cosz cos Sl-sinz sin 5l)cos Y +
+ ag(cosb cos éz—sinb sin 52)sin \}/
E,\= b(sint. cos (So-cosa sin So)s-al(cosz cos Sl—sinz sin 53_)sin\V+

+ ap(cos( cos 82-sinz sin Sg)cos W

Compare the coefficients of cos ¢, and sin a

a cos §p = a1 cos 81 cos\P + ap cos 52 sin (a)
a sin So = aj sin 51 cos \{) + ap sin 52 sin \P (b)
b cos 50 = aj sin 81 sinY - aj sinsz cos ¥ (e)

b sin 50 = =~aj CcOS ‘Sl sin\y + a, cos 52 cos \)‘/ (a)
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Squarring an adding (a), (b) and (e¢), (d)3; we have

a2 a% cos? \V+ ag singu'/ + 2 a, a, cos L}l sin \{/ cos\s

b2=a]2_ sin® VW 4 a

‘ Scoszt}/~2ala2 cost{/ sin\{)cosS

Hence a 4+ b2 = a% s a% (L)

Multipliyng (a) x (¢) and (b) x (4) and adding:
a s b=ay i, sin O (5)

(%) and (5) are the natural invariancs of the wave. We can
eascly regard the wave (1) as coherence superposition of left
and right circularly polarized components of ampplitudes L and

R respectivly

fig. 9
Fig. 9 shows by graphical construction that this is

possible, One can see by calculation that:

12 - R2 = a; a, sin (S )
12 + R® -.:]é‘- (a%_ -+ a%)
The number of left circularly polarized photons transmitted

per unit area per second is the Poynting vector intensity

cL2/4TT  divided by the energy per photon hW or

IR = 12 A /AT b
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The angular momentum of the light beam left circularly

polarized is then

1?34 12 %\
b T p g2

according to the assumption statecd above.
Considering the similar expression for the right circu-

larly polarized component, the angular momentum of the bean is

M_-m (L - R=) (7)

If now the state of polarization of the light is changed
by transmission through a double refractiﬁg plate, M will
change, which means that momentum is transferred to the plate.

In the Quantum Thoery (expression (6 ) L or R change and
in the classical theory ~>. changes. To obtain the torque on
a section of the crystal fron expression (7) for a wave in
a vacuum, we place the face of crystal at z = z, (vacuum for
z<’zl) and ussing the conservation of angular momentum and
Fresnel's relations for the amplitudes of the reflected and
transmitted waves we obtain an expression that is the excess
of angular momentum per unit area, per second flowing into a

section of the crystal at z = zq over that flowing out at z = z,

A

M = ( ) n A sin2( sin 2 A

y 7

Hence both the field and quantum theories predict the
same value for this effect which has been meassured with a
double refracting plate arrangement, fig.lO0 .=

M is a quartz circular half wave plate, hanging at the
bottom of a quartz fiber forming a torssional pendulum.-

T is a fixed plate above M with a relfecting layer of

aluminum on the top.




Fig. 10
The ideas underlying fig. 10 may be qualitativly

understood as follows, The light coming from a Nickol prism
upward through the plates is reflected by the aluminum layer
on the top side of T passing downward again through the plates.
For a certain wave length A s, B is a quarter wave plate.
If light of wave length A from the Nickol, linearly polarized
at 9 = 4590 enters the bottom plate B, both, direct and
reflected beams will be circularly polarized in each space
between the plates in the directions indicated by the curved

arrows and force the plate M (double refracting) to turn,
ceeeQmmem

POLARIZATION IN QUANTUM MECHANICS

To describe polarized electromagnetic radiation in
quantum mechanics one needs two basic quantum states corres-
ponds to the two possible polarizations i.e.

a) two states of linear polarization with their planes
of vibration of the electric vector perpendicular to
each other.

b) two states of circular polarized light, one left and

other right.

As we have shown in the study of light
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it is possible to obtain any beam of light by a cow-

bination of these two basic states.,
A definite state of polarization is described by a wave

function
W =0 Y1+ G Yo
this correspondé to a totally polarized beam (elliptically

pol.)3 if one chooses conveniently the system of axis it is

possible to transform this wave function in order to have

\{J:C'j'_\{,/ or !,V:Cé \Vg

We call such a state a pure state.-

States that are not pure (natural or partially polarized
beam of light) have to be described by incoherent superposi-
tion of pure states (with adequate weights). Incoherent
superposition means that in order to calculate the probability
of finding a certain experimental results, one must first
calculate the probability for each of the pure states and
then take an average (atributing weights to each of the pure
states). For example: if one scatters a beam of unpolarized
protons by He”, the resulting beam has more protons in one
direction than in the other. To find out the amounts in each
state, one has to perform another scattering of the polarized
protons in Hek.

A pure state is identified by the coefficients c; and ¢,
of the expansion of the wave function ﬂ/ in the eigenfunctions

V1 and \VQ

The expeetation value of an operator Q is

QY :[W*Q‘{" d'C_

Taking the complex conjugate for“Y this expression becomes:
3
(Q):/ (o7 W1 + cp ¥p)* @ (11 + cp¥) al =
* % » »* Re
= ¢ cl/\.yl Q\fjl aC+ cq cgf\%_ Q‘%/g AT+ ... :Z Qup n v

n'n
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where Q'tn -‘-'f\f/:, e ¥Yn al

Because of the ortogonality of and the two cross

term vanish and we have:
(@ =cpej¥y Q¥ d *Cgczﬂlz @Y, d
One way for representing Q is to define the matrices:

2 X :'.".*;_\ ~¥ ke ke W
HPH = (cl x °1 c% and HQH :!/ . T }%Q Y G
) \

c (4 N W . N7} N
172 JRTECRTCLEN  AUA 2

then:

@ = [Pl Heud

The matrix ||P]] is call density matrix. For the case

of linearly polarized light, we have:

wen=(s 0y e pen={; )

If the state is not pure one can always decompose its

coherence matrix, after diagonalizing it

o= ) =2y e wee (e eep (00,

This is the incohecrent supperposition of the unpolarized

beam 1/2 0
(natural light) and the totally polarizcd
0 1/2

(o o)

P is called degree of polarization., A different way to

beam

characterize the state of polarization is by giving the Stoke's

parameters of the light beam:

51

P
33

| ey ‘2 "\Cg ‘2

L3 »%
Cp Cp + €1 Cp

11

x* %*
i (cl Cs = Co cl)
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That this are really the Stoke's parameters can be prooved

by rememberign their definition:
s]_:al-—a

2 a a2 cos S

8o

S3 2 aj a, sin 8

where a; and a, are the amplitudes of the wave (corresponds to
the c' s).~
It can be shown then that:
c c* c. or .
[Pl = (Z s’i ; *2) =4 G13.0)
where % is a vector with the three components given above, and

s

CT has the Pauli matrices as components., One can also show that

P = |§|
If one has a certain ideal polarization detector (for exam-
~wle one which detect only linear polarization in a certain plane,

eguivalent to Nickol prism), one can characterize it by the wave

function of the photons to which it is sensible.-

\'{/ det - cldet \Vl . c2det “‘J2

The probability of a response of the detector to a quantum

given by
V= o Y1 + Vo
is:
W:.l/ \y*det \‘/dZ'z = ‘_c;:det cl‘.'c: det ¢y 2

One can show castly that in the density matrix formalism

det _ 1 S det A
P "é"(l+§ . G )
The probability of response of the detector is then

izt (ppet = L (1+3 YD
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INTERPRETATION OF STOKES PARAMETERS

IN QUANTUM MECHANICS

In the transition between two states of definites quantum
numbers (jim) and (j'sm!) completely polarized light is emited.
In general this will be elliptically polarized,

Let us consider the representative'point in the Poincaré
sphere and choose a convenient system of coordinates with axis
I (direction of propagation), § and d} (directions of latitude

and longitude)j in these axis the electric field has components

B and E then we have:
0 ¢

By Cy
Eg  Cp

Moreover, the difference in phase between the two components

is 8 = -%r- (a particular case we are considering).

The Stokes parameters are: 82 = a.:% - a% = Ci - CS

1
1’ 5 8 S %
55 = 2 aja, cosU = 0102 - C2Cl ..C

> _ . ¥ -
S3 -2 aja, sen(g = l(ClC2 - Czcl)
but we have:
2
Iq) E(P 5 02
2 =) ==
I@ E@ C1
fig. 11
2
I = B
where (P ;Q @
I@ i be 2 2
. = 2
s I C
then o 1
2
IG + I,Q - Cl + 02
Ip Cg

Finally we have:

1
I - I 2(In I )
2 2 2. B 9 2 - e P
Sl-Cl~C2- -
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The meanning of S, = O is obvlous; the points in the

Poincaré sphere are along a single meridian.,

S§ corresponds to the fraction of circular polarized light

(to see this remember that when S, = O the corresponding points

1=

are on the poles of the sphere).

Si’correSponds to points on the equator (linear polarizz-

tion)o-
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IT - IHE PRODUCTION OF PLANE POLARIZED RADTATION

Radiation from an accelerated charge.-

Field of an oscilating dipole,.,~-

So far we have not considered the sources which emit
the waves, those sources can be either antennas which egit
waves, or radiating atoms. Hertz has found a matematical .
solution of the field equations, which gives a unified repre-
sentation of the sources and radiation field in the whole space.

Consider then Maxwell's equations in free space:

~7
S -
I) rot H = ~+ div E = 0
c Ot
5 111
- H -5
II) rotE:.--—LP-—- div 'H = 0
C bt

>

Y
Since div H = 0 we can express H as a curl of an auxiliary
vector potencial, Hertz introduced this vector potencial as a

-
time derivative of a vector Z, therefore we have

-
-~ 1 D Z
(1) H=z — rot
C bt
Since we can reverse the order of diferentiation
-> 1 0 -
(3) H= —~—— (rot )
¢ 0t :
...)
e 1 b I, 1 9
And substituting in I : (3) = rot 5t (rot Z) = T 3% B

4 9 ] S -
Integrating with respect to I : (4) curl Z = BE = grad div 2 - Az

In order to satisfy II we must differentiate (1) with respect

to t. -

3 1 D2 Z
(5) rot E o - == rot and integrating gives
c? gt
2™
3 1 0% 7
(6) E = = == + grad

where the integration constant is given by grad 4), because

since curls of the two vectors are equal it means that the




- 31 -

vectors differ only by an irrotational vector: grad 43 .

>
And if we take cp = div Z, then the equatg—ogs (4) and (6)
> J2 Z
are equal, and we have: (7) AZ = 2+
c2 Dt

- -
This is a wave equation for Z, and assuming that Z is a function

of r only we can write (7) in spherical coordinates:

NEEEIRY: _ 1 v2 2

(8) +
dr® r Jr c T t2

where the solution for Z will be a spherical wave of simple

> 72 1wt
periodic variations with time: (9) Z = F (r) e

S
then we have :(10) ’32‘; 5 OF w2 2
+ » =0
drl r or c? BN
e Po ~iw =t
And the solution is of this type:(ll) F = e c

Ly |

where the negative sign means that the wave is outgoing from
a center r = 0.- Thus we have for 2

- %t
(12) 7 = 20 iw (b = 7/¢) =-< )
r r

e~iwr/c
3 S,
where P(t) = P, elwt

We can obtain .ﬁ and -ﬁ by simple diferentiation of 2, by
putting e-iwr/c
f(r) =

r
then we have:
<3 S N S
rot Z = rot[ P (t) f (r)] = grad fxXP 4+ f rot P

2
but p(t) is a function only of t, therefore curl p(t) = 0

> 3 af 5 9 df 5 3 -
rot Z = grad £XP = ——=— (P XP) = — el (rXPp) 5 ro = Cya
dr dr
-iwr/c .
but aF 4 e /___(m L Ly -iwr/c
- r - re 2
dr dr r




Magnetic field,

- -
H = - D rot 2
c Ot
> , , ) 3
(14) hoeiWw (1L, 1W eiuu(t r/c) <P0X? )
¢ r2 rec o]

Thus we see that the magnetic field vector is composed of two
parts, with the same direction, but of different intensities,
one part decreasing with 1/r® and the other with 1/r. We can

see this better if we rewrite it in terms of wave lenght: (15)

iw
1 N - 1 ( 1 . 2?71

r2 rc r r A )
so that in the near region r (¢ ) , the first term predominates,
while in the far region r »y A , on the radiation field, the
second term is more important.

Let us examine the near region first

S 3
iw 1 1w (t-r/c) -
H, = =— — e o (P .Xr.)
n c _'[‘2 0 0
.y
- VP -
(16) H, = . X ro) o~ W r/c
cr2 ot

From the study of electrodynamics one has the Biot-Savart's laws
2 O
(17) FE i
7 - c . r2

where I is the current, and dg a segment of the wire where

the current flows.,
EETUVEA
Comparing (16) and (17) we see that except for the term e W e

the field in the near region is due to a current element:

N

P(t) -

(18) 1d% = %——-—': iw Py clw t
t

B(t) can be written as the moment of the dipole of lenght

?'and periodically oscilating charges + 45 eiwt =q (t)

3 7 >

. B p(t) da 7

e « p(t) = q(t)Q —} 9 = — @ (19)
ot ot




is the current flowing as produced by the charge.

where

a
ot
Thus we have that the solution we obtained gives a magnetic
field Que to a dipole of fixed axis and oscilating moment p
near the dipole region.

-iwr/e ) (16) corresponds to the velocity

The term e
of propagation and gives the "Retarded Field" as r becames larger.

The kind of dipole, as shown above, can be represented by a

short linear antenna 1in which high frequency oscilatory currents
are induced, The law of Biot Savart is valid enly at short
distances from the antenna, because at larger distances we have
seen that the second term in (14) is more predominant, We can

see that this second term corresponds to the rate of change

of the current by writing:

e w2 1 iw- 2y o ‘)‘ 1 D2p(‘c) S P SR
(20) HR":? -;-—2 ¢’ (poXry) -Crg_( 5o X[ ge

where the second derivative of B(t) gives the rate of change of
the current, and corresponds to an acceleration of the oscilating
charge.

Electric field,

In a similar manner we can calculate E by combining equa-

tions (4) and (7): S

(21) g d di ; 1 02 z
= grad div Z -

02 Otz

and from (12)%

_ -iw r/c
(22) aiv iwt 3¢

- .
Z=ce div (po

)

and in a similar manner as before we can dedude that:s

r

af -

2 iwt 1
(23) div Z = e —F— p-o e I
dr
whence 5 st s
2 ¥t 1 car 5
jwtl D> 3 1
(24%) grad div Z = e [ r - Yr_ 4+ = D
g Po T, 508 T - o F T 0!

and we also have
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(25) E—- = -~ ( iw .1 ) -iwr/c

dr re r

2 2

(26) a’t = (- w . 21w b2y emlw r/c

dre c?r ¢ r2 ~s

2"

L0 L wP 12wt - /e

27) 2 P2 T T 2T T Pt

We can see that in the near region which is governed by the
highest power of 1/r, i.e. l/r3, the electric field as deriva-

ble from a scalar potential given bys

-

(28) p = - div Z
The term 1 32 E?
€ dt2

has no effect on the scalar potential because it does not con-
tain the term 1/r3,
Combining the equations (28), (23) and (25) and neglecting

lower powers of 1/r we have:
Y

=
(29) p = Fo ; a el (t - r/c) _ Po
r

S
(t) o Lo
2

r
where r = r,r .- We see that this is a potential due to a
dipole moment B(t), taking into account the variations of pha-
se with increasing distance due to the finite velocity of pro-
pagation, This is then called the "Retarded Potential",

Let us consider now the far region. In this case let us
neglet the higher powers of 1/r, and consider only the terms

which contain 1/r in the equation (25), (26) and (27), then we

get > w2 i (t-/c [ S S5 9 o
Epb = — e o Pg - (p, - r,) T ]
R 7 e2r ° ° o
R
or since rg 2 -t and'?o . ?Z Py = Py Iy * To

2 3
A R I A AP A

021‘

2 Y
> S
(30)  E, =% el (t-r/c) [: To X (p X ro)]
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Comparing (30) and (20) we can see that the electric
and magnetic field in the far regions are equal in magnitude,
and only differ 1in direction, being at right angles to each
other, Taking the axis of a dipole as the polar axis, the
magnetic field has the direction of the latitude circles, whi-
le the electric field is along the

A
meridians., Thus the vectors E, H, rg
form a right handed system. The
e Y -

amplitudes of E and H are not conge
tant along the surface of the sphe-

re, but as can be seen from

5
Pox rol = p, o sin o

Fig. i2

they decrease towards the pole of
the sphere, (8 = 0). )
Thus the linear oscilator does not radiate in the direc-
tion of its axis. As can be seen from fig, .2, the radiation
is always plane polarized and in
particular, on the equator, the di-
rection of polarization is parallel
to the axis of the dipole, and the
Fige, 13 amplitude is maximum.
Let us calculate the energy radiated by the dipole oscilator,

This is given by the Poynting vector:

3 ¢ o~ =
S = —— (EXH)
IS 1Y
Substituting the real parts of E and H, and taking the modulus
we have: L
= c w
lsl pg sin26 cos2u) (t-r/c)

= L T7 o p2

2 1
and taking the time average, since cos E? = 5 e have

——

Yy L
‘S'-:-Q—- -(i)——- pi sin2_@
By ¢k p2

we see that the angular distribution of the radiated energy

has the from shown on fig. 3.~
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Field of an accelerated charge.~- We shall now consider

radiation produced by an accelerated charge (we will study a
charge which is deaccelerated; this corresponds to the brems-
strahlung radiation).

Let us first consider a charge moving with a slow uniform
motion, i.c. v {c, which at the instant t = 0 is at a point (.
We wish to determine the field at
a point P. The number of force li-
nes trough a sphere with center ir
0, and radius OP is equal to the

flux of the displacement across

% the sphere which is equal to the
charge at 0, i.e. charge e (Gauss
theorem)

2 S
/ Deds=lile
if we consider the circle PSQ, then
the displacement through thiscircle
is: Arca P R Q it R
D=ze S e e
Area sphere 2 OR
(1) Dz = (1 ~-cos 8)

2

Thenthe displacement current through PSQ is iD = —%%— whic

is the same as if -%%— was the rate at which the charge tra-
verse, the circle. So that the work done in carrying the
unit charge about the circle 1is

47T dD
/Hﬁ°ds= 2 i :4“
& D (] dt

(2) H27r sinb = &g; iy = EE’ 592{:eﬁv(l-cose) =
2l e sin —921
dt
d
(3) H=¢e/n, -é%—
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Suppose now that the charge is slowing down, and eventually
comes to rest at a point O!- The observer at P will not see
anything before a time t = r,cy and if 6 t is the time ne-
cessary for traversing 00', then the observer will see the char-
ge at O' only after a time t = -g- + 8 t. The displacement
through the circle PSQ due to the charge at 0' will be:

D'::-S—-(l-cos@‘)

so that the change in displacement due to the stopping of the

charge during a time St, is:

gD :D.S-tD' = Z (cos ©' -cos@):
C _

(
vecosf o0
-Jg'e czsoi :--%—esin@-s-t—

Therefore:

P m o oad Y
4) ip = ‘-5- e sin QDO/tSt L
But < S 8
S ; - v . ( @ 1 . & .
69: -—;25 sin © = -‘-;——- sin0 3 X T - 51n®—5—¥- = - = s {)

where a = -(Sv/‘gt is the deaccelleration of the charge,

Substituting in (4)s ip = e az sin2® and substituting in (2):

2 c
ae . 2 1 L . ae .
H:-é— s:LnG' 'h:——-—-51n6
c 29 r sinf © ’ c2r

Suppose now the charge is moving with a velocity comparable
to that of light v~~~ ¢ and is deaccelerated, In this case we
calculate H in a system of coordinates which is moving with
the electron at a cpnstant velocity v ~ c. Then, by using

Lorentz' transformation we obtain in the laboratory system:

sin (9
= v

s3]

H
O
I

- l the Poynting vector is

s 2
I:[-S-j:-s- ‘E‘g =‘a2 R sin = 0 _
LIT r2 3 (1 -ﬂ cos 0)6

and since ’ B '

11}
—
i
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A polar diagram of intensity using j? as a parameter show us
that a slowly moving charge/?“*O,
it irradiates at 902 to the direc-

tion of motion, while as the velo-

Y

city of the charge grows larger,
/3\vl, the maximum intensity of

the radiation is in the forward

directio=,

fig. 19

References:

l,- "Theoretical Physics" Joos
2.= "X-Rays in theory and experiment" - Compton and Allison Sa-

muel King.
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POLARIZATION IN THE COMPTON EFFICT..

The earliest experiments performed on the inteaction of
X-rays with matter were the ones on the reflection of X-rays
from the surface of a mirrorj they were not succesful because

the X-rays were diffusely scattered in all directions by the

mirror.,

The same was true in the reflection by paraffine or any
other object on which X-rays impinged, J.J. Thompson inter-
preted this scattering as probably due to the interaction of
the X-rays with the electrons, Treating the X-rays as a clas-
sical electromagnetic wave Thompson derived an expression for
the scattering which would be produced by each electron regar-
ded as free (Binding energy of the electron {< energy of the
incident photon), acted upon by the electric field of the in-
cident electromagnetic wave., Then each electron oscillates
with a frequency equal to that of the incident rediation and
in a direction parallel to that of the electric vector, This
oscillating charge radiates as an oscillating dipole and its
radiation field is the scattered radiation.

If a wave whose electric intensity is E, traverses an
clectron of charge e and mass m, the acceleration on this is

...)
B e

m
Substituting this acceleration in the expression for the ra-

diation field wes have:

e singp B e E e? sin 0
B = - -
6 r c2 m rmc?

95 angle between the electron's acceleration and the ray we
are considering,
Since the intensities of both the primary and the se-
condary rays are proportional to the square of the electrics

vectors, we have ) ]
Ip Eo gﬁ* 31n26

= - (1)
T E2 r2 2 ot
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If the primary ray is unpolarized, the acceleration of
the scattered electron will be at a random direction on a pla-

ne perpendicular to the primary beam,

fig. 16

Let us take two rectangular axes in this plane, Oy and
0,y such, that Oy is in the plane POx in which lies the scat-
tered ray we are studying. The electric vector of the primary
ray may be resolved into two components, Ey and E,, such that:

2 = g2 2
B = Ey + E;

Since the direction of E in the y0z plane is at random,

Ey is on the average equal to Ez, whence on the average

.',

E2 = E°
¥

thuss

Iy z >

it
)
1]
-

where Ey and E, represent the intensities of the y and =z
components of the primary beam.
The intensity .of the scattered beam at P due to Ey is,

from (1) _
g_’+ sinzey 1 eLF \

o ,
I = I - cos” (2)
© v T op2 p2 ok 2 p2 g2 ok ‘q?

where ¢ is the scattering angle i.e. angle between the pri-

mary and the scattered rays.- Similarly that for the z compo-
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nent is:
L

S © (since 0, = Ti/2) (3)
2 r2 m2 oM e 3

Ig ;=

Thus we have for the intensity of the scattered beam from

a single electron: )y

e

I = I A = e
) @y+ IOZ I2r2m2cl+

(1« cos2 (P )

. 3 9o q

- SR . /\
/‘)o 2 \CG
’ (4]
« KN\ X
<. . ,
/5~o ’ R
/60 [
7o \
180 1 : o
fig. 17

This angular distribution is the low energy limit for the

Compton scattering hy =10 kev, as described by the Klein~-Nishina

formula taht we will see below.

Polarization of scattered X-Rays: A significant confir-

mation of the principles underlying Thompson's theory of X-Rays
scattering comes from a study of the polarization of scattered
X~Rays. According to equation (2) the intensity of the Iey
component is zero at right angles with the primary beam (@-: /%)
whereas the oppositly polarized component, equation (3), keeps
its normal intensity. Thus in this direction the scattered becan
should be completely linearly polarized.

Klein-Nishina Formula:(*) An accurate description of

the Compton interaction can't be deduced from classical electro=-
dynamics alone, after Dirac develloped his relativistic theory

of the electron; Klein and Nishina applied Dirac's theory to

(x) For details on the theoretical derivation of the Klein-Nishi~-
na Formulas, see the arti.le by J. Kallen in vol. V, part 1
of Encyclopedia of Fhysics)
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this problem and obtain the expression:

2 v )
d (g') :1-‘-)_-0‘_- af2( V! )2 [ 2 4 3 -2 ¢+ 4 0032@ cnb/electron

Vo v? o
for the differential collis. cross section in the case of
linearly polarized incident radiation, interacting with sta=-
tionary and unbound electrons whose magnetic moments are ran-
domly oriented.,

Here C) is the angle between the electric vector of
the incident radiation'gg and that of the scattered radiation
E; § Vo 5 — is the classical electron radius and d Si is
the elementmog solid angle through which the scattered photon

emerges after the collision.-

BREHMSTRAHLUNG

According to classical electromagnetic theory an acce-
lerated electron radiates energy. In order to calculate the
radiation in any particular case we have to set up a condition
for the negative acceleration and investigate the energy ra-
dlated in this way. The earliest thoeretical attempt was the
pulse theory developped by Stokes and J,.,J. Thompson.-

Stokes considered the irregular negative accelerations
of the electrons being stopped in a target and the resulting
irregular pulses of electromagnctic raciation.

Thompson simplified the theory by considering the elec-
trons gs suffering a uniform negative acceleration in a di-
recction opposite to the motion.-

On the basis of this oversimplified assumption we have:
1) The X-Rays should be completely polarized with the electric

vector in the same plane as the negative acceleration.
2) The spatial distribution of the intensity should be given
by (as we have seen) 5 4
a< er

. 2
I = sin
4N r2 o3 O
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Where

(1

is the acceleration of the electron at the previous tiume

is the distance to the point of observation

1 I3

1s the angle between the direction of the electron beam
and the direction of observation.
I would then be zero at O and 1802 and a maximun at 902 rather

than at samller angles as is observed experimentally.

Relativistic considerations: If one considers the bom-

barding electrons to be subject to a constant negative accele-
ration along their direction of motion and besides that the ve-
locity of these electrons is appreciable with respect to the ve-
locity of light, relativistic corrections become important.
These corrections were made by Sommerfeld (&) with the result
that the intensity at distance r and angle @ when the elec-
tron acceleration is a at the previous time - r/c is as we have

shown before
' a2 e2 sin?p

I=
LT r2 ¢3 (l-chos)6

P

o

fig, 18

The total intensity at the point (f ,r) integrated over

the entire time of the pulse is:

fIdt (1)

If t is the time at which the radiation reaches P

wn
1"

which left the electron at the instant t*', then t = t' ¢+ r/c
Thus dt = dt' 4 dr/c
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But by the figure 318 we see that

dr = v dt! cos B :-ﬁc cos O at!

Hence
it = dt! -[lcos O dt? = at® (1-[3cos9)dt'
but
. c
a:cdﬂ/dt’ . -dt':"—dB
a
and
c
dt = -—-—(l-ﬂcos@) dﬁ
a

Substituting this expression in (1), we have

0 2 0 2
a< e< sin c
S :j T o3 9 z (l-ﬂcos@) dﬁ
7: re ¢ (l-ﬁcos &) a

(The upper 1limit of the integration corresponds t o the radia-

tion emitted by an electron that stop in terget).

-

0 —1
o . _ae’ sin2@/ af3 a 62 sin2p 1 N
LT r2 ¢2 0 (l-ﬁ cos@ )5 16T 2¢2 cos O (l-ﬂcos@)ﬁ' J

This expression is plotted in fig. for different va-
4
lues ofﬁ. 90 __ b0”
//5:_'-
4 3
f:L
\‘LO° 5
p:l 30°
¢ t
‘59\
>0
fig., 19

Two significant differencies in spatial distribution
appear between the classical electromagnetic relativistic theory
and experiment: compare fig.gg with fig. op
1) The angle of maximun intensity is greater according to this

theory than that which is actually observed.- This may be
accounted for by the fact that Sommerfeld assumed that
electrons are brought completely to rest in the target (thik

target). In experiments with thin targets the electrons were not
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greatly retarded in passing through the foil.

fig. 20

2) The intensity at 02 is predicted by the theory to be zero
wheareas the experiments yield substantial intensity at 02,

Perhaps the difference is caused by the fact that the electrons
are not all slowed down in the direction of motionj rather so-
me transverse motion is certain to take place under experimen-
tal conditions,

The dependence of the cross section for brehmstrahlung
on the atomic number Z for relativistic electrons has been
calculated by Bethe and Heitler both for unshielded nuclei and
for nuclei scrcened by the orbital electrons in the atoms$ this
is a quantum mechanical calculation.-

The energy and angular distribution of radiation from
fast electrons in very thin targe-s has been considered on
the basis of Bethe~Heitler theory of brehmstrahlung by Schiff5
and by Lawsoné.

Screening is taken into accountj the cross section that

gives the energy distribution is then

2 2 16 x2E (E, + E)2
G Ceyx)ak dx = 2 (—)? Ky ax — - 3 *
137 mc® K (x241)*E,  (x2+1)2 Eg

2 2 2
ES + E %2 B
0 - ; — en M (x;}'

(x2+1)°E3 (x2+1)I+E}O




R T |
where
i/2
y =00 1 -<)Lk)2+(—-—g-—z/ )2
M M(x) 2 Eg E &(x"¢1)
E, = energy of the incident electron

energy of the scattered electron

E
M = mg c? = rest energy of an electron
k= Eo - E energy of the radiated quantum
@ o = angle between the quantum and the incident electron.
x 1s the reduced angle 2
~
P19
b s\
N
5
L
gl
4 N
~J
By
0 L-L b8 10 LU iy LG BB L0

The effect of multiple scattering on angular distribution

using thick targets has received satisfactory experimental ve-

rification, as have also the effects of multiple scattering and

radiation loss on the energy spectrum.-

Suppose a beam of electrons traversing a thick target

fig 22

e The distribution of the electrons after they have

suffered multiple scattering according to Williams is

¥

2/, 7 2
e -° /2Gt

2 -
"2 X4y 5 X 10 2

Z
=Vt

7 % atomic number

thickness in mg/cmz.

atomic mass
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Before irradiating the electron may travel in any direction.,

Consider an incident electron';L that has a probability

- - >
p (EL‘P') of being scattered in the direction[@ = (p}, po)ﬁé],
Then it radiates and emits a photon in the direction@0 :(;5, k)
with a probability d G (Jp).-

The probability of observing a photon in an angle.g with
the initial directi0n~3g is the product of those two probabi-
lities:

p(0,9) aG (0,)
such that the combination of (B¥) and @, gives é .
To a given value (OJP) corresponds one value () , for fixedg .

The probability p (CZ%D) is proportional to the totg}

number of electrons which make an angle (9"?) with the initial

£ (0,t) dt] a SL

Then we get for the angular distribution of the photon,

direction, then e

P (9,‘?) dﬂ:[ :

t=0

takling into account the multiple scattering inside the target:

aG (%) = [p (0,9)aG (B, ald

1.6, this gives the number of photons emitted in © , direction
by the electrons scattered in the solid angle a{) arround the
£ direction.-

Referencies:

1) L.I. Schiff, Phys. Rev. 83, 252, 1951

2) %.T. Mac Cornick et al., Phys. Rev. 103, 29, 1956
3) Rapport C.E.A., n¢ 655, 1957
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PRODUCTION OF CIRCULARLY POLARIZED RADIATION

In order to understand the production of circularly po-
larized radiation we will discuss first the Zeeman effect.

Larmor's thoerem states that, to a first approximation
the change in the motion of an electron around a nucleus, pro=-
duced by the introduction of a m~gnetic field, is a precession

of the orbit about the field direction with uniform frequency
He

2 m¢c

Wi =

This can be demonstrated using classical electrodynamics,
Suppose an electron is moving in a fixed orbit of radius r,
and velocity y.-

Then it makes

revolutions por second,; which 1is

y 2R r
eégquivalent a current
e v
1 2 ———
27 r
But this current produces a magnetic moment fﬂ z ic A

where A in Qur case is 7Tr2; hence

(a = =)

}L::eva

2 ¢
But the electron will have an angular momentum about the cen-

ter given by ¢ p = mva, so that we have:

A
p 2 mc
giromagnetic ratio.- Suppose ' nov we Introduce a magnetic

field ¢¢, which will alter the motion of the electron. Let the

vector magnetic moment/;;L?, and angular momentum.; make an

angle O with the mgghé'ti*c field ® as seen in the fig. 23

R ' Then the torque produced by g on‘E

) will add an increment dp ::‘;)-?{ sinDdt
Thus it can be sees that the end o
vector‘z will precess around the

fige. 2 -
8 3 axis H, describing a circle of ra-




- 49 -

dius r = p sin £ .- During a time dt, it will revolve trough

an angle

4 d p _)J-Hsinedt d@‘_ o

T psin @ p sin £ at D

Thus it will precess with an angular velocity:

W = M H - el
L™ p 2 mec

A simple illustration of this theorem is a top with a constant
angular momentum. When it is actied on by a torque, which tends
to change the direction of its axis, it is observed to acquire

a rotation, or to prccess about a third axis with an angular vo-
locity (J » It is interesting to know that the frequency of
prccession is independent of the orientation, angle E) .

Hence we can conclude from Larmor's theorem that the introduc-
tion of a magnetic field modifies the classical motion of an
electron in a field of a nucleus chiefly as if an uniform rota-
tion at angular velocity bUL, were superposed upon the origi-

nal motion,. .: -

ZLEMAN EFFECY,~ CLASSICAL TRAATHENT,.-

In 1896, Zeeman observed that when a sodium source was put
in a strong magnetic field, then the spectral'lines of the first
principal doublet were considerably broadened. Later he was
able to analyze this effect using a nicol prism and quarter
wave plate, and verify Lorentz theory, namely, that if the
spectrum is viewed in a direction parallel to the magnetic fiecld,
the light should be circularly polarized, and if the direction
is perpendicular to the field, then the polarization is lincar,
Let us consider an assembly of electrons moving in orbits oricn-
ted at random in space., Let us ta'®one electron and resoive its

motion in three components x, y , and z. Then along ach of this

axls the motion will be a simple armonic one. If we do this ~.
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for all the electrons, the average amplitude along each of this
axis will be thesame, Then the radiation emited, as viewed in
the direction z, will be unpolarized because it cames from elec-
trons randomly oriented in space. Let us now introduce a magne-
tic figld parallel to the z axis. The effect of the field will
be such that, as was sezecn be Larmor's theorem, the angular ve-

locity UJO will be modified by an amount

e H
Lx)L =
2me

If the field is normal to and up from the page, then the
electrons moving in the counterclockwise direction in the pla-
ne of the page, are speed up by an amount UDL moving with a fre-

quency:

e H -
\)O+mec =V, + V

while the electrons in the clockwise direction are slowed down

L

by the same amount and have a final frequency:

e H
- zV
Vo L 7T mc °

Since the magnetic field is in the z direction it will have no
effect on the z component of the

electrons motion, but will modify

1) A '~ the x and y components, in such a

¢ (/; N way that the x* and y+(counter-

A X clockwise) components will speed
1 b up, while the x~ and y~ (clockwise)

components will slow down, by ah
amount \Dlﬁ If we combine now the new x*, vyt and X"y y~ components
Y we will obtain resultant circular
motions of frequency \)o + \)L and
Vo = Vg
I Hence the effect of magnetic field

[4 on the motion of the electrons is
resultant of the new motion
x* y+
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as if one third of the electrons were moving with unchanged
frequency {)O along the z axis, one third moving with a counter=
clockwise circular motion normal to be z axis with frequency
Y v, + QL,mm1meoﬂmrthﬂd
moving wirh clockwise circular
motion normal to the 2z axis of
X frequency W, = \)L y Tig, .
In this way, when viewed in the
direction of the field, the Z .ac-
tion does not emit light in the 2z
direction, on the x and y motions,
so that we shall observe circularly polarized light of frequency
Vo ¢+ \)L and \), = \)y which cones from those two circular
motions, But when viewed fron an x or y directions, then the

2z motion will emit linearly pola-

z
H rized light, and with electric
g X ‘ ' vector parallel to the direction
+ !
Vor4y Vo VotV of the field. The circular motion
L on the other hand, viewed fron the
4 V 1
S x or y direction, that is edge on,
X
Y l \ } are ohserved as linearly polarized

Vo bo Vot AV with electric vector perpendlcu-

-

fig, 24 lar to tge field., Thus we see thet
the Zeeman effect consist of splittingvgpectral line of unpola=~
rized light of frequency \) , by introducing a magnetic field,

into three polarized lines of frequencies\)O - \)L,\)o and
Vo t \)L’"

ZEEMEN EFFECT,. QUANTUM MiCHANICAL TREATMENT, -

Let us consider the simple case of an atom having a single
electron. Then the eigenfunctions in polar coordinates are:
1

Unfm = Ry )P 4 (O eim?—\/—.ﬁ-
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The transitions from the state with quantum numbers n, Qm, to
the state n?', ‘_Q', m' are given by the matrix elements of the coor-
dinates z, x and y. Let us then examine first the matrix ele-

\}
] 14
ment Zg & gll and since z = r cos O we have

ni‘.!n" * -
Zné_q'm Unt@m' 2Uppmaz =

A i

* v 2T e
= ( r2 ar Ry (r) Ry (r) { Pe-m,(O)PQm(e)cosesinQ d) %_-el(m-m )
0 0

0

The integral over ‘P will vanish unless m = m', so we

get a selection rule for the magnetic quantum number|Am = O

and this will correspond to radiation emited with linear polari-

zatlion parallel to z.
For the purpose of evaluating the integral over B y We

use the recursion formula for Legendre polinomials

Pam (cos O ) cosB = Cq PQ+l,m'+ Co PQ-l,m

Substituting in the integral @ in (2) we get
i1 g
[o C, B ©) Fol,m ©) sin0 4B +/ Cy Ppiys (B) Pp_y 1 (B) s1nBabd
)

And by ortogonality property of the Legendre functions we have

[o'" Bt B Tpp (O sin 04 = Opp

' + .
We conclude that unless Q.LQ.-" the integral over § will vanish,

1

so0 we have

Al =t
and the matrix element reduces to
Ly l, m _ n'f'+ 1

)
B
"
no
=]
~

N3
o
=
B

1

(@]

for all other
ngn
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The constant Cy and C, depend only on(l}an m
In order to evaluate the matrix elements of the x and y

components we consider the linear combination of both of them:
x+iy=rsin9el‘? x-iy:rsin@e"iP

So the matrix element for a transition n,Q m to nt ,le',

will be given by .

n' 2r l(m* 1-mt)Y
(xiiy), Q o = / 'm sin@sinedG 21T ay
0

Where:
nieQ :[Rm.zo (r) Ryg (r) r3 ar

unless
The integral over P vanishYm' = mt 1 so we get the se-

lection rule Am =t1, This will correspond to polarigzation
parallel to x and y axis, but not the z axis. So that a 1i-
near combination will give a circularly polarized light with
m! = m -4 for right handed and m' = m ¢ 1 for left handed po-~
larization, Evaluating the integral over 9 in a similar manner
as before we get the selection rule A =%*1 and the matrix ele-

ments become

] ! | ? - -
(x4 iy,)g 2,Qmit-l,mi-l C3 Rg Qﬂ +1 (X+iy)?12€ml,m+l - - C Rg QZ 1
' l,m-1 , - - -

Let us introduce a magnetic field on the atom, and see
how it is afected in energy. We can write the Hamiltonian of

the system in polar coordinates as follows (Bohm-Chap,15)

{12 a2 ' 2 _ D 2(24-1)\ ¢ 83{; £_ a 2362 + V(r)

o T or P RE 2 Fope TOY T gpecal?

H =

vboreg( is the magnetic field. Considering only a weak magne-

tic fiel, we can neglect the term in 382, and assuming that

= (€+l)2¥12
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and LZ = mh, we obtain
2 To2 . 3 gun e K
H= = = -
o | 022 t 3 57 2 ]-&» > hmo+ V)

The only effect of the magnetic field is then to add a constant
to the energy proportional to the azimutal number m. This

means that some of the degeneracy is removed because levels

of different m now have different energues. Let us illustra-
te this in a simple example of a transition from level@: 2

to a level?_: 1

- 0 Am = 1 displaced Yines

~20m = - 1 displaced lines

2
Q: 2 % 1 Am = 0 undisnlaced lines

J 11 ;j'
2. 1 /\V \I\ . 1
\ 0
’ -1
LV W, T WY )
Am=0 Am=1 Am=~1
fig, 25

This is a dipole transition 40 = 15 Am = 0, % 1=

In a transition in which 4 m = O, the initial level is despla-
ced as much as the final level, when we introduce the magne-
tic field, which removes the degeneracy in m. Hence the ra-
diated frequency will not be changed. If Am = - 1 the final
level is raised more than the initial level, and the radia-

ted angular frequency is reduced by

' -2
4F - 8-8 H )k = reduce mass

ARV I =
h " ympe

Conversely, when Am = -1 the radiated angular frequency

is increased by:

e @

Vz ——
4 e

Thus the spectral lines, will in general split into

three components, exactly as predicted by the classical
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theory,., If the radlation is viewed along the direction of the
magnetic field, only x and y components appear on the matrix
elements, so that the transition {i m = 0 does not contribute
to the line., So that what we see are only the two circularly
polarized components, with Am =+1 for right handed polariza-
tio and A m = - 1 left handed, and with angular frequency

-

difference between them of e &
2T M ¢
R.H. L.H.  On the other hand if the light is
viewed normal to the magnetic field,

¢
'
i
: say in the x direction, then it can
1

\ AN N — be polarized, either in the z or y
- e\ Y Y . .
( eaghc)( Jgﬂuc) direction., In a transition with

Am = O we have seen that we have

-Av AV polarization in the z direction, so
the net result is that the line is
split into three parts, first an undeviated part polarized in

the z direction, and second, two parts displaced respectively

by * -2#22; and polarized in a direction normal to z. Hence by
c
L y, L using optical methods we can ob-

tain polarized light since in the

Zeeman effect different polariza-

tions have different frequencies.,

Vo

ALIGNEMINT OF NUCLSI.

Since the splitting of energy levels due to Larmor's pre-
cession is much smaller in nuclear case than in the atomic case .
by a factor of 1840, we need much greater magnetic fields in
order to produce a Zeeman effect in a nucleus., In fact, the nc-
cessary magnetic field is so big (at room temperature) that it
can not be produced in the laboratory, and in this way other

methods have to be used in order to polarize the radiation,




.-
>
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Let p (m) be the population of a substate m. In general, since
all the nucleus are oriented at random, the populations of all

the substates will be the same. Consider a particular case of
2:25 then we have m =}(2%t1, O and all p (m) are equal., So

we have no polarization, and no alignem:nt..If now by some

am=2 means we manage to populate some
states more than other (for exem-
all p(m) - =1 ple using very low temperatures or

angular correlation) but in such 2

are equal

W =0 way that p (m)sp(-m) then we have
alignement, If in the other hand

we manage to populate only one

state, with a definite m, more than
m= =2 all the other states then we have
polarization., In particular we
have here p (m) ¥ p (-m). Let us examine some experimental me-
thods for doing this.

a) Low temperature, high magnetic field: Direct interaction

2 5 of nuclear magnetic dipole moment
1 alignement T 1 with a large external magnetic
0 p(m)=p(-m) Ké? 0 field, causes the energy levels
-1 -1 to split by an amount AL = t%ﬂ_
-2 where I = total angular momentums

)L nuclear magnetic dipole moment. The population of the indi-

vidual states is given by the Boltzmann distribution:

s uf3 P

(m) =2 =
o Ten’/? Ly
m

Since nuclear states of + m and - m have different encrgics,
then they are differently populated and we can obtain nuclear
polarization, .In order to achieve high polarization,‘/3 must

be large, at least of the order of unity, and this leads to
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voery high magnetic fields and very low temperatures. For exam-
ple, for I = 2;)J.l magneton, TKVT = 5.107 gauss/9Kj which
mecans a magnetic field & of 50,000 gaus and temperature of
0,0019K , This conditions are difficult to achieve in a labora-
tory, but at least one experiment of this kind has been done,
b} Another method was suggested, which avoids such strong magnc-
tic filelds by using the fact that the unfilled electron shells
produces a magnetic fiecld at the nucleus of a paramagnetic ion,

of the order of 100.000 gauss. Thus at wvery low temperatures

(0401 2K) and with the help of weak magnetic fields (a few hun-
dred gauss) we can obtain nuclear polarizationj since the nucleus
is oriented with respect to electron orbit this small field is
nacessary to orient the orbits.

¢) Bleaney and Daniels used a‘method based on the fact that the
snergy difference is due to interaction between the inhomogeneus
cristallyne electric field and the electronic magnetic moments
through the intermediary of thc electronic orbits. Then the strong
clegctric ficld of the neighboring ions or molecules in the chrys-
tal defines an axis of quantization, and if it has an axial sim-
metry, we get an alignement of elcctronic magnetic momenté re-
lative to this axis. If we dccrease the temperature to 0,01 2K
we get nuclear alignements, but no polarization.

This method does not use magnetic field-

d) There is another completely differ;nt method which uses

the obssrvation of polarized resonance radiation for orienting
nuclei, and with subsequent emission of radiation. Consider
for example sodium with a 23% grounl stotc..If we illuminate

it with right handed polérized resonance radiation, then since

2p1/2 y 1/2 Odm=+ 1, the induced transition
*ﬁ\____LJ -1/2 can be only from - % of 28# to %
T
-R.H| ] L)

of the 2P% state. The P state can

281/2 )
————<_—_ d 12 decay either by emitting right
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aanded circular polarized radiation to the ground state
m ® - % or by plane polarized to m = % (since A m = Q).

Thus if there 1is no interaction between the atoms (rarified
gas) then we can obtain a great.r population for the ground
state m = 4 than any other state, and in this way we can achie-
ve nueclear polarization.

In all this methods we can separate the radiation emitecd

by one definite substate, which is therefore polarized.
Raferences:

1) White - "Introduction to atomic Spec?rﬂ"

2) Richtmayer, Kennard and Lauritsen - "Intr., to lModern Physics,"
3) Boha - "Quantum Mechanics!

) Iiandbuch der Physik, vol. XXXV chap. 2.-

5) Id, v0l, XLII chap. 6.~
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DETECTION METHOD OF LINEARLY POLARIZED RADIATION

As we have seen, one can get linearly polarized radiation

by Compton effect,
Ilet us consider the Klein-Nishina collision differential

cross section for linearly polarized radiation abready explaincd:

2
_ o w2V ' o
aq = n (\) ) (0. + S -2+ k4 cos @)d.gl (1)

Our first step is to sum this expression over all possible
directions of polarization of the scattered photon. The angles
and directions involved are defined in Fig. 26 which shows

the polarization details in the plane ODAC taken from Fig. 27

D

E A \ 2,
inc’ deqgt X% ¥ s E” ]
on ¢ 5 B 5 @ :
e E A
(a) 3 = ")\
£1g.26 E/\g w7 !.
E D 6 v ol
0 ¢
AE N (ED fig. 27
£ c 0B

E electric vector of the incident linearly polarized ra-

diation.
‘, 1] 3
E electric vector of the scattered radiation projects out

of the plane of the page at an angle‘fz so thats
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-
E',, component in the plane

Ei component perpendicular to the plane
- -

E and EY are transversed vectors

Y
M. angle between E and the scettering planc.

OAB scattering plane

@ angle between?‘b and E?

\9 scattering angle i.e. angle between the scattered
photon hv' and the direction of the incident photon hv .

We can see by Fig. that

cos @ = cosﬁ sing

Substitutin in (1) we have:

r2 1 1
ag = i (---\\-i--)‘2 (-\%—+—%-2+Mcos2ﬁ singg)dQ(Z)

Wt -~ ' - 3
Since &), = E' cos ﬁ and Ei = E' sin ﬂ we have

E'2 = E'2 & E,;z s the total scattered intensity in the direc-
tion g is proportional to E'2 and hence to the sum of the
orthogonal components, Then the collision differential cross
section for an interaction in which an incident lincarly polas
rized photon 1s scattered at a particular \9 and g s When

summed. over all direction of polarization of the scattered pho-

ton is:
a@ = @@ ), +( d(T)l (3)
If we put ﬁ =0 andB = A in equation (2) we obtain
2
(a G )” and (4§ )l respectively; then (3) becomes:
r2 ] ¥ r2 ' 1
o ;V 2,V v . D 0 2,V V
- -2 + ¥ ¢
40z -2 (%5 4 ) 4 sin2 %) R g (5 ¢+ )
r2 ] [}
- 2 2,V ) 2
4G = 20(0‘_‘)(\)@0-2005;)@1& (%)
From Fig. the angle é can be written

cosg = sin’s cos’TL
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Substituting :this expression in (%) one gets:
2
r A '
4G = =2 (2,2
2 Vv \% v

For a fixed value of 79 the scattering probability assu-

mes its extremes values for ’Y\ = 0 and ’Y\ = _‘{’_r_ « The two

2
extreme angular positions for a linearly polarized radiation

-2 sin2\9 cos2"Q)

is a measure of the sensitivity of the polarimeter.
This ratio we shall call asvmmetry ratio R.

For the ideal geometry dealt as this one, R is simply
the ratio of the two probability: |

(aG) v
R = ==
@)pa o
¥
v
V' >
R = \) ot (5)
—_— kX . P sin219
v v
wing to the ]9 dependence of energy of the scattered photon
v 1
O 144 (1 - cosP)
- hV : . .
where o = -————é—g the asymmetry ratio R which is unity for
mg .

19 = 0 and '\9 = 7 , reaches its maximun value at an angle

\9 somewhat smaller than -7;-— as we expect by formula (5).

In Fig. 28 the dependence of the angle \9 for maximum

médx
asymmetry is given as a function of the energy of the primary

photon. 900

O ax
, \\

80¢ -
\\

0.5 1.0 1.5 Mev

fig. 28
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Fige 29 shows schematically the basic elements for a
K‘-ray polarimeter, Two scintillation counters are used in a
coincidence circuit, A coincidence is registred when the inci-
dent photon h\V produces a Compton recoil electron in the
counter A, while the scattered photon at{), T\ is detected
in a second counter B. Two measurements are made l.e. in the

positions W\ = 0 and 1\ = z;-
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ANGULAR CORRELATION

The probability of emission of a particle or quantum by
a radioactive nucleus depends in general on the angle between
the nuclear spin axis and the direction of emission,

Under ordinary circunstances the total radiation from
a radioactive sample is isotropic because the nuclei are ran-
domly oriented dn space. '

An anisotropic radiation pattern can be observed only
from an ensemble of nuclei which are not randomly oriented,
One method of arriving at such an ensemble consist in placing
the radioactive sample at a very low temperature in a strong
magnetic field or electric field gradient, thereby orienting
or aligning the nuclei. Another method, discussed bellow, consis?
in picking out only those nuclei whose spins happen to lie in
a preferred direction. This can be realized if the nuclei decay
through sucessive emission of two radiations Rl and R2.

A complete descripcibn of the emission requires the quan-
tum theory of radiation, hewever considerable information cah
be obtained from a study of the '"classical radiation field"
emitted by a distribution of charges and currents which vary
with time,

We illustrate the existence of angular correlation with
a simple example.

Let us assume the following spins of the three states

X and Ib = 1 see Fig.,

N b/ Then two succesive dipole

\\" transition take place.
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In the transition a —) b the three possibilities
Hm I 41, 0, -1
are equally probable.
The directions distribution in each of these transition
is given by: (see appendix)

1 m (m+l)
@) z, O = -2-[1 - 2(2+1>}‘ Yy el

1 n (m~1) ’ 2 m2 2
+~2‘ - Q'+1) ﬂ,m- '

Then for the transition of a ED (electric dipole Q = 1)

2

m—G)‘ o om

we have three types of angular distribution:

c(l-coszg) DA nm

z, o (8) = = 0
@ 2z )z = ares®®) snzen
zl,-l(g) = --29-- 1+ 00329) Am = -1

Here ¢ is a constant independent of the angles.,

It follows from (2) that the first quantum is equally
distributed over all directions since the sum over the three
possibilities gives a constant,

The choice of our z direction is quite arbitrary, it deter-
mines a polar coordinate system and it also defines the sub-
states m = $ 1, O - 1 of state b. Without any loss of gene-
rality we may choose the z direction parallel to the direction
of the first light quantum. Then the first transition cannot
lead to state b with magnetic quantum number m = 0 since a di-

pole emission with Am = 0 does not give rise to any radiation
in the z direction., The first transition a-9 b is therefore

of typc Am = +1 or ,m= -1, The second transition b-ec

must then be of type Am=~1 or Am = + 1 respectively.
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Either of these transition gives rise to the second direc-
tional distribution (2). Hence we find that the direction of the

second quantum is _not arbitrary but is distributed statistically

according to the laws

- 3 2
W (91’2) all = -l-g-TF (1 4 cos 91,2) a SL

The factor 277 serves to normalize the total emission
1 ;

probability of the second quantum.
Here W(el’z) dS\ is the probability that the d/irection
of the second quantum lies within the solid angle element df:l
at an angle 691,2 with respect to the first quantum (our z axis),
The case treated here is a special example of two sucessi-
ve gamma~ray transitions. In general, the angular correlation
depends on the multipole order of the two emitted quanta and

also on the spin values I of the three states,

1) Theoretical Nuclear Physics (Blatt-Weisshopf)
2) Robley D, Evans (Inciclopedia of Physics vol. XXXIV)
3) Beta and Gamma ray spectroscopy (Siegbahn)
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METHOD OF MEASSURING LINEAR POLARIZATION

Photoelectric effect: Photoelectric effect has not classical

analogys it is a purely guantum mechanical phenomen,

When a beam of radiation heats a target, a photoelectron
may be ejected from an atom. This photoelectron can be emit-
ted either from one of the outer shells, where the binaing
energy is small, or from the inner shells., (K-shell predomi-

nates in general),.,-

The energy of the K-photoelectrons is given by Z, = h\V) - I,

i
\

where EK is the binding energy of an electron in the K-shell,
It would be expected that, like in the case of a dipole emis-
sion, the electrons would be emitted in the direction of the-
electric vector, This is true only for very small energies,
but for higher ones we have two other effects which modofies
the direction of emission, namely, relativistic effect and
the effect of the magnetic vector.,

Consider the electron is emitted

at an angle 9 with respect to
’*Z the direction of propagation
e and with momentum p = mv.

Neglecting the effect of nuclear

recoil

we have

4 _ ‘ , h\ /c
cos@ = but hV = & mv
mv
fig. 30

hence: cos'®) =z dv/ec = 33

Thus we see that for v {< c, cos-@:‘ Oy and the emission 1is
in the directipn of the.electric field. But as v« c, we have
cos —3) 1, and the emission in the forward direction.

It has becn shown theoretically that for higher energics

the magnetic vector becomes predominant, so that most of the

which is very small,

\
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photoelectrons are emitted in the direction normal to the elec-
tric vector,
In 1931 Sauter calculated the differential cross section

for the photoelectric effect, and obtained the following formula:
dG“:C(A+Bcos2(P)dQ

where

€2

(1 -[3 cosO)

A\l

polarizatioh direction

B

(1 -f32)% - 52—- (1 -fBcos V)

" (l—ﬁ)%ﬁg sing@
(].--l}.cos@)lF

detected radiation

C =

-

~

reaction plane 6 = kinetic energy of the
photoelectron in units mocg.-

azimuthal plane

fige. 31

Defining an assymetry ratio R as d¢® o / ae O = 902 one

obtains from Sautert's formula

R =
dG’gOQ A + B

= F (619)

A graph of R for @ = TC/o is
given herc. Hence we sce that

for low energies (below 500 kov)

most of the photoelectons arec
cross over point
emittod in direction of elec-

i tric vector, and R is very lcr-

| >
€.
1 2 10 £ g
So in this region the photo-
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electric effect is a very good polarimeter, For energies above
500 kev, the magnetic field is predomihant, but the effect is
very small,-

If we plott R for different CD y Wwe verify that R (€)
becomes smaller, and the cross-over point tends toward higher
energies, while the influence of the magnetic field becomes
smaller too., In this way, by putting the counter in a for-
ward angle we can have a polarimeter for slightly higher ener-
gles,

The photoelectric effect as polarimeter has a great di-
sadvantage over the Compton effect, namely, it is much more
difficult to count low energy electrons than gammas, due to
scattering effects.

The extent of the influence of the magnetic field on the
direction of emission of photoelectrons, is not quite clear yet.
About 1950 Archibald proposed a theory, by which allthough R
decreasses with E: y there is no cross-over point, so that
the electric field is allways predominant. Two experiments ha-
ve been made, one by Hereferd and Mc Master in 1954, which
corroborates Sauter's thoery, and another by Brini et al, In
1957, agreeing with Archibald. A third experiment is at the
moment being carried out by a group in Rio de Janeiro (E. W,

Cybuldska and L. Moura).

Egotodesintegration of the Deuteron,- We have seen that the

photoelectric and Compton effects are good polarimeters for low
energiés, below 2 or 3 Mev. In the region of higher energies
from % to 12 Mev the photodesintegration of the deuteron is
an excelent polarimeter., Since the threshold is: 2,225 Mev,
then this method can not be used for low energies.

Bethe and Longnire calculated the cross section for

the desintegration of the deuteron assuming a central force
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potencial, and valid for energies below 10 mev. The differen-

tial cross section for the electric dipole desintegration is

given by
2 a——
dG’e=2 ° = j( 1 ) cosch a QL
he | 1-prot 1 -y rot
where the K and k are given by
h? x2 n2 Y2
E=hv - = $ W, =
. M 0t M

M is the mass of the nucleon
Wp is the binding energy of the deuteron.,

o\ is the angle between electric vector and the motion of
the proton or neutron as defined in figure 31 ., Since this
is a two body problem, the energy is divided equally between
proton and neutron so that the angular distribution will the
same for both of them.

The term
1

1~ \‘rot

.

( )

is the correction to the zero-range approximation for the
cross section.

Writing the cross section in terms of the angle 8 and 4) ’

since cosd = sin Q cos b
2
we have d()‘ezge F () k) sing\(_) cosgd)d.ﬂ.
¢> he
then by putting @ = /o, as before we have
a €20
R = G'tp - ®
ag e _
6= /2

Thus this method has a perfect response to polarization, and

could be a very good polarimeter.
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However, this reaction does not proceed entirely by

electric dipole transitions, but also has a small amount of
magnetic dipole interaction, which yields an isotropic distri=-
bution of photoprotons. The cross section for this process is

given by

2 2 ¥ kg (X 1/a4)°
o = = (=) ( - ) R(E)
¢ 3 he Me ))’n )Lp +b' 2y (k° + 17,2

S

where‘)Pn and )hp are the magnetic moments of neutrons and

protons, ag is the singlet scattering lenght and R (€) is

a correction for the non-gero range of the neutron-proton

force, Thus the magnetic dipole interaction diminishes the

polarization sensitivity. If we compare the total cross sec~
tion for the magnetic and clec-

“(r[b B] tric dipole interaction we ob-
2’5—»

2.0
105‘

1.0
045

tain the figure.-

This was gonfirmed very well
by experimental results. Hence
we see that about 4 Mev the in-

fluence of magnetic dipole 1is

2 b 10 Mev very small, and we can have a
£ig. 33 very good polarimeter.,

At energies higher than 10 Mev there are other effects
which diminish the polarization sensibility. The nature of
this effects is not quite clear yet, but in general is is
believed to be due to the tensorial character of the nuclear
force, Also, since all those calculafions were made in the
center of mass system, when we pass to the laboratory system
then there is a marked tendency for a more for ward emission
of photoprotons and neutrons, and the angle é? decrease with
higher energies.,

Another disadvantage of using photodesintegration of

deuterons as a polarimeter is its small cross section, which
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is of the order of milibarns, while for the Compton effect, uc

ahve of the order of 10 barns.

There are 2 ways of meassuring the polarization by the use

of the photodesintegration of the deuteron,

(1) Using nuclear emulsions, which are soaked in heavy water.

The 8’—ray beam hits the emulsion which is placed perpendi-

" cular to the direction of propagation of the \K;}'Since the

(2)

angular distribution of the photoprotons is proportional to
sin? ) , then the trakes of the protons will lie on the pla-
ne of the emulsion. By counting the number of tracks for
CP::TT/Q and d) = 02 we can measure the degree of polariza-
tioﬂﬁof the incident beam,

Electronic method: this method is entirely similar to that
used in Compton polarimeter. Here we detect electromically
the photoprotons emited, and the neutrons, at angles

@ =T CP =7/, and l9 =T % 4} = 0. The disadvanta-
ge of this methga is that although proton detectors have
very high efficiency, the protons themselves have a very
short range, so, high vacuum is necessary, and short dis=-
tances must be used. The neutrons on the other hand has a

very long range, but the detectors have an efficiency of

about 1%.-

METHOD OF MEASITRING CIRCULAR POLARIZATION

In recent years there has been much interest in the

measure of circular polarization due to investigations of non

conservation of parity in weak interactions., This can be done

by using Compton scattering of circularly polarized photons

from polarized electrons. The total cross section consist of

one term G‘Q, which is the Klein Nishina formula for unpola-

rized radiation, and apother term G.l which depends on circu-

lar polarization G‘:JG'O ﬁ,Gﬂi. Thus in order to measure the
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circular polarization we nust first polarize the electrons.
This is done by magnetizing the iron. But the great disadvan-
tage 1s that only 2 electrons out of 26 from an iron atom are
polarized So that in the most ideal situation the net =ffect
which can be obtained is 8% of right hand, and 8% of left hand
polarization.

So far, in our study of polarized ‘X' radiation, we did
not consider the orientation of the electrons, in other words,
in the Compton thoery an average is made over all the spin
dircctions of the electrons. This can not be done any longer,
since the electron is oriented in such a way that its spin
makes a polar angle \v’ with the z-axes in figure

Then the differential cross sectio becomes

k k
% 0 K 2 0 k

0
$ (1 - -%—) sina sin 49 sin \‘/']}
o

where : aw = d(P- d(cos@»)

If we integrate over the sphere, then we obtaln the total cross
section O = @, trl.- But in reality ( 7 is weighted by

V = N® of oriented electrons per atom which in the best case,
iron, is 8%. It happens that Q\o and Gl are practically

equal in magnitude so that we can write

G (To"\)(h:@o (1 +\3)

C1L Go-VG1xG, (1 -V)

GR 1 +\) 1.08
“GL 1-9  0.92

= 16%

o
]

So the maximum sensitivity is 16%, if the beam of gamma
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rays 1is completely polarized,
Let us now consider the transmission through a ferromagnet

of a beam of unpolarized radiation (which can be thought as
made up of 2 circularly polarized beam in opposite direction).
The ferromagnet obsorber has N atoms per unit wolume, uniform
magnetization along the x-axis, and w "polarized electrons
per average atoms, Circularly polarized photons of a certain
sense, propagating along the x-axis can undergo Compton scatte-
ring with the

--32-'-(2-_‘_\)) Nd x
electrons, which have spigs oriented along one direction and
with the

--21--(2-\)) Ndx

electrons, whose spins are in the opposite direction.
The probability that the photons having no circular po-
larization will survive (in good geometry) a lenght L of the

ferromagnet is

S { o

(V) = - - % exp{- NL{(Q‘O+G'I) 52 +M+@,07)

1o

(2 Vs G;\%i-

(2 —\))+G‘;,\"§

-

+ % eXD{" NL[@O"G]_) 32'-(2 +\))*(¢O-Gl)
= cosh (NL\)G‘l) exp{- NL (2(?0 +W2;§'

where Cro and (fl as defined above, and-G’Q represents all
other processes in addition to Compton scattering.

Polarization effects in (y2 are taken to be nilj for
example, photoeffect involving the polarized electrons has a
yery small cross section compared to (Yl at energies of inte-
rest.

The ratio of magnetized transmission to unmagnetized
transmission is

T(V),” = cosh (NLNGy).
/T(0) -~




.

The transmission ratio R of left circular polarization

to right circular polarization photons is
R = exp (2 NLVG)

where the magnetization is in the direction of transmission.
The experimental tecnique is to measure the absorption

through a cilindrical electromagnet of about 12 " long

OB
source AI el 7 \ detector
electromagnet

The transmission can be used for polarizing a beam of

unpolarized gamma rays or for the analysis of the polarization

of a partially polarized beam of light.
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APPENDTIZX

The electric multipole field of order Q., m at a given
-
point r = r,@,q} is given by
®

i Ug (r)
X K r Xe" o (e)’dé;}

uf) (r)

e S
Hy (L) my 1) = ——— Xg 9,

>
&qg<ﬁﬂ, my r)

(1)

where LY d%b)
X m (6), ) = €, 1
L ¢ VE(L+1)

vector spherical harmoniecs

5 D
L =2 -=1rxV differential operator
Yﬁ,m - scalar spherical harmonic
K wave number of the emitted quanta

The flow of energy in the multipole radiation is deter-

s-)
mined by the Poynting vector S :
) A
S = < ¢ x H
L 7T

Fif away from the source of the radiation in the "wave
_.5
zone" E,and H are perpendicular to each other and to the ra-
]
dial direction r and they are equal in magnitude, then we

have:
-~ c 2. ¢
S S S e H (2)
Let us suppose a large sphere of radius R around the
radiating system. At any point of the sphere, \S‘ gives the
energy escaping per square centimeter per second. We get the

energy emitted into %he polid angle element dJ;l around the
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direction 9, ¢ by multiplication of rgl by the area
R2 d L) subtended by that solid angle at the surface of our
sphere, We call this rate of emission of energy by R (Cl) del
The electric field are rapidly varying function of time
but we are interested in their average values i.e.(Ez(?, t) >

Suppose then we have
-

> 5 = - %y
Elr, t) = g(?)e Wt L @) o HiWE

(that definition of the electric field makes the transition
to the quantum mechanical case easier).

Then we have

RN
3 pAI >
(§2 (r, 8> =2 () - (@) (3)
Now to have the energy U(R, m,CL) dQL in a pure electric
multipole radiation  , m with amplitude a(Q., m) emitted per
second into the solid angle element a1 , Owes combine equa-
tions (1), (2) and (3).

The results is

U ({, m)O-) = 2—%—122 \ a (Q, m)‘2 Ze’ m (91¢)

where Z(’_ o (QJ(‘)) gives the directions distribution.
’




