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A b s t r a c t :  We study the properties of the collective states (pairing vibrations) which are associated 
with fields changing the numbers of particles. In particular, we discuss which processes may be 
enhanced by the coherence in the pairing-vibration state. 

1. Introduction 

A large number of excited 0 + states are known in the low-energy nuclear spectrum. 
Several mechanisms may produce collective states of this spin and parity. The best 
studied ones correspond to oscillations in the shape of or in the size of the nucleus 
(quadrupole and monopole vibrations). These modes are associated with a change 
in the binding field of each particle (i.e. with a field which conserves the number of 
particles). 

In addition to the previous modes, Bohr and Mottelson 1) have suggested the 
existence of vibrational modes based on fields which create or annihilate two particles. 
One of such fields is produced by the pairing interaction. The corresponding collec- 
tive mode is the pairing vibration. 

With a pairing-type interaction, and assuming the existence of at least two different 
groups of levels, it is possible to imagine a coherent excitation of pairs of particles 
from one set to the other. A simple case of this collective motion has been studied by 
Hogaasen 2), using a model of O-particles moving in two O-degenerate shells and 
coupled by pairing forces. It has also been implicitly included in studies on single- 
closed shell nuclei a) and fl-vibrations 4.5). 

Although in the actual nuclear spectrum the pairing vibration is usually mixed with 
other collective effects 3-5), the aim of this work is to study the pairing mechanism 
by itself. Thus, we assume that the pairing fluctuations are uncoupled with other de- 
grees of freedom. We study the enhancements characteristic of this collective mode 
and the possibility of detecting them in actual nuclei, within the framework of a pairing 
interaction with constant matrix elements. 

t Permanent address: Departamento de Flsica, Facultad de Ciencias Exactas y Naturales, 
Buenos Aires, Argentina. 
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2. Pairing Vibrations 

Our Hamiltonian describes the motion of independent particles coupled by pairing 
forces. The single-particle energies, measured from the Fermi surface, are denoted 
by e,. As usual, the single-particle creation operator c~ is obtained from c, t by the 
time-reversal operation 

H = Hs.p.+Hp, 

Hs.p. Z t t = e~(c, cv + c~ c~), (1) 
v 

Hp -GP?P, pt  ~ p~, p~ t ? = = = C v C  ~ . 
v 

As in the case of quadrupole forces, the separability properties of the pairing inter- 
action suggest the existence of simple collective degrees of freedom. 

The analogy with the quadrupole vibrations can be further extended; using the 
pairing interaction, one can distinguish two cases according to whether the ground 
state has a superconducting character or not. In the case of the quadrupole force, 
this corresponds to the development of a stable equilibrium deformation and to the 
spherical shape, respectively (see appendix). 

2.1. SUPERCONDUCTING NUCLEI 

2.1.1. Qualitative considerations. The quasi-boson creation operators are the linear 
combinations t 

where 

F. t = Z a., F~ + Z b.. F.,  (2) 
v v 

t t ~ t = _  t t r t, - ~ : ~ ,  U , c ; - V : ~ ,  ~ - U , c ~ + v , c , ,  (3) 

I t . ,  rL] = a~,~, Er., F~] = Z (a..am.-b.~b,,,,) "~ 6.,,.. 
v 

The unperturbed Hamiltonian and residual pairing interaction can also be approxi- 
mately expressed in terms of/ '~,/ 'v 

H ° - 2 Z E ,  F~F ~, Ev =_ (eZ,+A2) ~, A = G Z U,V,, 
v v 

H'p =- -¼G[ Z (U~ - V~)(F~ + r , ) ]  2, (4) 
v 

n; '  = ¼6E Z (r~ - r , ) ]  ~. 
v 

Using (2) and (4), the linear relations 

[H, r~] = w.r~ (5) 

? In the following, Greek subindices will denote unperturbed two-quasi-particle states, while the 
phonons are denoted by Latin subindices. 
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determine the excitation energies IV.. The lowest (collective) root associated with the 
Hamiltonian H = H ° + H~' has zero energy and corresponds to the spurious state 2, 4). 
The pairing vibration is the lowest root of the Hamiltonian H = H°+H'p .  

We shall neglect for the moment H'p' and later examine the validity of this approxi- 
mation. 

The condition (5) yields the dispersion relation 

1/G = ~,  ( U~2 _ V;2)22E~/(4Ev2 _ w f ) ,  (6) 
v 

which can be cast, with the usual superconductivity equations, into the form 

( w2 -442 ) [  Z 1/ev(4E~ - 147.2)] = 0. 
v 

(7) 

The coefficients a,~, b.~ are given by 

2 a,,,, = A, , (Uv - V ~ ) / ( 2 E  v - W,) ,  

b.v = - A . (  U~ - V2) / (2E~ + W.) ,  

A .  =- ½[ Z ( U~ - V 2 ) Z E .  W~/(4E~ - 1412) 2] -~. 
v 

(8) 

The part of an arbitrary operator R, which is effective in connecting the ground 
state with a one-phonon state, is given by 

R = ~, rv(I"*, + r , )  = ~, r~(a.~- b.,)(r*. + r . ) ,  
v v~ n 

and thus, the corresponding matrix element is 

R. -- (0[Rln) = ~ r v ( a . ~ - b . , )  = A . Z . ,  
v 

s . = 2 Z  2 r~(Vv - V~)2E~ / (4E  2 - W.~). 
v 

(9) 

(10) 

In particular, the energy and the matrix element corresponding to the lowest root 
(pairing vibration) are 

Wt = 2A, (7') 

A, = ( Z zlle, e~) -~, (8') 
v 

"Y', = Z n,/e, .  (10') 
v 

In order to establish the existence of a collective degree of freedom, we must ob- 
tain the "specific" operator F. Such an operator has to be related to the pairing vibra- 
tions in the same way as the mass quadrupole operator is connected with quadrupole 
vibrations. In this last case, the specific operator is also given by the terms of the 
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quadrupole interaction which create (and destroy) two-quasi-particles. Similarly, 
the (Hp)2 o component of the pairing force can be written 

(Hp)2o - 4 E ( u ,  ~ 2 t = - v;  ) ( r ,  + r , ) ,  
v 

and therefore we conclude that the specific operator has the form 

F = EL(F,* + r , ) ,  f~ - U, ~ -  I1,2. (11) 
v 

Eq. (11) is also an immediate consequence of the form of H'p (4) or of the dispersion 
relation (6). We note in addition that the operator F can be written as a combination 
of two transfer operators: 

F = ~_, (ct, c~ + c~cv), (12) 
v 

where we have neglected, as usual, terms conserving the number of quasi-particles. 
Thus, the pairing vibration can be excited from the ground state of a neighbouring 
even nucleus. This is a natural result for a collective state based on a field which chang- 
es the number of particles. 

However, because in superconducting nuclei the number of  particles is not con- 
served, the pairing vibration can also be excited through operators which conserve 
the number of  particles; suppose we produce displacements in the single-particle 
energy levels having different signs according to their position with respect to the 
Fermi surface: when the energy of the levels above is decreased and the energy from 
those below increased, the Fermi surface tends to be smoothed. Consequently, there 
is a coherent transfer of particles from states below to states above the Fermi surface. 
Thus, we may also produce pairing vibrations by adding to the single-particle Hamil- 
tonian a term of the form 

H'.~. - ~ ' Y .  * * = e,(c,c,+c~c~) ~ - K a  Z ( u ~ - v : ) ( r ~ + r 3  = -~F.  (123 
v v 

In particular, the enhancement in the matrix element F measures the degree of  
"collectiveness" which the state has acquired. In order to evaluate F, we notice that 
for any root  Wn the value 2:n (I0) is given by 

Z~ = 2 / e ,  E~ = 2 A J &  (13) 

Moreover, the factor At in eq. (8') is almost independent of G. We may approximate 

E ,tle, e~ = F, Ve~, 
9 V 

and thus the matrix element E1 vanishes as one of the single-particle levels approaches 
the Fermi surface. In the opposite case, in which all the levels are pushed away from 

2 the Fermi energy, both the increase in e, and the decrease in A tend to enhance the 
matrix element. 
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I f  we use the simplified model of uniformly spaced levels (ev = _+ ve; v = l,  3, 5 , . . ) ,  

1/e 2 = 7z2/4e 2, F1 ,.~ 4e/rcG. (14) 
Y 

In actual deformed nuclei the distance between single-particle levels is about 0.3 
MeV, while the value of G is about 0.1 MeV. 

G=e 
G=OY5e 
=..jig 0 5 • _/~___ ._~:O.50e 

-10 ~- ...... ~ 

1 /-5 G~,e 
- - -  

o o.s 1.o e r- 

Fig. 1. The matrix elements Fx and their relation with the unperturbed values F1/(Uz 2 -  V~ ~) are 
represented for various values of the smallest single-particle distance ez. All other levels correspond to 

a symmetrical, uniformly spaced system of 20 levels. 

Thus £'1 is expected to be about 2. The ratio between this value and the single-particle 
estimate U f - V f corresponding to the lowest excited state with single-particle energy 
e, 

vy) = 4AI G, (15) 
is about 7 for nuclei in the deformed region. 

In order to verify these estimates, we have evaluated (14) and (15) for a system of  
20 particles moving in 20 uniformly spaced levels (fig. 1). The two lowest single- 
particle levels (both with the same levi = eu) are allowed to be displaced. The situa- 
tion approaching the realistic case arises for G = ½e. The values of /7  a (unlike those 
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of  F1/(U 2 -  V~)) depend strongly on the single-particle spectrum. In the interval 
½e < e~ < ½e the changes in F1 around the mean value are of  the order of  ½El. As 
similar fluctuations in the distance of single-particle levels from the Fermi surface do 
occur in neighbouring deformed nuclei, we may expect corresponding changes in the 
value of F1. 

Instead of using uniformly spaced levels with essentially only one parameter  e/G, 
we can consider a two-parameter model. Let us assume that we have 2 0  particles 
moving in two equal sets of  levels. Each set admits 2f2 particles, and it is uniformly 
spread over an energy interval a, while b is the distance between the centres of  gravity 
of  the two sets. Let us use as parameters 

x = 2A/b, y - a/b, z =- a/GO, 
(16) 

0 < x <  oo, 0 < y < l ,  O < z < 2 y .  

The three parameters are not independent, the superconductivity equations giving 
us a relation between them. Replacing sums by integrals, this relation is 

.X 2 sinh z = (1 - -y )  IX 2 -~- (1 _y)2 ]~  _ (1 - - y ) [ x  2 Jr (1 +y )2 ] , .  (17) 

We can also obtain F1 and the total sum rule ~ = ~v (U  2 -  1/2) 2 corrresponding 
to the operator F in the absence of the ground-state correlations. Their ratio is given 
by 

F 2 / ~  - = z2(1 +y2) /x  sinh z [ 2 y - x  tg-l(Eyx/(1 + x  2 -y2) ) ] .  (18) 

(i) The limit y -~ 0 represents the two degenerate-shell case (Hogaasen model). 
In this case 

z = sinh z = 2y/x, 
F 2 / ~  = 1 + 1/x 2 = (b2 q-4zI2)/4A 2, 

which means that our collective state carries not only the whole of  the imperturbed 
sum rule but, in addition, there is an enhancement by a factor which depends on the 
ratio of  the unperturbed energy (b2-k 4/12) ~ and the energy of the collective state 2A. 

(ii) The limit y --, 1 corresponds to the uniformly spaced model (deformed nuclei). 

sinh z = 2/x, 
F~/~" = z 2 (1 - y  2)/(8 - 2rtx). 

Thus, F2/~" tends to zero as y ~ 1. This is the reason why we found relative weak 
enhancements in the previous pages. 

(iii) The limit x ~ oo corresponds to merging the two shells into one. Then y 
measures the spread of the levels, and the parameter  z is closely related to Belyaev's 6) 
r / for  a similar model 

z = sinh z = 2y/x, 
F 2 / ~  = 3 ( 1 - y 2 ) / ( 3 +  y 2) ~ 1, 
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which shows that the enhancement discussed in (i) tends to disappear when we only 
have one shell. 

(iv) The limit of  x --* 0 corresponds to the collapse of the superconductivity solu- 
tion 

sinh z = 2y/(1 _y2) ,  

F~/,~ = z2(1-y2)2/4y2x.  

y=O 

I I I i_  
0.5 1 5 10 X 

Fig. 2. The ratio between the matrix element F1 and the total unperturbed sum rule of  the specific 
operator  _F is plotted as a function o f  the parameters x and y. 

The divergence of F~I~" as x ~ 0 reflects the increase in coherence which follows the 
decrease in energy. However, it is also an expression of the failure of  the quasi-boson 
approximation to give reliable results in cases where the collective state is too much 
displaced from the unperturbed energies. 

Eq. (18) is represented in fig. 2. We may obtain from it the maximum value of  y, 
which is allowed if we require that the collective state should have a certain fraction 
of  the total strength. 

We turn our attention now to the higher excited states. They correspond to the roots 
of  the equation 

E 1/Ev(4EZ~ - 141.2) = 0, (19) 
v 

which shows that there is one root between two neighbouring quasi-particle energies. 
The matrix elements are given in eqs. (8) and (13). 
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Again, using the model of  20 particles moving in 20 levels, the values of  F, are given 
in fig. 3. F rom this result we conclude (i) the shifts in the lowest single-particle level 
only affect the matrix element to the two lowest states; (ii) in spite of  the fact that 
there is a relatively small fraction of  the total strength in the lowest state, a significant 
fraction of the total intensity has been displaced f rom the higher to the lower energies. 

F~ 

0 .le 

I 

, 

i  '12. 

2e 3e 4e 

Fig. 3. The matrix element Fn is plotted against the energy of excited states assuming a symmetrical, 
uniformly spaced model of 20 levels. The values of the unperturbed quantityv'~(Uv 2-  Vv 2) are also 
given for comparison. The shadowed areas represent the intensities displaced from higher to lower 

excitation energies. 

This will be the essential effect of  the residual pairing interaction that can be expected 
in most  deformed nuclei, namely the disappearance of the reduction factor U 2 - V 2 
for the lowest states. 

2.1.2. Coupling to other deorees of freedom. The problem of  uncoupling the pairing 
fluctuation and the spurious state is solved by adding to the Hamiltonian H = H ° + H i 
the term H i '  in eq. (4) and carrying out the linearization procedure. The excitation 
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energies are given as roots of the determinant equation 2) 

2E~/(aE~ - W, 2) - 1/G ~ ( V~ - V~)/(4E~ - W~) 
v v 

U 2 2 4 2 w f  Z ( • - V~ )/( E~ - W 2) Z 2E,(U~ - V2)2[(4E 2 W2) - I[G 
v v 

= Wn2[(Wn 2 -4A2)( Z l[2E~,(4E~- Wn2)) 2 - (  Z ( U2 2 2 = - V,; )/(4E~ - Wf))  2] 0. (21) 
v ¥ 

Aside from the root W = 0, the lowest frequency is given by 

w~ __> 2~, 

the equality sign being valid when the non-diagonal terms in the determinant vanish. 
I f  W~ = 2A, this condition is equivalent to 

~_, l/E~,e,, = O. (22) 
v 

In this case the pairing fluctuation is orthogonal to the spurious state. 
The more restrictive requirement that the non-diagonal terms in (21) should vanish 

for any frequency, implies a symmetric distribution of levels around the Fermi sur- 
face. In this case, the Hamiltonian H = H ° +  H~ + H~' (eq. (4)), is invariant under a 
transformation changing the sign of  the single-particle energies e~. Accordingly, we 
may use a representation labelled by the eigenvalues + 1 of the operator correspond- 
ing to the transformation. From (8) and (11) we conclude that the pairing vibration 
has the eigenvalue - 1 and the specific operator F is odd under this transformation. 
In the same way, it is easy to show that the spurious state is the collective state 
associated with the eigenvalue + 1. All other roots of  (21) are given by (19) and they 
are two-fold degenerate. 

The condition of a symmetric distribution of levels is fulfilled by the schematic 
single-particle models previously used. It is approximately satisfied by nuclei in the 
deformed region, for half-filled or completely filled shells, etc. 

If  condition (22) is not satisfied, there is a coupling between the spurious root and 
the pair fluctuation, and the first excited state may be higher than the first two-quasi- 
particle energy, 2Eu. In order to predict whether this happens, we evaluate (21) in the 
vicinity of  the quasi-particle energy 2E~-  W ~ + 0 

(W 2 2 2 1+8  )-', , (23) 
-4Eu)4E  u ~ u  f2uE~ 1 +e~]e 

where 2f2~, is the number of  single-particle states at energy e u. As the left-hand side of  
(21) is always negative for W -- 0, there is a root W1 < 2E u, if the expression within 
brackets in (23) is negative. This occurs if there is a second single-particle energy having 
different sign and such as to make the factor in parentheses negative and sufficiently 
great (for instance, this happens in the symmetric model). 

Unlike the ordinary quasi-boson dispersion relation, eq. (21) may have zero, one 
or two roots within an interval limited by two neighbouring quasi-particle energies 
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2Ep, 2E~ (E¢ > Ep). Let us evaluate (21) at the beginning and at the end of such an 
interval. 

I/V2_4E~ _. tJpEp V 2tJ°eP IJp (%e,--e 2) q 
--* +O) 2 ~ 2 + - -  +4 E Ev(4E 2_Wz)_I 8(W -4Ep)(eo-e~) LEo(ep+e.) Ep . ,p . .  

(24) 
f2,E, ['. 2f~,e e ( e , e , - e  2) .~ .  

wZ_4E 2 -.+ -O) 8(Wa_4Eo)(%_%) kEo(%+e,, ) + I2~+4 £ 2 2 2 E o v ~ a , a  Ev(4E2- W2)] 

We see that, if sign % --- sign ep, all terms within brackets have the same sign. 
Thus, the function (21) has a different sign at the beginning and at the end of the inter- 
val, and there is an odd number of roots present. On the contrary, if sign ep = 
- sign e,, the first term within brackets changes sign. I f  the two absolute single-par- 
ticle energies are sufficiently close, this term predominates over the others, the func- 
tion in (21) has the same sign in both extremes, and there is an even number of roots 
within the interval. 

The coefficients a.~, b., of the transformation (2) are given now by 

a.,  = [Ax.(U~ - V. 2) + Azn]/(2e.- W.). 

b.. = [ - A ~ . ( U ~ -  V.2)+ Aa.]/(2E.+ IV.). 

E (U~ - V2)l(4E 2 - W:) 
v 

(A2"/A'") = W~ Z 1/2E,,( 4E2 - W)) (25) 
,e 

= ( v ,  - - w : )  V;, ) 2E. I,V~/(4E,, 

- V,; ) ( 4 E ,  + W; ) 1 y - '  
+ (A 2,,/A I,,) (4E~ - W)) 2 + (&. /A 1.) ~ E~ 2e~ Ve./(4Et - 141.2) x_j , 

"7 
F. = 2A,JG. 

Any interaction which can be treated using the linearization approximation may be 
incorporated in the expression determining the frequencies IV,. In particular, this 
was done in ref. 7) for the quadrupole foxce leading to a 3 x 3 determinant: 

HQ = -½zQ 2, 

Q = ~ q,(F*i + F,) = ~ q,~(F*~ + F~)A]E, + terms containing non-diagonal single- 

= 

i v 

2E, 1 

2 
U v ~  

4E~ - W 2 

q~2UvV~ 
w :  

4E 2 -  W: 

4E2-W~ 

4E~- W ) G 

particle quadrupole matrix-elements, 

q ,~ 2 U~ V~ x ~ 
4E 2 - W 2 

y.  q - 2 v ,  u=, - v ,  =) 
, 4E 2 -  W ) 

q~e I I 
s2-£W 2 2x 

, (26  

2 2 • 4 E ,  --  W~ 
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where the variable i denotes a two-quasi-particle excited state connected with the 
ground state by the matrix element q, of  the quadrupole operator. 

2.1.3. Physical operators related to pairiny fluctuations. A collective state implies 
the existence of  enhancements in the matrix elements corresponding to physical 
observables. For  instance, because the electric quadrupole operator is very similar 
to the mass quadrupole operator, it can take full advantage of the coherence of the 
quadrupole collective state. 

The essential characteristic of the specific pairing operator F is that it is odd under 
the transformation which changes sign of  the single-particle energies. In addition, 
the absolute value of  the matrix elementfv (1 l) increases with levi. 

The relationship 'between pairing vibrations and fields changing the number of par- 
ticles, and the interpretation of the specific operator as a sum of  transfer operators 
suggest that the two-body transfer of  identical particles is enhanced by the coherence 
of  our collective state. 

The operator corresponding to the absorption of two identical particles with zero 
angular momentum is given by 

S = Zsvc~e~ ~ Z s ,  U,V,+ Z s ,  U2F~ - Z s v V ~ F , ,  (27) 
V V V V 

where s~ are weighting factors depending on radial integrals. We shall assume them 
to be all equal (s, = s). The matrix element of  S between the ground and a one- 
phonon state is given by t 

2 2 2 x? (U~ - V,; ) 2Ev _ 
S. = A .s  ~ - ~ - - , ~ . 2  A.s /G ½ s F .  . (28) 

4E~ - W,; 

Thus the operator S (r~ .~ U~s) partly fulfills the previous conditions for enhance- 
ment, as it contains a significant odd contribution. (This is obtained by replacing 
U~ by ½+½(U~ 2 -  V 2) and taking the second term), 

It has been emphasized that the two-nucleon transfer is specially enhanced for pro- 
cesses connecting the ground state of  two superconducting systems ((t ,p) reactions, 
or-decay 8), etc.). The corresponding matrix elements are given by the ground-state 
expectation value of (27) 

(01SI0) = s Y. f~ V~ = sA/a. (29) 
v 

Thus, the ratio between the cross sections of the reactions populating the pairing 
vibration and the ground state is roughtly given by 

Iad2/(OISlO> 2 ~ AZ/A 2 ~ (2e/z~A) 2, (30) 

which is about 0.02 for realistic parameters in deformed nuclei. The existence of two 
parallel transitions has the obvious advantage of  allowing us to use relative cross 

t Eq. (28) holds exactly in the symmetric case. Otherwise, S, = ½sF,~(1 q-Aa,,/Ax,,) and the cor- 
responding matrix element for the pick-up reaction is (St) n = ½sFn(1--At2,~/AI,~) (see eq. (25)). 
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sections (and thus eliminating s and G from (30)). However, this advantage is partially 
cancelled by the great enhancement in the transition to the ground state. 

Again, this is very similar to the case of fl-vibrations in deformed, axially symmetric 
nuclei. Most of the strength of the rZY2o(O, q)) operator lies in the expectation value 
corresponding to the lowest intrinsic state, and the ratio between the reduced electro- 
magnetic transition probabilities to the 2 + member of the fl-band and to the 2 + 
member of the ground state band t, has the same order of magnitude. 

Let us consider now single-particle operators. The monopole operator has a com- 
ponent which is odd under the previous transformation, because the states above the 
Fermi surface will have, in general, greater radii than those below. However, we do 
not expect any important enhancement, because the fluctuations in the radii are small, 
and because the second condition is not fulfilled (due to the damping factor UvV~ 
in rv). 

In deformed nuclei the quadrupole operator can also be used because states with 
positive quadrupole moment lie lower than those with negative moment. However, 
(i) there exists also here the damping factor UvVv. (ii) According to our previous 
estimations, only few levels (which are close enough to the Fermi surface) may par- 
ticipate in the collective state in actual deformed nuclei; these usually have similar 
intrinsic quadrupole moments. Thus, in most deformed nuclei, the quadrupole tran- 
sitions will not feel the coherence of our state. However, we may have a more favour- 
able case where low-energy fl-vibrations do occur. If  the diagonal single-particle 
matrix elements of the quadrupole operator q,~ are odd, the determinant (26) yields 
the dispersion relation corresponding to even states, and the expression 

4 A 2  I ( ~  (U2~-V2)2Ee~( E q2v ~ -- ( E  cJvv(U2v-V2)~27 
, 4E~-W 2 I\~E~(4E~_W2)] \ ~ 4E~-W~ z ] J 

_ 2 A  z q~ + 1  (U2-V2)2E, 1 (31) 
2 E (4E - w. 2 2xG 

The left-hand side is a small quantity. For instance, it is exactly zero for a degener- 
ate half-filled shell plus a quadrupole field (e~ = #q~). In this case, eq. (3 I) reduce, 
to 

(q~ 2 Uv V,)22Ev/(4E 2 - W 2) = 1/(2Z + I.tZG/A 2). (31' I 
v 

By comparison with the usual dispersion relation we see that the strength of th, 
quadrupole interaction is effectively increased. Moreover, the self-consistency con 
dition for the equilibrium deformation can be written 

v v 
and therefore 

1/X E 2 
v 

* This ratio has the value 0.02 in 15~Sm (ref. 1~)) and 0.01 in 23rI'h and z3aU (ref. xT)). 
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Now, the right-hand side of (31') can be evaluated using the last relation 

2xr#2G/A 2 

[~  2 (G/AS)(E e2/E,)" 

- -~ E + q,dE~ q , , /  ,, )2 
v 

- '  ( /Ab E 
v 

q,JEv Z 
v 

and thus (31') is equivalent to 

q2 

e , ( 4 e ,  - w.  

2 E 
v v 

v 

In the limit in which the quadrupole splitting is small (Ev = A) or in the limit in 
which there are only two single-particle matrix elements qw (with the same absolute 
value), all the quasi-particle energies are equal and the frequency of the lowest state 
is zero. The coupling between the fl- and the pairing vibrations produces an unstable 
collective state. This unstability corresponds to the fact that if we increase the defor- 
mation, the change in binding energy produced by an increase in the quadrupole 
interaction - ½ z Q  2 is cancelled by a decrease in the pairing interaction A Z/G. Con- 
sequently, in this over-simplified situation no equilibrium position occurs (in second 
order). 

The opposite situation arises when all qw are similar to each other. In this case, the 
quadrupole moment is an even operator, and the pairing vibration is uncoupled from 
both the fl-vibration and the spurious state. It is also easy to show that here only the 
spurious state is expected to be within the gap. Physically, this corresponds to the 
fact that a variation in energy does not change the value of Q if all single-particle 
states have similar qv~; and consequently, the potential energy surface represented as 
a function of Q presents a sharp minimum. 

However, in addition to the coupling with pairing vibrations, it is also possible to 
obtain low-energy fl-vibrations through non-diagonal single-particle matrix elements 
or through diagonal q~ oscillating in sign at both sides of the Fermi surface. Only a 
calculation with realistic single-particle energies can inform us which of the cases 
occurs in actual nuclei and whether the predicted energy of fl-vibrations ¢' 5) has been 
lowered by renormalizations similar to (31'). 

Another operator characteristic of deformed nuclei corresponds to the coupling 
between vibrational and rotational degrees of freedom. In second order perturbation 
theory, the Coriolis force Hc couples the ground state with two-quasi-particle states 
r{Io> 

[ h 2 \  2 
(v, IiHclO , 1) = I F )  zfl(I+ 1), z v = 2 ~v (OIJ-ia)(aiJ+ F~IO)/e,, (32) 

where the intermediate states la) have K = 1 and energy co. Here ~¢ is the moment 
of inertia, I the total angular momentum and J~: the components of the angular too- 
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mentum operator corresponding to the intrinsic motion. Evaluating (32) one obtains 

z,  = A ~ I(o~lJ±lv)lZ(e~-e,~)/E, Eo(E,+E~) .  (33) 

Obviously the value of  zv depends on the details of  the single-particle structure. 
For  instance, the uniformly-spaced model can represent the central region of a large, 
deformed j-shell. In this case the matrix elements of J± are 

[ ( jmlJ+l jm ' ) [2  = ~j2~m, m~ 1, 

and thus 

z~ = 2Aj2 e[1]E,_ I(E~ + E~_ l) - 1/E~ + I(E, + E~ + I)']]E, ~ j23A e(E~+ 1 - E,_ 1)/E~, (34) 

which changes sign when crossing the Fermi surface. Moreover, for states lying away 
from the Fermi surface (le, I >> e), 

E , + , - E , - 1  ~ 4(U~-V~z), 

and thus z, approaches the specific matrix element f , .  The total mixing matrix element 
z is obtained by replacing in (10) r~ by zv. In the case of 20 particles moving in 20 
equally-spaced levels, z /z ,  is about one third of the value (15) corresponding to the 
specific operator. (z~ is the value which would be obtained in the absence of the pair- 
ing vibrations). This reduction is due to the existence of the damping factor 1/E~. 

So far we have been looking for processes depending linearly on the amplitudes. 
Because, using realistic parameters, the coefficients a,,  in eq. (2) decrease rapidly 
with the single-particle energy, the coherence of  our state cannot be exhibited in 
physical processes depending quadratically on the amplitudes. 

2.1.4. Quantitative calculations. The single-particle parameters and interaction 
constants corresponding to deformed nuclei are the same as those used in ref. 4). 

The relevant results concerning the neutron states in rare-earth elements are listed 
in tables 1 and 2 and in fig. 4. In table 1, the values o f F ,  are listed for the three lowest 
roots while in table 2 (6 = 0.25 and 6 = 0.20) only the values corresponding to the 
two lowest roots are given. The mean value for the first root is 2.2 with a mean square 
deviation of  1.3, in agreement with the previous estimates (14). The oscillations can 
be understood on the basis of Nilsson's energies; the enhancements for 90, 96 and 102 
neutrons correspond to small gaps in the single-particle spectrum; for 98 and 10( 
neutrons the two (521½) and (6333) states are extremely close to each other and to th~ 
Fermi surface, and the coherence in the first excited state disappears. The predictec 
gap between the (624~z) level and the (510½) level again increases the matrix elemen 
for 108 neutrons (table 2). The average matrix elements for the (t, p) reaction is 1.1 
with a root mean square deviation of  0.3, thus predicting the cross section to th~ 
collective excitation to be on the average about 40 times smaller than the cross sectiol 
to the ground state, again in agreement with previous qualitative estimates. Howevel 
in the case of 108 neutrons it is predicted to be only 15 times smaller. 
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In deformed nuclei, a decrease in the single-particle level density has been experi- 
mentally found for 104 (ref. 9)) and 152 (ref. to)) neutrons. It should be very interest- 
ing to measure whether corresponding enhancements occur in these cases. 
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Fig. 4. The matrix element Sn for the (t, p) transfer is given as a function of the excitation energy 
for several neutron numbers in the rare-earth region, assuming the Nilsson single-particle energies. 

The third column of table 1, and especially fig. 4, suggest the possibility of finding 
significant enhancements in the population of some excited states. In fig. 4 we see a 
state with high cross section, which is lowered in energy as the number of neutrons 
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increases .  I t  is due  to  a gap  a p p e a r i n g  in  the  t heo re t i ca l  s ing le -par t ic le  s p e c t r u m  fo r  

118 n e u t r o n s .  

Tab l e  2 a lso  p re sen t s  the  va lues  o f  t he  m a t r i x  e l emen t s  c o r r e s p o n d i n g  to  t he  

o p e r a t o r s  F a n d  S w h e n  the  p a r t  o f  t he  pa i r ing  fo rce  H i ,  w h i c h  is r e spons ib l e  fo r  t he  

pa i r ing  v ib r a t i on ,  is neg l ec t ed  (H~ '  is k e p t  in o r d e r  to  e l imina te  the  spu r ious  s ta te) .  

TABLE l 
Distorted nuclei with t~ = 0.30 

N .d[G W1 Fx Sx IV, F, S2 Wa F3 Sa 

90 6.5 1.77 3.6 1.8 2.06 1.2 0.8 2.13 1.6 0.6 
92 6.5 1.75 1.2 0.7 1.94 1.7 1.2 2.10 3.2 1.0 
94 6.4 1.69 1.9 0.9 1.83 1.2 0.4 1.99 2.9 2.0 
96 6.4 1.64 3.0 1.5 1.89 1.8 0.6 1.91 0.4 0.2 
98 6.3 1.63 0.4 0.2 1.66 0.4 0.2 1.82 2.6 0.9 

1 ~  6.0 1.54 0.4 0.1 1.59 0.4 0.1 1.92 3.5 2.2 
102 5.4 1.33 4.6 1.7 1.81 2.0 1.3 1.84 0.4 0.1 
104 5.6 1.37 2.1 1.0 1 . ~  1.7 1.0 1.95 3.8 0.9 
106 5.9 1.42 1.8 0.8 1.57 1.8 0.6 1.67 1.9 1.2 

The ratio dIG and the energy, matrix element Fn and matrix element Sn for the (t, p) reaction are 
given for the three lowest roots of  (21). 

TABLE 2 
Distorted nuclei with 6 = 0 . 2 5  and ~ = 0 . 2 0  

N ~ A/G W1 F~ Sx 14"2 F~ S2 WI' Fl' $1" 

104 0.25 6.0 1.45 2.1 0.8 1.70 2.2 1.3 1.50 0.4 0.3 
106 0.25 5.7 1.36 2.5 1.0 1.66 2.0 0.5 1.43 0.4 0.4 
106 0.20 6.9 1.65 3.0 1.2 1.95 1.8 0.5 1.74 0.5 0.3 
108 0.25 5.7 1.35 4.3 1.8 1.72 2.4 0.6 1.57 0.7 1.1 
108 0.20 6.8 1.59 3.2 1.4 1.88 3.0 0.8 1.70 0.5 0.2 
110 0.20 7.0 1.67 0.8 0.4 1.75 2.7 1.0 1.67 0.09 0.2 
112 0.20 7.0 1.63 0.8 0.3 1.63 0.7 0.3 1.63 0.003 0.02 

The ratio A/G and the energy, matrix element Ft, and matrix element Sa for the (t, p) reaction are 
given for the two lowest roots of (21). The last three columns give the corresponding values that are 
obtained for the first root if one omts in the residual pairing Hamiltonian the second term in (4). 

T h e  resu l t ing  m e a n  va lues  fo r  F1 a n d  $1 are  0.37 a n d  0.36, respec t ive ly ,  t hus  s h o w i n g  

a dec rease  o f  a f ac to r  o f  6 a n d  3, respec t ive ly ,  w i t h  respec t  to  t he  va lues  o b t a i n e d  in- 

c lud ing  the  p a i r i n g - v i b r a t i o n  co r re l a t ions .  

T h e  c o u p l i n g  b e t w e e n  the /~-  a n d  pa i r ing  v ib r a t i ons  can  be  e v a l u a t e d  by  e i the r  con-  

s ider ing  (26) or ,  in a s imple r  way,  by  so lv ing  (21) a n d  by  ca lcu la t ing  the  B ( E 2 )  value 

c o r r e s p o n d i n g  to  the  t r an s i t i on  b e t w e e n  the  g r o u n d  s ta te  a n d  the  pa i r ing  v i b r a t i o n  
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The predicted B(E2) values do not show significative enhancements, and moreover, 
the larger B(E2) values are not correlated at all with corresponding enlargements in 
the matrix elements Fn. This is also true for inelastic scattering processes of the type 
(p, p'), monopole matrix elements and the parameter measuring the coupling of  
rotational and vibrational motion. 

TABLE 3 

Spherical single-closed shell nuclei 

Protons d/a Wl SI W,, S, W3 Sa W4 $4 W( Sx' 

56 4.5 1.7 1.1 3.8 2.0 6.0 0.7 6.6 0.4 1.9 0.7 
58 4.7 1.6 0.9 3.3 2.0 5.5 0.8 6.1 0.4 1.8 0.5 
60 4.7 1.7 0.7 2.7 2.1 4.9 0.8 5.5 0.4 1.9 0.01 
62 4.6 2.0 2.1 2.1 0.5 4.3 0.8 4.8 0.4 2.1 0.6 

8 2 - n e u t r o n s  

Neutrons 

6.5 2.7 0.5 2.8 1.3 3.4 0.4 3.9 0.3 2.7 0.02 
66 6.5 2.6 1.1 2.8 0.5 3.5 0.3 3.9 0.3 2.8 0.2 
68 6.5 2.7 0.9 3.0 0.4 3.1 0.2 4.3 0.3 2.9 0.4 
70 6.5 2.7 0.2 2.8 0.6 3.3 0.3 4.8 0.2 2.7 0.1 
72 6.4 2.5 0.2 3.1 0.5 3.7 0.3 5.2 0.2 2.5 0.1 

Sn i so topes  

The ratio ,diG and the energy and matrix element Sn for the (t, p) reaction, are given for all the roots 
of (21). The last two columns list the values corresponding to the first root if one omits in the residual 
pairing Hamiltonian the second term in (4). 

Typical spherical superconducting nuclei are the single-closed shell nuclei in which 
the shell starting at 50 particles is being filled. In the Sn isotopes the d~, g~ and s~r 
states are below the Fermi surface, while the h~ and d~ levels lie above. Using the 
same energies as Kisslinger and Sorensen 11), our parameters x and y are ~ 1.3 and 
0.4, respectively. According to fig. 2, these numbers would correspond to an enhance- 
ment of  the collective properties associated with the pairing-fluctuation state. How- 
ever, this estimation is handicapped (i) because of  the presence of  the s~ level relatively 
close to the Fermi surface, the lowest excited estate can be approximated as a mixture 
of the configuration (s~) 2 and the pair fluctuation; and (ii) the single-particle levels 
do not have the same degeneracies; in consequence, the matrix element for the (t, p) 
reaction strongly favours the population of  the (h~) 2 configuration. Thus, the re- 
action is somewhat intermediate between a first and a second order process. (The 
latter ones depending on the admixture of  a particular state, which is a small number 
unless the state is very close to the Fermi surface.) Due to both disadvantages, there 
appears to be a relative enhancement of  the reaction populating the first state t only 

t These calculations have been performed in collaboration with C. Veje. 
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if we compare the predicted matrix elements with those obtained by simply projecting 
the spurious state out of the same level (table 3). 

2.2. NON-SUPERCONDUCTING NUCLEI 

2.2.1. Qualitative considerations. Let us consider now those nuclei in which no 
superconducting solution exists. The subscripts v will denote the single-particle states 
which are filled in the unperturbed ground state 10); the label 09 will indicate empty 
states. The quasi-phonon creation operators are now 

r~ = Y. btor~+ Z b~r~, (35a) 
t o  v 

rt, = Y. av rt, + Z atOrto, (35b) 
V tO 

where 
t t r t ~ C~,Cv. r ~  - ctOc~, 

The linearization equations (5) are now equivalent to 

I/G = E 1/(2etO- Wb)+ ~ 1/(2e,+ Wb), (36a) 
tO y 

1/G = ~ 1/(2etO+ Wa)+ E 1/(2e,- Wa), (36b) 
tO v 

where all energies ev, e,~, W., W~, in the denominators are positive and measured 
from the common minimum of the curves representing the right-hand side of (36a) 
and (36b) as a function of W (see fig. 5). This minimum coincides with the. value of 
the Fermi surface in the limit in which the superconducting solution disappears. 

The coefficients in the transformation (35) are given by 

btO = Ad(2etO- Wb), by = Ad(2e~,+ Wb), a,, = Ao/(2e,,- W,,), ato = A,,/(2etO+ W,,), 
(37) 

with the normalization condition 

1 = A~[ ~ 1/(2eto- Wb) 2 - • 1/(2e,+ Wb)2-1 (38a) 
tO Y 

= A,Z[ E 1/(2e,- Wo) 2 -  E l/(2e,0+ W,)2]. (38b) 
y to 

Because 2 2 A~ (Ao) is the inverse of the derivative of the right member of (36) with 
respect to W~,(W°), both Ab and Ao go to infinity when Bib tends to zero and, more- 
over, from (38) 

lim A./A b = 1. (39) 
Wb--~O 

As F.tI0)(F/16)) represents a state with two more (less) particles, the excitations 
of our system are represented by the two-phonon states 

lab> = rtrtl?~>, 
Hlab> = (Eo+ W.+ W~)lab>, 
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where E o is the energy of the correlated ground state 10). Therefore, the excitation 
energy of the lowest state 0 + has been lowered due to the pairing interaction from 
the smallest of the distances 2(e~ + eo,) to the smallest sum (Wa + Wb). 

Our description yields also the wave functions and energies of the states belonging 
to neighbouring nuclei. In particular, the increase in binding energy due to the pairing 
interaction of the nucleus with two particles moving in os-levels, with respect to the 
binding of the closed-shell nucleus, is given in this model by the difference 

2eo,- Wb, 

and, therefore, the decrease in the energy of the excited state is determined by the 
increase in binding of nuclei with n + 2 and n - 2  particles (fig. 5). 

The "specific" operators correspond to the transfer reaction of two identical par- 
ticles F 

F = ~, Fro + E F~ = E ( E b,o - ~ b~)F*b + E ( E a v -  E ao)Fa (40) 
tO ¥ b "to Y a V 0 

and to the inverse process F t . In particular, the matrix elements corresponding to the 
transfer of two nucleons to the ground state and to an excited state are 

<61r.FIS) = A,,/G, (41a) 

(O[F~F[a'b) = Ab6~,/G. (41b) 

Because of the delta factor in (41b), we can populate only those excited states 
having the same hole configuration as the ground state of the n - 2  system (F~*[0)). 
There are as many such excited states as solutions of (36b). If  the lowest root Wb is 
sufficiently displaced from the unperturbed energy, the stripping of two identical 
particles is characterized by two strong peaks corresponding to the ground and first 
excited state, respectively. The ratio between these two cross sections is given by 

cr(lO+)/a(20 +) = (Aa/Ab) 2, (42) 

which depends on the ratio between the degeneracies of the lower and upper shells. 
As the ratio Aa/Ab tends to 1, when Wb ~ 0 (eq. (39)), the correlations tend to equalize 
the population of both levels. 

The two-shell model introduced in (16) can also be applied now. The energy of the 
lowest state is given by 

2W1 = b(1 + y Z _ 2 y  coth z) ~, (43) 

while the matrix element £'1 is 

F1 = (60/2W1)~(z/ sinh z) 

In the limit y = 0 (no spread within the shells) 

y = a = z = O ,  
zW1 = (b2--2Gt2b) ~, 

F2[K2 = b/(b2-2G~2b) ½, 
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which is greater than 1, showing the same enhancement as in the superconducting 
ease. As the spread increases, (keeping the energy WI constant) the cross section de- 
creases due to the increase in z. 

2.2.2. Quantitative calculations for 2°apb. It is known from Hogaasen's calcula- 
tions z) on the two-shell model that the predicted decrease in excitation energy (as G 
approaches the critical value) is a real effect only in the limit of  high degeneracies; 
because of this, and because the distance between two closed shells is smaller for 
heavy nuclei, the most proper case for testing the model is 2°aPb. The single-particle 
levels are experimentally well established 12, 1 a) but for the highest proton shell; for 
these levels we have identified the three known energies with the h~, f~ and i~ levels, 
respectively, and assume that the other three levels have the same relative energies as 
in the corresponding neutron shell. In any case, their exact position is completely 
unimportant, because of the very low degeneracy associated with them. As the sum 
of  the pairing binding energies in 2°6pb and 21°pb is 2 MeV (ref. lz)), we predict a 
excited 0 + neutron state at 4.9 MeV. The ratio between the matrix element populating 
the first excited state and the ground state should be 1.3; from the data 12) on 210pb ' 
we find that a similar proton state should lie higher, at about 6.7 MeV. The values 
of  G, which correspond to these energies, are Gn = 18 MeV/A and Gp = 26 MeV/A, 
in fair agreement with those used by Kisslinger and Sorensen ~ ~) for the neighbouring 
nuclei (G = 24 MeV/A), taking into account that this last value includes renormali- 
zation effects due to inter-shell transitions which we explicitly consider here. 

The experimental situation partially supports this picture. Both from ~-decay 14) 
and the (t, p) process 15) there is experimental evidence indicating the existence of a 
state at 3.20 MeV, which is populated in the (t, p) reaction with a total cross section 
which is 0.6 of the cross section populating the ground state. This strength is consist- 
ent with a 0 + assignment, which is furthermore supported by the fact that pairs have 
been observed in connection with the ~-decay. 

We can lower the excited neutron state in order to fit the experimental energy by 
means of a relatively small increase in the pairing interaction; Gn = 22 MeV/A. The 
corresponding ratio between the matrix elements is decreased to 1.1, a remaining 
difficulty being the fit of  the experimental binding energies in 206pb and 2 t 0pb (fig. 5). 
It should be stressed that this discrepancy will arise whenever we impose the lineari- 
zation equation (5) and, in particular, it is independent of any assumed two-body 
interaction. 

The previous strengths of the pairing interaction are close to the critical value, i.e., 
to the value for which appears a superconducting solution (Gc)~ = 25 MeV/A. Fo~ 
Go = 30 MeV/A, both 2A and the pairing vibration lie at 3.20 MeV, and the ratio 
between the matrix elements is further decreased to 0.35. For this value of Gn, a cot. 
responding difficulty appears in the description of 2°6pb: the value of the gap 2z 
increases to 3.32 MeV, in contradiction with the energy of the first excited 0 + stat~ 
at 1.I 5 MeV. 
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Fig. 5. The left-hand side of  eq. (31) is plotted for both neutron and proton levels in the case of  
2°sPb, in the region between the two neighbouring shells. For each G there is a straight line, which is 
divided by our curve in three sections. The first one from the left corresponds to the pairing energy 
of  the nucleus with n- -2  particles; the segment at the centre represents the excitation energy of a 
closed shell nucleus; and the third is the pairing energy of the n + 2  system. The figure above cor- 

responds to the neutron case; the one below, to the protons. 

3. Conclusions 

T h e  p a i r i n g  v i b r a t i o n  a p p e a r s  as  a l o w - e n e r g y  co l l ec t ive  m o d e  in  t h e  case  o f  a 

r e s i d u a l  t w o - b o d y  i n t e r a c t i o n  s u c h  t h a t  t he  n u c l e u s  s h o u l d  b e  suf f ic ien t ly  c lose  to  t h e  

t r a n s i t i o n  p o i n t  b e t w e e n  t h e  s i n g l e - p a r t i c l e  a n d  a s u p e r c o n d u c t i n g  s y s t e m ,  a n d  i f  
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there exists at least two well-defined groups of single-particle levels in such a way 
that the spread on energy within each group should be significantly smaller than the 
distance between the two groups. 

The operator which specifically feels the coherence of the collective state corresponds 
to the two-body transfer processes. A difficulty existing in superconducting nuclei is 
the existence of large competing matrix elements corresponding to the population 
of the ground and spurious states. 

Deformed even nuclei are not very far from satisfying the first condition for the 
existence of pairing vibrations. The second one is only partly fulfilled whenever a gap 
appears in the single-particle spectrum. These gaps are predicted to produce enhance- 
ments in the reactions populating either the first of higher excited states. 

In spherical nuclei, the most promising cases are the closed-shell nuclei. The main 
characteristic of the resulting spectrum is the existence of a low-energy 0 ÷ state which 
is populated with the same intensity as the ground state. Such spectrum appears to 
exist in 2°SPb although residual effects must have at least quantitative importance. 
It should be interesting to perform also the (t, p) reactions on nuclei with 80 neutrons. 

It should be stressed that the pairing fluctuations previously considered occur (or 
not) within the framework of a simplified model consisting of particles interacting 
via a pairing force with constant matrix element. This model has proved its validity 
mainly in connection with the properties of the ground state. However, one could 
also produce two sets of levels and the corresponding pairing fluctuations through 
the introduction of some additional selection rule in the pairing matrix elements. It 
is probable that these refinements of the pairing model are needed in order to explain 
further details in the excitation spectrum. 
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Appendix 

In an attempt to clarify the physical meaning of the pairing vibrations, we try i 
this appendix to emphasize further the analogy between quadrupole and pairin 
collective states. 

Let us start considering spherical, non-superconducting nuclei. We construct t~ 
states by means of the independent-particle operators C],n and c j,,,. These operato: 



PAIRING VIBRATIONS 311 

create and destroy the Mayer-Jensen "particles". An essential characteristic of these 
degrees of freedom is that they carry a definite angular momentum and that they 
create (or destroy) one nucleon. 

However, the Hartree-Fock equations may yield deformed states. This happens, 
for instance, if the residual force has a strong quadrupole component 

HQ = -- ½Z Z Q~ Qu- (A.1) 

Let us assume that these solutions maintain the axial and reflection symmetries. 
We note: 

(i) The nuclear distortion is measured by the magnitude of the static quadrupole 
moment Q. The ground state is determined by minimizing the expectation value of 
the Hamiltonian with respect to Q. 

(ii) The Mayer-Jensen "particles" are replaced by Nilsson "particles", which 
move independently in a deformed field. In consequence, they may be expressed as 
linear combinations of the form 

?~ = Z ajc],, • (A.2) 
J 

(iii) A fundamental invariance principle has been violated, namely the conservation 
of total angular momentum. One insures, however, that the average value of the total 
angular momentum has a prescribed value I, by using the technique of the Lagrange 
multipliers. 

In analogy with eq. (1.A), we may expand the total wave function in eigenstates 
of the total angular momentum. 

10) = ~ O~tK 10, I ) .  (A.3)  
I 

The set of states 10, I )  associated with the intrinsic state 10), constitute a rotational 
band. These bands are characterized by an enormous enhancement of the quadrupole 
matrix elements between states belonging to the same band. 

(iv) Finally, we must study also the transition region, i.e., the domain in which 
neither the spherical nor the deformed description is predominant. Most of the work 
performed so far in this respect assumes a definite equilibrium position and small 
departures from it (quadrupole vibrations in spherical nuclei, r-vibrations in de- 
formed nuclei.) 

Instead of treating a distortion in the shape of the nucleus, we can consider a 
superconducting distortion, if our Hamiltonian includes a pairing interaction term 

H ,  = - G P t P  (A.I') 
In this case we may remark: 

(i) The distortion is measured by the gap parameter A/G which is the expectation 
value of the pairing operator P. Furthermore, the value of the gap is used as a minimi- 
zation parameter in the determination of the wave function. 
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(ii) The Mayer-Jensen "particles" are replaced by Bogolyubov-Valatin "particles". 
These latter ones are given by the linear combinations 

~ .  = fjC~m-- Vjcjfft, 
o~,,, = V#c#,n + Uic]~, (A2') 

(iii) These "particlcs" move independently in a distorted field which does not 
conserve thc numbers of particles. One requires that the system has a fixed average 

number of particles N by using a Lagrange multiplier. In fact, the non-conservation 
of the number of particles is not an unfortunate feature of the superconducting 

solution, but rather a fundamental feature. It is at least as essential as the lack of 
conservation of angular momentum in a deformed field. 

The wave functions can be expanded in terms of states corresponding to a definite 

number of particles 

10> = ~ cNlO, N>. (A.Y) 

The set of states 10, N> associated with the intrinsic state 10> represents, for instance, 
the set of ground states of neighbouring even nuclei. They form a superconducting 
band. These bands are characterized by the great enhancement of the two-body 
transfer operator P between states belonging to the same band. 

(iv) As in the quadrupole case, one may attack the problem of the transition region 
by studying the small fluctuations about the equilibrium position. This has been the 
aim of the present work. The oscillations around A = 0 correspond to quadrupole 
vibrations in spherical nuclei. In this last case, the angular momentum is a good 
quantum number and the low-energy 0 + states have two phonons. Correspond- 
ingly, the conservation of the number of particles implies the use of two pairing 
phonons in order to obtain an excited estate of a non-superconducting nucleus. 
Because the previous symmetries are lost, the collective oscillations correspond to 
only one phonon, both for//-vibrations and for pairing-vibrations in superconducting 
nuclei. 
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