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N O M ENCLATURE 

scale factor;
Bessel function o f the first kind and o rder n; 
tim e; 

t

v ;
í), tem peratu re; 
i,see equation  (2c);

= x  + iy, see equation  (4); 
spacial variab les;
Bessel function of the second kind and order.

G reek symbols

7.
therm al diffusivity; 
separa tion  c o n s ta n t; 
see equation  (5); 
see equation  (2c); 
roots o f equation  (8).

IN TR O D U CTIO N

I t  i s  a n  accepted fact th a t tem peratu re plays an im portan t 
role on  the structural behaviour o f solid p ropellant rocket 
m otors.

T em perature lim itations on surface-launched m oto rs are 
less rigorous than  those for air-launched rocket m otors [1].

Param eters taken  in to  account and  extensively studied 
by the  U.S. N avy are: environm ental tem peratures for 
surface-launched m otors being transported  along tran s­
continental shipping routes, storage tem peratu re records 
obtained from Coastal and inland N avy am m unition 
depots, etc. [1],

In flight, high M ach num bers generate severe heating 
conditions which are additive to those added by captive 
flight conditions. Therm o-elastic o r  therm o-viscoelastic 
unsteady stress analysis o f the m o to r is certainly o f basic 
im portance from the poin t o f view of struc tu ra l integrity 
and operational perform ance of solid propellan t rocket 
grains.

T he present study deais w ith the determ ination  o f the 
unsteady tem peratu re field in an  infinitely long circular 
cylinder w ith a sta r shaped perforation. It is assum ed that 
the  problem  is governed by F ourie r’s equation  o f heat 
conduction.

Such configuration is an  accepted, highly simplified 
m athem atical m odel o f an extrem ely com plex therm o- 
structu ral problem  which would require the solution o f a 
non linear viscoelastic dynam ic problem  with coupled 
therm om echanical constitutive equations and  exotic 
boundary  configurations.

T he approxim ate analytical m ethod used in the present 
study enables the research engineer and applied scientist to 
find a  unified tim e-dependent so lu tion  w hich is valid 
regardless the shape o f the doubly  connected cross section.

A dm ittedly o ther approxim ate m ethods such as the finite 
difference and the finite elements techniques are m ore 
general, bu t their accuracy is usually tested considering 
dom ains o f very simple geom etry, e.g. the circle or 
rectangle. The approach  followed in this study allows for 
the finding of analytical so lutions in o th er dom ains, thus 
providing an  independent check of the accuracy of m ore 
general m ethods.

T he unsteady tem peratu re field is also evaluated using a 
finite element approach.*

THEORY AND D E V ELO PM EN T O F  TH E M ETH O D  

C onsider the following unsteady heat conduction 
p rob lem :

S T
aV T (x , y, t) =

8t

T [L ¡(x ,y ) =  0 , t ]  =  0 (i = 1 ,2 )  

T (x , y, f)l,=o =  T0 (a constan t),

(la )

(Ib)

( l e )

where L ¡(x ,y ) =  0 (i =  1,2) denotes the functional relations 
which define the inner and ou ter boundary respectively 
(Fig. 1). Applying the m ethod for separation  o f variables 
one obtains the following:

T ' ( t )  +  a 7 2 x ( í )  =  0

V 2Tl (x , y)  + y1Tí (x ,y)  = 0

where y1 is the separa tion  constan t and

T ( x , y , t ) =  T¡(x, y)r(í). 

T he solution o f equation  (2a) is simply: 

z(t)  ~  e “ , ; í '

(2a)

(2b)

(2c)

(3)

E quation  (2b) m ay be expressea in com plex variable 
form as:

82T¡
4 -------  + y1T1 =  0

dwdw
(4)

where w =  x +  iy =  R ■ e‘8 and w is the com plex conjúgate of 
w. Let

w = m -  á =  r e “ (5)

*The code has been developed a t C entro  A tóm ico 
Bariloche, C.N.E.A.
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82Ti
4 — ¿  +  72l/ '( í ) l27'1 ■ 0. (6 )

■ 0

T (rh 0 ,t)  =  0 ( ¡ = 1 ,2 )  

T (r , 0, í ) U  =  T0.

O nce the separa tion  constan ts are  know n the tem pera- 
tu re  d istribu tion  in the ¿-plañe is given by:

M
T (x , y, t) ~  T(r, í) ^  £  '4om[^o('?om',)yo('/om''2)

- J o(>1omr2)Yo(>1omr)']e-*"'°•'', ( 11)

where the <40m's are obtained  from the  initial condition  (9c) 
and they are given by the  relation [5 ]:

=  71 - (12)

F ig . 1. Cross-section o f a solid propellant rocket m otor 
studied in the present investigation.

be the  analy tic function w hich m aps the in terio r o f an 
annulus in the  í-p lane  on to  the given dom ain  in the w- 
plane.

Substitu ting  (5) in (4) results in the transform ed partial 
differential equation :

Since the  transform ed región is now an  annulus, it is 
convenient to  express the solution of (6) as a double infinite 
series o f cylindrical harm onics:

Tdr , 9 ) =Í  I  4 » W w )n (W 2)
n = 0 m = 0

— JArlnmr2)YA>1nmrí}COSn0 (7)
w here r2 is the ou ter rad ius of the annulus, and J„ and  Y„ 
a re  the  Bessel functions of first and second kind 
respectively.

The index n denotes the o rder of the Bessel functions and 
the are the roots of the transcendenta l equation:

Jn(nnmr i) Y„{iumri)
■¡Án„mr2) Y„(n„mr2)

(8 )

w here r¡ is the  inner radius o f the annulus.
Since an approx im ate solution is desired it will be 

profitable to simplify equation  (7) even further. This can be 
done after the following considera tions:

The boundary  conditions (Ib ) and (le) becom e in the ex­
plane:

(9a)

(9b)

In view of equations (9) it is reasonable to  expect th a t 
isotherm s in the {-plañe will not depart drastically  from 
concentric circumferences. Consequently  the 0-dependence 
will be neglected.

The tem pera tu re  d istribu tion  is then  given by the 
app rox im ate  truncated  expression:

(10)

Substitu ting  (10) in equation  (6) results in an  erro r o r 
residual function e(r, 6).

Use of a  suitable “w eighted-residuals” approach  yields 
the eigenvalues yj;m. Details o f the technique used have been 
published in the open litera ture [2] [4].

Jo(lOm-ri) + J 0(lOm-r2)
It is im portan t to  point ou t th a t when M  -* oo, equation 

(11) is an exact solution i f  the given configuraron is an 
annulus.

Since (11) converges in a rapid fashion, the use o f  the firs t 
term is sujficient for some practical applications.

C onsider now the dom ain  show n in Fig. 1. T he 
approx im ate m apping function w hich m aps the given 
región on to  an  annulus in the f-p lane  is given by the 
expression [6 ]:

w = a (0.7789¿ +  0.2965¿ " 3 -  0.0789{ “ 7 +  0.0034£ ~ 11).
(13)

F o r r =  1, equation  (13) yields the inner co n to u r and for 
r =  2.50 the ou te r boundary  w ith an  e rro r  less th an  1% 
since for r »  1 the first term  of (13) is p redom inant.

It m ust be pointed out th a t if the  web fraction (ratio of 
the diam eters o f the circum scribing circles for the ou ter and 
inner boundaries) is closer to  unity it is necessary to  use a 
truncated  L aurent expansión [7],

F inding the coelficients of the m apping function involves 
then  solution of a system of coupled integral equations.

T he next step is the calculation  o f the  separa tion  
constants. This is done using an  approach  published 
elsewhere* [4],

For

Á = —  =  2.50
r¡

the two lowest eigenvalues are:

(y01 ■ a) =  2.75 and (y02 • a) =  5.50.

FIN ITE ELEM EN T SO LU TIO N  AND 
CO M PARISO N O F  RESULTS

Figure 2 show s the  element d istribu tion  used in the 
present investigation.

Figures 3 and 4 depict a com parison of valúes o f the 
dim ensionless tem peratu re param eter T /T 0 as a  function o f 
R/a  and  the dim ensionless tim e scale t' =  a t /a 2. The polar 
variable has been taken equal to  zero in all cases.

Figure 5 show s T /T 0 as a  function o f  t' for a  fixed point 
in space (R/a =  1.4168; 0  =  0).

The analytic solution converges slowly for small valúes o f 
the tem poral variable (this is the reason why the curve has 
been ex trapolated  cióse to the origin o f the plot).

F rom  the  inspection o f Figs. 3 -5  one m ay conclude that 
the agreem ent is, in general, quite reasonable, especially if 
one considers th a t the  approxim ate, analy tic solution 
consists of only two term s and th a t the  0-dependence in the 
í-p lan e  is disregarded in the present analysis. Adm ittedly 
the agreem ent is not as good for o th er valúes o f <p, 
especially for the extrem e case where <j> =  7t/4.

N o claim  of originality  is m ade in the present paper, but 
it is hoped th a t present results be o f som e valué in future 
investigations dealing with boundary  and  eigenvalue pro- 
blems in dom ains o f com plicated boundary  shape.
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*The separa tion  constan ts are ob tained  solving equation  
(6) by m eans o f a w eighted-residuals app roach  [4],
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F ig . 2. F inite element distribution.

T/X

FINITE  ELEMENTS SO LUT IO N

CONFORMA! .  M A P P I N 6 -V A R IA T I 0  N A  L 
APPRO ACH

• F IN I T E  ELEMENTS S O L U T I O N

F ig . 3. V ariation  of T /T 0 as a function of R /a  for t' =  0.05 F ig . 4. V ariation of T /T 0 as a  function of R /a  for t =  0.20
and 0.10; <f) =  0. and 0.40; <¡> =  0.
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F ig . 5. Variation of T /T 0 as a function of t' for R /a  =  1.4168; 0  =  0.
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