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S u m m a r y .  - -  A dispersion relation model is constructed so as to repro- 
duce the results of a Lee model. This allows to compute explicitly the 
boson form factor; with it the renormalization constants can be shown 
to be incorrectly defined, oven though the model can be regularized. 
A new method of solution is proposed with well-defined renormalization 
constants and free from ghost states. 

1.  - I n t r o d u c t i o n .  

The field model  proposed by  LEE (1) has the advan tage  over  other  models  

of being exac t ly  soluble, in the sense t ha t  the cross-section for a given process 
can be computed,  given the masses of the part icles and the coupling constant .  
I t  is a nonlocal model  however,  needing to pos tu la te  a fo rm fac tor  describing 
the  region where the  in teract ion takes  place. Besides, as is well known,  i t  
leads to ghost  s ta tes  appear ing  in the  theory ,  for which the scat ter ing ampli-  

tude  presents  a pole outside the physical ly  possible region. RASCHE and 
STRAU~A~N (2) have  proposed a me thod  to el iminate the  effect of the  ghost  
s ta te  and  to obta in  the  renormal izat ion constants  of the  model,  by  subt rac t ing  

the  residue a t  the  pole belonging to the  ghost  s ta te  f rom the expressions where 
i t  appears .  However ,  the posi t ion of the  pole, the  residue itself and  the  re- 
normal iza t ion  constants  remain  unknown,  because the  fo rm fac tor  is undeter-  
mined. 

(1) T.  D .  LEE: Phys. Rev., 95,  1329 (1954) .  

(2) G. RASCRE and N. STRAU_~/ANN: ~Vuovo Cimet*to, 26, 772 (1962). 
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I n  the present  pape r  we propose a dispersion relat ion model  which repro- 

duces the results of the Lee model  with an explici t ly known form factor.  When  

the renormal iza t ion  constants  are computed ,  i t  turns  out  t h a t  the  coupling 

cons tan t  renormal iza t ion  is outside its expected  range, namely  be tween zero 

and  one, and  the mass  renormal iza t ion  diverges. 
A new me tho d  of solution is proposed,  closely re la ted to the one used b y  

ZACgARIASE.~" in his model  (~), bu t  then,  even when his p a r a m e t e r  2 is chosen 

to be negat ive  so as to get  rid of the  ghost  states,  the  renormal iza t ion  con- 

s tan ts  tu rn  out  to  be  outside their  expected  range. 
A redefinition of the usual ly accepted  relat ionship between the  ver tex  func- 

t ion and the scat ter ing ~mpli tude is found to be necessary.  This redefinit ion 
is made  in te rms  of the general  solution found by  O ~ s  (4) for integral  equa- 

tions of the same form as the  one satisfied b y  the  ver tex  function.  This general  

solution is modified however,  because it  is seen t h a t  a more  general  class of 

funct ions are solutions of the  equat ion proposed.  
The renormal iza t ion  constants  are then  found to be in thei r  expec ted  ranges,  

t h a t  is in the  ranges consistent  with their  definitions, and a new l imi ta t ion 

for the  range  of values of 2 appears  as a consequence of imposing the  condi- 

t ion 3m ~ 0. 
I n  Sect. 2 previous results  are presented together  wi th  the  proposed dis- 

persion relat ion model,  ve ry  much  like Zaehar iasen 's  model. I n  Sect. 3 the  
fo rm fac tor  is found and the renormal iza t ion  constants  computed .  Final ly  
in Sect. 4 the redifined ver tex  funct ion is in t roduced and  using it, the  renor- 

mal iza t ion constants  are recalculated.  

2. - The Lee model and the regularization of Rasche and Straumann. 

The Lee model  deals with a sys tem of three  particles,  two fermions ~- 
and  V and a boson 0. The  allowed react ions among  the  part icles  are 

V ~ _ ~ + O .  

Given a sys tem of an h- and  a 0 part icle,  we in t roduce the  center-of-mass 

energy 

= V ~  + ~n(~ + V p - ~ +  F ~ = p~ + ~'~ 

(a) F. ZACHARIASE_~': Phys. Rev., 121, 1851 (1961). 
(4) R. O~N~S: _h'uovo Cime~to, 8, 316 (1958). 
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I n  the nonrelat ivist ic l imit used in the Lee model this means 

(2.1) 
m = m ~ r + e ) ,  

p = e ( m )  = V ( ~ 2 - m ~ ) ~ -  s ~ . 

The scattering ampli tude for these particles is known to be 

(2.2) g2 i/(o~)l~ 5 3 ( p - p  ') ____ 
R~'0'.~0- (2~) ~ 20) m - -  m y  

co 

• m ' - - m - - g ,  
a 

where a =  m~r+[t  , g is the renormMized coupling constant  and p and p '  the  
relat ive moments  before and af ter  the interact ion; /(co)  is the boson form factor,  

(2 .5 )  

where 

unde te rmined  except  for  l ( /~)=1.  
In t roduc ing  

co 

, [ e ( m ' ) / 1 ( o / ) I  -~ 
g~ ( m - - r e , d !  ~ - - - q  (2.3) cf(m) : 1 + (~)~)~ 3 (m - -  my)  

a 

Equa t ion  (2.2) their reads 

g: I/(og) i s.3, 1 
(2.4) R~,,,o,.~o- (2:r? ~ o t p - - p ' )  . . . .  

and writing eq. (2.3) as 
co 

g2 
~(m) = 1 -  g3 ÷ (2n) 2 .]  (m ' - -my)  

a 

H / - -  ~ V  

d i n '  

~(m)  -1 , 

din' 

m ' - -  m - -  ie ' 

co 

. I  (m--  my) 2 dm 
a 

and F ( m ) =  l ( m - -  rex ) ,  

one observes tha t  being ~ ( m v ) = t  and lira ~ ( m ) =  t 2 2 - - 9 / g o  ghost states can 
z n - - ~  co 

appear  for g > g~. 

RAscn-E and STRAU~A.WN subtrac t  the effect of these poles by  analyt ical ly 
continuing the model in g, thus obtaining from the expression of the physical 
propagator  for  ~ V particle, for instance, 

(2.6) S v ( m )  - -  

¢o  

(2~)~ J (m - my) ~ lq~(m )1 "~ m ' -  m -  ie '  m - -  m y  ÷ ie 
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the regularized propagator  

(2 .7 )  ~ . o ! m )  - 
1 1 R 

m - - m v ÷ i s ~ ( m )  m - - K + i e '  

where K is the spurious zero of ~(m) and R proport ional  to the propaga tor  

in tha t  point  

(2.7a) R -- 
] ] 

K - -  my d~(m)/dml . ~  " 

R and K cannot  be determined unless the funct ion f '(m) be known. 
In  the next  Section we will t ry  to define F(m) f rom ~ Lee model satisfying 

dispersion relations. This model will again represent  a system of three par- 
ticles t ha t  can in teract  among themselves as described in the first paragraph  
of this Section and besides, will satisfy the conditions of the Zachariasen model.  
Th a t  is, the  theory  is supposed to be describable in terms of an S-mat r ix  

given by  
T~ 

with N~ = [ I  (2Ek) t. 
k i a ~  

sion relations 

The T~j, functions of m are supposed to satisfy disper- 

(2.9) Tic(m) -- 1~ ; m'--Im T~(m')m- ie din' ,  

where Im  Tij is given by  uni tar i ty  

(2.1o) 

in the physical range for m and eventual ly  in the position of v i r tual  particles, 
and zero outside these regions. This means tha t  for i and j representing states 

of an N and 0 part icle 

(2.11) Im T(m) = -- ~g2 5(m -- my) 1 o(m) I T(m) 12 . 
87~ m 

3. - Determination of the boson form factor and the renormalization constants.  

Equat ion  (2.9) can be solved by  setting T(m)----g2/(m--mv)D(m), where 
D(m) has no zeros bu t  the poles of T;  then if T has no zeros and a single pole 
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a t  m v as is well known,  

(3A) D(m) = 1 + g~ - -  

Shat  is 

co 

m - -  my ( o(m') din'  

a 

co 

[ o vl l (3.,2) T(m) - m-g:,n~ 1 + g-" ( o ~ - . ,  3 ' ) m ' ( m ' -  ,*,-)-' , * ' - , * , -  iz 
a 

Now,  if (3.2) ~nd  (2.4) describe t he  same phys ica l  process,  t he  i n t eg rands  

in  b o t h  expressions m u s t  coincide m e a n i ng  t h a t  i F ( m ) 1 2 = 1 / 2 m  excep t  for  a 

no rma l i za t ion  c o n s t a n t  t h a t  can  be abso rbed  in the  coupl ing  cons tan t .  Of 

course  the  n u m e r a t o r s  m u s t  also coincide• I f  we wri te  the  r educed  sca t t e r ing  

~mpl i tude  for  the  Lee model  as (5) 

1 g~ IF( , , ) I  ~ 1 
(3.3) /(m) . . . .  exp [i~(m)].  sin 6(rn) = --  ( ') ,  

Q(m) 4~ m - -  mv ~(m) 

as T in our  mode l  will be  p r o p o r t i o n a l  to  J, 

I m  T ( m ) =  I m  [a](m)] : : 7 ~ ,  sin~" 6 ( m ) = -  IT (m) i  ~- , 

f r o m  where  a = - - 8 a m  and therefore  

] ( m )  - -  g~ 1 
8,~m ( m -  m,-)~(m)' 

f r o m  this e q u a t i o n  ~nd (3.3) we ob ta in  again  I F ( m ) 1 2 = 1 / 2 m .  

The f o r m  fac to r  being k n o w n  i t  is t hen  possible to c o m p u t e  R and  K in 

t he  regu la r iza t ion  of RASCI~E a nd  STRAU.~L~.X.X. 

I f  we c o m p u t e  for  ins tance  the  coupl ing  cons t an t  r enormal i za t ion  f rom (~) 

(3.4) 

¢o 

Z v  1 ~  - 1 ÷fa(m )dm 
a 

(~) See for instance S. S. SCHWEBER : Relativistic Quantum Field Theory (New York, 
1961), chap. 12, p. 363. 

(') ] is usBd for diffBrent functions when no confusion is possibl~. 
(6) H. LE~MA_X.X: Xuovo Cimento, 11, 342 (1954). 
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with  in our case 

(3.5) 
1 o(m) 

(~(m 2) -- ~ IF(m) 12 (see Appendix)  , 
(2~) 2 2re(m-- my) 2 

where IF(m) [~ ~IT.T0.v [2/2m v. Taking  F(m)  = g~D(m), t h a t  fulfills the  condi- 
t ion /7 (my)=  g, one obtains 

c o  

y.~ f o(m! am 
(3.6) Z v ~  1 , (2:~)~ j 2 m ( m _  my) ~ i.D(m) 12 . 

a 

Using the fac t  t h a t  l i r a  D ( m ) = 1  2 2 - - g / g ~ ,  this expression can be calcula ted 

b y  residues giving 

(3.7) Zv 2 2 ~-- l - - g  /g~, 

which is outside the  expected  r~nge for Z v when g > g~. 
I n  the  same way  the  mass  renormal iza t ion  is 

f f" 9(m) dm 
(3.8) 8 m v =  (mv-- m)o(m~-)dm= (2.n) 2 2re(m-- my) ID(m) l ~' 

a a 

which diverges logari thmical ly.  
Therefore  to  obta in  a model  free f rom spurious ghosts and  a t  the same 

t ime  with  renormal iza t ion  constants  finite and  in thei r  expected  range i t  is 

necessary to modi fy  the fo rm of solution of the model ;  this is bes t  done b y  

introducing a new paramete r ,  following ZACnARI.~SE.~, in 

). 4- g 2 / ( m -  my) 
(3.9) T(m) -- , 

Dc(,~) 

where, now, Do(m) can have  a zero a t  mo= my- -g2 /2  and where ). mus t  be  
negat ive  so t h a t  if T(mo) = 0  i t  be mo > my (*), and so as to el iminate the spu- 

rious pole in T. Wi th  this fo rm of solution 

(3.10) 

c o  

be(m)  = 1 ~ (2~)2 .I  2,n (m ± ,i;-i ? ~n ' -  m -  ie '  
a 

which satisfies De(my) = 1  and i !~m D ( m )  = - -  ). In ]m I. 

I f  2 is negat ive  and large enough, the  spurious pole is e l iminated;  we can 

(') As required by (2.9) and (2.11). 



A I~NORMALIZED, G H O S T - F R E E  L E E  M O D E L  1 5  

proceed then  to recalculate the renormalizat ion constants.  I f  the usual hypoth-  
esis F ( m ) = g / D d m ) i s  maintained,  we obtain for Zv ~ again expression (3.6), 
with D(m) replaced by  D~(m); using 

Im D~(m) -~ = -- 2 o(m). m - -  mo 1 
8:~m m - ~  iD~(m)i ~' 

i t  can be rewri t ten as 
c o  

(3 .n)  -~ g°/'~ f Im #~(~n)-' . 
. . . . . . . .  ( D r t  . 

a 

Computing this integral  by  residues we obtain Zvo=l--g~-/g2o for  too< a. 
This value is outside the expected range for Zv,  for g >  g~. 

4. - The renormalization of the ghost-free model. 

The assumed relation between F(m) and T(m) is not  the most  general ex- 
pression of the  equation connecting these two functions;  i t  is r a the r  a ve ry  
par t icular  case. 

F(m) satisfies by  (2.9) a dispersion relation of the form 

O3 

I f Im~'(m') (4.1) F(m) = ~  m'--  m - -  is din' ,  
- - c o  

where by  (2.10) 

I ~ (271) ~ r • 
(4.2) I m F ( m )  = - ~ L - - X ;  V T~-o.,Tv,,~ (p~-- p,) = 

o(m) 
-- 8urn T(m).F*(m) = _~'*(m) exp [i6(m)] sin 6(m),  

where, as usual, we have set T(m) = - -  (8zm/o(m))  exp[i(~(m)] sin 5(m). 
Therefore F(m) satisfies the integral  equat ion 

(4.3) 

co 

F(m) = 1  ( s in  b(m')-exp [iS(m')JF*(m') 
~ d  m'--  m--  ie dm' . 

a 

The most  general solution of this equat ion is (a) 

(4.4) 
P(m) 

F(m) =/(m)  (rex a-) exp[z(,O ÷ ~a(m)] 
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if 
co 

= Z p Z(m) ~ J m ' - - m d m '  
a 

converges.  

I n  this expression, /)(m) is an a rb i t r a ry  polynomial ,  n an a rb i t r a ry  integer;  

](m), not  appear ing  in Omn6s solutions, is ~n analy t ic  funct ion of m in the  
whole complex plane except  for poles tha t  are located a t  the zeros of the 
a rb i t r a ry  polynomial .  I n  our problem,  ;~(m) converges because ,!in~ b(m)--~ 

1/ lnJm I. ~ow,  i f / '  satisfies a dispersion relation, as it  does, the m a x i m u m  
order of the  polynomia l  m a y  be n, and in this case l i r a  ](m)=0 because 

lira exp [z(m)] = 1. 

On the other  hand,  f rom uni tar i ty ,  

I m  T(m) = Re T(m) tgS(m) = T*(m) exp[ib(m)] sin b (m) ,  

I m F ( m )  = R e F ( m )  tg ~(m) = F*(m) exp [i~(m)] sin 5(m) , 

t h a t  is F ( m ) = A ( r a ) T ( m )  where A(m) is a real a rb i t r a ry  funct ion of m;  this 
las t  expression can also be wr i t ten  as F(m)~-a(m)sinS(m) exp[ iS(m)] .  There- 
fore, as T(m) has a pole in my, /(m) mus t  contain it, and  a(m) mus t  contain the  

pole of F(m) in a; therefore  ] ( m ) ~ s i n 5  and P ( m ) ~  ( m - - m v ) P ~ ( m ) .  
Impos ing  the condit ion t h a t  F(mv) = g, and choosing the smallest  possible 

for F(m)  to sat isfy a dispersion relat ion of the  form (4.3) (unsubtracted) ,  
we obtain  

J ( m -  m v ) ( m , . -  a) 
(4.5) F(m) = - T ( m ) .  

g (m - a) 

Therefore,  f rom (3.5) 

(4.6)  ~(m~)  = 
(2,~)2 g-' Ga(m2- ~ . )2  \ m -  a i 

f rom where one immedia te ly  obtains 

(4.7) 

a 

I n  this integral ,  the point  m : a mus t  be excluded to obta in  real  values 
of Zvo. t h a t  is, we take  as physical ly  meaningful  the  regular  p a r t  of the  in- 
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tegral. Then,  af ter  an integr~tiou by  residues 

(4.8) Z -~vo- D~(a)l g'~ (a-- m v ) ( a -  mo) (t-m D (m) , '  

which~ as can be readily verified is l~rger th~n 1 ~s expected,  as long as ,t is 
kep t  negative,  for  m0 ~ a. 

I n  a similar w~y we obtain for the mass renormalizat ion 

(4.9) ~mv : ~ (my-- a): q- (a--  too) dm D~im) 

and for the physical propagator  of the V part icle 

(4.10) 
1 1 

• 1 - - g ' - \ m - a ]  IDa(m) a - - r e .  -D~(a} J ' 

! 
which satisfies the condition lim Svo = Z -~ and which h~s a pole of un i t a ry  

residue ~t r e = m y ,  as expected;  this again as u consequence of t~king the 
regular  pa r t  of integrul (4.7). 

I f  we unalyse the expression for 8my, tha t  can be wri t ten  

(4.11) 

c o  

a 

i t  can aguin be shown thut  if too<a, t ha t  is, )~<_g2/#,  ~mv <0 .  
I f  ~ > --  g2/[~, 3m v is negative when ~ < - -  g2/2/~ (supposing m~ --~ m v); 

otherwise the sign of 3m v is undetermined,  depending on the relat ive values 
of the constants of the problem. 

The par t icular  case for which mo coincieds with a=mN+/z ,  leads from 
(4.5) to 

(4.12) F(m) : g/Dc(m) . 

In  this case, according to the prescription given ~fter eq. (4.7), mo must  
be considered excluded from the integral;  then Z -~ is effectively given by  

Vc 

Z 1 2.~ vo ~ - - g / g o .  Jus t  ~s for ~ny vulue of mo < a, the theory  will be v~lid only 

2 - I1  N u o v o  Cirnen59 .  
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if g<g¢ ,  otherwise D(m) will present  zeros tha t  are not  poles of T(m),  for  
we s tar ted  f rom the hypothesis  tha t  no bound states appear  in the  model. 
Therefore  when g > g~, 2 mus t  be chosen in such way tha t  mo> a, tha t  is 
~>--g~//~;  then  an upper  l imit  is given by  the condition ~ m v < 0  , ano ther  
by  the condition of exclusion of ghost states.  

I t  is always possible then  to  construct  a Lee model  wi thout  ghost  states 
and renormalizat ion constants  within their  expected range, b y  construct ing a 
Zachariasen model  reproducing the results of the Lee model;  however  the rela- 
t ionship be~-ween F(m) and T(m) must  be of the form (4.5) when a min imum 
condit ion for the existence of the dispersion relat ion model is imposed. Other  
solutions are possible when the order of the pole in a is t aken  larger t han  one; 
these solutions will introduce ( n - - l )  a rb i t ra ry  parameters ,  coefficients of the  
a rb i t ra ry  polynomial  (or position of its zeros). 

_ A P P E N D I X  

To obtain equat ion (3.5) we consider the reduct ion formula for fermions:  

(A.1) +<~V(q)O(k) [ V(p)> = 

if u(p) = -- d'y+<N(q)O(k) I~v(y) I 0> ~-- i~. ~,-- my) ~/~p~ exp [-- ipy] = 

my) u(p) = - i ( 2 ~ ) , + < N ( q ) O ( k ) l ~ v ( o ) j  o>(r'p~- ~ - ~  ~(p~- P), 

where p~ = m~ -b w = m and p ,  = 0. Specializing to posit ive energy solutions, 
in the nonrelat ivis t ic  l imit  this reduces to 

(A.2) +<~V(p)O(k)J V(p)> = - i(2~)'  +<N(q)O(k)}w*(O)lO> (m--  my)(~(p,~-- p) • 

On the other  hand  we know tha t  

(A.3) +<N(q)O(k)] V(p)> = - -  i(2~) 4 TN+.v 
N~oNv ~(P"-- p) " 

Therefore for p , = p ,  t ha t  is, outside the mass shell for the V part icle  

(A.4) (m--  my) +<N(q)O(k)ly,*(O) I0> = T~o.v 
(2m~2o~2mv)½ ' 
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f rom which (3.5) is obtained with 

(A.5) ~(m') = (2~)~ ]~ <o I,~v(o) I N0>++<N0 ] ~ ( o )  I o> = 
]~0)+ 

3fd q ( d~k 1 ] T~0.v]9 6(P~-~ Pe-- P) = 
= (2z) ~ - 2 ~ J  (2~) 3 ( m -  ~v)  ~ 2 m ~ z ~ 2 m v  

e(m) IF(m)I ~ 
= (2~)~ 2m i r a - m ~ ) ~  

R I A S S U N T 0  (*) 

Si costruisce un  model lo  di relazioni  di dispersione che r iproduca  i r i sul ta t i  di un  
modello di Lee.  Cib pe rme t t e  di calcolare espl ic i tamente  il fa t to re  di forma del bosone;  
con esso si pub d imos t ra re  che le cos tant i  di r inormal izzazione sono definite scorret-  
t amen te ,  anche se il model lo  pub essere regolar izzato.  Si p ropone  un nuovo  metodo  di 
s o h z i o n e  con ben defini te  cos tant i  di r inormal izzazione e libero da s ta t i  fanta.sma. 

(*) T r a d u z i o n e  a cura  delZa R e d a z i o n e .  


