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Abstract: A  m ethod is presented o f  solving the six-particle systems in several steps. In the first step, the 
two-particle spectrum is calculated within the standard shell m odel. In the second step, the four- 
particle system is solved within a (correlated) basis consisting o f  the vector-coupled two-particle 
states previously evaluated. Finally, in the third step the six-particle system is calculated using a 
basis formed by vector coupling the two- and four-particle spectra evaluated in the first two steps. 
The m ethod is applied to analyse the spectra and (p, t) reactions leading to and ^“^Pb and 
good agreement with experimental data is obtained. A  liaison between this calculation and the 
pairing m odel is found and the importance o f  the Pauli principie upon the pairing vibrational states 
is attested.

1. Introduction

The shell m odel has been very successful in explaining the structure o f  nuclei 
cióse to  spherical cores. But if  the num ber o f  valence particles becomes large enough 
the application o f  the shell m odel is a burdensom e task  even for the m ighty com- 
puters o f  today. This is due essentially to  the fact tha t the standard  shell m odel is 
no t suited to  m ake further truncations to  the shell-model basis (which already 
spans only a sm all subspace o f the  to ta l H ilbert space). F o r this reason, several 
m ethods and  m odels have been proposed which allow one to  carry on additional 
truncations A  com m on feature o f  these m ethods is th a t they already contain 
the tw o-particle correlations in the basis th a t induce the collectivity o f  the low-spin 
yrast states. Thus, the spreading o f the shell-model wave function into a large 
num ber o f  equally im portan t com ponents is avoided. M oreover, the physical 
vectors are often contained in a relatively small subspace o f  the to ta l space spanned
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by the correlated basis so tha t the calculation and in terpretation  o f the wave ftinc- 
tions are ra ther easy to  perform .

In spite o f these advantages, those m ethods also face com putational problem s 
when the num ber o f  valence particles becomes large. A lready for the four-particle 
system  the form alism  may no t be easy to  handle In addition to  the dynam ical 
m atrix  one has also generally to  evalúate the overlap m atrix  am ong the basis vectors, 
the so-called m etric m atrix (however, as an  exception, in the nuclear field theory 
one does no t need to  evalúate the m etric m atrix directly). Finally, in some cases 
spurious states appear which can mix w ith the physical states

The necessity o f  evaluating b o th  the dynam ical and overlap m atrices m ay m ake 
the  application o f the form alism  rather cum bersom e. An im portan t step to  simplify 
the form alism  was given in ref. where the bare tw o-particle in teraction was 
replaced by the corresponding correlated energies and wave functions. I t was later 
realized th a t w ithin this form alism  the m etric m atrix is essentially the sam e as the 
dynam ical m atrix in some cases ®). Recently it was proposed to  extend the m ethod 
o f ref. ®), which dealt only w ith systems w ith three particles outside the core, to  m ore 
com plex situations “ ). It was thus found th a t for the four-particle system the 
property  th a t the m etric m atrix  is essentially the same as the dynam ical m atrix 
holds. F o r the six-particle system, analysed in term  o f the  two- and  four-particle 
systems, th a t property is n o t found bu t still the final equations tum ed  out to  be 
simple and  the m ethod rather effective. Perhaps the m ost im portan t po in t in ref. 
is th a t the six-particle system is solved in several steps. F irst the tw o-particle system 
[w hich defines the  tw o-particle in teraction ^)] is solved. W ith  the tw o-particle 
energies and wave functions one solves the four-particle system [thus the “ tw o-step 
shell m odel” o f  M a and  True "̂ )]. W ith the two- and four-particle systems already 
evaluated one goes forw ard to  calcúlate the six-particle system.

T ogether w ith the m any m ethods invented in order to  profit by the tw o-particle 
correlations th a t are present in correlated basis, a num ber o f  ñam es have been 
in troduced for those m ethods. W e find tha t the ñam e given by M a and  T rue ‘̂ ) 
represents well w hat is behind the m ethod presented here, and have adop ted  to  
cali ou r procedure the “ m ulti-step shell-model m ethod” .

In this paper we present in detail the m ulti-step shell-model m ethod for the case 
o f  six-particle systems outside closed-shell cores and apply it to  the lead región. 
The form alism  is given in sect. 2. In sect. 3 we study the ^°"^Pb and  ^°^Pb spectra, 
and  our conclusions are in sect. 4.
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2. Formalism

2.1. D Y N A M IC A L  EQ UATIO NS

A  system w ith two particles outside a closed-shell core is described w ithin the 
shell-m odel representation, in principie, by m eans o f an  unlim ited num ber o f



particle-hole excitations on top  o f  the tw o-particle excitations. The great advantage 
o f the  shell-model basis lies precisely in the  fact tha t in practice only very few o f 
those excitations are needed to  have a good description o f the experim ental data. 
In the lim iting case when all particle-hole excitations are neglected one gets the 
so-called T am m -D ancoff approxim ation (TD A ). In this case the to ta l set o f  coupled 
shell-model equations reduces to

( " a - e .— e jW y ;» )  =  X  ( 'a )
k ^ l

where

X(iJ; a) =  < a |(C jC t)JO > /(l (Ib)

In eq. (1) and  throughou t this paper the  index a labels two-particle states and the 
Índices i, j ,  k ,  l label single-particle states. In all cases we use the same symbols to  
label states as well as the corresponding angular m om enta as seen, for instance, in 
the n ine -7 sym bol o f eq. (5b). As usual, o) ( e )  indicates the two-particle (single- 
particle) energy and  the ferm ion creation operator. The diagonalization o f the 
m atrix (1 a) provides the TD A  wave function

|a> =  F t(a)|o>, (2)

where

P\oc) = Y  m - ,  a ) (C ;C t) ,/( l  (3)
i¿J

is the two-particle creation operator.
Eq. (3) allows us to  write

( C ¡ q ) J ( \  + 3,j)i = X X*{ij; a)Pt(a). (4)
a

The T D A  equations for the four-particle system outside a closed-shell core con- 
tain the m atrix  elements o f the tw o-particle interaction in com binations th a t can 
also be w ritten, using eq. (4), in the  form  ( la ) , as was first realized in refs. ^’®). 
One then obtains ^

<i?|(/>^(aj)PV 2))/.|0 >

=  -  I  lK 3 -e ,- e .)^ (y W ;a ia ,a 3 a ^ )< jS |(n a 3 )^ 'K ) )^ |0 > ,  (5a)
0I30Í4 ijkl

where
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A(ijkl;  =  Y(ij-, cii)Y(kl; 0(2 )

X Y*{ik; (5b)

t A  brief presentation o f  the present paper was given in a recent letter “ ). However a number o f  typing 
errors have slipped into the equations o f  that letter.



W e use the index [i to  label four-particle states w ith the corresponding four-particle 
energies W^, while

7 (y ;a )  =  ( 1 a).

I t is w orthw hile to  point out th a t to  ob tain  eq. (5) we assum ed th a t the  four- 
particle system was decom posed into two blocks. Each block is the tw o-particle 
system   ̂" ®), bu t one can also obtain  a sim ilar equation assum ing one o f the blocks 
to  be com posed o f  the one-particle and the o ther o f  the  three-particle systems. In 
the sam e fashion, we describe below the six-particle system in term s o f the  two- 
and  four-particle systems bu t any other partition  can be chosen ju s t as well. W e 
chose the partitions m entioned above because we have in m ind to  analyse the (p, t) 
experim ental d a ta  o f ref. for w hich our choice seems natural.

In eq. (5) the m atrix  elements o f  the  tw o-particle in teraction have been replaced 
by the  tw o-particle energies and  wave functions. A lthough this property  is no t, in 
principie, an  advantage (since the knowledge o f one thing implies the  knowledge 
o f  the  other), the form alism  itself has becom e ra ther simple as can be seen by com- 
paring  eq. (5) w ith the corresponding equations in refs. M oreover, in some 
cases it m ight be possible to  use in eq. (5) only a few tw o-particle states: precisely 
those for w hich bo th  the energy and wave-function am plitudes are experim entally 
know n. In  particular, this is true for the =  50 isotones as shown in sect. 3.

Eq. (5) provides a simple and elegant fram ew ork in w hich to  analyse four-particle 
excitations. It is even tem pting to  assum e th a t the  diagonalization o f eq. (5) w ith 
the usual norm alization condition for the  am plitudes (i.e. the sum o f the squares 
equal to  one) provides b o th  the energies and wave functions o f  the  four-particle 
states ®). This procedure, however, is equivalent to  assuming th a t the basis vectors

{K o i,- ,py}  =  { { n a ,)p % a ,) ) ¡ \o y }  (6)

form  an o rthogonal basis, w hich is generally no t true. Nevertheless the set o f  ener­
gies provided by such a diagonalization contains the shell-model energies if all 
possible basis states are included ®). Y et, since the Pauli principie is no t acting in 
eq. (6) between the  ferm ions in P\cci)  and  the ferm ions in P^(cí2 ), the dim ensión 
o f  the m atrix  (5) is larger than  the corresponding shell-model dim ensión. O ne thus 
obtains a num ber o f  spurious solutions, in addition to  the physical solutions, by 
direct diagonalization o f the m atrix  (5). The spurious roots can ra ther easily be 
disentangled from  the physical roo ts if all possible basis elements (6) are included ®). 
However, in practice the basis is strongly truncated and mixing am ong the spurious 
an d  physical roots m ight becom e im portant.

A nother draw back o f the m atrix (5) is th a t it is no t herm itian and  therefore 
com plex solutions may be encountered.

To overcom e these problem s one can evalúate the overlap m atrix  am ong the 
basis states  ̂’  ̂ ®) (m etric m atrix). One can then utilize any o f  the available m ethods 
to  construct an  orthonorm al basis. But this procedure m ay spoil the simplicity o f

140 R. J. L iotta , C. Pomar j M ulti-step shell model



the form alism  if  the m etric m atrix is difficult to  calcúlate. However, an im portan t 
point o f ref. ®) was tha t the m etric and the dynam ical m atrices were very sim ilar 
in some cases. F o r the four-particle system analysed here one obtains

+  ( -  Z  a i a . a j a J ,  (7)
i jk l

which can be evaluated at the same tim e as (5a).
M aking use o f the metric m atrix one can transform  the non-herm itian m atrix 

(5a) into a herm itian m atrix T  (which has the right dim ensions) if  all possible basis 
states (6) are included. Following ref. ®) we w rite the herm itian m atrix  T  as

T{m, m')  =  ^  U b ) M { b ,  b'K*.(b'), (8a)
bb '

where M  is the m atrix (5a), and  á and  ^ are the eigenvalues and eigenvectors, re- 
spectively, o f  the m etric m atrix (7). The letter b labels the non-orthogonal basis 
elements (6) and m  labels the o rthonorm al basis elements resulting from  the diag- 
onalization o f  the metric matrix.

In deriving eq. (8a) it was supposed tha t all possible basis elements b (constructed 
from  the original single-particle states) were included. However, we expect to  be 
able to  drastically trúncate the dim ensions o f  the original space w ithout m uch 
affecting the description o f  the physical vectors. W hen this truncation  is done only 
a small num ber o f  elements b enter in eq. (8a) and the m atrix T  m ay loose its 
hermiticity. This property may tell us how far have we gone w ith the truncation. 
If the calculated m atrix T, which we cali T^, is still approxim ately herm itian in the 
truncated space one can assume tha t the truncation procedure has been correct. 
M oreover, in this case one can proceed w ith the calculation utilizing the m atrix

f = { { T , +  T l),  (8b)

instead o f  the non-herm itian m atrix T^. W e use this procedure th roughou t this 
paper. Specific details will be given in sect. 3. Here we w ant to  observe tha t even if 
the space spanned by the truncated set o f  vectors {b} contains the physical vector 
|n>, the  diagonalization o f  the corresponding m atrix  f  may no t provide a good 
description o f  |«>. This is due to  the fact th a t the vector |n> may have large projec- 
tions onto  basis vectors outside the set {b}. This feature will be im portan t in under- 
standing some o f the results in the applications given in sect. 3.

The diagonalization o f f  provides the physical four-particle states, i.e.

\P) =  P '(^)|0> , (9a)

where

P \ P ) ^  E  X{OÍ,OÍ2,P){P\OÍ,)P\OL^)\. (9b)
OLI á «2
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W e use the same symbols in eq. (9) as in eqs. (3) and (14) for the w ave-function 
am plitudes and  the creation operators . However, no confus ion can arise since 
the labels clearly identify the various quantities.

Since the coordínales o f  a vector in an overcom plete basis are no t well-defmed 
quantities, the am plitudes X  in eq. (9) are no t well defmed either. But the  quantity

; iS) =  ( 10)

which is closely related to  the  tw o-particle transfer form  factor (see subsect. 2 .2), 
does no t depend upon the basis used. It simply represents the projection o f  the 
physical vector |)S> onto  the basis vector (6). F o r the tw o-particle system the quantity  
equivalent to  F  is the complex conjúgate o f  the tw o-particle am plitude X  [eq.(3)]. 
T hat simple relation does no t hold when the basis elements are no t orthogonal to  
each other. But one still obtains, from  eq. (9),

X  Pl) —
Otl S 012

It is w orthw hile to  point out th a t the quantity  F is  a by-product o f  ou r calculation.
F o r the six-particle system one can proceed as for the four-particle case. O ne 

writes dow n the six-particle T D A  equation to  find tha t this equation can be expressed 
in term s o f  the two- and  four-particle TD A  energies and w ave-function am plitudes. 
O ne gets

«2^2 «3

(.«2 y Pi j

w here we use the letter y to  label the six-particle state w ith energy while 
Y(oci<X2 ;P) = {l + d^^^^)x{cíici2 ; P) and  F i s  from  eq. (10).

The six-particle equation (11) depends only upon two- and  four-particle quan ti­
ties. Thus, once the four-particle system has been solved one can proceed further 
to  evalúate eq. (11). This equation presents the same draw backs as the corresponding 
equation  for the four-particle system (5), bu t it also presents the same advantages. 
On the one hand, eq. (11) is no t herm itian and its direct diagonalization is no t very 
m eaningful because the basis elements (F^(a)P^(j8))y|0> are no t orthogonal to  each 
other. Since the m atrix (11) does no t fully reflect the Pauli principie its dim ensión 
N  is largar than  the physical dim ensión n. I t therefore m ust also give a num ber 
N —n o f  spurious roots. On the o ther hand, it is som ehow surprising to  find th a t the 
six-particle equation (11) is even sim pler than  the corresponding equation  (5) for 
the  four-particle system. It would thus seem that, w ithin this form alism , once the 
four-particle energies and wave functions are calculated one can go to  the next step 
and  solve the six-particle system straightforw ardly. This is unfortunately  n o t com- 
pletely true because, as before, one m ust calcúlate the m etric m atrix which, after
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some algebra, can be w ritten as

«3

l<^2 y  PlJ cioi^ocsn

x £ K . , « . , < . A ; « Í , Í # { “ > ( 12)
[«2 y n i ^ i  y  n

where D  is relatad to  the  four-particle metric (7) as

D{oi,oi^, a ,a ^ ;p )  =  <0|(P^(ai)/’^(a2))K^V3)^^(a4))/<|0>

(13)

The quantity  D  would be zero if the operators P^{ol) were boson creation operators, 
i.e. if the Pauli principie were not effective. In this case the last term  in eq. (12) 
would vanish and eq. (12) would be as sim ilar to  eq. (11) as eq. (7) is to  eq. (5). Thus, 
if the  approxim ation o f  considering the two-particle creation operators as boson 
operators in the  interm ediate states o f eq. ( 12) is valid, the six-particle system would 
indeed be as easy to  solve as the  three-particle system was. Actually, w ithin this 
approxim ation the six-particle equations ( 11) and ( 12) are form ally identical to  the 
corresponding three-particle equations ®). In sect. 3 we will analyse how good this 
“ quasi-boson” approxim ation o f  setting Z) =  O in eq. (12) is.

W ith the  aid o f  the m etric m atrix (12) one can then evalúate the six-particle 
wave function as

l7> =  / ’^y)|0>, (14a)

where

p \ y )  =  I  A^(aiS; y } (P \o i )P \p ) \ .  ( 14b)

As for the four-particle case, eq. (11) with the constrain t imposed by the metric 
(12) leads to an  herm itian m atrix T  [eq. (8a)]. Again here this m atrix  has the right 
dim ensions, i.e. no spurious states are present, and one gets the sam e results as 
those provided by the shell model if no truncation is made. But the  truncation  
procedure m ay cause the loss o f  tha t herm iticity leading to a non-herm itian m atrix 
T^. As before, if the m atrix  is still approxim ately herm itian we assum e th a t the 
truncation procedure has been correct. W e then define the herm itian m atrix f  
[eq. (8b)], which is supposed to  provide, approxim ately, the shell-model states, as 
discussed in set. 3.

Defining

W ; 7 )  =  <y|(/’W ( j 8 ) ) , |0 > ,  (15)

w hich is the equivalen! to  the four-particle quantity  ( 10), the  norm alization condition
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for the six-particle wave function becomes

XA'íaiS; 7 i)F (a^ ; 72) =  ( 1^)
ap

As for the four-particle case, F  is closely related to the tw o-particle transfer forrti 
factor (see below). Also here F  is a by-product o f  the calculation.
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2.2. TW O-PARTICLE T R A N SFE R  FORM  FACTORS

Tw o-particle transfer reactions are o f great im portance in probing pairing corre- 
lations In fact, the “ collectivity” o f a state w ith respect to  particle-particle 
correlations is seen well in this type o f reactions because for the “ collective” states 
all com ponents o f the  wave functions contribute in phase. O ne thus obtains great 
enhancem ents reiative to puré configuration hm its It would thus be quite 
interesting to analyse tw o-particle transfer reactions in the lead región, where 
norm al pairing phonons are know n to play an im portan t role

The dependence o f  the  tw o-particle transfer reaction on the nuclear structure is 
described by the form  factor.

Assuming the target nucleus to be in the ground state and the residual nucleus to  
be in the excited state, |«> (with angular m om entum  A„), the tw o-particle form  
factor is defm ed as

/ ( y ;  n )  =  < « |(C jC t) ,Jg .s .> /( l  + d , j ) K  (17)

which coincides w ith the tw o-particle am plitude X *  [eq. (3)] if the target is the core. 
In ou r form alism  the form  factor (17) may better be rewritten, using eq. (4), as

f i i j ;  n) = a) in \P \a ) \g .s .} ,  (18)
a

this expression is ju st tailored to  be evaluated through the equations derived in the 
previous subsection. In fact, if |«> is one o f  the  four-particle states (9) one gets, from  
eq. ( 10),

A ij- ,p )  =  X ^ * ( y ; a ) n a a o ; ^ ) ,  (19)
a

where cíq labels the ground state o f  the  tw o-particle system. In the sam e fashion, 
if \n) is one o f the six-particle states (14) one obtains

f{ i j -  y) = a)F(ai?o; y), (20)
(Z

w here |)So> is the four-particle ground state and  F  is from  eq. (15).
A lthough the calculation o f the form  factors (19) and  (20) is straightforw ard 

there is the  inconvenience in th a t all non-negligible valúes o f  F  m ust be know n. 
Som e o f  the interm edíate states in (19) and (20) may no t belong to  the basis used to  
describe the physical vector. Therefore (and since these vectors are in general no t



orthogonal to  each other) large valúes o f  F  may exist which have no t been calcu- 
lated th rough the diagonalization o f f .  To circum vent this problem  one m ay follow 
one o f  the following two procedures:

(a) To include all interm ediate states in the basis, even when they are no t neces- 
sary to  describe the physical vector. N otice that the presence o f  Kq (or in (19) 
[o r  (20)] greatly reduces the num ber o f those interm ediate vectors.

(b) To evalúate F  for the interm ediate states which do no t belong to  the basis 
expanding the physical vector in (10) o r  (15) according to  (9) o r (14). F o r the six- 
particle case o f  eq. (20 ) one obtains

FioiH, - y ) =  y) <01(pt(a (21)

and a sim ilar expression for the function F  in (19). The overlap m atrix  elem ent in 
the  r.h.s. o f  eq. (21) can be calculated independently o f  the physical vector. In 
particular, using eq. (7) the  form  factor (19) becomes

= X A '* (y ;a)F *(aao ;iS ) +  ( l+ ¿ ;,) -^ X « ia 2 5 ^ * (« i« 2 ;)? )
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X 7  (23)

In the following section we use the two procedures outlined above to  analyse the 
206.204p^,(p^ t) cross sections.

3. Applications

In the m ethod presented in the previous section a good description o f  a system 
w ith a given num ber o f  particles is needed to  calcúlate m ore complex systems. In 
each step one constructs a building block to  be used in the following step. This idea 
is behind all m ethods and  models tha t use correlated states in the basis. In a sense, 
the shell m odel itself is built upon this underlying idea, when assuming tha t the 
experim ental single-particle levels correspond to  the H artree-Fock representation. 
A nother im portan t feature o f the shell m odel is tha t in taking only the lowest states 
o f  each spin and  parity  in the odd system cióse to  the core, one assumes th a t the 
states o f  the nuclei beyond are no t influenced by high-lying single-particle states. 
There are cases, like the form ation o f  the a-particle in a-decay where a large 
num ber o f  single-particle levels are necessary. But usually one does no t need to  
include m ore than  a m ajor shell to  describe the low-lying states o f  nuclei w ith a 
few valence nucleons outside the core. A  striking exam ple is the región around 
®*Sr, w here Z  =  38 is considered to  be a magic num ber. Including only two single- 
particle orbits one gets a good description o f  the low-lying levels o f  the =  50 
isotones  ̂̂ ). M oreover, it was recently found in the sam e región th a t even the  defór-



m ation th a t sets in around Z  = 40, N  = 60 can be explained w ithin a small shell- 
m odel subspace [see also ref. ^^)].

Therefore, it seems th a t it is reasonable w ithin our m ethod to  assum e th a t only 
the lowest states o f  the two-particle system are im portant to  describe the low- 
lying levels in the four-particle system, as we do below. In the same fashion, we 
assum e tha t only the lowest levels in the two- and four-particle systems are im­
po rtan t to  describe the six-particle system.

This energy criterion underlies our whole m ethod. In the applications below, 
however, we will see tha t in some cases (especially in ^°^Pb) even m ore restrictive 
conditions will be enough to  have a good description o f  the physical vectors.

An im portan t question is how well one m ust calcúlate a system to go forw ard 
in the calculation o f  the  next system. It would be a serious draw back if  the  errors 
th a t inevitably are com m itted when truncating the basis are propagated  very fast. 
To avoid as m uch as possible this problem  we “ renorm alize” the energies o f  the 
states calculated in a given step to  the experim ental valúes. As m entioned above, 
this is done w ith the shell-model single-particle states and  in some o f the m ethods 
th a t use a correlated basis w ith the tw o-particle states

A nother feature that one m ight have to  consider is the effect o f  the  num ber o f 
valence partióles upon the active orbits W e neglect this effect because it
may no t be so im portan t in the lead región, where the num ber o f  valence particle 
canno t be very large w ith respect to  the num ber o f  core particles.

To check the  form alism  (and our Computer code) we applied it to  the Z  =  38 
región m entioned above. Since there are only two single-particle levels, an  exact 
calculation is readily feasible. All tw o-particle states are experim entally know n 
(the wave functions through stripping reactions on the ^°Zr  target). Therefore, in 
this case one can calcúlate the four-particle spectrum  (the nucleus ®^Mo) directly 
from  eq. (5) w ithout passing through the tw o-particle interaction.

O ur calculations agree w ith the shell-model calculations reported in re f  **). 
But ou r m ain purpose is to  analyse the ^^'^Pb and  ^°^Pb spectra and (p, t) reac­
tions for which, as m entioned in the previous section, norm al pairing vibrations 
should play an  im portan t role. The num ber o f  single-particle states to  be considered 
in this case is large enough to  m ake a standard  shell-model calculation nearly impos- 
sible. However, M cG rory and  K uo calculated (within the shell model) the 0"^, 2'^ 
and 4"̂  states in ^“'^Pb, obtaining good agreem ent w ith experim ental data  
The (p, t) experim ental da ta  have also been partially analysed in refs.

Perhaps the m ost impressive shell-model calculations in the lead región are those 
by Blomqvist, who predicted a large num ber o f  y rast states (both  energies and  life- 
times) w ith rem arkable accuracy In these calculations it was generally
assum ed th a t very few configurations were relevant for each (high) spin. This shows 
th a t the  standard  shell-model is well suited to  study nuclei w ith several valence 
particles in this región.
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3.1. a-STATES: THE N U C L E U S

Once the single-particle levels are determ ined, the first step in our procedure is 
to  calcúlate the two-particle states, or a-states, as they were called in sect. 2. To 
m ake this calculation one needs to  know the nucleon-nucleon interaction or else 
find a way to  evalúate the two-body m atrix elements W e took the
wave functions and energies from  the calculation by Blomqvist The shell- 
m odel space is determ ined by the single-particle levels shown in table 1. The m atrix

Table 1

Single-particle states used in the calculations

'■ 2p3,2 0i,3,, If,,, Oh,,,

t .  7.368 7.938 8.266 9.001 9.708 10.768

Energies are in MeV.
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elements o f  the interaction were calculated by Blomqvist using the theoretical 
m atrix elements o f  the approxim ation 2 o f K uo and  H erling (i.e. bare inter­
action plus the “ bubble” contribution) which already gives a good description o f 
^°®Pb. Some o f those m atrix  elements were changed empirically to  obtain  an  excellent 
fitting o f  the experim ental da ta  [cf. table 1 o f  re f  ^°)]. W ith these wave functions we 
calculated the ^'^®Pb(p, t) cross sections, as shown in table 2. Considering the ambigu- 
ities inherent to  the DW BA for the two-particle transfer case *’) one can well say 
th a t the agreem ent between theory and experim ent is good. A t the same time, since 
the results o f  table 2 correspond to  the first building block o f  our m ethod we can 
no t expect to  have, in w hat follows, better results than  those in table 2 .

3.2. ^-STATES: THE N U C L EU S

The second step in our m ethod is to  calcúlate the  four-particle states, i.e. the 
^-states o f  sect. 2. In order to  m ake the presentation clear we cali the set o f  basis 
elements (6) used to  perform  the calculation the “ j3-basis” .

W e first choose a large ^-basis to  have a description o f the ^-states as cióse as 
possible to  the corresponding shell-model description. W e thus took  the first 25 
lowest a-states to  form  a rather large set o f  basis elements (6). F rom  this set we 
selected the first 50 elements (with lowest zero-order energy). To form  the )3-basis 
we finally added to  those 50 elements all the interm edíate states |aao; J?> in (19), 
which were no t present in the 50 element set. The dim ensión o f  the ^-basis thus 
built was always less than  60.

W ithin this jS-basis we applied eqs. (5) and  (7) to  calcúlate the m atrix  and  the 
herm itian m atrix f  [eq. (8b)]. This “ large” /?-basis spans in fact a small subspace
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Table 2

Experimental *”) and calculated ’ *) “̂'’Pb spectrum

Experiment Theory
j ”j

E E

or 0 1 0 1

02 1.167 0.099 1.167 0.029

0; 2.314 0,174 2.314 0.27

2^ 0.804 1 0.803 1
1.466 0.151 1,466 0.19

2 Í 1.783 0.014 1,783 0.0029

K 2.147 0.081 2,147 0.025

n 2.421 0.098 2,421 0.13

K 3,223 0.017

2; 3,533 0.038

2; 3.603 0.080 3,717 0.39

4; 1.684 1 1.684 1

4̂ " 1.997 0.42 1.997 0.44

4; 2.928 0.25 2.928 0.41

4: 3.516 3.519 0.064

45 3.684 0.0080

4: 3.958 0.10 3.958 0.24

4; 4.113 0.14 4.008 0.056

4; (4.225) (0.04) 4,631 0.0032

5r 2.780 1 2.782 1

5J 3.014 0.74 3,016 1.30

7r 2.199 1 2.200 1

^ 2 (2.865) 0.012 2.865 0.11

9r 2.655 1 2.658 1

Energies are in M eV and =  “̂*Pb(p, t)^“‘*Pb(y;)/^“*Pb(p, t)^"'‘P b (y ;). The cross sections
were calculated using the code D W U C K  with optical-m odel parameters as in ref.

o f the to ta l shell-model space determ ined by the single-particle levels in table 1. 
The m atrix  could then be strongly non-herm itian, as discussed in the previous 
section. However, in all cases was herm itian to  w ithin 25 keV.

The diagonahzation o f  the m etric m atrix (7) provides the o rthonorm al basis 
elem ents |w> in eq. (8a). These elem ents are simply the eigenvectors o f  the m etric 
m atrix w ith eigenvalues different from  zero ^). In practice, however, we only con- 
sider those eigenvectors w ith eigenvalues X larger than  0.1. This valué is a few percent 
o f  the m áxim um  valué o f  F o r instance, for the state 0^ one fmds =  5.6,
while A„ax(2‘") =  4.4, =  4.3 and A„ax(9") =  2.6 (the sm allest o f  ou r
calculations).

In fig. 1 we present the calculated ^“'^Pb spectrum  together w ith the experim ental 
d a ta  as reported  by Lanford  for the ^°®Pb(p, t) reactions o r as given in ref. 
for those levels no t observed in (p, t) reactions. N otice tha t all experim ental levels
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Fig, 1, Experimental 38̂  calculated “̂‘‘Pb spectrum, The numbers to the left o f  the levéis are the 
reiative ^®*Pb(p, t) cross sections (otiier details as in tabie 2), Tlie dashed line is tíie octupole particle- 
lioie vibration, which is not included in our calcuiations. A il Isnown experimental levels up to 2.9 MeV 

are included. The experimental (calculated) ground-state energy is 28.925 (28.865) MeV.

up to  2.9 MeV are given. Except for the 2"̂  states with small (p, t) cross sections, the 
agreem ent between theory and  experim ent seems to  be good. A feature w hich is 
particularly  well reproduced is the order o f  the levels. The calculation confim is 
the near degeneracy o f  the 5“ and 1~ levels at 2.27 M eV as well as assigning the



valué 4^ to  the level at 2.34 MeV. The only level below 2.9 M eV no t provided by 
this calculation is the 3“ at 2.63 MeV. This state is the octupole particle-hole vibration  
w hich is present at approxim ately the sam e energy in m any o f the Pb isotopes.

All the functions F, tha t appear in eq. (19), were provided by the calculation from  
the way we built the /?-basis. The form  factors th a t we thus calculated th rough eq. 
(19) coincided w ith those given by eq. (23). W ith these form  factors we then evaluated 
the ^°®Pb(p, t) cross sections using the code D W U C K  ^̂ )̂. In fig. 1 we give, as in 
ref. the 2°®Pb(p, t)"°^Pb(7’') cross sections relative to  the t)"°®Pb(yí)
cross sections. F o r each spin, only those levels w ith relative cross sections larger than 
0 .3(7fj,(min), w here ^^^¡(min) is the m inim um  experim ental relative cross section, 
are plo tted  in fig. 1. This procedure was followed only for the 0"^, 2"̂  and 4"̂  states. 
F o r these states the calculation predicts m ore levels than  those observed experi- 
m entally (below 3 M eV). Generally, a very small form  factor corresponds to  the 
extra levels. This feature suggests tha t these levels may appear as a result o f  the 
truncations. In a com plete calculation these states w ould correspond to  eigenvalues 
A  =  O, i.e. they would be spurious states. Yet, there are states for which the form  
factors are not so small. A striking example is the calculated 2^ state (predicted at 
1.23 M eV) for which the form  factor is, in absolute valué, com parable to  the one 
for the 2¡  ̂ state. But the  phases are such tha t the corresponding relative cross section 
is equal to  0.0023.

F rom  eq. (19) one can see th a t if  there is a dom inant valué o f  the  function F, say

F (aao;i?) ~  (24a)

(note th a t = J^)  then

/ ( y ;  P) ~  CX*{ij- a '). (24b)

This feature helps in understanding the relation between the large relative cross 
sections in the ^°^Pb(p, t) reactions (table 2) and those in the reaction ^®®Pb(p, t) 
(fig. 1). In fact, if eq. (24) is valid one gets

D  =  C ^a„ ,(a ', D ,  (25)

w here cr^^,(a'(j3), ^") is the ^°*’^°®Pb(p, t) relative cross section. Thus, since C is

Table 3

(a) Projections/i([xa„; yS) [eqs. (10) (b) A s in (a) for the states |/i> =  |^“‘‘Pb(4,'^)> and
and (19)] for |^> =  po^Pbíg.s.)) |/3> =  | ' “*Pb(4,^)>
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a "a a =  4^) =  4^)

or 0 1.10 1.684 - 0 .8 6 - 0 .2 9
I.I67 0.54 1.998 0.09 - 0 .8 4

o; 2.315 0 .1 1 2.929 - 0 .0 6 - 0 .0 9

labels the “̂^Pb ground state. cû  is the energy o f  the state ”̂^Pb(a) in MeV.



at m ost o f  order unity, larger valúes o f  J ’') are necessarily associated w ith 
large valúes o f  /" ) .  F o r example, as seen in table 3b, H«oío; 4¡^) =  —0.86 
corresponds to  the state for a =  4,^, while F  ~  O for the o ther valúes o f
Oí. Eq. (25) would then give =  4,^) =  0.74 to  be com pared w ith =  4|^) =  
0.70 in fig. 1. A nother interesting exam ple is the p  = 4^  state. In this case, assuming 
th a t in eq. (24) a' =  4 j  and  F  =  - 0 .8 4  (as suggested by table 3) and  using = 
4 j )  =  0.44 (table 2), eq. (25) gives =  4^) =  0.31, to  be com pared with 

— ^ 2 ) ~  O-14 in fig. 1. In this case the result is no t as good as fo r the  j3 =  4̂ " 
State, bu t neither is the approxim ation (24). However, the general conclusión draw n 
from  eq. (25) rem ains valid (at least qualitatively). Thus, for the ^“‘̂ Pb(4j‘i) state 
the projection F(4^oco;li =  4i^i) is large ( - 0 .4 7 )  and since o-,^,(a =  4 ^) is also 
large, one expects =  4¡^i) to  be large, as indeed it is.

The relation for the two-particle transfer cross sections found above is a well- 
know n feature resulting from  the harm onic versión o f the pairing-vibrational 
m odel 13,16,36y model one assumes tha t the operators P \ a )  are boson
creation operators. Therefore the elements (6) constitute an orthogonal basis and 
relations (24) and (25) are always valid. A typical tw o-phonon state in the pairing 
model is ^°‘*Pb(g.s.), for which one has ^®)
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|204Pb(g.s.)> =  N \li,y ,  (26)

where |i?,> =  {P\ai^ =  0 ;")F^(a2 =  0+))o.l0> and  N  =  Eq. (24) then gives 
C = yj2 (our calculation shows tha t =  1.25, as com pared w ith J 2 ) .  From
eq. (25) one fmally gets (T^ ,̂( '̂'‘̂ Pb(g.s.)) =  2. In this case we obtained, however, 
í7,gi =  1.54 (see fig. 1). M oreover, table 3a shows tha t the corresponding form  
factor has non-negligible contributions from  states o ther than  (26). This effect, 
due to  the Pauli principie, has already been found and  discussed in re f  The 
small valué th a t we obtained for Urei com pared to  the experim ental da ta  =  
1.74) is because our calculation does no t consider R PA  correlations, which in this 
case seems to  be im portant ^’ ). [This effect was not, however, found in re f  ^®).]

The .analysis o f the six-particle spectrum  carried out in subsect. 3.3 requires a 
description o f  the ^““̂ Pb states in term s o f as few basis states as possible. To do this, 
as well as to  gain physical insight into the ^°'^Pb structvire, we study the convergence 
o f  the ^°“̂ Pb eigenvectors as function o f  their basis com ponents. As shown in the 
appendix, we expand those eigenvectors in an  o rthonorm al basis following the- 
Schm idt m ethod. In table 4 we present the com ponents o f  some )8-states in the 
orthonorm al basis and the corresponding convergence to  the “ shell-m odel” states. 
One sees in this table th a t indeed some )?-states are well described w ithin only one 
o r two basis elements. As expected ^®), the ^°“̂ Pb ground staté is virtually the lowest 
basis vector (norm alized). A  sim ilar property  is found for the three-particle ground 
states in this nuclear región 1°).

Besides the states shown in table 4, we also found the 2;^, 7 7J and  9i” states 
to  be contained in the plañe spanned by the first two basis vectors (6).



Table 4

Schmidt coordinates x  and projections Pf¡ [eq. (A .2)] as a function o f  the number N  o f  basis vectors 

(a) |J3> =  |^“ Pb(g.s.)>
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N E o X

1 (oror>o* 28.218 0.98 0.96
2 29.385 0.15 0.98
3 29.824 - 0 .0 3 0.98

(b) m  = |2°‘‘Pb(4+)> and |/?> =  p “'^Pb(4+)>

N
^ =  4 -

X X

1 m i . 29.824 0.87 0.76 - 0 .1 6 0.03
2 29.902 - 0 .4 9 1.00 -0 .3 1 0.12
3 30.216 0.01 1.00 -0 .9 1 0.96

(c) l^> = r w ; ) )  and |^> =  | ‘̂’“Pb(5;)>

r
^ = 5r

ly

X X

1 31.000 - 0 .8 6 0.74 - 0 .4 4 0.19
2 31.221 0.38 0.88 - 0 .3 9 0.34
3 31.234 0.29 0.97 - 0 .7 9 0.97

The energies =  cu^+co^^ are in MeV.

N ote  th a t in table 4 the physical vectors are generally surrounded by some basis 
vectors. I t w ould then be difficult to  decide w hether an eigenvector o f  the m atrix  
(5) is spurious or not, even if in such a diagonalization spurious vectors are associ- 
ated w ith zero-order energies ®).

As one w ould expect, a feature emerging from  tables 3 and 4 is th a t the overlap 
between the physical vectors and  the basis vectors is sm aller the greater the distance 
(in energy) between them . It is due to  this property th a t the truncation procedure 
used here m akes sense. In a standard  shell-model calculation, basis vectors th a t 
are far apart in (zero-order) energy could have a sim ilar im portance in describing 
a physical vector. This is w hat happens, for instance, w ith the ground state o f  ^^°Po, 
where the p ro ton -p ro ton  norm al pairing vibration plays an im portan t role In 
m ethods which use correlated basis the pairing correlations are already included 
in the basis vectors. However, in a basis which is neither orthogonal ño r norm al
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ra ther bizarre peculiarities may be present. In table 4b, for instance, the Schm idt 
coordinate, ; 4j^), is ra ther small ( — 0.49). Yet, the projection o f  the basis
vector ; 4'^> on the physical vector \fi =  4j^> is large {F =  —0.86, table 3). 
One may th ink tha t this feature is due to the criterion used to  choose the orthonorm al 
basis. In fact, as seen in fig. 2, a physical state can coincide with a basis vector,

l ' 2>

I b j ) ^  ln>

Fig. 2. The basis vector ¡b^) coincides with the physical vector \ri), yet the corresponding Schmidt 
coordinate Xj is small. In this figure the basis vectors \b¡) are supposed to be normalized. The vectors 

|íj> and l/j)  are the Schmidt unit vectors.

Fig. 3. The calculated state |^> =  p ° ‘‘Pb(4¡^)> projected in the plañe spanned by the basis vectors 
|* ,>  =  12+2+;4+ > , |¿ 2> =  |0+ 4+;4+ > . Unlike the \p =  4 + >  state o f  fig. 4, in this case the physical 
vector is contained in the figure plañe and its projection \p =  4+>^ coincides with itself The circle’s radius 

is unity and |¡j> and |ij> are the unit Schmidt vectors.
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retaining a small coordínate in the Schm idt axis corresponding to th a t basis vector. 
This shows th a t although it is instructive to  have the decom position o f  a physical 
State into its orthonorm al com ponents, one has to be cautious. In case o f  dou b t it is 
better to  draw  a diagram  like the one in fig. 2. Thus, in fig. 3 we see tha t w hat happens 
w ith the vector \P = 4 ^ }  is th a t it is som ewhat closer to the basis vector |¿2> than  
to  |¿i> . O n top  o f  that, the norm s o f  the basis vectors are  l^ i) )  =   ̂ while 
V « ¿ 2 l¿2»  =  0.93.

The \p =  State, which in term s o f  its Schm idt coordinates seems to  be rather 
m ixed, could yet be cióse to  a basis vector, as the vector |«> in fig. 2. This possibility 
is suggested by the fact tha t the p ° ‘̂ Pb(4¡^j)> state has a large (p, t) cross section 
(fig. 1). One would then th ink tha t the basis vector l¿i> =  |0 ĵ 43 ; 4"^> is m ore 
im portan t in describing th a t state (as discussed above) than  our Schm idt decom po­
sition imphes. To decide upon this po in t (which is very im portant for ou r calculation 
o f  the ^°^Pb spectrum ) we draw  several diagram s like the one in fig. 3. In each case 
we chose a plañe spanned by two o f our basis vectors. In fig. 4 we show a plañe onto

l ' , >

Fig. 4. A s fig. 3 for the vector |/?> =  |^“‘‘Pb(4*,)>. The basis vectors are |ij>  =  |0¡^43 ;4'^>, \b^} =
io;43^4*>.

which the vector \p = 4í'i> has one o f the largest projections. A lthough in this 
figure the vectors 14j‘j> and |¿i> seems to  be cióse, the  angle between them  is 46.3° 
and  the projection o f  |4¡^i> onto  th a t plañe ( |^  =  4¡^,>p) is therefore small. One 
reason why the vector \bi} is no t as im portan t as one would expect is th a t its norm  
is small. F rom  a physical po in t o f  view, this property  m eans tha t |¿i> is blocked 
by the Pauli principie. Indeed, the vector la =  43 > is virtually the |(p^f7)4 +> state, 
and the m ain com ponent o f  the vector la =  0¡^> is |(Pi)o+>- This analysis brings 
US to  the conclusión th a t it is not thejenergy criterion used here to choose the /?-basis 
w hich fails to  give a “ puré” description o f  the state \p =  4j^i>. R ather, it is b o th  
because the vector |¿)j> is blocked and because m any other basis states are cióse to  
it, th a t the  physical vector is spread into m any com ponents.



A fter one has a clear idea about which ;8-basis vectors are im portan t in the de- 
scriplion o f  the  jS-vector, one can attem pt to  calcúlate the m atrix  f  in as small as 
possible a ^-basis. In this case, as w ith the large ^-basis, one m ay encounter strongly 
non-herm itian matrices. However, for the =  4"̂  states and with the 2-di- 
m ensional jS-basis |¿i> =  ; 4'^>, {bj} =  |0 Í‘4 2 ; 4 > (which is enough to 
describe the vector \P = 4^>, see table 4b) one finds the m atrix to  be herm itian, 
w ith the non-diagonal m atrix  element equal to -0 .1 2 8  MeV. But this case is rather 
exceptional. In general, the m atrix is herm itian only within 100 keV.

To be sure tha t a calculation w ithin a small jS-basis (SB) is reasonable we com ­
pared the calculated projections F  w ith  those valúes obtained w ith the  large J?-basis, 
which we cali from  now on “ shell-m odel” valúes. In table 5 we present some states

Table 5

Projections ¡i) [eq. (10)] for some j?-states calculated within the basis com posed o f  the elements
in the column headed “j3-basis”
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/3-state /?-basis SB SM

|0 ;0 + ;0 + > I.IO 1.10

2r 10^2," ;2+ > 0.62 0.60
12^2^ ;2" > - 0 .7 7 - 0 .7 2

io;4;;4+> - 0 .8 3 - 0 .8 6
|2r2r;4"> 0,95 0.90

10^4; ; 4 - > -0 .3 1 - 0 .2 9
|0;-4+ ; 4+> - 0 .8 2 - 0 .8 4
12^2; ;4+ > - 0 .1 6 -0 .1 8

5r |0 ^ 5 f ; 5 - > - 0 .8 7 - 0 .8 3
12p7;5-> 0.52 0.50
10^5;; 5 -> 0.38 0.42

The results obtained with the small basis (SB) are given together with those obtained with the “shell- 
m odel” (SM ), i.e. the large ^-basis.

calculated w ithin the small yS-basis together with the corresponding shell-model 
description. A lthough the results shown in table 5 are very good, they deal only 
with the ¡i wave functions. The )S-energies are not always as good. The [ “̂"^Pbíg.s.)) 
State has, in the 1-dimensional basis o f  table 5, energy =  28.740 MeV (as com ­
pared w ith the shell-model valué = 28.865 MeV). O ther examples (energies in 
M eV) are:

E ss i^ t )  =  29.797, E ,^  =  29.988, =  30.375, =  30.315,

¿■sbÍS D  =  31.001, £ sm =  31.123.



Since the SB projections, F, are in good agreem ent w ith the corresponding shell- 
m odel projections, one may consider th a t the m ain effect o f  the drastic truncation 
done w ithin the small j8-basis is to renorm alize the j8-energies. M oreover, if  one 
increases the dim ensions o f  the /?-basis in table 5 by one or two units, one obtains 
great im provem ents. Thus, ¿sbCOO =  28.852 MeV for a 2-dimensional j?-basis. 
F o r the State j? =  4j^ one obtains, w ith dim ensión 4, ) =  30.066 and similarly
for the o ther states. In all cases the valúes o f F  reported  in table 5 rem ain w ithout 
change.

W ith  the SB wave functions corresponding to  table 5 we calculated the two- 
particle transfer form  factor according to  eq. (23). In general one obtains the same 
form  factors as those provided by the shell model. However, there are a few states, 
like Ifi =  2 i ) ,  for which differences (up to  30% ) appear. Again in these cases, 
the results are im proved by increasing slightly the dim ensions o f the jS-basis.

F o r the next step, i.e. the calculation o f  the ^°^Pb spectrum , the im portan t SB 
quantities are those shown in table 5, which in all cases are in excellent agreem ent 
w ith the corresponding shell-model quantities.

3.3. y-STATES; THE N U C L E U S

T he th ird  and final step o f  ou r m ethod is to calcúlate the six-particle system, i.e. 
the y-states o f  sect. 2. The first po in t to  study is how to choose appropriate  a- and 
/S-states to form  the y-basis,

{\aP;y}}  =  { { n o i ) P \P ) \ \0 } } ,  (27)

used in (14) to  describe the six-particle y-states. As for the four-particle system, 
once the y-basis is chosen one calcúlales the m atrix from  eq. (8a), where M  is 
now  the m atrix (11). Finally the y-eigenvectors are provided by the diagonalization 
o f  the herm itian m atrix  T  [eq. (8b)]. Regarding the truncation procedure and the 
attached loss o f  herm iticity o f the m atrix  T, the analysis done for the four-particle 
case rem ains valid.

I f  one chooses directly a ra ther large num ber o f  low-lying a- and /?-states, as 
calculated w ith the large ^-basis, and applies eqs. ( 11) and ( 12) w ithout fu rther 
analysis one obtains results as reported  in ref. “ ). A large num ber o f  y-states are 
provided by the calculation; m uch m ore than  observed experimentally. M oreover, 
the states w ith largest (p, t) cross sections are usually no t the lowest ones, as one 
w ould expect. As for the four-particle system, one m ay think tha t m any o f these 
states result from  the truncation  procedure. In a very large y-basis this effect would 
loose its im portance. However, the calculation o f  the overlap m atrix (12) is very 
tim e consum ing and a com plete calculation w ithin a large y-basis becomes pro- 
hibitive. T he real problem  with eq. (12) lies in the last term  o f the r.h.s. The in ter­
m edíate four-particle state index jS and the a-states and «5 may easily run  over a 
large range o f  valúes. F o r instance, if  the state a j in the y-basis is the state |^°®Pb(7p>
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and the interm ediate state is p ‘’^Pb(4j^)>, p  takes the valúes 3 “ ú  fi ú  11 One 
m ust then calcúlate a large num ber o f four-particle states. This problem  can be 
eased if  one replaces the four-particle m etric m atrix in eq. (13) by its analytic expres- 
sion (7). In this case the p-staXe index p  is replaced by an angular m om entum  index 
only. Still, the C PU  tim e taken to  calcúlate a y-state m atrix element is typically 
about 3 s in a CDC-6400 machine. This C PU  tim e is about 15 times larger th an  the 
corresponding valué for the four-particle system.

The way we found o f overcoming this problem , is to  use only puré jS-states in the 
y-basis, such as those in table 5. One then fmds tha t the am plitude Y  in eq. (12) 
greatly reduces the num ber o f  interm ediate states a j  and and, therefore, the 
num ber o f  interm ediate states p. F rom  the view point o f  our calculation, this was 
the m ost im portan t reason for studying the j3-states w ithin a small ^ -b asis ; to fmd 
the m inim um  num ber o f  coordinates necessary to describe the jS-vector. Since the 
projections F  are well given by our SB calculation (table 5) we let the valúes o f  F  
in eq. (12) to  be those obtained w ithin the shell-model calculation. Thus, although 
the index a¡ in eq. ( 12) is not limited by our choice o f  representation for the vector 
|)?i>, the corresponding valúes o f  F  are provided by the large jS-basis calculation.

In the procedure outlined above the j3-vectors entering in the y-basis (27) are 
supposed to be puré states. In fact, we saw in the calculation o f  the four-particle 
system tha t, at least for the analysis o f  (p, t) reactions, only a-states with a very 
defmite structure were relevant. Nam ely, those states to  which rather large (p, t) 
cross sections correspond. This feature [w hich underlies the pairing-vibration 
m odel *®)] suggests th a t for the  y-states only a y-basis built upon those relevant a- 
and ^-states (the “ collective” states o f  the pairing model) will be im portan t. O f all 
the “ collective” states, only the \p = 4j'i> state is no t “ puré” . We thus described 
this State in a large enough jS-basis to ob tain  projections F  cióse to  the shell-model 
valúes.

A lthough the calculations done w ithin the sm allest possible P-basis (as in table 5) 
did no t always give the right ^-state energies, we speculated in the last subsection 
tha t the difference was only a renorm alization effect. M oreover, since even the 
shell-model valúes did no t fully agree w ith the experim ental energies, we simply 
take for our “ puré” states the experim ental /?-energies. A  m ore general justification 
o f  this procedure was given at the beginning o f  this section.

We form ed our y-basis taking the same a-states used to  calcúlate the shell-model 
spectrum  o f fig. 1. The ^-states th a t we took were the following: 2'^, 4 ^ ,  4^ , 
4 i i ,  , 52 , 7;~, 72 , 9;~. To calcúlate the m atrix f w e  profited from  the experience 
gained in the analysis o f  the four-particle system. We thus reduced the dim ensions 
o f  the y-basis to  the first 2 0  elements, except for the |y =  state, for which we 
used a  4-dim ensional y-basis. In all cases the m atrix  was herm itian to  w ithin 
100 keV, as for the four-particle case. Finally, the calculation o f  the form  factor 
was perform ed using the m ethod (b) o f  subsect. 2 .2 .

In table 6  we present the calculated ^°^Pb spectrum  together w ith the corre-
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T able  6

Experimental and theoretical energies and relative ‘̂’‘‘Pb(p, t) cross sections

Experiment

E  (M eV)

Theory

E  (M eV)

o ;
2r

(2,^)

4^

4 ;
4 Í

44.112
45.073
45.696

45.495
45.735
46.027
46.628
46.778
46.152

46.284

2.31
0.56
0.026

0.48
0.090
0.067
0.086
0.115
1.28

0.93

«r
2^
2Í
2:
4;
4;

4^
5r

1 :

44.109
45.015
45.647
46.086
45.432
45.679

46.695
46.202
46.511
46.363
46.751
46.310

1.89
0.46
0.034
0.058
0.56
0.027

0.069
1.59
0.045
0.040
0.32
0.62

Only calculated valúes o f  >  0.02 are given. Energies relative to the core. Other details as in 
table 2.

sponding experim ental data. Only levels up to  2.7 MeV o f excitation energy [w ith 
respect to ^°^Pb(g.s.)] are given. The agreem ent between theory and experim ent is 
excellent for those states w ith a large ^°'^Pb(p, t) cross section.

The agreem ent to w ithin a few keV between the experim ental and theoretical 
^°^Pb(g.s.) energies does no t seem to be accidental. As a function o f  the dim ensions 
{d) the energy (in MeV) changes as fo llow s:

E { d = \ )  = 44.450, E{d =  2) =  44.173, E{d =  3) =  44.180, E{d =  4) =  44.109.

M oreover, the form  factor does no t change for d ' ^ 1 ,  bu t for J  =  I one obtains 
'^rei(y =  OJ") =  2.19, m uch closer to  the experim ental valué than  th a t obtained 
with d  > \. A lthough here (as in ^°‘̂ Pb) the R PA  ground-state correlations, which 
we ignored, m ay play some role, it was found in re f  th a t a (schematic) ^°^Pb(g.s.) 
T D A  wave function provides the same as the corresponding BCS wave function. 
Even m ore, in th a t paper ^°^Pb(g.s.) was found to  be very puré. On the o ther hand , 
we have seen th a t the vector |^°'^Pb(g.s.)> is contained in a 1-dimensional space, 
even when the corresponding energy is only given utilizing a 2-dim ensional basis, 
exactly as in the case o f  ^°^Pb(g.s.) analysed here. We may thus th ink tha t the dif- 
ferences encountered between d  =  1 and í/ >  1 are due to the lim itations im posed 
by the non-orthogonal basis. This supposition is supported by the fact th a t the  
angle 6 between the lowest two basis vectors, |yi> =  lOj'O;*̂ ; O"^) and  ly j) =  
IO2 Oí"; O”̂ ) [no ta tion  as in eq. (27)], is such th a t eos 6 =  0.95, i.e. bo th  vectors are



nearly parallel. Finally, while <)'il’yi> =  1.55 (the pairing-m odel predicts <7 il7 i> =  
^ 6  =  2.45) one finds = 0.657, i.e. the state is m uch blocked by the
Pauli principie. Therefore, it does not seem reasonable to  consider th a t the state 
|72> can have any real physical im portance, and the state ^°^Pb(0¡^) seems to be a 
puré |^°®Pb(g.s.) 0  ^““̂ Pbíg.s.)) (norm alized) state.

One reason why the state |^°^Pb(g.s.)> [as well as p'^'^Pbíg.s.)) and o ther ground 
states in the lead región is so puré is tha t the first basis vector is isolated (in 
energy) from  the rest o f  the basis. This property  is no t present in the o ther states o f  
table 6. A n interesting example is \y = which can be described in the 2-di- 
m ensional basis

l7i> =  |2 :o r ;2 ^ > ,  |72> =  10^2^^ 2+>. (28)

W ithin this 7-basis one obtains practically the same \y = 2 ^ }  level as the corre- 
sponding one in the 20-dimensional basis o f  table 6. The zero-order energy associ- 
ated w ith (28) is £ (y ,)  =  43.838 MeV, £ (72) =  43.933 MeV. According to  the 
analysis o f  subsect. 3.2, one would expect th a t the two-particle transfer reaction 
proceeds via the basis elem ent |yi>. However one finds tha t ( y j y i )  =  0.28, i.e. the 
basis elem ent is very m uch blocked by the Pauli principie. The reason why the 
Pauli principie is so effective in this case is tha t at least one o f  the two particles in 
the a-state 2^  spends 93 % o f the tim e either in the p^ or p^ shells, both  o f  which are 
very m uch occupied by the four particles in the j3-state 0¡^. In the case o f  the basis 
elem ent \ y ^ ,  instead, the  two particles in the a-state Oĵ  occupy these single-particle 
shells for only 68 %  o f the  time.

T he rest o f  the levels in table 6 are also strongly influenced by the Pauli principie. 
F o r instance, the reason why only the level is highly excited by the (p, t) reaction 
(in con trast to  the 4"̂  states in ^°®Pb and ^°‘*̂ Pb) is tha t the im portan t basis vectors 
IVi> =  142 0 ^ ;  4 ’̂ > and |y2> =  K^O,,^; 4'^> have the norm s (square) =  0.63
and <72172)  =  0.36.

Finally, we repeated our calculations m aking the “ quasi-boson” approxim ation 
o f  dropping the last term  in eq. (12). We found th a t it is a good approxim ation for 
the I7 =  O’̂ ) states bu t fails for the o ther 7-states.
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4. Summary and conclusions

In this paper a  m ethod is presented o f  solving the six-particle system outside 
closed-shell cores in several steps. F irst the two-particle system is solved. In this 
step a good knowledge o f  the nucleon-nucleon interaction is supposed or, alter- 
natively, the two-particle energies and  wave-function am plitudes are supposed 
to  be extracted from  experim ent ^®). Once a good description o f  the tw o-particle (a) 
states is found one proceeds to  the  second step. In this step, the four-particle system 
is solved w ithin a basis form ed by vector coupling the a-states previously evalu-



ated The two-particle interaction m atrix elements are then replaced by the
corresponding two-particle energies and wave functions ®). The dynam ical m atrix  
so ob tained is very sim ilar to  the corresponding overlap m atrix am ong the basis 
vectors (m etric m atrix). Both m atrices depend only on one- and  tw o-particle quanti- 
ties and  the form alism  tum s ou t to  be ra ther simple and  effective. Once the four- 
particle ()S) states are calculated one proceeds to  the  th ird  and last step. In this step 
the six-particle system is solved w ithin a basis form ed by vector coupling the a- 
and ^-states previously evaluated. The corresponding dynam ical and m etric m atrices 
depends only upon two- and four-particle quantities. A lthough in this case bo th  
m atrices are no t as sim ilar to each o ther as for the j3-states, the form alism  is still 
simple. W ithin an example, we showed th a t this m ethod exactly reproduces the 
shell-m odel results. In fact, this m ethod (as all m ethods tha t use a correlated basis) 
allows one to  solve the shell-model equations in a convenient representation. There- 
fore, drastic truncations o f  the basis are possible and  the physical vectors m ay be 
described in term s o f  a few basis vectors.

We applied the form alism  to the lead región. W e thus first calculated the ^°‘̂ Pb 
spectrum  using the '̂*®Pb energies and wave functions as calculated by Blom qvist ^ '). 
The agreem ent between theory and experim ent is good. We found tha t those ^“‘‘Pb 
states highly excited in the ^°®Pb(p, t) reaction are closely related to  som e states in 
*̂’®Pb; precisely those which are highly excited in the ^°®Pb(p, t) reaction . Thus, 

a  m icroscopic description o f  the pairing-vibration phonons ^®) is given. However, 
in the pairing-vibration model one usually assumes that the “collective” states are 
only the lowest states o f  each spin and parity. I t is for these states tha t all com- 
ponents o f  the wave functions contribute in phase to  the tw o-particle transfer cross 
section '^^). W e have found tha t the concept o f  “collective states” (pairing bosons) 
m ay be enlarged to  include all a-states w ith a large (p, t) cross section. T he role o f  
the Pauli principie limiting the validity o f  both  the harm onic pairing-vibration 
m odel and the concept o f  pairing bosons was attested. It was thus found th a t som e 
m ultiphonon states [like the experim ental ^®'^Pb(4 4 ) state, at 2.9 M eV o f  excitation 
energy] are strongly hindered by the Pauli principie. They canno t be described in 
term  o f a few basis vectors. But the o ther j?-states reached in the ^‘’®Pb(p, t) reaction 
are well described w ithin a very small (less than  4-dim ensional) basis, although the 
corresponding shell-model dim ensions are always, at least, several hundred. Using 
this “ puré” description o f  the yS- and the a-states evaluated in the first step, we 
calculated  the ^®^Pb spectrum . The agreem ent between theory and experim ent is 
very good for the states w ith a relatively large ^‘’‘*^Pb(p, t) cross section. It is found 
th a t some pairing m ultiphonon states, expected from  the pairing collectivity o f  the 
a- and  ^-constituents, are com pletely blocked by the Pauli principie. A lthough the 
shell-model dim ensions for describing the ^°^Pb states are always o f  the  o rder o f  
several thousand, we found th a t those ^°^Pb levels experim entally observed in the 
(p, t) reaction are contained in subspaces spanned by very few basis vectors. We 
conclude tha t the ground states o f  the Pb isotopes analysed. here are particularly
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well described w ithin a one-dim ensional vector-coupled basis consisting o f  m onopole 
pairing-vibrational states. The states o f  m ultipolarity  different from  zero, however, 
may strongly feel the blocking induced by the Pauli principie and relevant collective 
(m ultipole-pairing) configurations have no t the im portance th a t one would attach  
to  them  w ithin the harm onic pairing model. In spite o f  these (expected) lim itations, 
the pairing m odel rem ains a very good guide for analysing tw o-particle transfer 
reactions. Thus, all states highly excited in the ^°'^Pb(p, t) reactions are o f  a pairing 
m odel character.

W e are indebted to  J. Blomqvist for providing us w ith and  allowing us to  freely 
pubUsh his ^°®Pb wave functions ^*). Discussions w ith Y. A bgrall, J. Blomqvist, 
C. M eyers and  A. Z uker are greatfully acknowledged.
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Appendix

W e assume tha t the ^°“̂ Pb spectrum  obtained with the large j?-basis (fig. 1) is the 
shell-model spectrum . To see w hether the (shell-model) ^-states in fig. 1 can be 
described, w ithin our representation, in term s o f  a few basis vectors, we rewrite 
these states in an  orthonorm al basis. This basis is constructed, using the Schmidt 
procedure from  the original j3-basis according to  the energy criterion ; i.e. the 
first o rthonorm al (Schmidt) vector |¡ =  1> is the lowest vector (6) (norm alized), 
the second Schmidt vector |j =  2> is constructed from  the first one and the second 
lowest State (6) and so on. In the step N  o f  this procedure one has,

\P-, SBy =  (A.l)
Í =  1

w here \p ; SB> is the projection o f the vector |/3> on to  the subspace spanned by the 
“ small basis” (SB) com posed by the first N  Schmidt vectors. Therefore, the  overlap 
between the shell-model jS-state and  its projection on to  the small subspace is

=  £  x \ i - ,  iS). (A.2)
i =  1

An im portan t feature o f this procedure is th a t the coordinates x  give a clear idea 
o f  which are the  relevant states (6) to  describe the physical vectors, as seen in table 4.
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