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Technique for Analog Integration 
and Differentiation*

M. A. THOMAEf, a s s o c i a t e  m e m b e r , i r é

Summary—A technique is described which enables an approach 
to ideal analog integration or differentiation by means of passive 
elements only. A series of RC circuits in a cascade arrangement, 
uncoupled to each other, provides the first, second, third, etc., inte­
gráis or derivatives (according to the connection of the RC circuits) 
of the input function. The theory establishes that if the outputs of 
each are fed to an analog summing amplifier, its output becomes 
arbitrarily cióse to the ideal integral or derivative of the input func­
tion as the number of RC stages is raised indefinitely. A device has 
been developed according to this idea to perform one of these 
operations (integration) and to check the results obtained in theory. 
Mathematical proofs of the theory are given in the paper.

I n t r o d u c t i o n

J\  N A L O G  differentiation  or in tegration  is based  
r—\  upon basic RC circuits connected  in each case 

according to  the corresponding use. T h ey  can g ive  
allow able resu lts on ly  for re la tive ly  short com p utin g  
in tervals of tim e. In order to  ex ten d  their perform ance, 
a ctiv e  elem en ts h ave been introduced  in m any w ays  
(e.g., am plifiers). T h is in vestigation  presents the possi- 
b ility  of approaching ideal in tegration  or d ifferentia­
tion  w ith o u t v o lta g e  am plifiers. O nly RC  circuits and  
ideal d evices w ith  special ch aracteristics as defined  
below  are used. T h e purpose of these elem en ts is to  de- 
couple the R C  circuits connected  in cascade. In the  
practical exam ple, im pedance decoupling elem en ts such  
as ca th od e follow ers h ave been used as practical ap- 
proaches to  the e lem en ts required in th e theory.

G e n e r a l  D e s c r i p t i o n

Fig. 1 is a schem atic d iagram  of an ideal circuit, d e­
veloped  according to  the m ath em atica l pattern  of the 
theory. T h e b locks nam ed 5  h ave the fo llow in g char­
acteristics: in pu t im pedance =  oo , o u tp u t im pedance  
=  0, vo ltage  t r a n s fe r = l .  A series of R C  circuits w ith  5  
elem en ts p laced in betw een  are con n ected  in a cascade  
arrangem ent. In th is particu lar case, the RC con n ection  
corresponds to  an alog in tegration .

T h e signáis ob ta in ed  from  the cap acitor nodes are 
fed to  the su m m in g d evice 2 .  Its o u tp u t e0(t) is an ap- 
proxim ate integral function  of the in p u t signal e¿(¿). 
T h e o u tp u t vo ltage  e0(í) differs from the ideal integral 
function  of e¿ t ) for tw o reasons: 1) the su m m in g device  
is n ot a perfect one, though  it can be im proved w ith ou t  
lim it; 2) the num ber of R C -5  stages is n ot infinite;
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Fig. 1— Schem atic diagram  of a  cascade-integrating circuit w ith RC 
stages and  decoupling elem ents s connected in between. T he o u t­
p u ts  of th e  RC circuits a re  fed to  an  analog sum m ing device X.

n evertheless, it  can be increased w ith ou t lim it, a t least  
in theory.

Before g iv in g  a rigorous d em onstration , w e can  
v isu a lize the phenom ena through an in tu itiv e  descrip­
tion  according to the follow ing line of thou ght. T h e first 
R C -5  stage g ives a vo ltage  th a t ap proxim ates /e¿ (í)á í 
to a degree d ep en dent on t / r ,  where t is the com puta- 
tion -tim e in terval, and r is the tim e con stan t of th e RC  
circuit. T h is approxim ation  ob ta in s w ith  an ab solute  
n egative  error for an y  va lu é of t. If in an y  in sta n t we 
add to  th a t vo ltage  th e necessary am ou n t to  m ake th a t  
error van ish , w e ob ta in  ju st the true in tegral function . 
T h a t is ex a c tly  w h at happens in th e su m m in g circu it  
w hen th e num ber of stages (R C -5 ) is raised indefin itely.

In other w ords, th e ab solu te n egative error of vo ltage  
ob ta in ed  for an analog integral function  in a cascaded  
R C -5  circuit of in defin itely  large ex ten t is equal to  the  
sum  of th e vo ltages ob ta in ed  from  all the fo llow ing RC  
stages. T h e sam e considerations can be applied  to  a 
d eriva tive-com p u tin g  d ev ice developed  according to  
the sam e pattern.

M a t h e m a t i c a l  P r o o f s

T h e transfer “function  in th e L aplace dom ain  cor­
responding to  an R C -5  stage is

1

1 + ST

T h e signáis ob ta in ed  in each of th e node cap acitators  
corresponding to  an in pu t of L aplace transform  
e*(s) are:
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first stage 

second stage 

nth  stage

e¿0)
1 + ST

ei(s)

(1 + sry

e,-(í)

(1 +  s r)n

T h e sum  of th is vo ltage  transform ed for n stages is

1
c o (í ) =  ei(s) [rr ■ +

(1 +  s r y  

E valu ation  of the sum  yields

+ + ! — 1 .
- ír )BJ(1 +  ir)

1
eoO) =  e¿(j)

1 + s t

1 + ST

It is con ven ien t to  w rite it  as follow s:

1 (1 +  sr)n

eo(s)
e<(i)

ST

i(s)

i r ( l  +  s r)n

e0(s) =  ei(s)sr — ei(s)sr (Hb)'

A s in the in tegration  case, e0(s) is form ed b y  tw o  
term s: 1) an ideal d erivative  of the in p u t fun ction ; 2) a  
n egative  error inherent to  the m ethod. W hen n is raised  
arbitrarily , the last term  becom es arbitrarily  cióse to  
zero. I t  follow s th a t in th e lim it, e0(s) becom es the d eriv­
a tive  of the in p u t function .

In th e laboratory the m ethod  w as checked w ith  a  
three-stage in tegrator and an in p u t-step  function  6i(t) 
=  E.  T h e expected  errors were previously  ca lcu lated  for 
1, 2, 3, and 4 in tegratin g  stages. T h e ab solu te error in 
v o ltage  e„ w as ca lcu lated  from the inverse L aplace  
transform  of

e,(s)

Sr(l +  s r)n

w ith e,(s) replaced b y  1 / s  (thus se ttin g  £ = 1 ) .  L ettin g  
t ¡ T  =  k , the resu lts are:

n  =  1 : t a =  — e~h +  1 — k, 

n =  2: ea =  — e~k(2 +  k) +  2 — k,

n =  3: t a =  — « ‘ ( 3  +  2k -\- — J  +  3 — k,

=  4: t a =  -  e-M 4 +  3k +  2
k2 k*\'--1--)2! 3 ! /

e0(s) is then form ed b y  tw o term s: 1) the exact integral 
function  of th e in pu t; 2) the n egative error inherent to 
the m ethod. It follow s im m ed iate ly  th a t the error term  
becom es arbitrarily  cióse to  zero as n is raised arbi­
trarily , so th a t eo(-s) becom es the perfect integral of the 
input.

I t  is possib le to  d ifferentiate fun ction s fo llow ing the  
sam e general pattern  used for in tegration , su b stitu tin g  
R C  d ifferentiators for th e  RC integrators, in th e dia- 
gram  of F ig. 1. T h e o u tp u t v o lta g e  is then:

+  4 -  k.

From  the eq u ation s we can induce a general form ula for 
the ab solu te error e„ th a t will result from in tegratin g  a 
unit step  of vo ltage  in a cascade of n R C -S  circuits,

t a =  — e
k2

n  +  (n — í ) k  +  (n — 2) —  +

+
(n — 1)!.

+  n — k.

G iving  va lú es to  k w e obtain  T ab le I, in w hich th e per- 
centage error has been calcu lated  from e„ /& X l00 , be- 
cause k =  t / r  is the exact integral of a u n it-step  in pu t.

T A B L E  I

n
K  = 1/t

1 2 3 4 5 6 7 8

i - 0 .3 7 - 1 .1 4 - 2 .0 5 - 3 - 4 - 5 - 6 - 7

A bsolute 2 - 0 .1 0 - 0 .5 4 - 1 .2 5 - 2 .1 2 - 3 .0 3 - 4 - 5 - 6

E rrors 3 - 0 .0 4 - 0 .2 2 - 0 .6 8 - 1 .3 5 - 2 .1 7 - 3 .0 8 - 4 - 5

4 - 0 .0 2 - 0 .0 7 - 0 .3 3 - 0 .8 5 - 1 .4 3 - 2 .2 3 - 3 .1 2 - 4 .0 4

1 37 57 68 75 80 83 86 87

Percentage
E rrors

2 10 27 42 53 61 67 71 75

3 4 11 23 34 43 51 57 62

4 2 3 .5 16 21 29 37 44 50
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Fig. 3— O u tp u t voltages e¡, e i+ e2, and  e¡+e2+ e3 corresponding to  the  
circuit of Fig. 2. T he stra ig h t line corresponds to  th e  ideal in tegra­
tion th a t  should be obtained w ith N = °o .

Fig. 2— T hree RC in teg rato rs circuits w ith th ree  cathode followers I, 
II, and I I I ,  and the  a tte n u a to rs  p2 and  (3 used to  com pénsate for 
th e  corresponding slight voltage a tten u atio n s of I I - I I I  and III  
respectively.

C i r c u i t

T h e experim ental circu it show n in Fig. 2 includes  
three RC integrators and uses three ca th od e follow ers 
as buffer elem en ts. A cath od e follow er w as used, since it  
is a circu it th a t approxim ates the requirem ents of the 
theory.

T h e signáis fed to the su m m in g d evice from S tages I 
and II have been a tten u ated  b y  /32 and /3 to  com p én sate  
the corresponding a tten u ation s of II T i l  and III re­
sp ective ly . B y  m eans of sw itch es x, y,  and z, we can se- 
lect and record the o u tp u t signáis e\, e i + e 2 , and ei 
+ e 2 + « 3 , corresponding to  n — 1, 2, 3. T h e ideal integral 
of the in p u t-step  function  w as superim posed  on the sam e  
graph of F ig. 3 b y  draw ing a stra igh t line of slope E / r

through the origin. A check  of the error calcu lations was 
m ade by p lo ttin g  in Fig. 3 the points corresponding to  
k  =  í  and k  =  2 for the exponentia l e i+ e 2 + fi3 (w =  3), us- 
ing the experim ental d ata  plus the m agnitude of the  
error term  as g iven  in T able I.

T h e use of electrón  tube cath ode follow ers is n ot con- 
sidered to be an essen tia l part of the m ethod. A n y  su it-  
able decoupling d evice m ay be used.
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