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l.- Enﬁfgguptiog.

The concent of duality is not very well defined since there are
many ways of presenting it. Therefore one has to be careful alout the
is considered to be dual.

(1)
. (2}
One can take the view of "mathamatical duality" ‘y i.e. that an

sense in which the Veneziano model

amplituue can be written alternatively as a sum of pole contributions
in tre direct channel or in the crossed one, showing in both channels
Regge asymptotic behaviour when the corresponding Mandelstam variable
is taken out of a finite angle around the real axis. In this sense,
because of the pronrerwies of beta-functions, the Veneziano model is
certainly dual.

However, one can see that a Veneziano amplitude can be split into
two terms, ans of which contains the s—-channel resonances and
asymptotically tends to zero out of real s-axis, the second one
containing the t~channel resonences and giving rise to Regge behaviour

(3)

for s -2 00 . This splitting loocks like an interference model but
not in the traditional sense because of the strong correlation between
the two parts. Moreover, this separation suggests a division of the
amplitude in a series of Regge poles and a background integral
contribution (4)(5}(6).

The purpose of this work is to verify the duality of Veneziano
amplitude in the originmal sense of Dolen-Horn-Schmid (7), i.e. to
investigafe whether this model satisfies finite energy sum rules (FESR).
Since, from what is said above, Veneziano model contains a background
integral term, it is by no means authomatic that this amplitude should

(8)

satisfy FESR . In fact one expects in general that on the RHS of
FESR, apart from the contributions of Regge trajectories with their
series of daughters, a term due to background integral could appear even

at high values of the energy cut-off.
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(1)

The original work of Venéziano shows that this model
satisfies FESR with integer moments for imaginary part of the
amplitude up to the leading Regge pole contribution.

We want now to verify if FESR are satisfied also when
daughters, obtained from a J-plane analysis, are considered,
studying sum rules ooth for imaginary and real parts of a
scattering amplitude. We use for our analysis the 1\ 0 —=T0TT
amplitudes which contain in a simple way all the effects we
want to study., The general features of FESR for the imaginary
part of these amplitudes have besn given by Yellin (9).

Since we will use a Veneziano model with real trajectory we

cannot obtaein strict Regge behaviour for s »>oco on real

axis. But on the other hand we are allowed to work with a well
defined mathematical tool without the complications of intreducing
complex trajectories.

In Section 2 we present Tor completeness the armlysis of
Veneziano amplitudes in Khuri plane, which is for our purposes
somewhat simpler than the ordinary J-plane analysis. Then we
compute in Section 3 the FESR for amplitudes with defined isospin
in the crossed t-channel. We obtain that for isospin I =1
the sum rules for imaginary part are satisfied for the leading
order and they are also satisfied for first non-leading
contribution anly if the energy cut-off is placed half-way
between two neighbouring rescnances. 0On the other hand they cannot
be satisfied when the second daughter is taken into account. The
numerical evaluation of cum rules for the real part shows that far
t =0 there is gooc agreement but for non-forward amplitude

severe discrepancies may appear.



Regarding the amplitude with I =2 , which has no Reggs

poles, FESR foi its imaginary part tend to zero or to the

residues of the fixed poles for right or wrong signature sum

rules respectively, but with restrictions on the values of t ,

For the real part the amount of disagreement of sum rules

oscilates and increases in absolutz value with increasing | t| .
Finally we will discuss in Section 4 the separation of Veneziano

amplitude in a sum of Regge poles and a background integral,

showing that this separation is not straightforward.

2.~ Analysis of Veneziano amplitudes in Khuri plane.

lo — i
(10) emplitudes for |||l elastic

We use the well known Lovelace

scattering with defined isospin values in t channel

(1a) A; = V{s, u)
(1b) A; = V(s, t) - v(u, t)
(1c) Az - g (v(s, £) + v(u, £)) - -15 v(s, u)

where

{1 -Ue(x) 4 - UelYy)
(2)  V(xy) = ( PO I( p(4Y) , L) U

{1 - C/\P<K‘) - C(@(‘:ﬁ))




t
We will be concerned only with Al and A2 since the

amplitude with I =0 should contain the Pomeranchon contribution
which is absent in the present model. Moreover, the mathematical

t
featuras of AD are a combination of those of the other two

amplitudes.

The J-plane analysis in t-channel of this model, performed by

(11)(12)(13) (14)(15)
several authors (11 (2)(13) )(ishcws that the blocks V(s, t)
and V(u, t) contain an infinite set of Regge poles at

J o= CKt , Cit ~ 1, vuu., without fixed poles, whereas V{(s, u)
has no Regge poles but wrong—signature fixed poles at J = ~1,=3,....
For purposas of consistency of our notation we reproduce briefly
the an~ysis in Khuri pleme m  according to the same procedure
used in Ref.(13). ¥We prefsr to use Khuri representation becsuse it
is somewhat closer related to our analysis of next sectiocns.
The Khuri representation of an amplitude is given by

oo

OO EE M ENCT AV F SN CRTLNE o)m]} .

=0

31

2
2

with V= (s ~u)/4p and where ju is the picn mass.

Therefors the analytic continuation is defined by

o0
(@ ai(h=1i j Tvo AR T Trw Ao 0)) L
¢ 3} o \)

%n%-{ C‘Q )

(5)  V(st)=-4
ZIVK -0 B(C(tlwﬁl"r’l) Vo=




where 38 is the beta-function and

(6 9, =(n+i+ 3L

we obtain

il < - + ]
() 1w Ay =- > ) B ] S(V-2n) + Ny
M ViZQ g >
so that (4) gives
+
(8a) a, =0 ,
m
Ve O
- i 4 4 N
(8o) a. === ) — Qg -
’ 1 e A, N4 N4 /_ N
m M n:OTB( c ) Va n=0

Extending (1;. to all the m—~planc we can immediately see that
m

there are no fixed poles, e.g. for m =<1
- A A
@ e e !

which vanishes for Clt { -1 and, through analytic continuation,

for all values of cxt . On the other hand, the use of Stirling

asymptotic expansion for B(Cit, n+ 1) allows us to write

N-1
qu(t\ =2 20, (Em) CT(m+T+ o) +
=0 -
(20) ® T oape(E,m
+ Y [am, - & |,
Y\:O\ Z m-i—Z+1—u\:,

=0 (n+4)



where §’ is the Riemann function and 2{31 are the coefficients
of the expansion of aqu in inverse powers of (n+ 1) . It is
clear that the second term of RHS is regular for ReCﬁt { m+ N .
Therefore, the singularities of alvn come from f?(l) , i.2.
there will be poles for m = CXt-Z (T=0, 1, 2....) with
residues ?ﬁ (t, C{t -7 } , which correspond to parent and
daughters Khuri poles. The expressions for the residuss of parent,

first and second daughters turn out to be (from here on we drop

their explicit dependence)

Sals
_(2p)
o T ()

1

(11a) {5

]

C(L_-1
(11b) P, (2 Xt (c-4)

T (¥¢) 2
C/\t_z 2 o«
(1) f - - ) N - A
T () 4 2 & 3
respectively.

t
These Khuri poles contribute tc the amplitude Al when the

integral along path 3 of Fig. la

(" k\\v_ LA

\\.

\n
3

e — <
N ——— N :
@]
( > -1 ( b )
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t ¥ - -
3 = - A
(12) Ay 'é(a'im g\’h + Q’l\’h gm) ]

Ym
21'— gc‘m (-V)
Loy
J
+ -~ o—— ~
where %-rr—‘ = {l + axp L-— iil ml‘g /sin T m are the signature
factors, is opened according to the path of Fig. 1lb as is

usually done in the Sommerfeld-Watson transform, giving the

expression

AL [4 a
o ATy ot A0 e R

Regarding the amplitude with I=2 in t-channel, since

<O

\nl
(14 (s, w) =-1 ) o (= - ),
21 fig B(o(tol-hcln-t-i) V =V vV 4+ Y0
R -)" 0 \
(15) Im A =—— - S(V-v0) = 0 (V+o)
2 2 M é:OE3®%+1-c’h44)\ n ( 0t

we obtain from (4)

(16a) a_ =0
2m
cO "
(166) & =L Sut B A
2. M oo B(W\t'm'crﬂ‘”) o M1

m

Now, the asymptotic behaviour of the terms of the sum (1€b) relates

+ 1 -
a to (1-2 S VE(C) ,where G=m-_+c ,
and this expression has no divergences; therefore A2 contains no
: D +
Khuri polzs. On thz sthor hand the extension of a2 to negative
m

integer valuesof m leads to the expression

_tr2-c
coshz e )

- - -M-1
07 (e 7% d
-m-i 4=0

2y =
m dz



We see that (17) is different from zero only for odd negative

integer values and therefore gives the residues of wrong-signature

t
fixed poles of the amplitude A2 Gf).
3.- Finite Energy Sum Rules.
. t
3 1. Amplitude A1 .
We begin considering FESR for Im A . Since in this case

1
we have no fixed poles both right and wrong-signature FESR are on

an egual footing; it will appear in fact that they are gualitatively
equivalent.

Let us describe the first right-signature sum rule in same

detail:
Y/ N
< b N 4
18) 1 (0] =S Im A, dv =-10
(18) 1 5 M/‘C ZI‘* %:.-'.O B(ut,\’\-(—ﬂ !

where N is the last resonance included in the energy range
defined by . The expression (18) can be summed (see also
c

Ref. (9) ) to give

(19)

I(a) _ 4 T (S +N +2)
1 2 (e ) TS TN +4)

For large N the use of Stirling expansion up to sacond non-

leading term allows us to write

(o) _ (o), ((0) , _(O)
Il = Il,D + Il,l + 11.2 + aees '

with the explicit form
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X+
) s t
(20 &) I:(Laé . ] 1 )
! ZN (Sl Q,(t + 1
— (\_j‘
(20 1) I(O) _ . n (‘J\t'*‘z N ¢ )
Lt A Ty
3 T £ 2 —'\
f20 ¢) I(D’ - Sal (3(:/\? + A+ 10) N

(B T

We may now compare expansion (20) with the contribution to (18) of

Khuri pcles which, from (13} , is

d\t""‘ O(t L -4
TRy Y+ Y om (> b,
O(t-\- 4 (Xt QA‘T— 4

For this purpose we take the cut-off as

(21) OC:<N+E+1+_°_££_—§-)/2H )

th th
where 0 ¢ £ {( 1, to place JC between the N and (N+1)

resgnance. Expanding QE in powers of N and introducing the

0)
I( Pl
1
(notice that e.g. not only the first daughter but also the parent

residues (11) we obtain the contributions of Khuri poles to

trajectory contributes to the order NCXt ) . What comes out is:

i) the leading term coincides with (20 a) for any value of £ ;

ii) to get agreement with first non-leading term (20 L) one has to

choose € =1/2 ;

iii) for the second non-leading contributian one cannot reproduce

(20 c) for any choice of £ ; in fact, with & = 1/2 one obtains
43 o T

showing disagreement in the last term.

Buf+ Mo+ 1) W&
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In a similar way the first wrong-signature sum rule is

I(l) = SQCJ Im/-\s av = .: Z =
1 T 25 b B (g, n)
(22) ] T TN+ X +2) < 4 N Ez(t“'j‘—% 4 >
QY T TN Vv oy N
Like I§O) , the asymptotic expansion of (22) shows agreement with Khuri

poles contribution up to the first non-leading term with the choice
£ = 1/2 . But a discrepancy appears again in the second nan-lasding

term since, while from (22) one obtains

1,2
23) = L
( = - i ) (C‘/Lt‘+§u? Cut_cut ¢ k’iqC(tl__44u—|—2)’
QW (&) T 8 6 - 4 gty

from Khuri poles contribution the last three terms in parenthesis are

29 2 65 5
if Si.e. —_— L “ —-— .
different, i.e 13 Q/t + oL+ 15

Analogous discrepancy in the second non-leading term appears in

the next FESR
v, t
O
(24}

T rmwﬁz)( N Se*3TC g S 4>'

-(ZMB () TN) Ve 43 4 +2 Sp+d 44 N

t
We turn now our attention to FESR for Re Al which , from (1)

and (5), can be written as

O

- = A A
25) Re AT = 1 S N
(= . 2)4 n=0 B(QAt,YH—ﬁ) S (\? Vi \>+’\71‘}}

The first wrong signature sum rule is
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\7 - >0 2
(@ _(Repldo=1 5 A 9%y
(2r) Rr =\ Re A,ce= I Yo A,
! 2 Z}k Nn=0 ESQXt,n+1) 45

which should be confronted -to the Khuri poies contribution

TR (ol T il T ALy
(27) TR, gia _\:Qﬁﬁqgut_s TQW%ngut C
C/\t'l-’i ~ C/( Ut—ﬂ

It is difficult to compare (26) and (27) analytically, but it is
anyhow apparent that both expressions cannot be consistént far all
values of t ; e.g. for CXt= -1 expression (2€) is finite while the
parent contribution to (27) d verges.We have evaluated both (26) and
(27) numerically assuming ¢ = -5 and taking the cut-off s = 3 sev®
half-way batween 37 ana 4" resonances. The computation of (2€)
and (27), reported in the first two columns of Table I under ‘Rgo)
and RK respectively, was done far two values of t, i.e. t=0 and
t=-1.4 . We obtain a severe disagreement for t=-1.4 , as was sxpected,
the two first daughters being negligible in comparison with the parent
contribution to RK .

Thus we find that FESR for Rs A; are satisfied worse than
those for Im A: particularly for non-forward scattering.

. t
3 2. Amplitude A_
<

s e e e T R 2% % S

t
We analyze first FESR for ImA2 . Using (15) y the first wrong-
signature sum rule is

) N

(" A ¢ —
(28) 1 = S Im AT dv 2 1§ ()
R M owzg BLEMA

. o 2

where we have teken for simplicity CXD= .5 and g =0 . Itecan

be ssen that (28) mey be summed to give
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—_ N .
(29) ACNNL ) F(-N/'i,"\)-t}'ﬂ )
2 2p B, N+A)

1}

with F hypercecmetric function.

On the other hand, using

D TREN)

g0 = TE@ -y

30) —
( ’ T :O T' (\’) - '\\
: . (16) . .
valid for y=-1 if z2¢1 , (28) givas for N3oo the residue of
the fixed peleat -1
(0) T ~(t+4) T At
(31) 7> 2t 2 = 0 a, , t<o
2 2 -1

es it is seen comparing with (17) .

For the first right-signature sum rule we have

V)
I(;) = Sc v Im /—\; C\\7 =
(32) © N " — N
STy @ (Er2s) Ty EeNed
M mzo  RB(t,m+1) B (£, N+1)

and using again (30) one obtains for N - 0o

(33) Iél]-e o, t (-1 ,

(1)
2
absence of fixed pole at -2 , but for t > -1 it shows an oscillating

so that for t { -1 I tends to zero, in agreement with the

hehaviour which increases in absoluts value with N

In the same way, the second moment sum rule is
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iy

N 2
(@) 1. > (- (2
0’ o Bl ned)

which for N = GO ~ives

(35) Iéz) — - o C 0+ )‘:) Z—L - CL‘\): F (-2 )
BZiJa 2

so that we obtain tie fixed pole residue at ~3 for t { -2 and
oscillating values otherwise.

Summarizing, (31) (33) and (35) show that FESR are not related
to residues of fixed poless for all the range of t .

Concluding this Section we consider the first right-sigrsture
suin rule for Re A;
Ve = Vn
Ve + VA

A4 Ve M
(3€) Héo) = g Re A; do=- 21 }“ _= fa
0 2\ 1o BUEN Y

with the same assumnticne done in (28) . It is interesting to see that

o)
for t=0 Rg ‘=0 as it should because of the absence of Regge
poles, but for t {0 disagreement appears: e.g. for t= -1 R£0)£ O
because of the contribution of the first resonence and for t = -2

because of the two first ones. We reproduce in Table II the values of

o) 2
R( 7 for different values of t taking Sc =3 GeV . It is seen

(o)

that R2 oscillates and increases in absolute value with |t} .

4.- Separation of Veneziano amplitude in Regge contribution and

background integral.

t
Since in A2 there are no Regge poles, the whole expression (14)
corresponds to background integral which is therefore responsible for

the characteristics of FESR .
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t
More complicated is the situation for Al where both Regge poles

and background contribute, It is easy to rewrite Al as

t
= A
(37) Al A+ AL ,
with
(Ba) A = (T‘U‘%wuﬂ e T TR +H-0) g \
a T‘(Okt\ T (Kq) S’\\WTTO(Y ‘P(us'\'* -C) sim VI )
— LT
(®16) A = — ) e 7
b (« t\ T () s T g

Aa contains the resonances in u and t coming from V(u,t) and a
part of V(s,t) s the rest, containing the resonances in s , being
assigned to Ab ; this last part is usually neglected when considering
Im CAS-e o for S - 00 . On the other hand one can verify,
using Stirling expansion, that for s> Aa reproduces the
sum of Khuri poles contributions with residues (11) and the correct
signature factors; it may be objected that (38 a) has not the correct
symmetry under crossing, but this symmetry is recovered asymptotically
for s > o0 . Therefore, separation (37} corresponds asymptotically
to Regge poles and background integral contributions. When we consider
this separation at low energies the previous statement is no longer
true since Stirling expansion cannot be applied.

To understand Aa and Ab better it is useful to perform Khuri
analysis of both terws. We begin expressing them in terms of theilr polss

caontributions
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(39 a) A

i

D - T A
e L

A
(39 b) A A i ( - ______\ )
° 21 mzo B Lo 4y VgV

where hesides the poles (6) at Qq corresponding to the resonances of

s and u channels, spurious poles appear at

) -
2p
due to Q(S + C(t = 0 or negative integsr, which of course do not
€
contribute to Al . Next we compute the discontinuities of Aa and

Ab along the real axis of <V, which we notice do not coincide with

the imaginary parts,

0 RN )
(41 &) DA = 1 y 2 [_B(O-\—\?n) +e té(Q-\-On)J )
& 2 oamo P M)
__ o et
(41 b) pA =2 % ______’1__:_\\-5(\? Vg - 6’ 5(9*‘%“
2 T35 Ly BE )

Now we may calculate the Khuri amplitude for Aa

OO .
_ N 4 \
wy ot -2 (DAE DA <y 4o
am I 3 Q

and & similar exprassion for A .
D

A procedure completely analogous to the one which lead to (ll)
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allows us to obtain the residues of the Khuri poles, whch apnarently
turn out to be of both s%natures; 2.g. the parent t-channel pole

residues are

RS - . .
(43 a) YD;’:’ =+ (QpM0 (4_e—LTTU\L> )
© T (cAr)
+ Sy LT
(43 b) P = - (2 M) “4xe LU /
- © Tﬁ(CXt)

for Aa and Ab respectively. However, performing the Sommerfeld-
Watson transform (12) (remind the conjugation of &> that one has to
introduce because of craossing operation) separately for Aa and Ab
it is easy to see that for the former only the odd-signatured pole
with residue (ll a) appears whereas for the latter both contributions
vanish. The same happens for the daughters, giving as result that

Ab has no Regge content, being therefore purely background, whereas

Aa contains all thz Regge poles expected in the whole At

1
can be ldentified with the Regge contribution only&ymptotically,

., But A
a

through the use of Stirling expansion; at low energy there is a
discrepancy which corresponds to a background content of Aa .

At this respect one may remark thet in Ref.(4) separation (37)
is consicered equivalent to the one betwsen Regge poles and background
on the basis of ths identification of Aa with the Borel sum (17)
of Khuri poles. Tiils corresponds to consider, instead of the ser.es
of Khuri poles:

o

(44) Y-} e s :
=D
where we have separated the factor s

cA

, its Laplece anti-transform
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O n
(45) i) = 5 e X ,
— n nt
n=ov
which may have a wider range of convergencethan Y . The Borel
sum of ¥ is defined es ‘ .
cO - 5% \
(a€) So=s) € feoda
~3
o]
which is shown in Ref (4) to correspond to A, - 'But this is no more

than a definition since at low ensrgiass (44), which is essentially
Stirling expansion, certainly does not coincide with Aa .
A further evidence of the background contritution to A is

a
given by the numerical evaluation of the FESR for its real part

Ve
4 < ? 8
(47) R = g Re A dv __) ——-—l/" 4+-)-cosncv
e ) e 2 hmo Bl et €
.Dn("*'\-)—f\\)‘
n
with t = =1.4 (see Table I) which shows almost the same rasult as

with the total Ai , alternatively proving that Ab is practically
suparconvergent with this sum rule.

It is clear that the discrepancy shown by RK is moatly due to
the divergent bshaviour of the seriss of paowers of ¢ near the
origin. In fect, if we consider the expansion of the parent and
first two daughters in powers of s , the resulting contribution
to FESR (26) , reported as RS in Table I shows & smaller discrepancy
since the integral i1s now less singular as its lower limit is
s_ 2

O d
the arguments of all T-functions of (38 a) are positive for ell

2
2 M instead of 0 . As an indication, if we require that

the range of integration of FESR , which is certainly a necessary

though not sufficient condition for applying Stirling formula, it
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must be |t{{ 2 -2 4 -4 MZ . Next, for the validity of the
sxpansion in powers of ) instead of A it must be WY (c - C%)/Zy,
which comparad to (6} shows that for &t =7 only the first resonance
is slightly below this limit whereas for increasing |(t] more
resonances leave the "dual" region.

At first sight separation (37) seems to correspond to an
interference model with one term which oontains the Regge poales and
no resonancss in s—-channel and the other just ths opposite (see also
Ref.(3) ) . However it is olear from (39) that this is not the same
as the traditional interference model; the two pieces are not
uncorrelated, the link being given by the spurious poles Q'n
which appear in both parts.

We must remind that in Ref.(3) it is shown that the separation
between the Regge and the s-resonance parts is somehow arbitrary. We
may complete this proof showing thaé the non unique Regge part of
that wark gives asymptotically not only the parent behaviour but
the correct daughter contribution too. In fact, including e.g. the

first non leading term in the expansion of hypergeometric function

AT - <
F(Q,l),c;il) — € e () l/»1_0-(1+(1"0+ Q(Q—H)‘l"'

bsoo  (bz)* T(c-a) I bz 2
(48)
- — - 2
4 2 b ¢ TW [4 p(e=)(1-9) | (b3)
T'(@) bz 2
and takin -T-T/arabu/?-ﬁ and Re (b 4 ) < 0 (b isa
S R R R 5

parameter defined in Ref.(3) ) , we obtain that the asymptotic
behaviour for the contribution of the Regge part of Ref.(3) to V(s,t)

is
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A-Ue
(4"'“5 -C(\") b F'<4—Q<t—,(>(5'2—0<t. }b) R
(49) 4 - Ko > O
LT
T el xe € [4 + L (- 1 _4_}
TP sin e 2 A |

which does not depend on the parameter b and coincides with the
Regge behaviour of parent and first daughter. This ambiguity in the
ssparation is dug to the fact that the correspondence with an
asymptotic series (the Regge poles contributions) does not define
uniguely the function (the previously called "Regge part" of V(s,t)).
In other words in separation (37) it is possible to add to A &
function rapidly decreasing with s modifying only its background
integral content (see alsc Ref.(3) ) . The separation of Ref.(3) is
valid for Re s = +&> . As shown in Ref.(2), such decomposition, as
any other, is not possible if one wants toc isolate a term with Regge
behaviour for all s-plane. However from the physical pont of view it
is interesting toc analyze the asymptotic behaviour on positive real
s-axis .

It is interesting to note that s-channel resonancas appear in
the explicit evaluation of the background integral. In fact, taking
At as example, and performing the intsgral along the imaginary axis

2
-L+1ib of m-plane between limits -8B and 43 , we obtain

a8 L
Background =-—f1_ a0 (~: ) T}. (i;.)
AV Up+4-C, N+ A
(50) Mo ¢ ’ n
3 i /0 — .
. Sb b exb €n 0 (Corg T o+ L) p
-1 2

choosing an :nteger L and being sin B x / x —» 7T o(X), we find
300
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O

(51) Im Background = — A Z ) S -Vn)
M =0 B(O(L"}”1"C/‘n+*>

N

which corresponds to s-channel resonances contribution to the amplitude.
We wish to make & remark eapout the way fixed poles eppear in

FESR . It is clear that Im Beackground {51), and conszquently its

contribution to FESR (28), is independsnt of the value of L we

choose, to the right or to the left of -1 ; this happens because

the signature factaor kills the pole at -1 in A; . However if one

consiuers the background integral of FESR , which is different from

the FESR of background, the pole at -1 1is regenerated through the

(18)

divergence at the lawer limit. In fact, using

0 VNN
1-L , L<A
) 2T (Vn/20) , Va0,
0 L‘? 8\’7 Ve lvn
(52) Sc_HD e . -
- O /\‘Lrtb -ZW(\)Q/\)C)A‘L ) \)\q>\)c
/L>1
9 ;¥ Ve

and reminding the fixed pole residues (17), one obtains

n
' IR () <A
-Lyveo o 20 /_.: B (&t =€, o+ i)
(53) Im cdlen L g v a \7 (Cori Tma-t ): -
(o Tt Al (-AY’ Lt
-l-to0 O —-ag Z

showing that the difference between the background of FESR for the

integration on the right and left of -1 1is compensated by the Tixed
t

pole. Similarly one can evaluate the background of Al , but with

some complications due to the presence of Regge polas. Since series (8 b)
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represents a8, ) only far Czt { -1 , the background inteégral with
L =1 gives all s-channel resonances for t { -1.5, Taking

t > -1.5, orne or more Regge poles cross the integration line and their
contributions must be subtracted from those of s-resonances in the

computation of background.

3,- Conclusions.,
Summarizing, our analysis of Veneziano model with real trajectory

for TTU amplitudes with defined isaspin in the crossed channel gives

as main results:

i) With regard to the amplitude A; , right and wrong-signature FEGR

offer the same characteristics..

ii) FESR for Im A; with any integer moment show agreement for parent

Khuri trajectory and alsc for first daughter if the cut-off is half-way

between two resonances. Disagreement appears for second daughter.

iii) FESR for Re At

1
but severe discrepancy may occur for non-forward direction due to the

show approximate numerical agreement for t = o

non validity of Stirling expension at low energy. The use of the
expansion of the amplitude in powsrs of s instead of ¥ reduces the
disagrzement,

t .
iv) Regarding A it is in general not possible to choose a finite

2
cut-off for which FESR are satisfied.
t
2
-1 for t < 0 ; first moment FESR tends to zero for t (-1 and

v) The zero moment FESR for Im A tends to the fixed pole residue at
oscillates increasingly around zero for t ) -1 ; the second moment one
tends to the fixed pole residues at -3 for t{-2 and oscillates
otherwise, etc,

t
vi) Right-signature FESR for Re A2 arc again satisfied for finite

cut—off only for t =0 .



vii) Separation (37) corresponds asymptotically for s-»co  to the
division in Regge poles ( Al ) and background integral ( Ab )
s~channel resonances are contained only in Ab .

viii) This separation is different from a traditional interference
model since both terms contein the same additional spuriocus poles
which correlate them,

ix) Aa contains background contribution since its correspondence to
Regge poles, based on Stirling expansiop, is only asymptoticel.
Therefore Aa does not in general satisfy FESR .,

x) The computation of the background integrel in Khuri plane shows
thet it contains the s-~channel poles.

xi) The background integral of zero moment FESR for Im A; is found

to be different from the FESR of background integral, the fixed pole

at -1 appearing explicitly only in the former.
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Table Captions

Teble I. FESR for Re A;.

Rgo) : Resonances contributicn (26);
R Khuri poles contribution (27);
R : A contribution (47);
a a
HS Contribution cf Khuri poles considered as powers of s .
t
Table II, FESR for Re A2 .
Réo) : Resonances contribution (36).

TABLES
Teble I
2 (o)
J R
t (ecv ) Ry R R .
0 -17.4 -18.2
-l.4 -14.8 -72.5 -15.0 -17.7
T=ble II
- 2\ _
t |Bev” ) 0. -5 -1.0 -2.0
ata) 0. -.02 .12 ~2.65



