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The differential cross section for electrons elastically 

scattered by hydrogen atoms are calculated for incident electrón ener- 

gies of 100 eV and higher. The polarization and distorsión ofthe elec- 

tronic wave function are included at second order by replacing an infi­

nite number of virtual intermedíate states by a single State with para- 

metric energy. This parameter is evaluated by uslng the Schwinger vari- 

atlonal principie. Agreement with experimental valúes is good.

As segoes de choque diferenciáis para eletrons espalhadose- 

lasticamente por átomos de hidrogénio sio calculados para energías (dos 

eletrons incidentes) de 100 eV e mais. A polarizagio e a distor^io da 

fundió de onda do elétron sio inclurdas em segunda ordem pela substi- 

tuÍ5Ío de um número infinito de estados intermediarios virtuais por um 

único estado com energía paramétrica. Este parámetro é determinado pelo 

uso do principio variacional de Schrodinger. O acordo com os dados ex­

perimentáis é bom.
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1. INTRODUCTION

Recently experimental normanzed valúes have been obtained 

for the angular distributions of the elastic e-H scattering at inter­

medíate energies*. Being the e-ff scatteri ng process one of the most sche- 

matic three body problems, it has been the objective ofmany theoretical 

calculations. The interaction between the particles isknown and the ac- 

curacy of the theoretical description depends mainly on the approxima- 

tion method used to solve the scattering equations. In the intermedíate 

energy range the formalism can be based on a direct solution of the 

Schrodinger equatlon, like the cióse coupling method^ with non-local po- 

tential correction terms^, or on the Faddeev equations"*, or by approxi- 

mate evaluation of the scattering amplitude. We will deal with the last 

approach mentioned.

The characteristic feature of e-atom angular distributions, 

at the considered energies, is a peak at small angles prodüced by ato- 

mic polarization effects. They have been included in the eikonal appro- 

ximation by considering dynamical interactions between the incident e- 

lectron and the atom. This is the base of the Glauber múltiple -scatte- 

ring method®. However the agreement between the experimental data and 

valúes obtained with the Glauber's method assuming either straight 1 ine® 

or angle trajectories^ for the incident electrón, are poorer then re- 

sults obtained by using the first Born approximation*. But the Born ap- 

proximation consider only the contribution from the static potential of 

the atom. In order to include the atomic polarization and distorsión it 

is necessary to consider second order terms. The natural way should be 

to introduce these terms in the perturbative expansión. However c a l c u ­

lations in potential scattering® show that two terms in that series are 

not enough to attain good results for the scattering amplitude, at mé­

dium energies, and other methods must be applied’ . The eikonal-Born se­

ries allows for approximate valúes of the third and fourth Born term, 

which are obtained by expanding the Glauber amplitude^” . In a precedent 

work^* we have proposed a variational method based on the S c h w i n g e r  

principie. Since in this method the scattering amplitude is given by a 

rational expression it results equivalent to introduce some approximate 

valué for the high perturbative orders. Only one parameter isassumed to
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take account for the mass of the intermediate virtual atomic states. We 

applied this method to the calculation of the angular distribution for 

e-Ee elastic scattering and founded agreement with experimental data'*. 

Thereafter the variational principie was object of further studies*®’*^ 

but assuming a "ad hoc" non variational valué for the intermediate mass. 

The present work reports application of the variational approach to the 

elastic scattering of electrons by hydrogen atoms.

2. THEORY: DIRECT AND EXCHANGE SCATTERING AMPLITUDE

We consider a p a r t í a l e  o f  charge Ze, mass m and wave vector 

^  colliding with a neutral atom of nuclear charge Z^e. We take the ato­

mic nucleus at the origin of the coordínate system, and we denote by r> 

the position of the incident electrón and by r. the coordínate of the“I"
atomic electrons. The total system is described by the Hamiltonian

S = -  ñ l  + V = + V (2.1)
2m

where

2 ZZi e"
I  _ _ Z f _ --------- (2.2)

Í=1

is the interaction between the incident particle and the atom, andHois 

the.internal Hamiltonian of the atom. Calling (|> (r.) E \n > the atomicYl %
wave functions

H,\ri> = E \ n >  (2.3)

we have

H \n,t> = E\nj l> (2.í*)

where \n,t> = ^  ~ ^ ~2m~ ‘ direct elas­

tic scattering amplitude is given by

/(E.e) = - —  ^  = - —  —  < ' i ' \ v \ i , % >  (2.5)
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where ■£ and f  denote the initial and final state of the atom. and

<'ŷ | are the outgoing and ingoing wave functions respectively, satis- 

fying the integral equations

= ií.L> + g; v\'vi> 

<y\ = \v g1
(2 .6)

The G"o is the Green free operator of the whole system

The scattering amplitude satisfy the Schwinger variational

principie

O ' t

(2.7)

being this functional stationary under variations of ¥. and around
j

the exact solutions of Eq. (2.6).

From (2.5) and (2.6) we can obtain the perturbative expan­

sión of the direct scattering amplitude

f (E .O )
1 2m

Tíi (2 .8)

When the scatterer is a hydrogen atom the matrix elements of the poten- 

tial are

<1c^,n\V\t.^,rrí> = Ze^ á í  á í '  <!>*(?')« ”
' t . i

1 1

± 1  I ri ? - ? '  I

i t  .Tm

(¡p (j)*(r) <!.̂ (?) (2.9)

If we consider the elastic e-H scattering with the atom in the ground 

State

e ' ^  , X = Z/a , Z = 1
O
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we have^’

(e 1) =  - X "
8X^ +

(i*X̂  + K^)^
(2.10)

where

=  \tA.\^  =  it s i n "  e /2
J

The first perturbative term (in units a"") results'"*

2-,.

ítTT

The second perturbative order

(1 sin"e/2)"

by usíng the completeness condition, can be written 

2m ^  <f,tjv\n,q><n,q\v\i,t.>
dq ------í---------------------------

- ie
^ n

( 2 . 11)

( 2 .12)

The sum is done over all the possible discrete and continuous eigensta- 

tes of the atom. The wave 

te states are defined by

tes of the atom. The wave numbers k of the electrón on the intermedia-
n

= 2m )
n

We shall mal<e the usual approximation by calculating exac- 

tly the initial N terms in the sum of Eq. (2.12), and replacing in the 

remaining terms the by an average energy difference p". Then

(.N) íf
1 2m 2

1 im I
3 2 it'* E-+0 n =1

dq

q^-p^ - ÍE n=1
> +
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(2 .1 3 )

Having made this approximation the completeness property of the atomic 

wave functions can be used to evalúate the infinite sum. Comparing with 

Eq. (2 .9), we can write this last term in the following way

dq
1 1

---------------- <4>J ( e

We can give a simple interpretation for the approximation performed. If 

we consider the formal expression of the Green function

g I ( e )

we have replaced it by

1 ^  \n,qxn,q\  

q ^ - k l  - i z
(2.14)

(2tt)^ B* 

dq

N
l

n*1

^  \n,q><n,q\
d q -----------  +

q^-kl - t e

(| í><q| -  l \n,q><n,q\)
q ^ - p ^ - í z n=l

(2 .15)

At the r^al axis of the complex E plañe the function Go has an infinite 

set of poles in the range "IFiI ^ E <0 correspondíng to the bound sta- 

tes and a cut from O to +“ . By using {É) we are considering exactly 

a set of N poles and we replace all the other singularities by a pole 

with parametrizes position. Since the ground state lies quite apart from 

the other bound states and from the continuum we will assume N=] in our 

calculations. Then E q . (2.13) can be written

(2.16)

where (E,6) is the exact contribution of the state Is. The integráis
I 3

in the Eq. (2.13) contain only l8 hydrogen orbitals, and can be written
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2Z"
dq

-l k, 3>

. - a l
dq-

The matrix elements between atomic states can be evaluated to obtain

zz^
1 6 X V ( 2 , 2 , 2 X , 2 X ; f e j )  + 8X V  (2 , 1 , 2X , 2X ; fej)

+ J-(l , 1 ,2X,2X;fej)

f j E , e , p - ) I Z -

■nh¡
8 X *  J'{2, 1 , 2 X , 0 ; p )  + 2J ( I , l , 0 , 2 X ; p )  -

K ^ { 8 \ -  + K - )  

(4X" +
J ( 1 ,1 , 0 , 0 ; p ) - / , g ( S , 0 , p 2 )  (2.17)

where

J  {n ,m ,a  ,b  ; p )  = J l .

By using the Dalitz'z transform*® this integral can be reduced to an one 

-dimensional integral. Analytical expressions are given in Appendix I.

In the e-H scattering process allowance must be made for the 

possible electron's exchange. The exchange amplitude ^(£',6) for the e -  H 

elastic scattering, in the first Born approximation, is obtained by using 

the explicitly symmetrized or antisynmetrized incident waves in the Eq.

(2.5)
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± e  ̂ i)), (r )
IS I

(2 .19)

This gives the Born-Oppenheimer exchange amplitude 16

/_ -í 1 Tme^ ár  dr  e 
1 2 ► I

( 2 .20)

It can also be obtained from the Kohn-Hulten variational principie. At in­

termedíate energies g^(E,Q) is much smaller than the direct ampl itude,and 

it is unnecessary to consider higher perturbative orders. However when 

the energy decreases the Oppenheirner approximation rises stepiy. This is 

originated by the high terms of the expansión of g^{E,Q) in a power se­

ries of 1/fe. Ochkur and Bonham propose to keep only the leading term in 

that expansión^®

g ° \ E , e ) 2we^

M ü /i(í.e) -
2me

J

fe2(l + T<} sin^ 0/2)2
(2 .21 )

This approximation can not be obtained from a variational principie, to 

achieve that Rudge introduces a slightly modified form*®. In our calcula- 

tion we wil) use the E q . (2.21).

3. DIFFERENTIAL CROSS SECTION FOR e-H SCATTERING

We can apply the secónd perturbative term, as obtained in the 

precedent section, to the calculation of the cross section. The standard 

way is to assume that perturbative theory is applied to solve the wave
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equation and that the approximate valué for the scattering amplitude, ob- 

tained by keeping the first two terms in the expansión (2 .8), should be 

assumed as the true valué of f{E,Q). Then

O^iE.e) = \f^{E,6) + f^(E,Q)\^ (3.1)

or, by including the exchange contribution,

a^iE.6) = I  1/^ + + 3 ^ (3 _2)

It is also possible to assume that a fix perturbative order must be re- 

tained in the cross section: then Eq. (3.1) contains a term of order V‘* , 

but another term of order F** would enter from the crpss product f i - f ^  • 

Only terms to order are consistently included*^; then

0 3(5 ,9) = |/i(E,e)|2 ^ 2/ 1 (E,e) Re f ^ ( E , e ) (3 .3)

or

a,{E.Q) =  +  (2fj-^j)Re

Al 1 these cross sections depend on the parameter in tr od uc ed in Eq. 

(2 .1 3). When using Eq. (3.3) i t was usually set *’.This choice

is justified by observing the stability of the valué of Re O

when N is increased^®. For Í7=1 that means that in the Green function the 

first pole is exactly evaluated, and the contribution from the order 

should be welI approximated by the modifíed residue of the second pole. 

This is not a reliable approximation because the cross section given by 

Eq. (3 .3) is not a.positive definite quantity".

We w ¡ 11 use the Schwinger variational principie, given by

Eq. (2 .7), to obtain a stationary valué for . Let us use the simplest

trial function ,
, . i k . r

't'(ri,2>2) = A e <t>i(3̂ 2) (B.'t)

in the Eq. (2.7), to obtain

f { E , e ) --------------------- (3 .5)
f i ( E , Q )  -  n Í E , % )
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However, the exact Green function is unknown and we are using the appro- 

ximate expression That means that the exact wave f u n c t i o n  for

the e -E system is approximated by the solution of the integral equation

In the correspondíng functional

we can use Eq.(3.^) to obtain the following approximate scattering ampli■ 

tude

(3.6)f p Í E , B , p n ------------------r- y
^ f ^ i E . e )  -  f y >  ( E , e , p ^ )

This is idéntica] to the O . l] Padé approximant to the expansión 

To consider exchange scattering we must use the trial function given in 

the Eq.(2.19). According to the relative sign of the two terms in E q . 

(2 .19) we obtain the variational singlet fp^ and triplet fp^ amplitudes. 

Neglecting higher orders in the exchange terms, we get

(fl+?l)^ 2
+  3

k i»
(3.7)

According to the variational principie we shouid determínate 

by requiring the stationarity of the approximate scattering amplitude, 

for each energy and angle. In general, it is not possible to make the 

real and imaginary parts of fp^ and fp^ stationary, with a single parame- 

ter. Following ideas developed in Ref.ll we will choose p^ such that the 

forward scattering cross section ap(E,0,p^) is stationary. A single va­

lué of p^ exist for each energy bigger than 100 eV. Writing -  W, 

it results W = 5.5, 6 .i(, 7.1 and 7-6 (units a^^) for E = 100, 200, 400 

and 680 eV, respectively. We observe that these valúes are larger than
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the valúes employed by other a u t h o r s * ° ^ ^ T h e s e  smaller are ne- 

cessary to have a good approximation for f ^ , but in our case the ista- 

king account of high perturbative orders and gives a good description of 

the forward peak. That do not seems possible when using "ad hoc" valúes 

of p2 .

In Figs.l to k we present our results for the differential 

cross section of e-H scattering, as given by Eq. (3.7). They are compa­

red with the experimental valúes obtained by Williams'. We see that, for 

all the energies considered, the agreement is between the experimental 

errors for angles smaller than 60°. For large angles the variational ap- 

proaches produces valúes too small for the cross sections. We can give 

an interpretation for this fact. For large momentum transfers the static 

field of the atom is the dominating forcé in electrón atom sca t teri ng .

The term f, in Eq.(2.16) is the second perturbative order for the scat- 
(s)tering amplitude f by the static field. Henee for large angles

l o

wi11 be much bigger than f  . Calling
O

A s )  ^

^1 -
(s)

the variational approximation to  f  , we can expand the Eq. (3.6):

f  1

(s)Since «  /j and f ^ ~ f p  we see that, for large angles, the valué

provided by Eq. (3.6) wi 11 be, essentialy, ■ From Ref.ll weknow that

for potential scattering is smaller than the exact amplitude at large

angles. That indicates that corrections for f. are necessary.
I s
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Fíg.l - Elastíc dífferential cross section of 100 eV electrons scatte»-

red from atomic hydrogen. I absolute experimentad data m e a s u r e d  by

W i 11íams*.

690



Gídegl

Fig.2 - Elastíc differentíal cross section of 200 eV electrons scatte-

red from atomlc hydrogen, I absolute experimental data m e a s u r e d  by

W¡1liams^.
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0  («ieg)

Fig.3 - Elastic differenttal cross sectton of AOO eV electrons scatte-

red from atomíc hydrogen. I absolute experimental data m e a s u r e d  by

Wí 11íams*.
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0  (deg)

Flg.^ - Elastíc differentíal cross section of 680 eV electrons scatte-

red from atomic hydrogen. i  absolute experimental data mea s u r e d  by

wnUams^
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APPENDIX I

The integráis 

J(n,m,a,h\p^) = A . ( 1 . 1 )

can be obtained from the simpler integral

dq
( 1 . 2 )

by derivation on a and b. This can be reduced to an one-dimentíonal in­

tegral by using the Dalitz transformation^®. The calculation can be car- 

ried out to obtain the following analytical expression for his real and 

imaginary parts

Re J{],a,b;p^) = -----[(a^+b^+Zk^-Zp^) (l{x^)-l(.x^)) +
Bkpu

+ (a^-b^) (aijJ(Xi) - ^^/(a;^)]

Im ^(1,1 ,a ,b ;p^ ) = ^n (P+a^){P+b^)-kk^p^cosQ+Zkpu^^ ̂ 

{ P + a ^ } { P + b ^ ) - k k ^ p ^ c o s Q - Z k p u ^  ^ ^

where 

I(x) = Re í n ( x + 1) [ (3a ^+b^+K^) + (.a^-b^-K )̂x+kav^ ^  (a;)3 

(x -l )  [(a2+3i>"+X") + (a"-fc"+X 2)x+tó u '/"(x)]

(1.3)

( 1.4)

and

P = + p2

u = (P+a^)^ + iP+b^)^ -  ?.(P4<ĵ ) (P+fc^)cos0 - kk^p^ sin^0

k^ = kk^ sin^ 0/2
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^2 = C - T  [í’+ T

v [ x )  = Y  + K^/2) + ~  Y ~ - ^ ~ \

Let US note that x  and x  are real qúantities, u is always poaitive.but 

v ( x ) can be negative being necessary some are when dealing with the lo- 

garithm in Eq. (l.^). With these formulas we can evalúate the integráis 

appearing in Eqs. (2.17):

a=b

.5)

a=b

Some care should be taken when evaluating the limits a=b., a = b ^  O and6=0 

(Ref .19) .
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