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Abstract. The ejection of energetic electrons from atoms by fast ions is described using as 
final electrón states the continuum orbitals in the field of the projectile. The electronic 
distribution in the first-order Born approximation is equal to the distribution for direct 
ionisation where the final electrón state is described by a plañe wave times the Coulomb 
factor centred on the projectile. In the second-order Born approximation the distribution 
of ejected electrons is significantly decreased, and it is shown that it is equivalent to the 
correct distribution for direct ionisation in first order times the Coulomb factor around the 
projectile. For the case of ejected electrons with negligible m omentum in the frame of the 
projectile, it is shown that the electrón distribution centred on the projectile is isotropic to 
order v~ 12, while the double scattering term in i>-11 depends on the direction of motion of 
the electrón.

1. Introduction

The first-order Born approximation has been widely used for the description of doubly 
differential cross sections for electrón emission from atoms by fast charged particles; 
this process can be viewed as a direct electronic excitation to a continuum state of the 
target, assuming that the distortion of the final state by the projectile is negligible 
(Massey and M ohr 1933, Manson et al 1975). The results agree well with experiment 
except for electrons ejected with velocities cióse to that of the projectile; for them more 
appropriate final states are continuum orbitals on the field of the travelling charge, and 
the process can be classified as charge exchange to a continuum state.

Several theoretical approaches have been proposed that giv'e a reasonable descrip­
tion of the angular and energy distributions of the ejected electrons. Salin (1969) 
considers a distorted-wave Born approximation where the distortion of the final 
electrón state by both projectile and the residual target ion is taken into account. Macek 
(1970) uses Faddeev’s equations for the final-state wavefunction, treating equally the 
influence of the projectile and target on the free electrón. Dettm ann (1972) and 
Dettm ann et al (1974) view the process as a charge exchange to the continuum and 
calcúlate it in the second-order Born approximation; here the effect of the projectile on 
the final electrón state is fully incorporated into the formalism, and the action of the 
residual target is partially considered through the successive orders of the Born series.
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The approaches of Salin and Macek are suitable to describe the electrón distribution 
for a wide range of ejection velocities, but their formalisms are not as simple as the one 
used by Dettm ann et al. On the other hand, the charge exchange to the continuum 
mechanism describes only slow electrons in the frame of the projectile, but it can easily 
incorpórate the second-order Born correction to the cross section.

In this work we try to keep the simplicity of Dettm ann’s formulation, and to extend 
its validity to fast electrons emitted at larger angles in the frame of the target. For those 
electrons that are also fast in the frame of the projectile our results will tend to those 
resulting from the treatm ent of direct ionisation from the target, while for slow 
electrons in this frame our results will reproduce the peak of the distribution around the 
projectile, including the substantial correction introduced by the second-order Born 
approximation to charge-exchange processes; the reason for such a large contribution 
from the second-order Born term will be established, it being connected with the 
long-range behaviour of the Coulomb target potential, whose action on a captured 
electrón cannot be neglected, even in the limit of high projectile velocities. We shall 
consider the case of a target with a single active electrón in a general s State, and the 
results obtained can be extended with minor changes to states of any given orbital 
angular momentum. In this way we propose a simple approach applicable to all 
energetic electrons emitted by the target, and that also gives the best description of 
those ejected with small velocities in the frame of the projectile.

2. Theory

Let us assume a three-particle system, where a bare projectile of charge Z i interacts 
with an atom composed of core 2 and electrón e, which will be the only one active in the 
collision. For the pairs of particles 1-e, 2-e, (2 + e ) - l , 2-( 1 + e) the relative coordinates 
between centres of mass will be ru r2, R i ,  R \  respectively, while the reduced masses of 
those pairs of particles are

l¿i = Mi/(Mi + l) v¡ = Mj(Mj + 1)/(Mi+Mj + 1) (1)

where / #  / = 1, 2 and M u M 2 are the masses of projectile 1 and core 2 respectively. The 
interaction between 1 and e is V\{r{) = — Z \ j r \ ,  and for 2 -e is a potential V 2(r2) that 
depends on the core 2 considered. Atomic units are used throughout this paper.

We shall consider an initial State where the pair 2 -e is in the bound s State ‘i’ and 
projectile 1 moves with relative momentum K¡

tpi = e K‘R2(f>¡(r2). (2 )

3. Direct ionisation

We are interested in final states

i/ff = e 1* 2* 2̂ ^  (3)

where the projectile moves with momentum K 2 with respect to the centre of mass 2-e, 
and the electrón is in a continuum orbital centred on the target, with ingoing wave 
boundary conditions and asymptotic momentum k 2. The distortion of the electrón 
State by the projectile has been neglected in (3).
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The first-order Born approximation to the transition amplitude is (McDowell and 
Coleman 1970)

4ttZ x
dr2 <f>K2{r2) (4)

where P  = K¡—K 2 is the transferred momentum. If it were possible to assume that the 
final electrón State is not distorted either by the target or the projectile, we could replace 
<t>K2(r2) by a plañe wave and (4) is simplified to

Tp w =(27t) -3/2V 1(P)¿ í(K)  (5)

here

K  = k 2 — i¿2P  

and the Fourier transforms are defined by

/(£ )  —J  d r /( r )  e _i*r (6)

so that

V\{P) = —AttZ i / P 2. (7)

We shall see later on that the use of a plañe wave as a final electrón State, equivalent 
to the binary encounter approximation, gives poor results for the ejected-electron 
distribution.

The triple differential cross section (t d c s ), defined per unit solid angle of the 
projectile final scattering direction and unit volume of the ejected electrón momentum 
k 2, is

’L l  = (v2/2ir)2(K2/ K i)\Ta\2 (8)

where Ta stands for Tpw or 7V The doubly differential cross section (d d c s ) is defined 
as

S ’ = J d n 2 S*. (9)

4. Charge exchange to the continuum

4.1. First-order Born approximation

When we are interested in taking account of the distortion set up by the projectile on the 
electrón distribution, this can be accomplished by considering the ionisation as a 
charge-transfer process to a continuum State centred on the projectile. The two 
equivalent forms for the first order Born approximation are

T[ = M I W í >  = M |W í >  (10)
where

« ^ e ^ N Z - V i )  (11)

represents the final State with the centre of mass of (1 + e) moving with momentum K\  
with respect to 2, and cj)^ is the Coulomb wavefunction describing an electrón moving



with asymptotic momentum k x in the frame of the projectile (Dettmann et al 1974) 

4>k '’(r)= /c(«)(27r)_3/2e1“r1F 1(- in , 1; - i x r - iicr) (12)

where

n = f j . Z / K  and / c(n) =  e"’r/2r ( l + i n )  (13)

is the so-called Coulomb factor. We do not consider the internuclear potential in (10) 
because its contribution is cancelled with that coming from the second-order Born 
terms, at least in the high-velocity limit (Drisko 1955).

The transition amplitude for the electrón ejection viewed as a charge-exchange 
process is obtained by replacing (2) and (11) in (10)

T[ = - ( 2 ir ) -3/2/* (m )Z 1 11  dR 2 dr2 ex p (-iK ^ - í k ^ )

XiFxiini,  l j i /c i^  + iK irO rr1 exp(iKiR2)4>i(r2). (14)

Using the relation K 1R 1 + #ciri = K 2R 2 + * 2r2, and the Fourier representation of 1F 1 
(see McDowell and Coleman 1970, p 364), (14) results:
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T \  = —( 2 v )-9/2/*  («i) J" dk G\(k,  Ki)Vi(k) á R 2 exp[i(.P - k ) R 2]

where

:J  dr2 exp(-ÍK2r2 + iiM2kr2)(¡)i(r2) (15)

Gi(k,  Ki) = ( l - 2 k K i / k 1)~'r'1. (16)

The delta function resulting from the R 2 integration reduces (15) to a simple analytic 
expression; using (5):

T[ = /? (m )G i(P , K0 rpw. (17)

The t d c s  for electrón ejection taken as a charge-transfer process is defined b y

X f = (VlU2/ 4 7r2)(K1/ K i) \T’1\2 (18)

since it can be shown that 2Pk x/ P 2 < 1  the phase factor G\(P, k x) present in (17) 
satisfies |G i| = 1, and the influence of the hypergeometric function appearing in the 
transition amplitude T i in (14) is completely removed from the differential cross 
section (18). The doubly differential cross section is defined now by

2 f ' = J d í l 2 2?' (19)

r e c a l l i n g  t h e  r e s u l t s  (5) a n d  (9) f o r  t h e  d d c s  t a k e n  a s  a  d i r e c t  e x c i t a t io n  p r o c e s s ,  w e  
o b t a i n  f r o m  (17) a n d  (19)

2 ? '  =  l /c * (m )l2£ p w . (2 0 )

We conclude that, within the first-order Born approximation, the probability of 
electrón transfer to a continuum state centred on the projectile is equal to 
the probability of direct excitation if the corresponding continuum state centred 
on the target is approximated by a plañe wave times the Coulomb factor 
relative to the projectile. Here, by corresponding state we mean a state with
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k 2 = k i  + K x/ vx. The presence of the Coulomb factor in (20) accounts for the well 
known peak of capture to the continuum in the electrón distribution (Dettmann et al 
1974).

4.2. Second-order Born approximation

We shall try to incorpórate into our results the main contribution of the second-order 
Born approximation to the transition amplitude, because it is well known that this term 
plays a dominant role in charge-exchange processes. The second-order Born term for 
the transition operator expanded in powers of the free-particle G reen’s operator Go is

T'2 = W i \ V 1G ^ V l \i¡>i). (2,1)

It is difficult to obtain the explicit form of T 2, even through a numerical calculation 
(Kramer 1972); we shall then restrict our attention to the high-energy región, where an 
expansión of T 2 in inverse powers of the collision velocity is dominated by the 
lowest-order term. This has been treated for capture to a discrete State (Dettmann 
1971), or to a continuum state of negligible energy (Dettmann et al 1974). We shall 
consider the case of a general continuum state of momentum íci in the frame of the 
projectile: going to the Fourier space of the electrón coordinates, equation (21) is 
expressed as

T'2 = (2 tt ) - 6 J J  á k x á k 2 ^ { k x ) V x ( K ' - k x ) G +Q{kx,k2) V 2( K - k 2)$ i{k2) (22)

where, neglecting terms of order v J M

Go (k u k 2) = D  — Kk i  — K ' k 2 -  k \ ¡ 2 v x -  {kx -  k 2f  /2/xi (23a)

K '  = P  — K\ (23 b)

K  = k 2 — P  (23c)

D  = ei + v l / 2 - K 1/2  + ÍT1 (2M)

e¡ being the electrón binding energy in state i, and 17 the usual small positive quantity 
that is taken to zero after integrations are performed; K  and K '  are equivalent to the 
parameters K w and K m' of Dettm ann (1971).

The Fourier transform <t>¡(k) is concentrated around k ~ 0 and its width, the 
momentum spread of the state i, is much smaller than the collision velocity v¡\ the
continuum state <f>(ñi*{k)  is centred on k  = - k x and its width is also small compared 
with v¡\ both functions behave asymptotically as k~4. The Fourier transform of the 
Coulomb potential Vi is proportional to k~2\ the target potential V2 is Coulombic: for 
small r, therefore it also behaves asymptotically as k~2 (see Dettm ann 1971, p 156).

We shall consider the case where iíi and k 2 can be large, while at the same time K  
and K '  do not cancel and remain of the order of v,. Therefore, the overlap between the 
Fourier transforms in (22) is produced when either the electronic states or the potentials 
reach their asymptotic forms, and the contribution of lowest order in v j 1 comes from 
the región where the functions 4> are centred, and the potentials are slowly varying 
functions of k  1, k 2 that can be taken as constants outside the integral (peaking 
approximation). The G reen’s function Go can also be taken outside the integral after
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evaluating it at Jfci = - k x, k 2 = 0. The lowest order in v ¡ 1 (22) is then equal to

n = r 2/D o (24a)

where

T2 = <t>ÍT (O)^-(O) V d P )  V2(K)  (24b)

D o= G o ( - K u 0) = t i  + v P  - P 2/ 2 + iv . (24c)

The peaking approximation cannot be applied to Go in the neighbourhood of a zero 
of D 0', those valúes of P  correspond to the so-called critical angle of scattering, and it is 
necessary to approximate G o ( k i , k 2) by additional terms of its expansión around 
(-#fi, 0) (linearisation of Go)'

T ’2 ~ ( 2 n ) 6V i (P )V 2(K) j  d k 1d k 2 ' ¡ % * (k 1)¿ í(k2 ) / \D o -{ v ¡- P ) ( k 1- K 1) - P k 2\. (25)

Using an integral representation for the denominator of (25):

dS ex p [-i(£>0 + i-Z2F)5] iFi(in, 1, i |r ¡ -P |/< i5  —i(u¡- P ) K tS) (26)

which can be solved without further approximations (Magnus et al 1966):

T'2 = —í(2tt)6t2G 2(P, k \ )I (Do + i Z 2P) (27a)

with

G 2(P, Kl) = \l + (\v¡- P \ K í - ( v , - P ) K 1)/(Do + i Z 2P ) r nK (27b)

Due to the peaking approximation in the potentials, the result (27) constitutes the 
asymptotic approximation to the transition amplitude T 2. Using (7) and (24c) we see 
that the leading term is of order v J6 everywhere except for v¡P — P 2¡2, where it changes 
to v i 5 (critical angle región).

Equation (27) is valid for a general k i, but the same result can be obtained if we 
replace 1F 1 by one in (26), since G 2(P, Ki) ~  v i 1 except for k i -* 0. Our results will then 
coincide for k \  #  0 with those of Dettm ann et al (1974) who made ¡Fj = 1 for their 
calculation of the leading term in v¡; furtherm ore, (27) is equivalent in the limit kx -* 0 to 
the result of Shakeshaft and Spruch (1978a, b) who approximated 1F 1 by its Bessel 
function limit when ki-»0 . It is then natural to expect that our results and those of 
Shakeshaft and Spruch will differ from the ones of Dettm ann et al at the limit k  i -» 0, 
where these are not valid since G 2 is then of order v°¡.

The first- and second-order Born transition amplitudes (17) and (27) can be related 
by using Schródinger’s equation for the initial State in Fourier space

( K 2/2/x2 — e¡)<pi(K) + (2tt)~3 J  d* V 2( K - k)<p¡(k) = 0.

Applying the peaking approximation, to principal order in v¡ we get, for the case of an 
initial s state where 4>¡(0) #  0 :

T 2 — —í ( 2 7 t ) 6 t 2 í  
Jl

—K 2<fri(K)/2¡j,2 — V2(K)<h(0)
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that replaced in (27) produces

T'2 = F ( P , k 2)T[ (28)

where

F(P, k 2) = - G f  (P, Kl)G2(P, Kl) ( P -  K2)2/ (2vtP  - P 2 + Í2Z2). (29)

The t d c s  in the second-order Born approximation is related to the first-order result 
(18); from (28):

^ 2 = (y \v2¡ 4 tt2){Ki/K¡)\T[ + T'2 \2 = 2. i'| 1 +F(P,  k 2)\2 . (30)

The d d c s  is obtained by integration of (30) over the orientations of K 2, whiich 
amounts to summing over the allowed momentum transfers P. Since the scattering 
angles 6 of interest are very small, the momentum transferred in the forward direction 
can be taken as constant and equal to K¡ — K 2 = k 2/2üí  when terms of order v j 1 are 
neglected, while the variable transverse component is - K 2 sin 0. Let us analyse the 
dependence of the resulting d d c s  on the orientation of k 2: electrons emitted from the 
target with a given energy are represented by a constant valué of k 2\ for them 
K  = k 2- P  cancels when the electrón ejection angle a  satisfies

eos a  = k 2/ 2 v ¡. (31)

The vector k 2 obeying (31) defines a sphere of radius v¡ centred on the projectile (see 
figure 1). We observe from (17) that integration of S i ' over P  will produce a 
distribution ' i f  of ejected electrons concentrated on the surface of this sphere, and its 
width is that of |</>¡(&)|2. This is the so-called binary región of the electrón distribution, 
similar to the one described by D repper and Briggs (1976) for electrón loss.

Figure 1. Kinematical relations among the relevant velocities and m omenta for the 
ionisation process: the binary región for ejected electrón velocities is the sphere of radius v¡ 
centred on the projectile 1; the allowed momentum transfers P  define a plañe normal to 
v¡ at a distance P¡ =  k \ /2 v \  from the target 2; the variable transverse component is 
Pt = - K 2 sin d.

The t d c s  in second order (30) cannot be used in the binary región because the 
peaking approximation fails for K ~ 0 ;  since the real part of the denominator in (29) 
cancels for the same valué of P, this is also the región of the critical angle of double 
scattering. We have calculated T 2 for the special case where K  = 0 by making a 
peaking approximation only in the variable k\  of (22), and since we are in the critical 
angle región the denominator is conserved into the integral. We arrive at T 2 = T'i/v¡, 
where T i — v i 2-, so in the binary región the second-order Born contribution can be 
neglected.
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5. Results

5.1. Electrons ejected with finite velocity in the frame of  the projectile

We consider the ionisation process from the point of view of charge exchange to a 
continuum state of momentum k i in the frame of the projectile: the d d c s  in the 
second-order Born approximation 1 2 can be obtained in closed form for an initial ls  
hydrogenic state. The results are presented in figure 2 for several angles of ejection and 
collision velocities; the partial contributions of order v j 11 and v j 12 are also shown, 
being the analytic expression for the coefficient of the first:

lim Ü ' v V  = l 6 \ f c(n i )\2 Z I Z \ X ~ 9 ( 2 - X  c o s a ) / (2 c o s a - X f  (32)
Vi~*00

with X  = k2/ v¡, while the analytic form of the term in v i 12 is too complicated to be 
useful.

Due to the use of the peaking approximation, the only terms of significance in (30) 
are those that give contributions of order v j 11 and v j 12 to the d d c s ;  the phases G  i and 
G 2 produce contributions of higher order, except for G 2 when ki  -+ 0 where it modifies 
the term in v j n - In the limit of v¡ -* oo where our asymptotic expansión is strictly valid, 
the action of the phase G 2 on the uT' 1 term appears only at «i = 0. Figure 2 also shows 
that, even though the t d c s  (30) is not valid in the binary región because the width of this 
región is negligible when v¡ -* oo the d d c s  obtained from (30) goes to the correct limit 
for k i = v¡: l l '  = 2?'. From the comparison between the first- and second-order Born 
results given in figure 2 it can be seen that the distribution of ejected electrons is 
decreased significantly by the second-order term, not only for slow electrons in the

Figures 2. Relation between second- and first-order Born d d c s  for charge transfer 2 f ' / 2 i ' 
for several collision velocities v¡ and angles a  of electrón ejection in the frame of the target. 
Partial contributions of order ui-11 and vT12 are presented. Broken lines correspond to the 

case where l . \ '  is replaced by the projectile Coulomb factor \ fA Z i lk x)\2 times the first-order 
Born d d c s  for direct ionisation X¡.
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frame of the projectile, as was shown by Dettm ann et al (1974), but also for electrons 
ejected in regions far away from the target and projectile.

Figure 3 presents the d d c s  when the electrón ejection and projectile velocities have 
the same magnitude; we note that the second-order result i f  compares favourably with 
the experimental measurements of Toburen and Wilson (1972) while S 2' is too high.

Figure 3. Angular dependence of the d d c s  for electrons ejected with the same velocity of 
the projectile. The light full curve represents the first-order Born d d c s  for charge 
exchange l j ' ,  the heavy full curve the corresponding second-order Born result 1%', the light 
broken curve is the first-order Born D D C S  for direct ionisation i f ,  and the heavy broken 
curve is \fc(Z i /x i ) |2S?. Experim ental points are taken from Toburen and Wilson (1972) 
who use molecular hydrogen as the target. We assumed that H 2 is roughly equivalent to two 
H atoms for the calculation of the theoretical curves.

We have seen in '§ 4 .1  that the description of the ionisation as a charge-exchange 
process to a continuum state of the projectile is equivalent, within the first-order Born 
approximation, to the direct excitation of that electrón to a continuum state of the target 
approximated by a plañe wave times the Coulomb factor (13). One may think that the 
replacement of the continuum state by a plañe wave is appropriate for energetic 
electrons; this is not the case, as the t d c s  for ionisation from a ls  hydrogenic orbital 
shows (Landau and Lifshitz 1965):

S i = £pw|/c(«2)|24.P2 exp[—2^2 tan 1{2 Z 2 K2 /T) /kz \

x | ( P -  K2y f  + (Z2T)2|/|r2 + (2Z2k2)2| (33)

where

y = P i <2 and T = P 2- k I  + Z \ .

The factor accompanying 2pW is a non-trivial function of k 2 which does not approach
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unity for large k 2 and v¡. Thus, the failure of 2? ' to reproduce the electrón distribution 
far away from the target may be connected with the unsuitability of replacing the 
continuum state around the target by a plañe wave. The second-order contribution will 
compénsate, at least partially, for such a replacement: the transition amplitude to 
second order is, from (10) and (21),

T[ + T ’2 = W K l + V2G o ) V'íI'I'í) = ((1 + Gó V2)^' í \ VM'I'i). (34)

For the first-order Born contribution we have seen that, apart from the Coulomb factor 
and a phase of higher order in v i 1, only the plañe wave of the continuum state plays a 
role in the transition amplitude, and the main contribution of the second-order term is 
obtained through the peaking approximation, which is equivalent to replacing the 
continuum state by a plañe wave times its Coulomb factor; therefore, in our procedure 
the dependence of ^  on the electronic coordínate is given by a plañe wave. The factor 
1 + Go V2 in (34) represents the first two terms of an expansión of 1 + G 2 V2 in powers of 
V2, where 1 + G 2 V2 operating on a plañe wave generates the exact continuum state 
around the target; we then conclude that the second-order Born transition amplitude 
T'i + T 2 is equivalent, up to terms of order V 2, to the first-order direct transition Ti 
times the Coulomb factor around the projectile; for d d c s  this reads

Z l ' - l / c M 2*?. (35)

To account for the distortion of the final electrón state by the projectile it is then only 
necessary to multiply the d d c s  for direct ionisation by the Coulomb factor of the 
projectile. We see that (35) is verified by the results presented in figures 2 and 3.

5.2. Electrons ejected with negligible velocity in the frame of  the projectile

Shakeshaft and Spruch (1978b) have considered the process of charge exchange to the 
continuum in the limit k i 0 ; their interest was centred in the possible angular 
dependence of the peak of electrón density around the projectile. Since they use the 
peaking approximation for the second-order Born term their results, like ours, are only 
valid to lowest order in an expansión in powers of v i 1. The transition amplitudes (17) 
and (27) when * i-»0  reduce to

T\  = 257T2Z xZ 2p - 2K - A4>(:}* (0)<M0) exp(2iZ íPk J P )  (36)

T'2 = T [ K 2( K 2 - v 2 + 2 i z 2p y l ex p [-2 iZ a|F/<1/ P  + ( K - K k 1) / (v2 - K 2 + 2 íZ 2P)\]
(37)

where K  = k 2- P  = v ¡ - P .
The leading terms in v¡ to the d d c s  ’¿ 2 come from two regions of the domain of 

integration in momentum transfers P: outside the critical angle, given by P  = v¡, 
\T[ + T 2 12 is of order v i 12; furthermore, the only difference with charge transfer to a 
discrete state is the presence of the Coulomb factor—the rest of the term is exactly the 
Brinkm ann-Kram ers result multiplied by 0-3 due to the use of the second-order Born 
approximation. The orientation ¿x present in (17) and (27b) does not appear in £§' to 
order v i 12, since the relative phase between T \  and T  ’2 in (36) and (37) is of order v i 1 
outside the critical angle región. When we perform the part of the P  integral in a 
neighbourhood of width v j 1 around P 2 = 2v¡P (i.e. P — v¡, K  = \v¡— P\~v¡) ,  we see 
from (27) that T 2 ~  T[v¡ and \T[ +T'2 \ ~  u f 10 so ’¿ 2 gets a term of order v j xí. This is 
the contribution of the critical angle of double scattering, first considered by Thomas 
(1927): the final electrón state is produced by a first scattering with the projectile, where



Emission o f energetic electrons 1205

it receives its final momentum intensity k 2 = v¡, since in the second interaction, now with 
the target, the electrón can only change its momentum orientation.

We shall now obtain the partial contribution of order v ~¡11 to the d d c s  in the limit 
k i -» 0, complementing the result (32); using as an independent variable the transveirse 
component P t of the transferred momentum P  (see figure 1):

P  = Vi/2 + P t K  = Vi/2 — Pr (38)

m i 2 = 2 193 -6Z ? Z Í |/c(n1) | V 12(* +¿V4p - 2x(x, 0)  e - Sx(xS) (39)

where

x (x , P )  =  P 2\(x - \  )2 + /32] ' 1 x  =(2Pt/v¡)2/3 

and, for k ~v¡:

P = 8 Z 2P / 3 v 2 ^ 8 Z 2/ 3 ví

S = 2 Z i(l —Kí<i)/Z2 — Zi(2 + k iVí—^3\í<i + Ví\ eos <¡/)/Z2 (40)

i/f being the azimuthal angle of K  measured from the plañe of k x and v¡. The integral 
over the final orientations of the projectile can be replaced by an integration over the 
two dimensions of P t:

» 2rr » oo

Z 22 ' = 2 143 - 5Z 21Z 52\fc(nl)\2Tr-2v - 12\ d i/J  dx  (x + £ r 4/ r 2*(x, /3) e ~s^ \  (41)
Jo Jo

The result (32) gives the isotropic contribution of order uj"11 produced by (41); to this 
order, the /?i-dependent part is given by

lim (26Z ?Z Í|/c (n1)|2/ 3ü,7r2) í d ^  f d x X (x,  1). (42)
J Jo

Only the x-integral can be done analytically in the limit /3 «  1; when the electrón is 
scattered in the forward or backward directions the param eter S is independent of i/f, 
and from (42) we obtain

lim 1%'vl1 = 24Z 2lZ 42\fÁn1)\2 e"á/2/ 0(i5/2) (43)
K 1“»0

with S = 2 + k \Ví restricted to the cases í<\v¡ = ±1, and J0 is the Bessel function of the 
first kind. Equation (43) replaces (31) in the limit k i -* 0, and coincides with the result 
given by Shakeshaft and Spruch (1978a), who made the calculation by replacing the 
confiuent hypergeometric function of the continuum State by

/ 0{ 2 [Z ir( l- K r ) f /2} valid for Kl -* 0.

Since the contribution of order uT11 is very small compared with the term in v j 12 in 
the range of non-relativistic collision velocities we conclude that, up to order v i 12, there 
is no angular dependence of the peak of capture to the continuum in the limit ki  -» 0 ; to 
obtain the whole contribution to the d d c s  of order v j 13, or higher, and see its angular 
dependence it is necessary to relax the peaking approximation, which will be done in a 
fortheoming paper (Miraglia and Ponce 1979).
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6. Conclusions

We have studied the process of ejection of energetic electrons from a target with one 
active s electrón by a fast heavy charge, taking the point of view of a charge-transfer 
process to a continuum state of the projectile. A hydrogenic target has been assumed in 
order to obtain specific numerical results, but the conclusions brought by this work are 
equally valid for a general state of an independent electrón model of the target. Using a 
Born expansión in electron-target and electron-projectile potentials we obtained the 
first-order Born approximation (20) to the d d c s  without approximations; the only 
effect of describing the process as a charge transfer is the presence of the Coulomb 
factor (13) centred on the projectile, which multiplies a term identified as the d d c s  for 
direct ionisation where the electronic continuum state is replaced by a plañe wave.

The second-order Born contribution cannot be obtained exactly, so we calculated 
the dominant terms of its asymptotic expansión in v¡ ((27)-(29)). The resulting 
distribution of ejected electrons is appreciably decreased from the first-order result, 
and the relation between d d c s  "¿i'/"¿l' (figure 2) increases monotonically with the 
ejection velocity k 2 , regaining the valué 0-3 for k 2 = V i ,  which also applies to charge 
transfer to a discrete state. When ki~>vi that relation approaches unity, and in this 
binary región the first-order Born approximation is dominant.

From the calculations of the transition amplitudes in first and second order (34) it 
can be seen that the final electronic state acts like a plañe wave multiplied by the 
Coulomb factor (equations (17) and (22)-(23)), so that the second-order Born contri­
bution merely provides the linear perturbation of that free-particle state by the target; 
within the approximation determined by the first two terms of the Born expansión we 
concluded that the second-order Born approximation to the d d c s  for charge exchange 
'¿Í' (35) is equivalent to the first-order direct ionisation result 2? times the Coulomb 
factor around the projectile.

For the case of electrons ejected with negligible momentum k i in the frame of the 
projectile, we showed that the term of order v i lx presents a dependence on the 
orientation ¡<i (equation (43)), while the contribution in v i 12 is isotropic. The aniso- 
tropy found for the electronic distribution around the projectile (Shakeshaft and Spruch 
1978b) should come from terms of order v i 13 or higher, but to take full account of the 
contributions to 1 2 in those orders it is necessary to go beyond the peaking approxim a­
tion used in this work.

We have then obtained a simple way to account for the distortion produced by the 
projectile on the final electrón distribution. We may visualise it by assuming that as a 
first step the projectile interacts with the target electrón and produces a distribution of 
ejected electrons 2 ? governed only by the residual target potential; in the second step 
the projectile distorts this distribution and is surrounded by a cloud of electronic density 
that diverges on the location of the projectile. This distortion is accounted for by the 
Coulomb factor \fc{ Z \ / * i)|2 that multiplies the original distribution £ 2; since / c goes to 
unity for large valúes of k \ the electronic distribution will tend to the original of the 
direct ionisation process far away from the projectile.
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