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Abstract: A shell-model diagonalization of a T =  1 residual pairing interaction is performed in 
the vicinity of for =  O'̂  states. Energies and difFerential cross sections for two-body 
transfer processes are compared with experimental valúes and with the harmonic predictions. 
Special attention is paid to those reactions which are sensitive to the existence of a phase 
transition between normal and superconducting systems. Furthermore, it is shown that the 
assumption of a harmonic non-adiabatic addition phonon explains systematically a number of 
weak transitions. A list of spectroscopic amplitudes for relevant (and so far unreported) cross 
sections is included.

1. Introduction

The energies and two-particle transfer intensities to  J"  = 0"  ̂ states in the región 
40 g  ^  g  70 may be understood using a T  =  1 pairing residual interaction.

The main effects o f this interaction can be described in term s of collective degrees 
o f freedom These are easily treated in two hmiting cases; if the strength G of
the pairing interaction is sufficiently small, the J "  =  0 "̂ states are described in terms 
o f addition and removal (harm onic) phonons carrying an isospin í =  1. The limit of 
large G gives rise to  the pairing rotational scheme, in which a single intrinsic structure 
is assumed to  ro tate in both  charge and gauge space.

Deviations from  both  theoretical predictions are experimentally observed 
and it is apparent that a transitional pattern  is present.

Additional calculations ®) attem pt a consistent description o f a large set o f experi­
m ental evidence in this región by introducing phenomenological anharmonicities 
into a vibrational scheme.

A complementary m ethod of dealing with a residual interaction like the pairing 
forcé is to  perform  an exact diagonalization in a suitable shell-model space. In a pre- 
vious paper such a diagonalization has been perform ed in a two-level model with 
the aim o f describing the gradual change from  the vibrational to  the rotational limit. 
The purpose o f this paper is to  bring that model calculation to  a more realistic frame- 
work (by using actual single-particle levels), and thereafter to  attem pt a fit o f the 
energy o f =  0 "̂ states and two-particle transfer cross sections in the vicinity o f

t Fellow of the Consejo Nacional de Investigaciones Científicas y Técnicas.
193



A  =  56. F rom  this point o f view, the present paper may be considered an extensión 
o f  the calculation perform ed by Bayman and Hintz for the | =  1 pairing interaction 
[ref. 1°)].

We aiso perform  a com parison between the shell-raodel results and a calculation 
in term s o f harm onio phonons. We conclude that a large fraction o f the available 
experimental data in the vicinity o f ^  =  56 can be adequately systematized within 
the harm onic description by including a non-adiabatic addition phonon plus the usual 
adiabatic addition and removal modes. We find, in fact, that the harm onic description 
is m ore suitable for the non-adiabatic phonon than for the others.

Since anharm onic eífects may also be present, those relative cross sections tha t can 
provide Inform ation on the departure from  a puré harm onic scheme are of special 
interest. This is the case for the two cross sections for which bo th  are allowed in the 
harm onic case but only one o f them is forbidden in the ro tational or superconductive 
limit. I t is shown tha t the shell-model approach is a simpler fram ew ork for the dis- 
cussion o f  these anharm onic effects than  the treatm ent in terms o f  collective degrees 
o f freedom ^). This latter approach is probably m ore fundam ental when considered 
as a contribution to  the study o f collective states in the nuclear many-body system.

2. Shell-model calculation and energy spectrum

The H am iltonian that is considered here is

^  =  ( 1)
J

where Sj are the single-particle energies and

/ y -m
N U )  =  + A t ( j )  =  (2)

m m 2

< o ' )  =  A U ( j )  =  X
m ZyJ Z  m 2

In eq. (2) are the ordinary fermion creation operators o f a  neutrón (pro ton)
in a State with angular m om entum  j  and z-projection m.

The shell-model states can be classified by specifying the num ber o f pairs in each 
y-shell and the to ta l isospin to  which these are coupled ^®). In  the present calculation, 
only three shells are considered, namely the If^, 2p^ and  lf|.. The shell-model basis 
may therefore be written as IMj M 2 {T iT 2 )T i 2 , M 3 T 3 , TT^}  in which and  T 2  are 
coupled to  the interm edíate isospin 7 ^2 - This is an  obvious extensión of the basis used 
in ref. ®) and the m atrix elements can easily be calculated along the same lines.

The size o f the matrices for the cases o f  interest, O g  T  ^  4 and 54 ^  .4 ^  58 
(i.e. 7 S  M 1+ M 2 +  M 3 ^  9) ranges from ^ 69 to  151.

t The extensión to the four-level case, including the 2p^, increases the size of the matrices 
to «  700.
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The free param eters o f the calculation are the two single-particle energies, =  
Ej j , — and Ej =  Sif^ —£2p )̂ and the strength o f the pairing forcé G.

The com parison o f the resultant eigenvalues with the empirical energies is made by 
subtracting the W eizsacker estimate from  the experimental binding energies, choosing 
the ®®Ni ground state to  have zero energy;

W„,{T, A )  = - B X r ,  A) + B10,  56) +  (Bcoui(Z, 56))

+  (Bsurt(^) -  Bsurf(56))+ ( B U A )  -  Bvo.(56))+ B,,^{T, A), (3)

=  -15 .6 /1 , Bcoui =  - 0 J Z ^ A - \ l - 0 J 6 Z - %

B , U ^ )  = -  Y 1 A \  B , ,^  =  A -  ̂  T { T  + 1 ). (4)

There is, however, some ambiguity concerning the symmetry term. C ontributions 
to  the T-dependence o f the eigenvalues, arising from  the shell structure and from  the 
pairing forcé, are supposed to  be contained in the eigenvalues of (1). O n the other 
hand, the T-dependence o f  the single-particle potential is not included. This is written 
as

V - ^ V ,  + { V , j A ) f T  (5)

where t is the nucleón isospin and T  is that o f the rest o f the nucleons. The available 
analysis ^^) is consistent with valúes o f ranging from  70 to  110 MeV. This iso- 
vector dependence gives rise to a potential part o f

Bsym(pot) =  i  X  • r  =  J «  5 0 ^ -  ‘ T (T  + 1). (6)
i A ' 2 A

This eífect should be removed together with the other terms of the Weizsacker for­
mula. The symmetry term  in (3) and (4) is thus reduced to  one-half o f its usual valué 
[ r e f . 'i ) ] .

Any particular choice of the zero energy for the single-particle levels introduces a 
corresponding linear dependence on the num ber o f pairs M  in the resultant eigen­
values. However, linear eífects of the num ber of particles have been almost completely 
removed from  the empirical energies by including the volume term  in the subtraction 
made  ̂in  (3). Therefore, we have aiso to elimínate the linear term  from  the theoretical 
energies. This is accom phshed by introducing a term  AM in the single-particle Hamil- 
tonian. The Lagrange m ultipher X is obtained together with the only three physically 
meaningful param eters £2 and G, by minimizing the expression

Z" =  Z { ( £ ,  +  A M )- (£ o +  ;.M o) -W ^ ,p(T „  A )} ^  (7)
k

t Empirically an optimum symmetry between the levels corresponding to the A =  54 and 58 
systems is obtained by using in (3) the valué Bvoi =  15.48 A MeV.

An alternative minimization was performed ieaving aiso ¿syw as a free parameter. The result 
obtained [-Ssy„ =  50.79 A ~‘ T (T + 1) MeV] is quite consistent with the conclusions derived from 
(5) and (6).
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Fig. 1. Theoretical and experimental energy spectra. The numbers at the right of each calculated 
level stand for the isospin. Non-adiabatic states are indicated by a star. The thick experimental levels 
correspond to stable isotopes. References to all experimental energies are given in tables 2 and 3,

exceptfor ’ ®Ni(2.94 MeV) [ref. ^^)].

Fig. 2. The lowest T =  O (full line), T  =  1 (dotted line) and T = 2 (dash-dot line) are plotted for 
A = 56 as a function of Go =  GA. The best-fit región (shaded) is seen to correspond to the

transitional región.



Here k  labels each o f the / ’' =  O'*' states under consideration, is the eigenvalué, 
the num ber o f pairs, the isospin and the empirical energy (3) correspond- 

ing to  the same State. The subindex k  = O denotes the lowest T  = O eigenvalue for 
the num ber o f pairs corresponding to  ^®Ni.

In  the sum m ation o f (7) we have included only the known levels o f the systems 
A = 54, 56 and 58 which may be interpreted within the adiabatic collective descrip- 
tion ^). In fig. 1 these levels are shown, together with ^®Fe (3.44 MeV), ^®Fe (3.90 
MeV), (2.90 MeV) and ^®Fe(2.26 MeV), which have been excluded from  the 
minimization, since they fall outside the adiabatic description. The best-fit valúes of 
the single-particle energies are consistent with the systematics ^^) o f  the región

£i =  -3 .9 7  +  0.03 MeV, £2 =  0.25 ±0 .05  MeV. (8)

N o significant changes are found in the valué o f for variations in and £2 within 
the uncertainties given in (8). The best-fit valué  ̂ o f G is given by

G =  (30+  3 )^ -1  MeV. (9)

Theoretical and experimental energies are displayed in fig. 1; each State is labelled 
by the = T  member o f the isobaric multiplet. The minimum valué o f corresponds 
to  an average departure o f 300 keV (4.2 %) per level.

In fig. 2 the lowest T  =  O, 1 and 2 states for A = 56 have been plotted as a function 
o f G. As can be seen from  this figure, the valué o f  G =  3 0 ^"^  MeV corresponds to 
the transitional región, since the energies o f the excited T  = O states have a minimum 
in this neighbourhood.

In fig. 2, the states appearing right above the tw o-phonon triplet are interpreted to 
be associated with the non-adiabatic roots o f  the RPA. These states do not exist in a 
two-level model and show a  rather small two-particle cross section. They can be in- 
dividualized in  several o f the available reaction data.

A  simple model may be used to incorpórate these states into the collective harm onic 
description, including a non-adiabatic addition phonon plus the usual removal and 
addition adiabatic modes. The forw ard am plitude of the new phonon is an  appro- 
priate linear com bination o f the (2p^)^ and (Ifj)^  configurations which is out o f phase 
with respect to  the two-body transfer process

The wave functions can be written

( 1 0 )
which is an obvious extensión ’̂ ^) o f the harm onic notation The primed quantities 
refer to  the non-adiabatic part.

t  The same valué of 4̂ =  56 has been used in order to determine the valué of G for the three 
systems 4̂ =  54, 56 and 58.

t t  Since we have only a single >shell below the Fermi energy for ’®Ni there is no possibility of in- 
troducing a non-adiabatic removal phonon.
t t t  The symbols n¡, t, denote the number of í-phonons and the isospin to which these are coupled, 
respectively.
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In fig. 1 there are several multiplets o f states which may be interpreted in term s of 
configurations involving non-adiabatic phonons, namely,

n, =  2, t, = O, 2, = O, n ' =  í ' =  =  1, T  =  1^, 2, 3

(A  =  54, £  =  11 M eV);

= t, = 1, n^ = t  ̂ = O, n ' =  ?; =  =  1, T  =  O, 1, 2

{A =  56, £  =  8.4 M eV);

77, =  2, í, =  0 ,2 , =  r, =  =  1, T, =  0 ,1 ,2 ,  T  =  0 ^  l ^  2 ^  3", 4

=  56, £  >  14 M eV);

=  í, =  1, «a =  ía =  =  1, Ta =  O, 1, 2, T  =  O, l ^  2 ^  3

(A  =  58, £  >  11 M eV);

=  í, =  O, Ha =  ía =  «I =  f' =  1, Ta =  T =  O, 1, 2 (4  =  60, £  >  10 MeV).

In general our shell-model predictions concerning the energy o f the non-adiabatic 
states (fig. 1) are rem arkable accurate, when com pared to  the experim ental data. 
Including these states the new valué of corresponds to  an average departure of 
550 keV per level. This represents a small change, considering that the non-adiabatic 
states were no t included in the determ ination of the param eters (8) and  (9).

The usefulness o f the wave function (10) depends on the extent to  which the har- 
monic description is applicable. Since m ost microscopic calculations yield anharm onic 
term s tha t are proportional to  some power o f the m atrix element o f the specific opera- 
to r (in this case the two-body transfer operator), we expect the harm onic description 
to  hold better for the states involving the non-adiabatic phonon than  for the adiabatic 
ones. Indeed, in fig. 1 the splitting between states having #  O is considerably smal- 
1er than  the splitting between the corresponding states having the same total num ber 
o f  phonons and «¡ =  O (see, for instance, the triplet o f states at 8.4 MeV com pared 
to  the one at about 6 MeV).

On the other hand, the structure of the shell-model wave function can be studied 
by means o f the numbers

a°'’“ ’’"(í!i «2) =  X  ( 11)
jVÍ2 +AÍ3 = n2 

Ti

where the are the com ponents of the ath  eigenvector for a given M  and T.
The valúes (12) represent the degree o f adm ixture of states with a higher num ber o f 
phonons, since the num bers =  8 — and =  «2 correspond to the num ber o f 
removal and addition TDA phonons ’̂^). In fig. 3 the structure o f the three lowest 
states with T  = O and A = 56 has been plotted as a function o f G.

For G =  O the dom inant configurations have («1, «2) =  (8 , 0) for the lowest states 
and («1, «2) =  (7, 1) for the next two excited states. As G increases other configura-
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tions with a greater num ber o f excited pairs (i.e. with a larger num ber o f addition 
and removal quanta) mix in the wave function. For G = 30^ " ̂  MeV the first excited 
State has a 4p-4h contribution ((« i, «2) =  (6 , 2)) which is larger than  the 2p-2h 
((«1, «2) =  (7, 1)) contribution. For even larger valúes o f G (corresponding to  the 
“ deform ed” or superconducting región) there is no predom inant configuration.

20 AO 60 5o

Fig. 3. The structure of the wave function as given by eq. (11) is plotted as a function of Go, for the 
three lowest T =  O states for A =  56. Plots (1) and (II) correspond to collective states and (III) 
to a non-adiabatic one. Notice the lower admixture o f the wave function (III) as compared to (II).

It is interesting to  com pare the curves (II) and (III) o f  fig. 3. Both have a predom ­
inant (7, 1) structure for small valúes of G, the main difference between them  being 
tha t the configurations implied by «2 =  1 are coherent with respect to the two-body 
transfer process in case (II) (adiabatic State) and incoherent in case (III) (non- 
adiabatic State).

As G increases, both  states acquire different admixtures. Some o f these are due to 
the RPA  mechanism (enhancing transition rates through ground state correlations).



O ther admixtures however, are induced by anharm onic terms since, for instance, the 
predicted (p, t) cross section to this state is considerably smaller than  the harm onio 
prediction (see table 2 ).

The admixtures are much larger for the adiabatic state (II) than  for the non- 
adiabatic state (III). A similar effect can be systematically found for all states in the 
vicinity o f ^  =  56, therefore confirming the appHcabihty o f the harm onio description 
for the non-adiabatic boson.
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3. Analysis of the reaction data

3.1. DWBA CALCULATIONS

The com parison with the two-particle transfer experimental Inform ation is per- 
form ed with the code TW O PA R ‘^). The óptica! param eters are sum m arized in 
table 1. The p ro ton  param eters are taken from  Perey ^^) and re f  ®), bu t in (t, p) 
reactions a further search is made in the depth o f the real potential. The results are 
summarized in fig. 4. From  this adjustm ent we obtain an energy dependence

F,!'” =  MeV, (13)

which is very cióse to  that o f ref. *^), and also consistent with that o f ref. '̂'■). This 
energy dependence is also used in the analysis of the ^®Ni(p, t)^®Ni experim ent in 
which the bom barding energy o f the protons is 50 MeV.

The tritón  optical param eters are also taken from ref. ®). In  the tritón  well no chan- 
ges with energy are introduced, since the shapes o f the angular distributions appear 
to be quite insensitive to these variations.

The T optical param eters are taken from ref. ^^). Only an energy dependence in the 
volume absorptive part is introduced following the pattern o f fig. 12 in ref. ^^). The 
corresponding valúes are plotted in the upper right-hand córner o f our fig. 4.

The neutrón param eters are taken from  ref. ^®) w ithout any further search.
The tw o-neutron transfer cross sections given by TW O PA R are multiplied by a 

factor o f 400 in order to  reproduce the absolute valué in m b/sr o f the ^^Fe(t, p)^®Fe 
(g.s.) differential cross section. This factor is somewhat larger than  the factor 310 o f 
re f  The difference is probably due to the fact that a relatively smaller set o f val- 
ence single-particle states is considered here and, therefore, coherent contributions 
from  m ore distant levels are lost.

The norm alization o f the proton-neutron transfer is obtained by fitting the dif­
ferential cross section o f the ®‘̂ Fe(T, p)^®Co^"^ reaction. The valué obtained (740) 
is larger than  the ene corresponding to  the tw o-neutron transfer^.

Regarding the tw o-proton transfer only relative strengths are available and there­
fore no analysis is perform ed o f absolute cross sections.

t  The normalizations of the proton-neutron transfer processes can be reduced by using the set 
of T-parameters given in ref. ‘®), which have smaller valué? of the absorption.
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Fig. 4. The real potential depth as a function of the outgoing energy of protons. Any changes within 
the error bars cause no signiflcant changes in the shape of the angular distributions. The dashed error 
bar indícales that the experimental angular distribution could not be reproduced. Upper right-hand 
comer: The absorptive volume potential for the r-particle as a function of the incident energy. This

dependence is suggested in ref.

T able 1 

Optical-model parameters

Projectile Ro
(fm)

^ 0

(fm)
F r

(MeV) (fm)
"’ ov

(fm) (MeV)
«Í.S
(fm)

^ ó s
(fm) (MeV)

“) 1 9 .5 “)

P 1.25 0.65 K „ -0 .3 £ p 1.25 0.47 15.5

t 1.16 0.75 165.4 1.5 0.75 16.4

T 1.14 0.723 177.0 1.6 0.81 W (E) “)
1.265 42.10 1.238 8.55

n 0.66 0.48

1.278 42.53 1.244 8.69

“) See text and flg. 5.
”) From ref. *®), used for *“Fe(r, n )“ Ni. 
“) From ref. i®), used for =*Ní(t, n)«‘>Zn. 
“) Used for (p, t) reactions on ®*Ni.

The com parison with experimental da ta  is found in table 2 and  figs. 5-8. The quot- 
ed empirical results are often a  com bination of two experiments, for instance an 
angular distribution given in relative units is cast in te  an  absolute scale using the data 
m easured for a fixed angle in a different experiment.



In all figures where error bars are given, they take into consideration both  the statis- 
tical error tha t is reported in each experimetit and  the uncertainties tha t are intro- 
duced in converting the pubHshed material into a standard scale.

In order to  obtain the experimental cross sections o f table 2, a sm ooth line is 
draw n through the empirical points and a sum m ation o f the differential cross section 
is perform ed between 10° and 90° in steps o f 5°. This is done with the purpose o f 
standardizing the experimental data avoiding the uncertainties o f extrapolations near 
zero scattering angle. However, since the largest contributions to  the cross section 
come from  the few small angles where the slope o f dcr/dí3 is larger, this procedure also 
induces errors which prevent the extraction o f more deñnite conclusions from  the 
com parisons in table 2. F or instance both the angular distributions and the absolute 
cross sections for the reaction ^"^Fe(t, p)^®Fe(g.s.) are very well reproduced according 
to  fig. 5. However, the small discrepancy between the experimental and theoretical 
valúes of the differential cross section at 10° is sufficient to  produce the 30 % discrep­
ancy o f table 2 .

3.2. DISCUSSION

The reaction data  are com pared not only to the results of the shell-model descrip- 
tion but also to  those obtained within the fram ework o f the harm onic approxim ation 
[refs. 1-3)].

The cross section for the two-particle stripping reaction 

( i .  0 + [ « r í r .  ( « a í a ,  «á ^  í , i  , ( « a l  «al > K l  T ^ , ]

is related to

a , =  a x r i 7 ; ( r , . - r , ) | r i r , , > ^ < i K í . i - O g K . y ( 2 r + i ) [ ^ “

202 D. R. BES et al.

1 T ,  í , i

% ( í r + l ) ( n r + í r  +  3 )  ,  ̂ +

2 , . - i  -
( 1 4 )

for the annihilation o f a removal quantum , as in ref. ^). 
F o r the creation o f an addition quantum  we have

x ( 2 T  +  I ) ( 2 r .  +  l ) ( 2 T . .  +  l ) j ; -  '■

Si (ía +  l ) ( ” a +  ía +  3 )  , ^ í a O l a ~ í a + 2 )

-  ^  2 L - 1  .

( 1 5 )

The corresponding expression for the creation of a non-adiabatic phonon is 
obtained from  (15) interchanging (n^, Q  w ith («¡, í ') .  The valúes o f the constants a^, 
3f' and depend on the microscopic structure o f the a-, a '-  and r-photons, respectively.
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In order to obtain the spectroscopic amplitudes we have assumed tha t they should 
be the same as those o f the shell-model calculation for the transitions connecting the 
^®Ni(g.s., zero phonon) with the ^®Ni(g.s., adiabatic addition phonon), w ith the 
^®Ni(2.9 MeV, non-adiabatic phonon) and with the ^"^Fe(g.s., rem oval phonon). 
W ithin the harm onio approxim ation, the ratio between the three spectroscopic am pli­
tudes is constant for any transition, and thus any other spectroscopic am plitude is 
obtained from  the previous ones by using eq. (14) or eq. (15).
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Fig. 5. Angular distributions for (t, p) reactions (A =  54, 56, 58). In this and following figures the 
full lines are the theoretical angular distributions that are obtained with the spectroscopic factors 

corresponding to the three-level shell-model diagonalization.

h f ‘

20 ÍO e cm.

Fig. 6. Angular distributions corresponding to ^®Ni(p, t ) ’*Ni. No relative intensities are availabie.

The spectroscopic factors o f both  calculations are given in table 2. The shapes o f 
the angular distributions only depend slightly on these num bers and are primarily 
determ ined by the optical-model param eters. On the other hand the strengths strongly 
depend upon the spectroscopic factors, particularly on the one corresponding to  the 
2p|. orbit.

3.2.1. The ( t ,p )  reactions {fig. 5). The shell-model diagonalization provides re- 
sults o f similar quality to  those obtained with the harm onic approxim ation for those 
transitions which are allowed in the adiabatic limit. This is to be expected since all 
these transitions connect states belonging to the same rotational band in the limit o f
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stable superfluidity. Thus, they are always enhanced, and consequently they are less 
sensitive to  the occurrence o f a phase transition.

Fig. 7. Angular distributions corresponding to (t , p) reactions (A =  54, 56, 58).

The non-adiabatic states tha t were discussed above systematically occur at about 
3 M eV o f excitation energy. There is an excellent agreement between the experimental 
cross sections and both  theoretical predictions.

3.2.2. The {p, í) reactions {fig. 6 ). The experimental data concern reactions which 
are allowed in the harmonio approxim ation and forbidden in the superconducting
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limit. The population o f the two lowest members o f the excited triplet in ^®Ni is pre- 
dicted by the shell-model calculation within the experimental uncertainties. The 
harm onic approxim ation considerably overpredicts the population o f the triplet.

Fig. 8. Angular distributions corresponding to ^“Fe(T, n)^®Ni. Only relative intensities are
compared.

In  the structure o f the states given in fig. 3, it can be noted tha t indeed for G »  30^4 “ ̂  
M eV the corresponding wave functions are very different from  the com ponent (7, 1) 
th a t should predom ínate in the harm onic limit.

A  very weak transition populating a State at 4.95 MeV is also reportad. This state 
does not appear in our calculation.



3.2.3. The ( r ,p )  reactions ( f ig .7 ) .  These reactions popúlate two states having 
T  =  T^,T^ + l, respectively where T, is the isospin o f the target. The state with higher 
isospin is the isobaric analogue (lA S) o f  the ground State o f  a neighbouring doubly 
even nucleus. Experimentally the population o f the state with T  =  relative to  the 
population o f the lA S is systematically smaller by a factor ^ than w hat is predicted 
by the harm onic model. This fact may also be interpreted as a phase-transition effect, 
since these transitions to  lAS are allowed in both  the harm onic and superconducting 
limits, while transitions to  the T =  T, state should vanish for rigid rotations.

The shell-model calculation accurately predicts  ̂ the experimental cross sections 
listed in table 2 .

3.2.4. The (z, n) reactions {fig. 8). The ( t , n) reaction populates all the members 
o f  the tw o-phonon vibrational triplet. While the relative strength o f the ground with 
respect to  the vibrational state is better reproduced by the three-level description, the 
intensities within the triplet are slightly better predicted by the harm onic approxim a- 
tion.

208 D. R. BES et al.

4. Extensión to .4 =  52 and 60 nuclei

The same calculation o f  energies and two-particle transfer processes o f sect. 3 has 
been extended to  systems involving one pair o f partióles less and  one pair more. The 
calculation is made with the same valúes o f single-particle energies (8 ) and pairing 
strength ( 1) that yield the previous fit.

The energy eigenvalues are also com pared to  experiment in fig. 1. The agreement 
is not as good as for 54 ^  ^  ^  58 (the average departure per level increases to  1.19 
MeV (15 %)). It m ust be noted that all the theoretical levels appear to  be shifted up- 
wards with respect to  experiment by approxim ately the same am ount in all the 
know n cases o f ^  =  52 and 60.

The specificity o f the wave functions with respect to the pair transfer process may 
still allow one to come to some conclusions about the structure o f the 0 "̂ levels in- 
volved.

The DW BA analysis is perform ed using the optical-model param eters given in 
sect. 3. All the results are summarized in table 3 and figs. 9-12.

4.1. REACTIONS ON ^  =  58 NUCLEI LEADING TO /í =  60

In  the ^*Fe(t, p)®°Fe reaction the oniy experimental evidence is the absoluta cross 
section o f  the ground state measured at a c.m. scattering angle o f 12.5°. Both the shell

t Recent experimental data ’ ) for the reaction ^*Fe(T, p)^‘’Co at 15 MeV incident energy give 
for the ratio between differential cross sections for this incident energy 0.4 (shell-model calculation) 
and 0.8 (harmonic approximation). 

t t  In fact, if a term proportional to the square o f the number of pairs outside the A ~  56 doubly 
magic nucleus is added in (7), a best ¡s found which corresponds to an average departure per level 
o f 0.61 MeV (8 %) (52 ¿  A <  60) without impairing the previous fit for 54 ¿  A ^  58. Such a term 
may arise from a long-range residual forcé.
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Fig. 10. Angular distributions corresponding to *®Ní(t, n)®“Zn. Only relative intensities are com­
pared.

model and the harm onic calculation hold equally well in the prediction o f this cross 
section. The same considerations o f  sect. 3 concerning the transitions which are al- 
lowed ín both the harm onic and rotational limits apply for the above-m entioned
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reaction and  for the ^®Ní(t, p)®°Cu (2.54 MeV, T  = 2) and for the ^®Ní(t, n)®°Zn 
(7.47 MeV, T  = 2) reactions (figs. 9 and 10).

20 ÍO 60 80 WO ¡20 Bcm.

Fig. 11. Angular distributions for (t, p) reactions (A =  52, 60). In the ®°Ni case the large error bars 
are due to the conversión from a linear to a logarithmic scale. In this case only the shape of the

angular distribution is compared.

Fíg. 12. Angular distributions corresponding to ^“Cr(p, t)^^Cr.

The lowest populated excited State in ®°Ni is interpreted in terms o f an adiabatic 
and  a non-adiabatic phonon coupled to T  = 2. The second excited State shows a



small population and thus probably corresponds to two non-adiabatic phonons. 
Both the theoretical states at 3,29 MeV and 5.09 MeV excitation energies have a 
predom inant (8, 2 ) character.

There is a th ird  excited state at 6.36 MeV which is populated with an appreciable 
intensity. Since the tw o-phonon energy in ^®Ni is sí 6.5 MeV, the 6.36 M eV state in 
®°Ni may have this collective character (in this case three addition and one removal 
phonons). W ithin this interpretation the 4 % population o f this state is a violation o f 
the harm onio oscillator selection rules. The shell-model calculation o f the cross sec- 
tion to  any state having a (7, 3) character is very small, and therefore does no t support 
this interpretation. It is more likely that a t these energies another non-adiabatic 
phonon involving the 2p^ shell may be responsible for this cross section. The same 
interpretation probably holds for the ^®Ní(t, n)®°Zn (6.88 MeV, T  =  0) reaction 
(fig. 10).

The reaction ^*Ní(t, p)®“Cu popúlales a tentative T =  1, 0^ state at 2.91 MeV 
(fig. 9). This reaction may also be interpreted in terms o f a violation o f the selection 
rules concerning the population o f levels differing in three phonons. However, again 
an  interpretation in terms o f the coupling  ̂ between an adiabatic phonon and  a  non- 
adiabatic one is m ore hkely, as for the 2.29 MeV state in ®°Ni. This in terpretation is 
supported by the shell-model calculation (table 3).

4.2. REACTIONS ON ^  =  52 NUCLEI LEADING TO ^  =  54 AND VICE VERSA

In  the ^^Cr(t, p)^'^Cr experiment three excited 0^ states have been m easured at 
2.8, 4.0 and 4.6 MeV respectively. These have strengths tha t are 13 %, 5.6 % and 19 % 
o f the g.s. respectively (table 3). In  the shell-model calculation a single excited state is 
obtained at an  energy tha t approximately coincides with the center o f  gravity o f 
those states. In  order to  perform  the com parison it is assumed that the corresponding 
two-particle transfer intensity is fractionated into the three states. The intensity that 
is obtained theoretically reproduces the sum of the three experimental cross sections. 
The next theoretical level is at about 6.7 MeV and has a clear three-rem oval-p lus- 
tw o-addition phonon structure [about 55 % o f the wave function is concentrated in 
all the configurations having (n i, n 2) =  (5, 2 )].

N o absolute cross sections are available for the reaction ^^Cr(r, p)^"^M n^"’' 
The shell-model calculation provides a better ratio o f the two strengths (table 3) [see 
the corresponding discussion o f (x, p ) reactions in sect. 3].

The ^"^Cr(p, t)^^Cr experimental ground state (fig. 12) intensity is well reproduced 
by both  the shell model and the harm onic calculations. There again are transitions 
which are allowed in both  the vibrational and ro tational hmits. W ithin the harm onic 
scheme two excited states are expected, having [n /„  {nj^, T] = [33, (11, 00)
1, 2] and [31, (11, 00)1, 2], the latter being much more intensely populated than  the 
first. The eigenvectors o f  the shell-model diagonalization display also the same struc-

t Note that such a two-phonon state may have the total isospin r  =  1, since the two addition pho­
nons are not identical.

212 D. R. BES et a l



ture. A lthough the experimental excitation energy is not consistent with the theoretical 
predictions for tw o-phonon excitations, the observed State is associated with the 
[31, (1 1 ,0 0 )1 ,2 ] configuration, i.e., the more likely to be populated. The relative 
strength w ith respect to  the ground State is better reproduced by the shell-model 
calculation. A discussion similar to  tha t o f sect. 3 com paring the population of the 
ground and excited states in ^®Ni [via (p, t) and (t, n) reactions] can also be per- 
form ed here.

5. Prediction of unreported two-particle transfers

In  this section we include spectroscopic amplitudes for the (so far) unreported 
transitions in the región 52 ^  A  ^  60. As in the previous discussion, these transitions 
may be divided in to  several groups, according to  their theoretical relevance:

(a) Transitions A F, which are allowed in the harm onic limit and forbidden in the 
rotational case.

(b) Transitions FF , which are forbidden in both limits.
(c) Transitions A A, which are allowed in both limits.
(d) Transitions NA, involving non-adiabatic phonons.
F o r norm alization purposes, it is useful to com pare the cross sections for A F or 

F F  transitions with the cross sections o f AA transitions o f the same type leading to 
the same final nucleus. In cases in which such an AA transition is missing from  table 4, 
it can be found in tables 2 or 3.

Experimental energies are hsted in the fourth column, whenever available. These 
include those obtained from Coulom b energy differences. The energies labelled with 
the Índex T are theoretical predictions.

The harm onic classification o f the initial and final states (according to  eq. (10)) is 
given in table 4.

6. Conclusión

From  the calculations o f sects. 2 to  4 it is possible to  conclude that the pairing 
scheme can provide a very good description of the J"  =  0 ”̂ levels in the nuclei cióse 
to A  =  56.

The fact tha t the experimental results are better reproduced with valúes o f the pair­
ing strength in the transitional región indicates that the harm onic description may 
become inapplicable.

Effects associated with the phase transition are not easily detectable in those tran ­
sitions that are equally allowed in the harm onic and superconducting limits. Indeed, 
the absolute cross sections for the ground state (t, p) transitions on ^®Fe and
on "^’^-^Cr and for the " ‘̂ Cr(p, t)=^Cr(g.s.), "®Fe(T, p)^»Co(5.75 MeV), ="Ní(t, p) 
®°Cu(2.91 M eV) reactions and the relative cross sections for the reactions ® *N í(t, n) 
*’°Zn(g.s. and 7.47 MeV) are equally well reproduced by the shell-model or by the 
harm onic calculations.

PAIRING EXCITATIONS 213
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Experimentally, there are two different effects associated with the existence o f  a 
superconducting phase transition. Both involve the com parison o f cross sections be- 
tween a reaction which is allowed in the vibrational and the ro tational hmit, and  a 
reaction which is forbidden for rigid rotations. The first o f theni involves the com pari- 
son between a ( t ,  p) reaction in an even target leading to an  lAS with T  =  T ^ + \  and 
a  reaction in the same target leading to a / ’' =  0"̂  with T  — T^ in the same final nu- 
cleus. The relative intensity of the latter reaction is about ’ ) |  o f  the valué predicted 
in the harmonio description. This reduction is well reproduced by the shell-model 
calculation [see ^®Fe(r, p)^*’ ®°Co and ^"^Cr(t, p)^'^’ ^®Mn],

The second effect of the phase transition lies in the com parison between a ground 
State transition and a transition to a State which in the harm onic description would 
have two phonons more than  the ground state. Let us look ñrstly a t cases in which the 
transition to the excited state is allowed. These cases are thus similar to  the well- 
know n ^°®Pb(t, p)^°®Pb(g.s. and 4.9 MeV) and ^‘ °Pb(p, t)^“®Pb reactions. However, 
in contrast with the Pb situation, the harm onic description overpredicts the popula- 
tion o f the higher state by a  factor o f «  2 over the experimental valué, which is well 
reproduced by the shell-model calculation [see ^‘̂ Fe(r, n)^®Ni, ^®Ni(p, t)^®Ni and  
^ ^ C r(p , t)= ^C r],

Secondly, we consider those cases in which the population o f the excited states is 
not allowed. These transitions would viólate the selection rule A N  = ± 1 , where N  
is the num ber o f phonons. N o experimental evidence o f such anharm onicities has 
been identified. O n the other hand, the corresponding cross sections are predicted 
to be very small.

The harm onic description works very well in connection with the coupling o f a 
non-adiabatic addition phonon which corresponds to  an incoherent hnear combina- 
tion of the (2p^)^ and (If^)^ configurations. Thus it is possible to account for the 
energy and population o f states in ^"^Cr(3.80 MeV), *®Fe(3.44 MeV), ^®Fe(2.26 M eV) 
*®Cu(3.80 MeV), *®Ni(2.29 MeV) and ®°Cu(2.91 M eV) and o f a doubtful transition 
to  ®°Zn(3.7 MeV). These energies and transitions are also well reproduced within the 
shell-model calculations. By studying the wave functions in the last calculation (as 
in fig. 3) it is easy to note the adequacy o f the harm onic approxim ation for the non- 
collective phonon.

We acknowledge stim ulating discussions with Drs. R . A. Broglia, G. G. Dussel 
and O. Hansen.

Note added in proof: We have learnt that Prof. Hsi-Tseng Chen has also performed an exact cal­
culation o f the r  =  1 pairing forcé in this región using the methods of ref. ^“).
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