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Atstract

A variatlonal calcuiatisn of the ground state of shailow
donors and accep.tors in triangular GaAs quantum wells is
presented. This is connected to the properties of hydrogenic
impurlties in sawtooth-doped (or &-doped nipi) superlattices. The
binding energy, lateral extenslon, and vertical extenslon are

calculated as functions of the impurity position in the well and

§-doping concentration.

Pacs. N°: 73.20.Dx

I. Introduction

Steady imprevements ‘n methods of epitaxial .,g.":.r.;t.t':,l such as
Moiecular 3Zeam Spitaxy (MBE] and the Metallo-COrganic Chemical
Vapor Cepositicn ‘MOCVD) during the last decade.‘have provided the
capabillty of producing high-quality semiconductor
heterostructures having designed potential profliles and impurity
distributions with a dizensional contrcl clese to Interatomic
spacing and with wvirtually defect-free Interfaces. These
semiconductor netercstructures have glven rise to a rich set aof
rew physics as well as devices.*

These systems <can be classified into two classes:
compositicnal and doping superiattlces,

in the case i ~he now famillar compaositional superlattices,
the bard-=dge moduiation that glves rise tc the periocdic potentlal
ras ‘ts origin in the differant tand gaps of the compenents: the
archetypical exawpie Is '.hAS-Gai_xM“As, These ‘Lypes «of
superlattices allow an unanbigueus oeservation of Intrinsis

i ; . 1
fearures such as guantum-conflined intertand transiticens and

; ; - 1-3
extrinsic features related to the presence dornor and

acceptor7 impurities In the quantum wells. A detalled l1ist of
theoretical and experimental work on hydrogenic impurities in
GaAs-Gal_xM As quantum wells can be found In recent reviews on
the subject.®™'?

On the other hand, only very recently has it been possible to
observe clearly size quar.tiz.atlon in doping superlattices' 'S
Doping superlattlces consist of alternating n-type and p-type
doped layers separated by intrinslc reglions of an epitaxially
grown semiconductor (for a review on early work see Ref. 17). A
sawtooth-shaped band diagram is obtalned if the thickness of the
doped layer decreases, such that the dopants are localized on a
scale length of a lattice constant.

Besides size quantization, very recently also excitonic
effects 1In sawtooth-doping superlattices have be:n studied
experia:entallym and theoretically. 18

[t is the purpose of this work to report on our variational
calculatiens of hydrogenlc doner and acceptor Impurities in
triangular GaAs quantum wells. In the limit of weak coupling
tetween adjacent quantum wells, thls 1{s ccnnected to the
properties of shallow impurities in sawtooth-doped superlattices.
We have studled the binding energy, lateral and vertlcal extension
ef the impurity as function of Its position in the well and
8-doping concentration.

it should be pointed out that in a very early proposal an the
interesting propertles of 38-doped n-i-p-i structures by thiﬁ'r'.m
he estimates the change of energy for on-center hydrcgenis
impurities in trlangular potentlals.

The rest of the paper 1s organ!zed as follows: In Secrion [!
we describe in detall our medel hamlltonian, the variaticnal wave
function we use to solve it, and the corresponding expressions for
the expectation wvalues of the dlfferent physical magn!iudes
(binding =nergy, lateral and vertlcal extenslon). In Seztinn (I,
we give the numerical solution of these expectallonvaliues ana

discuss our resuits.

(I. Thezry

We assume that adjacent wells ccrresponding o “he same hana
are sufficiently 1isolated by thick barriers so as to ke
'_nd;ep-endent {the quantum well regimel. We have recently

caictlated ' band structure and charge distribaticn  of



sawtooth-doped superlattices®®, as functlon of period and doping respectively.

concentration. For a given level of doping, it is always possible As an exact solutlon of the problem posed by equations

to find a period where the superlattice is In the quantum-well (1)-(3) is not avellable, we propoge the following variational

wave function

regime. For example, for a typical Impurity concentration of
l.25x10'3/cm2. the superlattice can be considered as & set of
independent quantum wells (at least with regard to the first --—Jyzpzme(z-zl]’

-+
electron and hole subbands) for a period of 150 £.%° v(r) = N f(z)e (s)
In accordance wlth that simplifying assumptlon, the shallow

impurity state s composed of a hydrogenic atom squeezed in a wvhere y and 5 are variational parameters and f(z) 1s the exact soiuticn

of Ho glven by

triangular potential well. In the case of the acceptors, we
neglect the coupling of the top four valence bands, and consider a
spherical hole effectlve mass. Mi-(a-2z)B] 20
= flz) = (€)
Within the effective-mass approximation, the Hamlltonian of a At(~(a+2)B] 2<0
tydrogenle impurity ln a triangular quantum well 1s given by
. 2,1/3
HeH +H (1) with « = E /eF, and 8 = (2m eF/A°) "7, Here Al(z) 1s the Alry
2 ! l‘t_lm.ﬂ‘.‘.lncm,21 and E., 1s the energy of the first electron or hole
with subband.
For a given value of the electric fleld F (or equivalently =f
"2 52 Nm. according to equatlon (4)), Eo and F are related by the
H =~ —p — +e Flz| (2} 13
° om 3z equation
and N [l .
E = |a|—% (73
[ i
2m
H = - n® 1.3 al . _._ea_. &) .
1 . = B where |a'| = 1.02 is the first zero of the derivative of the Airy
éa pidp “op evp+(2-2 )2 fa
P i function.

Firally N Is a normalization constant, defined by the
The particle position 1s represented by cylindrical .

relation
coordinates p and z (we have chosen the origin of coordinates at
tie vertex of the VY-shaped we!l and the polar axis along the = -2niz-z | -172
2 ' r
growth dlrectionj. z, 1s the coordinate of the {mpurity N = [~‘—2 dz f{z) e ! {hzniz-zl!)]
2y
-@

site along the superlattice axis.
The tullt-in electric fleld F. !s related to the J&-doping

Once E and £{2) are determined for tven value of N°°, the
concentration N° according to the equation 2 * e

mean value of the energy is obtalned according to

2D
Fau 2neN (4) <$JH=¢>
° E(n,y) 3 —— (8a;
<ply>

The carrier effective mass and the GaAs dielectric constant

- L ] -
are represented by m {n‘ for electrons, mh for holes) and e,
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Minimizatlon of (8b) wlth respect to n and y gives the
minimum value E‘m, so we defline the Impurity binding energy as
20

E(N ,zi) E—E-l + E (8}

n a

In addition to the bindlng energy, the expectation values <p>

and v<iz-z)® are relevant quantitles which are useful to
ascertaln the accuracy of a trial wave functlon, as they provide
some insight Into its spati{al extension. [t should be pointed out
that our trial wave Ffunctlon is an exact solutlon of the
Kamiltonian (1) in both limits N°®» 0 and N*°5 w.

For N®5 0 and z\=0, f(z)aconstant, ar—m-»l/a: and Egq. (5)

reduces to the ground state of the three-dimensional hydrogen atom

L ]
~Voi+z® sa
]

x5 1
VI — e {10)
(na 3}1/'2
o
L]
with a  (the effective Bohr radlus) = ch®/m €.  Also the

expectation wvalues of the different magnitudes approach
asymptoticaily the corresponding 3D limits:

-
4
L ]
E(N®.0,0) -.n,:"‘:a (11)
2e h
<p> 3 %
P "§"“’° (:2)

S 2 el .
€2 2 9.0 ('.
a9

(5]

For ¥° 5 » and z = a, flz} =+ &(z), 3 ‘2, n » 0 and

expression (5) reduces to the ground state of a two-dimensional

hydrogen atom

(14)

with corresponding values of the expectatlon values
20 .
E(N" 90,0) 2 4Ry (15)

L]
P> 2e /2 (16)

v/c?;-)o (17)

The wvalues of the physical parameters we use In the
calculations are m.=0.0657ma, mh={ff.3{3m°22 (mo is the free
electron mass) and £ = 12.5. The equivalent three-dimensional
effective Rydberg energy {Ry.] and Bohr radius {G:] with these
parameters are 6 meV (26meV) and 100 A (22 &) for donors
(acceptors). The corresponding two-dimensional effective Rydberg
energy (4R,) and Bohr radius (a./2) are 24 meV (104meV) and S0
(11 &) for donors (acceptors).

IIT. Regults and Discussion

In Fig. 1 the on-center (zl = 0) donor (left scale} and
acceptor (right scale) binding energies are plotted as function
of N _

For small wvalues of Nm. the trilangular potential is very
shallow, and both the doenor and the acceptor binding energles
approach asymptotically thelr respective 3D limits. For N°° =
16'%¢m® 1t is hard to distinguish any confinement effect.

For larger values of Nzn. the triangular potential becomes
deeper, wlth a consequent Increase of the binding energles,
towards the maximum value of JtR:,r‘ corresponding to a 2D hydrogen
atom.

Note that for the maximum concentration of impurities shown
in Fig. 1, N = !.0“:’#.:1::2, the values obtained for the binding
;energies are still far from the strict 2D limit (ﬂﬁy-). We have
checked, P ver, that for  huge (unphysical) Impurtty



concentrations the curves of Flg. 1 approach asymptotically their
respective 2D limlts.

From the results shown 1n Flg. 1 1t ls clear also that the
donor impurity approaches the 2D limlt faster than the acceptor
fmpurity: for example, 1f N°° = 10'%/cs®, the ratio E(N*°,0)/aRy’
takes the values of 0.71 and 0.58 for donors and acceptors,

respectivaly. This has to do with the fact that because m: <m
the wave function of the electron is more extended In the
z-directlon (for the same electric fleld) and consequently fecels
the narrowing of the triangular well more intensely than the wave
functlon of the . hole.

We display in Figures 2 and 3 the donor and acceptor binding
energles, respectively, this time versus the impurlty position z.
for three different values of N°°.

As expected on physical grounds, the binding erergles are

monotonlc decreasing functions of Z,. golng from a maximum value

for z =0 to very small values for |z,| > <2%> (see below).
This ls a consequence of the decreasing weight of the electron (or
hole) wave function at the lmpurlty position for Increasing values
of z,.

When z, = 0, the maximum binding energy corresponds obvlously
to the greater N® (full line in Figures 2 and 3). However, when
for a given Impurity concentration, zZ, is larger than the

corresponding lmpurlity extension in the z-directlon (rougnly given

by v'{:z—a;I we expect larger binding energles for decreasing vaiues
of Hm. This explains the crossover among the three curves
observed in both flguwres.

As a consequence of the more locallzed character of the hole
wave function fm:(n:). the crossover s found for smaller vaiues
of z In the acceptor case (Flg. 3). We will return back to this
point in our dlscussion of the vertical and lateral impurity
extensions given below.

Finally, we present in Figures 4 and 5 the lateral (<p>} and

vertical (v<z®>) extensions for the donor and acceptor impurlties,

respectively. In both flgures z‘-ﬂ.

The dashed line (v<z®> ) corresponds to the mean value of the
o
vertical extension, calculated with the exact solutions of

H (£(z)). The result is given by a closed analytical express;icn
L .

lay ! .

V2> =aVA —p (18)
9 (4:«1» N) o

3

S{a;

In the 3D limit of low impurlty concentrations, the lateral

).

where A 1s a constant deflned by A = ?—5— {1+ 2
|

and vertical extenslons <p> and ‘é:a; approach asymptotically the
above mentloned 3D 1imits 3na /8 and a., respectively. In the 2D
limit of high Iimpurity concentrations, the lateral extension
should approach the value a:/2 (equation (18)), while the
vertical extension should go to zero, as consequence of the
narrowlng of the triangular well. The results shown in Figures 4
and S corresponds to a smooth crossover between both limits.

The comparison between /:z?; and @a shows nlcely the
complementary role played by f{z) and the exponential term in the
trial wave function (equation B5). In the 3D limit, the
exponential term is essential to'give the correct physics (note

that C22>° diverges In this limit), while in the 2D limit, the
conflnement in the z direction 1s progressively given by the
functions f(z) alone.

Note that in the donor case, for the highest Iimpurity
concentration "20 = lD“Xcmz. the lateral extension <p> = ES f\,
still away from the 2D 1imit a:/'.'a « 50 A; this indlcates again
that for this value of NED the donor Impurity is not In the
complete 2D regime.

The same conclusion holds for the acceptor case, with the
difference that, as explained above, the 2D limit is reached more
slowly than in the donor case. For example, t‘o'r' N? = IO“Zcma.
<p>/[u:r‘2] takes the values 1.3 and 1.6 for donors and acceptors,
respectively. (In the complete 2D limit, the ratio must be 1).

As mentlioned above, the fact that the crossover found among
the different curves in Fig. 2 and 3 occurs for smaller values of
zl for acceptors than for donors, can be explained with the
tesults of Fig. 4 and 5. As can be seen from these f{lgures, for

any value of NP (k2% »>  (v<z®)

and
electrons

holes”’

consequently, the conditicn zl « V<z® and the correspondlng

cressover s fuifllled earller for the accepters.



In summary, we have calculated, within the effective mass
approximation, the ground-state bindlng energy and spatlal
extension of donor and acceptor shallow impurities in triangular
GaAs quantum wells.

The binding energy of on-center hydrogenic impurities Iin
triangular GaAs quantum wells Increases monotonically from the 3D
l1imit (low impurity concentratlons) to the 2D limit (high impurity
concentrations). This ls In contrast with the behavior of shallow
impurities 1in GaAs-Gal_‘Ales quantum wells, where at the zero
thickness well limit, in the realistic case of a flnite barrier,
the electron (hole) wave function ls entirely in Gal_xhlx.\s and
one recovers the bulk (3D} value of the binding energy of the
donor (acceptor) in this material.

For a typical value of the triangular potentlal
(N m“’mm’] while the lateral extension of the Impurlity is
given by the Coulombic attractlon between carrler and impurity,
the vertical extension is essentially given by the confinement
effect of the triangular potential.

We belleve that the results presented in this work may be
useful in the quantitative understanding of future experimental
work on shallow impurities ln sawtooth-doped superlattices.
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Flgure Captlops

Fig. 1: On-center (z =0) donor (left scale) and acceptor (rignt

scale}) binding energles as function of Iimpurlty

concentratlion Nm

Fig. 2: Donor binding energy versus impurity position 21 for three

N = 1.25.10"%em’,

= 1,25x10'%/cn’.

values of lmpurlty concentratlion:
- N = 1.25x10"%/ca’, ... N°

Fig. 3: Acceptor binding energy versus Impurlity position zl for

Fig.

the same three values of N°° as in Fig. 2.

4: Lateral (<p>)and vertical (@} donor extenslon as
function of donor concentration ; Z,i% o. Dasred llne:
vertical extension calculated with the exact sciutlons of
H (ee~tion (18)).
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Fig. 5: Lateral (<p>) and vertlecal (@) acceptor extension as
functlon of acceptor concentratlion; z, = 0. Dashed line:
vertical extension calculated with the exact solutlons of
Hotequation (18)).
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