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Abstract

A variational calculation of the ground state of shallow 

donors and acceptors in triangular GaAs quantum wells is 

presented. This is connected to the properties of hydrogenic 

impurities in sawtooth-doped (or S-doped nipi) superlattices. The 

binding energy, lateral extension, and vertical extension are 

calculated as functions of the impurity position In the well and 

5-doping concentration.

Pacs. 73.20.Dx

I. Introduct ion

Steady improvements In methods of epitaxial growth,1 such as

Molecular 2eam Epitaxy iMBE) and the Metal io-Crganlc Chemical

Vapor Deposition 'MOCVD) during the last decade, have provided the

capability of producing high-quality semiconductor

heterostructures having designed potential profiles ar.d impurity

distributions with a dis«nsional control close to Interatomic

spacing and with virtually defect-free interfaces. These

semiconductor heterostructures have given rise to a rich set of
2

new physics as well as devices.

These systems can be classified into two classes: 

compositional and doping superlattlces.

In the case of the now familiar compositional superlattices, 

the band— ?dge modulation that gives rise to the periodic potential 

has its origin in '.he different band gaps of the components: the 

archetypical example is GaAs-Ga A1 As. These types of
J r  1 - X  X

super lattices allow an unambiguous observation of intrinsic
"3

features such as -quantum-confined ir.tercand transitions and
4-6

extrinsic features related to the presence donor ' ar.d

acceptor7 Impurities in the quantum wells. A detailed list of

theoretical and experimental work on hydrogenic impurities in

GaAs-Ga A1 As quantum wells can be found In recent reviews on 
x

the subject. 12

On the other hand, only very recently has It been possible to 

observe clearly size quantization In doping superlattices13’18. 

Doping superlattlces consist of alternating n-type and p-type 

doped layers separated by intrinsic regions of an epitaxially 

grown semiconductor (for a review on early work see Ref. 17). A 

sawtooth-shaped band diagram is obtained If the thickness of the 

doped layer decreases, such that the dopants are localized on a 

scale length of a lattice constant.

Besides size quantization, very recently also excitonic 

effects In sawtooth-doping superlattlces have been studied 

experimentally13 and theoretically.18

It Is the purpose of this work to report on our variational 

calculations of hydrogenic donor and acceptor impurities in 

triangular GaAs quantum wells. In the limit of weak coupling 

between adjacent quantum wells, this is connected to the 

properties of shallow impurities in sawtooth-doped superlattices. 

'Je have studied the binding energy, lateral and vertical extension 

of the impurity as function of Its position in the well and 

ô-doping concentrât ion.

It should be pointed out that in a very early proposal on the 

interesting properties of 5-doped n-i-p-i structures by Gohier,19 

he estimates the change of energy for on-center hydrogenic 

impurities in triangular potentials.

The rest of the paper Is organized as follows: in Section :i 

we describe in detail our model haralltonian, the variational wave 

function we use to solve it. and the corresponding expressions for 

the expectation values of the different physical magnitudes 

¡binding energy, lateral and vertical extensions. In Seoilon Ii:, 

we give the numerical solution of these expectat lonvalues .md 

discuss our results.

; I. Theory

We assume that adjacent wells corresponding ",o the i-ime banc 

are sufficiently Isolated by thick barriers so as to be 

Independent (the quantum well regime). We have recent'.y 

calculated ' band structure and charge distribution of

2



sawtooth-doped superlattices20, as function of period and doping 

concentration. For a given level of doping, It is always possible 

to find a period where the superlattice is In the quantum-well 

regime. For example, for a typical Impurity concentration of 

1.25xl013/cmZ, the superlattice can be considered as a set of 

independent quantum wells (at least with regard to the first
X20___

In accordance with that simplifying assumption, the shallow 

impurity state is composed of a hydrogenic atom squeezed in a 

triangular potential well. In the case of the acceptors, we 

neglect the coupling of the top four valence bands, and consider a 

spherical hole effective mass.

Within the effective-mass approximation, the Hamiltonian of a 

hydrogenic impurity in a triangular quantum well is given by
H ♦ H (1)
a 1

with

— t  * e F lz l (2)
2m 3z

and

H = - 4  -1 J L  jpJL)------- £ ------ (3)
1

2m p dp <• dpi c/p2+(2-2i)2

The particle position is represented by cylindrical 

coordinates p and z (we have chosen the origin of coordinates at 

the vertex of the V-shaped well and the polar axis along the 

growth direction). is the coordinate of the impurity

site along the superlattice axis.

The built-in electric field F. is related to the 5-doping 

concentration N20 according to the equation

2neNan , „,
F = ---------------------- (4)

c

The carrier effective mass and the GaAs dielectric constant
J» • •

are represented by a (m for electrons, m for holes) and c,
o h

3

respectively.

As an exact solution of the problem posed by equations 

( 1 ) — {3) is not available, we propose the following variational 

wave function

m  t . 75
-V7 p +IJ (z-z )

0(r) *> N f(z)e (5)

where y and j) are variational parameters and f(z) Is the exact soiutlcn 

of H given by

f(z)

' Ai[-(a-z))Sl z>0 

Al(-(a+z)£J z<0
(6 )

■ 9 i /•»
with a = E /eF, and 0 = (2m eF/h ) Here Al(z) Is the Airy

2 1 *
function, and E Is the energy of the first electron or hole

O
subband.

For a given value of the electric field F (or equivalently of
on

N , according to equation (4)), E and F are related by the
O

equation

¡a’ !
1 1 1

h V F 2----s~
2m

r n

where ja’, * 1.02 is the first zero of the derivative of the Airy 

function.21

Finally N is a normalization constant, defined by the 

relation

N =
2y‘

oo -27)jz-z j
J dz f z (z )  e 1 f 1 +-2tï j z - z t ! >

Once E and f(z) are determined for a given value of N , the 

mean value of the energy is obtained according to

ECrj, y) ( 8a ,
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= E + -V- <T)2 + ya)
° 2m

- 2

JOO CO
dz f2(z) fpdp

CO
fpdp h 2 2 

» v rJ
O 2 m 2 2. 3, ,2 

r P +i> (z-z()

cv̂ sa+:z-z )2

_ /a  2 ÏT T? - 2vy p +5 (z -z  )
(8b)

Minimization of (8b) with respect to 7} and y gives the 

minimum value E . so ue define the Impurity binding energy as

E(N ,z ) a - E * E
i oln o (9)

In addition to the binding energy, the expectation values <p>

and \/< (Z'Zj )2> are relevant quantities which are useful to 

ascertain the accuracy of a trial wave function, as they provide 

some insight into its spatial extension. It should be pointed out 

that our trial wave function is an exact solution of the 

Hamiltonian (1) in both limits N2D-> 0 and N2D-> <».
2D *

For N -> 0 and z *0, f(z)-iconstant, y-MHl/a and Eq. (5)
‘ O

reduces to the ground state of the three-dimensional hydrogen atom

V*(r; -»

/ a  2 • -vp *'z /a.

, * 3 ,1 / 2  (na )
( 10)

2 *  2 
e h V m  e . Also thewith a (the effective Bohr radius)O

expectation values of the different magnitudes approach 

asymptotically the corresponding 3D limits:

E(NaD-tf,0) -» Ry*= “ e
2c8 h2

(11)

<p> -* g n % (12)

/<z > -> a (13)

For .»J -»a and z = 0, f(z) -* 5(z). j '2, n 0 ar.d

expression (5) reduces to the ground state of a two-dimensional 

hydrogen atom

#C?) - » [ A ï]

t/2 -2p/a
e 0 (14)

with corresponding values of the expectation values

E(N2°-*»,0) -> 4Ry (IS)

<p> -> a /2 ( 16)

/<z2> ->0 (17)

The values of the physical parameters we use In the 

calculations are m = 0.0667m , m = 0.30m 22 (m is the free
e o h  o o

electron mass) and c = 12.5. The equivalent three-dimensional
* •

e f f e c t iv e  Rydberg energy (Ry ) and Bohr rad iu s (a ) w ith  these
o

parameters are 6 meV (26meV) and 100 A (22 X) for donors 

(acceptors). The corresponding two-dimensional effective Rydberg 
• • „ 

energy (4Ry ) and Bohr radius (a /2) are 24 meV (!04meV) and SO AO
(11 A) for donors (acceptors).

III. Results and Discussion

In Fig. 1 the on-center (z( = 0) donor (left scale) and 

acceptor (right scale) binding energies are plotted as function 

of N2D.
2D

For small values of N , the triangular potential Is very

shallow, and both the donor and the acceptor binding energies
2D

approach asymptotically their respective 3D limits. For N s 
*0 2

10 /cm It Is hard to distinguish any confinement effect.
2D

For larger values of N , the triangular potential becomes 

deeper, with a consequent increase of the binding energies, 

towards the maximum value of 4Ry corresponding to a 2D hydrogen 

atom.

Note that for the maximum concentration of impurities shown
2D 14 2

In Fig. t, N = 1 0  /cm , the values obtained for the binding 

energies are still far from the strict 2D limit (4Ry ). We have 

checked, h ver, that for huge (unphysical) lapurlty



concentrations the curves of Fig. 1 approach asymptotically their 

respective 2D limits.

From the results shown in Fig. 1 It Is clear also that the 

donor impurity approaches the 2D U nit faster than the acceptor 

impurity: for example. If N20 = iOlV c m 2, the ratio E(N ,0)/4Ry 

takes the values of 0.71 and 0.S8 for donors and acceptors.•  •
respectively. This has to do with the fact that because < mh>

the wave function of the electron Is more extended Ir. the

z-dlrectlon (for the same electric field) and consequently feels

the narrowing of the triangular well more intensely than the wave

function of the hole.

We display In Figures 2 and 3 the donor and acceptor binding

energies, respectively, this time versus the impurity position z ,
20

for three different values of N .

As expected on physical grounds, the binding energies are 

monotonic decreasing functions of going from a maximum value

for z » 0 to very small values for |zi| >> V<z > (see below). 

This Is a consequence of the decreasing weight of the electron (or 

hole) wave function at the impurity position for increasing values 

of V

When zi = 0, the maximum binding energy corresponds obviously 

to the greater N2“ (full line In Figures 2 and 3). However, when 

for a given impurity concentration, z( is larger than the 

corresponding impurity extension In the z-directlon (roughly given

by y<z2>) we expect larger binding energies for decreasing values 

of N20. This explains the crossover among the three curves 

observed In both figures.

As a consequence of the more localized character of the hole 
• •

wave function (m <m ), the crossover Is found for smaller values 
a h

of z( In the acceptor case (Fig. 3). We will return back to this 

point In our discussion of the vertical and lateral Impurity 

extensions given below.

Finally, we present In Figures 4 and 5 the lateral (<p>) and

vertical ( ¿ ¡ S )  extensions for the donor and acceptor impurities, 

respectively. In both figures z(=0.

The dashed line ( )  corresponds to the mean value of theO
vertical extension, calculated with the exact solutions of 

H (f(z)). The result Is given by a closed analytical expressionO ,

7

. .--- - jaj | ,
/<z > = v A ----j ■ ■ _  a (18)

(4ita N ) °0

8 3
where A Is a constant defined by A = ™  11* -----  )-

15 ®!a j I

In the 3D limit of low impurity concentrations, the lateral 

and vertical extensions <p> and approach asymptotically the
« •

above mentioned 3D limits Sira^/8 and a^, respectively. In the 2D 

limit of high impurity concentrations, the lateral extension 

should approach the value a /2 (equation (16)), while the©
vertical extension should go to zero, as consequence of the 

narrowing of the triangular well. The results shown In Figures 4 

and 5 corresponds to a smooth crossover between both limits.

The comparison between V<z2> and S<z2> shows nicely theO
complementary role played by f(z) and the exponential term In the 

trial wave function (equation 5). In the 3D limit, the 

exponential term Is essential to give the correct physics (note

that diverges in this limit), while in the 2D limit, the

confinement in the z direction is progressively given by the 

functions f(z) alone.

Note that In the donor case, for the highest impurity
2D 14 2 °

concentration N = 1 0  /cm , the lateral extension <p> « 6S A, 

still away from the 2D limit a /2 =« 50 this indicates againO
that for this value of N20 the donor Impurity is not in the 

complete 2D regime.

The same conclusion holds for the acceptor case, with the 

difference that, as explained above, the 2D limit is reached more 

slowly than in the donor case. For example, for N30 » lo’V c m 2,
*

<p>/(a /2) takes the values 1.3 and 1.6 for donors and acceptors,O
respectively. (In the complete 2D limit, the ratio must be 1).

As mentioned above, the fact that the crossover found among 

the different curves In Fig. 2 and 3 occurs for smaller values of 

zi for acceptors than for donors, can be explained with the 

results of Fig. 4 and 5. As can be seen from these figures, for

any value of N2D. (.■/<z2>) , . >> (v^z2» .  , , and
v  electrons holes

/ 2
consequently, the condition z^ « v<z > and the corresponding 

crossover is fulfilled earlier for the acceptors.

8



In summary, we have calculated, within the effective mass 

approximation, the ground-state binding energy and spatial 

extension of donor and acceptor shallow impurities In triangular 

GaAs quantum wells.

The binding energy of on-center hydrogenlc impurities In 

triangular GaAs quantum wells Increases monotonlcally from the 30 

limit (low impurity concentrations) to the 2D limit (high impurity 

concentrations). This is in contrast with the behavior of shallow 

Impurities in GaAs-Gaj ^Al^As quantum wells, where at the zero 

thickness well limit, in the realistic case of a finite barrier, 

the electron (hole) wave function is entirely in Ga A1 As and»-X X
one recovers the bulk (3D) value of the binding energy of the 

donor (acceptor) in this material.

For a typical value of the triangular potential
20 13 2

(N a 10 /cm ) while the lateral extension of the impurity is 

given by the Coulombic attraction between carrier and Impurity, 

the vertical extension is essentially given by the confinement 

effect of the triangular potential.

We believe that the results presented In this work may be 

useful in the quantitative understanding of future experimental 

work on shallow impurities In sawtooth-doped super lattices.
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Figure. Caption?

Fig. 1: On-center ^ = 0 )  doror (left scale) and acceptor (right

scale) binding energies as function of impurity 
2D

concentration N .

Fig. 2: Donor binding energy versus Impurity position z for three
2D 14 2

values of impurity concentration:----  N ■ 1.25>>10 /cm ,

—  N20 = 1.25x 1013/c b 2, ... NZD * 1.25xl0,2/cm2.

Fig. 3: Acceptor binding energy versus Impurity position z for
20 ' 

the same three values of N as In Fig. 2.

Fig. 4: Lateral (<p>)and vertical (■/<zi>) donor extension as 

function of donor concentration ; Z( = 0. Oas.“.<*d line: 

vertical extension calculated with the exact solutions of 

H (er-'tion (18)).
O
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Fig. 5: Lateral (<p>) and vertical (V|l<z*>) acceptor extension as 

function of acceptor concentration; Z( * 0. Dashed line: 

vertical extension calculated with the exact solutions of 

H (equation (18)).
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