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ABSTRACT
The simplest model for the evolution of the mean-value of a surface gravity wave propagating in a random bottom has been connected
with the telegrapher’s equation. This analysis is based on the comparison of the mean-value solution of dispersive plane-wave modes
propagating in a binary exponential-correlated disordered floor with the solution of the homogeneous telegrapher’s equation. Analytical
results for the exact dispersion-relation are presented. In addition, the time-dependent analysis of mean-value monochromatic waves is also
shown.
© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0049572

I. INTRODUCTION

Physical and biological oceanography are nowadays crucial
areas of investigation in preventing degradation of the surface of the
Earth because they are critical for climate systems.1 From a physi-
cal point of view, surface gravity waves are wave motions occurring
at the interface between the atmosphere and the mirror of water; the
study of this complex system is a phenomenon of crucial importance
for the future of Earth’s ecology. Linear and non-linear approxima-
tions are of relevance in the analysis of surface gravity and capillary
waves.2

Bottom topography structure is a key ingredient to be taken
into account to describe the evolution of surface waves. Several
approaches have been introduced to study wave motion in random
media; for example, an amplitude equation was proposed to study
non-linear effects and disorder,3 experimental acoustic sensing,4
integro-differential equations combining KdV and Burgers terms,5
and the analysis of surface waves at a wavy bottom.6

In general, wave propagation in disordered media has been an
important subject of investigation, mainly for its diversity in phys-
ical and engineering applications, allowing prediction of dissipa-
tion and dispersion in the propagation of waves in random media
(WRM). Most of the results presented in the analysis of WRM
are based on the dispersion relation obtained from the first order

smoothing approximation.7,8 This dispersion relation has been used
in the past for a number of applications in oceanography: waves
in an irregular depth,9 water wave scattering,10 shear waves (on a
Couette flow), internal and inertial waves, Rossby waves, and Kelvin
and edge waves.7 These mean-value solutions are meaningful only
when the perturbation is small, while it is clear that these cannot
tell us how a coherent wave-motion is affected by general random
inhomogeneities, which is the main goal of the theory of WRM.
The failure of standard perturbation expansion is well known,8 so
in view of these difficulties, exact solutions of toy models are always
welcome.

In addition, other approaches have been used to tackle funda-
mental problems of WRM, and the most successful ones belong to
the effective medium approximation.11–13 In the analysis of disor-
der in a continuous random media, we can mention sound propa-
gation,14 diffusion in random media,15 and electromagnetic waves
through disordered media.16

In a recent paper,17 it was noted that for space exponential-
correlated symmetric binary disorder, the mean-value of a generic
field in a random media can be found in an exact way. Notably,
from these results, the mean-value of a surface wave propagating in
a binary disordered bottom can also be studied.18

Two important results are presented in this article: first, the
exact dispersion-relation for the simplest model of a 1D surface
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gravity wave on a random bottom (a free surface in the absence
of any forcing or rotational effect) and second, the connection of
a mean-value gravity wave with the solution of the homogeneous
telegrapher’s equation (TE) as well as the characterization for the
rate of absorption of energy. We have compared monochromatic
surface waves in random media with plane-wave solutions of the TE.
This hyperbolic TE has recently been used in many areas of research:
neuroscience,19,20 electric transmission lines,21 asymptotic diffusion
from Boltzmann scattering,22 electromagnetic analysis in multilay-
ered conductor planes,23 and the application of the TE in 2D and 3D
for engineer problems.24 In this manner, adopting the TE to repre-
sent the mean-value evolution of a surface wave contributes to the
understanding of surface waves on a random bottom. In general, the
TE is well understood while the challenging problem of surface grav-
ity waves on a randomly irregular floor still remains to be solved
in many aspects, so the present contribution is highlighted in that
direction.

II. PROPAGATION OF OCEAN WAVES
IN A RANDOM BOTTOM

It is well known that the propagation of small-amplitude sur-
face gravity waves with characteristic wavelength comparable to
the depth is governed by Laplace’s equation together with a Neu-
mann boundary condition at the bottom (z = −H). Thus, a linearized
kinematic-dynamic boundary condition (at z = 0) leads to the evo-
lution equation for surface gravity waves. If the bottom is irregular,
H → H(x, y); this random boundary problem is much more com-
plex to be worked out, and it is not covered by the usual (optic)
theory of WRM. While long surface gravity waves over an irregular
bottom are much simpler to be tackled, this evolution equation for
the free surface ψ was proposed many years ago9,10 [see Eq. (1) for the
1D case]. That is to say, here, the free surface ψ = ψ(x, t) is consid-
ered a one-dimensional wave propagation over a one-dimensional
topography, and this simplifies the analysis but does not eliminate
the effects that we want to illustrate. In the present section, we will
present the exact mean-value solution for this evolution equation
when the irregularity, at the bottom, is emulated by an exponential-
correlated symmetric binary process: ξ(x) = ±Δ,∀x ∈ (−∞,+∞)
(see Fig. 2 in the Appendix).

Following Refs. 7, 9, and 10, consider the 1D random sur-
face gravity wave evolution equation (with appropriated initial
conditions),

[∂2
t − v2∂2

x]ψ(x, t) = [∂xξ(x)∂x]ψ(x, t). (1)

In order to study the dispersion-relation of this surface wave, it is
convenient to use symmetric initial conditions,

ψ(x, t)∣t=0 = δ(x) and ∂tψ(x, t)∣t=0 = 0. (2)

In this context, in Eq. (1), the operator [∂2
t − v2∂2

x] corresponds to
the (ordered) Green’s wave operator, and ∂xξ(x)∂x corresponds to
the random perturbation operator, which explicitly depends on the
stationary random binary field ξ(x). The total quantity v2 + ξ(x)
≥ 0,∀x ∈ (−∞,+∞) takes into account fluctuations from the ran-
dom bottom (see the Appendix). We note that for a generic per-
turbation, the requirement of a space-correlated disorder bounded

from below is something that prevents the use of a Gaussian disorder
in a perturbation theory, while a binary disorder13,15,17 or a Poisson
disorder is suitable.25

In particular, symmetric binary disorder with exponential-
correlation allows exact calculations.26 In the Laplace representa-
tion, the mean-value of the random field (1) can be solved, and its
solution is18

⟨ψ(k, s)⟩ = s
s2 + (v2 + γ1(k, s))k2

with

γ1(k, s) = Δ
2

v2

⎛
⎜⎜
⎝

s
∣v∣
( 1
λ +

s
∣v∣
)

(( 1
λ +

s
∣v∣
)

2
+ k2)

− 1
⎞
⎟⎟
⎠

. (3)

Here, for the stationary symmetric binary disorder ξ(x), we have
used the two-point correlation function,28

⟨ξ(x1)ξ(x2)⟩ = Δ2 exp(−∣x1 − x2∣/λ), (4)

with a characteristic space correlation length λ. For Δ ≤ v2, formula
(3) gives the exact dispersive character of the mean-value of a wave
packet propagating in a binary disordered medium.

From this result, we can study the dispersion-relation s = s(k)
for plane-wave-like modes as a function of the disorder’s correlation
length λ, intensity 0 ≤ Δ ≤ v2, and wavelength 2π/k. In what follows,
we will be interested in strong disorder, while the weak disorder case
can also be analyzed in a similar way. In the case of strong disor-
der, there are space realizations, where the quantity v2 + ξ(x) can be
zero, in the random equation (1), for some particular space position
x (zero point measure).

For strong disorder, Δ = v2, the dispersion-relation for the
mean-value of a plane-wave-like mode follows putting γ1(k, s)∣k=0
into ⟨ψ(k, s)⟩. That is to say, v2 + γ1(k = 0, s) represents the effec-
tive velocity of the wave-motion. Thus, the dispersion-relation can
be studied by taking the inverse Laplace transform of the auxiliary
function,

ψ(k, s) = s
s2 + v2

eff(0, s) ,

where
v2

eff(0, s) = s∣v∣
(1/λ + s/∣v∣) . (5)

Due to the presence of disorder, the field ψ(k, s) can have a real
part in the complex k-structure of poles s±(k), leading to damping
in the wave evolution, that is,

ψ(k, s) = ∣v∣/λ + s
(s − s+)(s − s−)

with
s± =

∣v∣
2λ
(−1 ±

√
1 − (2λk)2). (6)

After taking the inverse Laplace transform of ψ(k, s) and multiplying
ψ(k, t) by e−ikx, we get two dispersive plane-waves propagating in
opposite directions if 2λk > 1, that is,

ψ(k, t)e−ikx = ∣v∣
λ
( es+t − es−t

s+ − s−
)e−ikx + ( s+es+t − s−es−t

s+ − s− )e−ikx. (7)
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Damping evolution in this dispersive plane-wave is characterized
by the rate ∣v∣/λ. From (6), we see that there is oscillatory propa-
gation only if ∣2λk∣ > 1, that is, when the wavelength is shorter than
twice the correlation length of the disorder. For times t ≫ 2λ/∣v∣,
the wave has completely been damped. In addition, from (7), and
for k ∈ [− 1

2λ , 1
2λ ], we see that for strong disorder, there is a gap in the

k-axis where the dispersive wave is non-propagating, and this fact
is similar to Anderson’s localization approach. While our result is
similar to that of Anderson’s localization, we noted that Eq. (1) is
different from the evolution equation for the propagation of electro-
magnetic waves in a medium with a random dielectric constant and
unit permeability.8

In the limit λ→ ∞, the local disorder ξ(x) turns to be a con-
stant; in this limit, the localized wave disappears, and we recover
a free wave evolution [limλ→∞s±(k) → ±ivk] showing two plane-
waves moving in opposite directions, eik(x±vt), due to the initial
condition (2).

For a wave propagating in a weak disordered medium, 0 < Δ
< v2, there can be two little twin localized gaps (symmetric) around
the origin in the k-axis (see Ref. 29). We note that in the strong
disorder limit, Δ→ v2, these gaps collapse to only one for ∣2kλ∣ < 1.

In the weak disorder regime and for an intensity such that
0 < 1 − (Δ/v2)2 < 1/9, oscillatory damped waves can exist outside
the twin localized gaps.

For very weak disorder 1/9 < 1 − (Δ/v2)2 < 1, the twin local-
ized gaps disappear, approaching the ordered case without damping
(limit Δ→ 0). These results can be seen from the analysis of poles of
the general solution (3) (see Ref. 29).

III. PLANE-WAVE MODES IN THE TELEGRAPHER’S
EQUATION

The TE [∂2
t + 1

τ∂t − v2∂2
x]ϕ(x, t) = 0 has been used, in the past,

for many purposes, for example, in ballistic-diffusion problems;31–33

here, we will present an application of the TE in the context of
propagation of surface gravity waves in a random bottom.

In Laplace’s representation, the TE looks like

[s2 + s
τ
− v2∂2

x]ϕ(x, s) = s(s + 1/τ)δ(x),

with

ϕ(x, t)∣t=0 = δ(x), ∂tϕ(x, t)∣t=0 = 0, (8)

these initial conditions represent a symmetric pulse propagating in
both directions. In the Fourier–Laplace representation, the solution
of the telegrapher’s field is

ϕ(k, s) = ∫
∞

0
dt e−st∫

+∞

−∞
dx eikx ϕ(x, t)

= s(s + 1/τ)
s(s + 1/τ) + v2k2

= s(s + 1/τ)
(s − s−)(s − s+)

(9)

with

s± =
1

2τ
(−1 ±

√
1 − (2vτk)2). (10)

A dispersive plane-wave can be studied by taking the inverse
Laplace transform of ϕ(k, s) and multiplying this time-dependent
function by e−ikx. From these considerations, we see that only for
2vτk > 1, an oscillatory evolution can be obtained. That is to say,
dispersive plane-wave modes from the TE have the following form:

ϕ(k, t)e−ikx = 1
τ
( es+t − es−t

s+ − s−
)e−ikx + ( s+es+t − s−es−t

s+ − s−
)e−ikx. (11)

A plane-wave mode can only exist for short wavelength, k−1 < 2vτ,
before the damping completely eliminates the wave. The dissipa-
tion of power per unit volume is characterized by the telegrapher’s
parameter τ−1 (see, for example, Ref. 30). As expected for τ →∞, we
recover a free monochromatic evolution.

In addition, for time scales s−1 ≫ τ, the solution of the TE goes
to ϕ(k, s) → s/τ

s/τ+v2k2 ; that is, it approaches the expected diffusion-
like behavior at long times with the diffusion coefficient D = τv2.
In this last regime, the solution of the TE does not present any
wave-motion.

IV. ATTENUATION OF GRAVITY WAVES
ON A RANDOM BOTTOM
A. Surface waves on a random bottom
and the solution of the telegrapher’s equation

For short time scales t < τ, and comparing the dispersive plane-
wave of the TE (11) against the mean-value of a dispersive plane-
wave in a random bottom (7), we see that both results have the same
solution if we identify

τ → λ/∣v∣. (12)

That is, the rate of energy absorption, proportional to τ−1 in the TE,
is equal to the rate of energy dissipated by a surface wave propa-
gating at velocity v in a strong disordered random bottom with a
correlation length λ.

On the other hand, as it is well known, for long time scales
t ≫ τ, the solution of the TE ϕ(x, t) approaches a diffusion packet,
indicating the demolition of the surface gravity wave. This behavior
can be seen by taking the inverse Fourier–Laplace of (9), in the limit
τs≪ 1.

We end by commenting that for very weak disorder with inten-
sity such that 1/9 < 1 − (Δ/v2)2 < 1, the twin localized gaps disap-
pear;29 thus, in this regime, a one-to-one correspondence between
the mean-values of a surface gravity wave in a random bottom and
the solution of the TE is not there.

B. Time-evolution of gravity waves on an irregular
floor

Plane-wave modes associated with the problem of dispersive
gravity waves can be easily studied in terms of the TE relation (12).
That is, the time-dependent analysis of the amplitude ψ(k, t) is given
by (7) for any wave number k. In particular, at short times t ≪ λ/∣v∣,
where λ is the correlation length of the disorder in the depth and v is
a characteristic velocity given in terms of parameters of the problem,
v2 = gH0 (here, g is the gravity and H0 is the mean depth); we expect
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FIG. 1. Plot of the time-dependent amplitude ψ(k, t) × 10 from (7) for v = λ = 1,
k = 0.45 (red squares), k = 2 (black triangle), and k = 6 (blue circles). A local-
ized mode can be seen for any ∣k∣ < 1/2. As expected by the relation (12) at
times scales t ≫ 1 (in this case, τ = 1), the propagation of any mean-value
monochromatic wave has been attenuated.

that for wave numbers outside the localized gap ∣k∣ > 1/2λ, there
will be attenuation and propagation. However, if ∣k∣ < 1/2λ, grav-
ity waves are non-propagating. In addition to these results, using the
relationship with the TE (11), we expect that at long times t ≫ λ/∣v∣,
when the telegrapher’s field ϕ(x, t) is diffusive, a mean-value surface
wave ⟨ψ(x, t)⟩ is completely attenuated.

Using dimensionless units (t′ → tv/λ and x′ → x/λ), we have
plotted in Fig. 1, from (7), the time-dependent behavior of amplitude
ψ(k, t) for several values of k inside and outside of the localized gap
for the strong disorder case.

V. CONCLUSIONS
We have studied, in the absence of any forcing or rotational

effect, the propagation mean-value of a 1D surface gravity wave on
a random floor. Calculations have been carried out by introduc-
ing projector operators and Terwiel’s cumulants in (1). This corre-
sponds to working out a linear kinematic approximation for long
surface gravity waves over an irregular bottom.7 In a recent paper,
the solution for the mean-value of a generic field was presented as
a series expansion in Terwiel’s cumulants, and it has been proven
that this series cuts when the disorder is binary with exponential-
correlation.18 Then, we have applied this result to tackle the exact
propagation and attenuation of surface waves on a randomly irregu-
lar floor. Thus, all conclusions in the present paper have been arrived
on the basis that the random bottom has been emulated by a space-
stationary exponential-correlated symmetric binary disorder ξ(x),
fulfilling v2 + ξ(x) ≥ 0,∀x ∈ (−∞,+∞) in (1).

The analysis of propagation and attenuation has been carried
out, calculating the exact dispersion-relation for plane-wave modes
from (1). Then, we have shown the occurrence of non-propagating

surface waves, similar to Anderson’s localization phenomena in solid
state physics.

In addition, in the present communication, the connection
between surface gravity waves propagating in a random bottom and
the time-evolution of the solution of the homogeneous TE has been
presented. This fact indicates that the rate τ−1 in the TE can be asso-
ciated with the dissipation of energy of a surface wave propagation in
a random floor with a space correlation length λ, that is, the relation
τ = λ/∣v∣ = λ/√gH0 presented in Eq. (12). We have shown that (for
short time scales: t < τ) dispersive plane-wave modes from the TE
corresponds to dispersive monochromatic modes of a mean-value
surface wave on a random bottom.

An interesting open suggestion is that the present approach
be extendeded to a higher dimension, for example, to study wave
attenuation in 2D with independent binary disorder in each axis
direction.
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APPENDIX: FREE SURFACE WAVE MOTION
ON A RANDOM BOTTOM

In the absence of any forcing or rotational effects, the free
surface ψ obeys the wave equation,7

g∇ ⋅ (H∇ψ) − ∂2
t ψ = 0, (A1)

where g is the gravity, ∇ is the two-dimensional gradient operator,
and

H = H0(1 + ξ(x, y)). (A2)

Here, we have taken the ocean floor to be located at z = −H(x, y),
where H(x, y) = H0[1 + ξ(x, y)]. Thus, H0 is a constant (the mean
depth), and ξ(x, y) is a centered 2D random field with x and y being
the horizontal coordinates.10 In Fig. 2, we present a sketch of the 1D
motion of a free surface propagating on an irregular bottom.

In 1D, we can write Eq. (1) with the constraint v2 + ξ(x) ≥ 0,
where v2 = gH0 and the random function ξ(x) emulates the fluctua-
tions on the bottom. In particular, in order to find the exact solution

FIG. 2. Representation of a free surface ψ(x, t) wave propagating on a randomly
irregular floor with space exponential-correlated fluctuations ξ(x).
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of the 1D version of (A1),18 we assume a symmetric stationary (in
space28) binary stochastic process ξ(x) = ±Δ,∀x ∈ [−∞,+∞]. This
is the so-called (Markov in space) a dichotomic process,12 which is
characterized by the correlation function (4); therefore, λ is the space
correlation length, and Δ is its intensity. If the binary disorder has
not an exponential correlation function (for example as in the case of
an intermittent disorder27) the problem cannot be solved in an exact
way and it must be worked out invoking a perturbation theory.13
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The data that support the findings of this study are available
within the article.

REFERENCES
1J. Kirk Cochran, H. J. Bokuniewicz, and P. L. Yager, Encyclopedia of Ocean
Sciences, 3rd ed. (Academic Press, 2019).
2Y. Uchiyama, “Surface gravity and capillary waves,” in Encyclopedia of Ocean
Sciences, 3rd ed. edited by J. Kirk Cochran, H. J. Bokuniewicz, and P. L. Yager
(Elsevier, 2019), Vol. 3, pp. 672–681.
3J. Thomas and R. Yamada, “An amplitude equation for surface gravity wave-
topography interactions,” Phys. Rev. Fluids 3, 124802 (2018).
4B. Cho and N. C. Makris, “Predicting the effects of random ocean dynamic pro-
cesses on underwater acoustic sensing and communication,” Sci. Rep. 10, 4525
(2020).
5M.-R. Alam and C. C. Mei, “Attenuation of long interfacial waves over a
randomly rough seabed,” J. Fluid Mech. 587, 73–96 (2007).
6F. Ardhuin, “Large-scale forces under surface gravity waves at a wavy bottom: A
mechanism for the generation of primary microseisms,” Geophys. Res. Lett. 45,
8173–8181, https://doi.org/10.1029/2018GL078855 (2018).
7L. A. Mysak, “Wave propagation in random media, with oceanic applications,”
Rev. Geophys. Space Phys. 16, 233, https://doi.org/10.1029/rg016i002p00233
(1978).
8N. G. van Kampen, “Stochastic differential equations,” Phys. Rep. 24, 171 (1976).
9G. F. Carrier, “Stochastically driven dynamical systems,” J. Fluid Mech. 44,
249–264 (1970).
10M. S. Howe, “On wave scattering by random inhomogeneities with applications
to the theory of weak bores,” J. Fluid Mech. 45, 785–804 (1971).
11M. Sahimi, Heterogeneous Materials I: Morphology and Linear Transport and
Optical Properties, Interdisciplinary Applied Mathematics (Springer, NY, 2000).
12M. O. Cáceres, Non-Equilibrium Statistical Physics with Application to Disor-
dered Systems (Springer, Berlin, 2017), ISBN: 978-3-319-51552-6.
13M. O. Cáceres, “Finite-velocity diffusion in random media,” J. Stat. Phys. 179,
729–747 (2020).
14W. A. Kuperman and H. Schmidt, “Rough surface elastic wave scattering in a
horizontally stratified ocean,” J. Acoust. Soc. Am. 79, 1767 (1986).
15A. Valle, M. A. Rodriguez, and L. Pesquera, “Diffusion in a continuous medium
with space-correlated disorder,” Phys. Rev. A 43, 948 (1991).
16A. Sheikhan, N. Abedpour, R. Sepehrinia, M. D. Niry, M. Reza Rahimi Tabar,
and M. Sahimi, “Anderson localization and propagation of electromagnetic waves
through disordered media,” Waves Random Complex Media 20, 191 (2010).
17M. O. Cáceres, “Stochastic PDEs, random fields and exact mean-values,” J. Phys.
A: Math. Theor. 53, 405002 (2020).

18M. O. Cáceres, “Comments on wave-like propagation with binary disorder,”
J. Stat. Phys. 182, 36 (2021).
19M. F. Bear, B. W. Connors, and M. A. Paradiso, Neuroscience: Exploring the
Brain, 4th ed. (Wolters Kluwer, NY, 2016).
20K. H. Pettersen and G. T. Einevoll, “Neurophysics: What the telegrapher’s
equation has taught us about the brain,” in An Anthology of Developments in
Clinical Engineering and Bioimpedance: Festschrift for Sverre Grimnes, edited by
Ø. Martinsen and Ø. Jensen (Unipub forlag, Oslo, Norway, 2009).
21S. Kühn, “General analytic solution of the telegrapher’s equations and the result-
ing consequences for electrically short transmission lines,” J. Electromagn. Anal.
Appl. 12, 71–87 (2020).
22S. I. Heizler, “Asymptotic telegrapher’s equation (P1) approximation for the
transport equation,” Nucl. Sci. Eng. 166, 17–35 (2010).
23Y. Shlepnev, “Coupled 2D telegrapher’s equations for PDN analysis,” in 2012
IEEE 21st Conference on Electrical Performance of Electronic Packaging and
Systems, Tempe, AZ (IEEE, 2012), pp. 171–174.
24F. Ureña, L. Gavete, J. J. Benito, A. García, and A. M. Vargas, “Solving the
telegraph equation in 2-D and 3-D using generalized finite difference method
(GFDM),” Eng. Anal. Boundary Elem. 112, 13–24 (2020).
25M. O. Cáceres, “Exact results on Poisson’s noise, Poisson’s flights and Poisson’s
fluctuations,” J. Math. Phys. (submitted) (2020).
26Any m-fold integral appearing in the series expansion for the solution of the
random field Eq. (4) in Ref. 18 can be reordered in space, leading to the con-
clusion that for the particular case of exponential-correlated symmetric binary
disorder all Terwiel’s cumulants ⟨ξ(y1) ⋅ ⋅ ⋅ ξ(y2n)⟩T are zero for n > 1. This is
so because the space sequence . . ., yj, yj+1, . . ., can be ordered in each cor-
responding domain of integration, and odd cumulants are zero by symmetry.
We noted that any Terwiel cumulant can be written using projector operators
P as ⟨ξ(y1) ⋅ ⋅ ⋅ ξ(yn)⟩T = Pξ(y1)(1 −P)ξ(y2) ⋅ ⋅ ⋅ (1 −P)ξ(yn) (see Refs. 12
and 17). If the disorder had a non-exponential correlation structure, for example,
for an intermittent binary process,27 this series expansion would be the starting
point to introduce the effective medium approximation to solve the mean-value
of the field.13 Here, we are interested in the study of an exact mean-value wave
propagation, which is why we only use a space-stationary exponential-correlated
symmetric binary disorder ξ(x) of intensity 0 ≤ Δ ≤ v2.
27I. McHardy, M. Nizama, A. A. Budini, and M. O. Cáceres, “Intermittent waiting-
time noises through embedding processes,” J. Stat. Phys. 177(4), 608–625 (2019).
28Space stationary in the sense that any n-moment of the random field ξ(x)
fulfills translational invariance: ⟨ξ(x1 − X)ξ(x2 − X) ⋅ ⋅ ⋅ ξ(xn−1 − X)ξ(xn − X)⟩
= ⟨ξ(x1)ξ(x2) ⋅ ⋅ ⋅ ξ(xn−1)ξ(xn)⟩,∀X. We note here that for the present
symmetric binary disorder any 2n-moment breaks in the form
⟨ξ(x1)ξ(x2)⟩ ⋅ ⋅ ⋅ ⟨ξ(x2n−1)ξ(x2n)⟩ if the sequence is ordered: x2

≥ ⋅ ⋅ ⋅ ≥ x2n−1

≥ x2n. This is the key ingredient to prove that Terwiel’s cumulants, for the present
binary disorder, cancel for order higher that the second one (see Ref. 18).
29The two twin localized gaps follows from the analysis of positivity of the dis-
criminant of a plane-wave mode associated to the general solution (3) for any value
of the disorder intensity Δ, that is, K4

> (1 + (18 − 27χ)χ)K2
− 16χ, χ ∈ (0, 1)

with K ≡ 2kλ, χ ≡ 1 − (Δ/v2
)

2.
30J. M. Pearson, A Theory of Waves (Allyn & Bacon, Boston, 1966).
31J. Masoliver and G. H. Weiss, “Finite-velocity diffusion,” Eur. J. Phys. 17, 190
(1996).
32A. Compte and R. Metzler, “The generalized Cattaneo equation for the descrip-
tion of anomalous transport processes,” J. Phys. A: Math. Gen. 30, 7277–7289
(1997).
33M. O. Cáceres and H. S. Wio, “Non-Markovian diffusion-like equation for
transport processes with anisotropic scattering,” Physica A 142, 563 (1987).

AIP Advances 11, 045218 (2021); doi: 10.1063/5.0049572 11, 045218-5

© Author(s) 2021

https://scitation.org/journal/adv
https://doi.org/10.1016/B978-0-12-409548-9.11465-4
https://doi.org/10.1016/B978-0-12-409548-9.11465-4
https://doi.org/10.1103/physrevfluids.3.124802
https://doi.org/10.1038/s41598-020-61043-w
https://doi.org/10.1017/s0022112007007112
https://doi.org/10.1029/2018GL078855
https://doi.org/10.1029/rg016i002p00233
https://doi.org/10.1016/0370-1573(76)90029-6
https://doi.org/10.1017/s0022112070001829
https://doi.org/10.1017/s0022112071000338
https://doi.org/10.1007/s10955-020-02553-9
https://doi.org/10.1121/1.393238
https://doi.org/10.1103/physreva.43.948
https://doi.org/10.1080/17455030903506054
https://doi.org/10.1088/1751-8121/aba655
https://doi.org/10.1088/1751-8121/aba655
https://doi.org/10.1007/s10955-021-02699-0
https://doi.org/10.4236/jemaa.2020.126007
https://doi.org/10.4236/jemaa.2020.126007
https://doi.org/10.13182/nse09-77
https://doi.org/10.1016/j.enganabound.2019.11.010
https://doi.org/10.1007/s10955-019-02381-6
https://doi.org/10.1088/0143-0807/17/4/008
https://doi.org/10.1088/0305-4470/30/21/006
https://doi.org/10.1016/0378-4371(87)90043-4
Manuel
Highlight

Manuel
Sticky Note
in press




