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Introduction.

In these lectures (***) we discuss the properties of the elementary modes of 
excitation associated Avith the dynamical breaking of the number-of-particle 
symmetry, and the fleld-theoretical methods which allow for a systematic study 
of the coupling between the difEerent nuclear degrees of freedom.

I ;  Pairing modes of excitation in nuclei.

1. — Pairing rotations.

l ' l .  The pairing interaetion. -  It is well known that a contact interaction 
in a ( f y  conflguration strongly depresses the 1 =  0 state [1]. This speciñcity 
is able to develop also when several j-shells are present. In this case, the -wave 
function of the two-particle system can be written as

(1.1)

(*) Partially supported by ERDA contract numhter AT(11-1)-3001.
(**) Permanent address. /
(*•*) Many of th.e ideas presented liere liave originated in discussions witli A. Bohb 
and B. Mottelson.
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■where |0> is the Tacuum  state and a] creates a partióle in the orbital j with 
time-reversal properties =  (— 1 The amplitudes a,- are deter-
inined by the secular equation

(1.2) (26, -  í;)  a, =  I  +  h)*G{r, r ,  j,
/

■where s¡ is the single-particle energy associated with the j-orbital. If we re- 
place all radial integráis (*) G{j', j', j, j) by an average valué G, the eigenvalues E  
are given by the dispersión relation

(1.3)

The nature of the solution is illustrated in fig. 1. When E  goes from a valué 
smaller to a valué larger than 2s¡, F{E) decreases from oo to — oo . As E 
passes through the origin to negative valúes, F{E) decreases from oo to zero. 
The eigenvalues E  are given by the intersection of F(E) with the line F(E) =

Fig. 1. -  Dispersión relation (1.3) for "°®Pb. The singlc-hole states available to the 
two neutrons are PmiO), f^i^O.51), p^/ îO-SÍ)), tu/^íl.eS), f,i^{2.34) (from ref. [12]). The 
label a denotes the quantum numbers ( j ,m) .

(*) For a contact interaction, G{j ’ , j ’ , j , j )  =  — {VJ4n)ju*'\r)u^¡(r)r^dr.



While all other eigenvalues are trapped between the unperturbed energies 26,, 
the ground-state correlation can freely increase as O increases.

If the nucleus was a large box with the states j belonging to a continuum, 
eq. (1.3) would indícate that there would exist a bound state for an arbitrarily 
weak coupling, provided that the potential 'would be attractive near the Permi 
surface. This result was flrst pointed out by Cooper  in connection with the 
problem of electrons moving in a metal at low temperatures [2]. Coo pee  sug- 
gested that the instabihty of the normal phase was due to pairs of electrons 
entering this type of bound state and giving rise to a condénsate. The sche- 
matic pairing interaction

(1.4) H„ =  - | ( p t p  +  P p t ) ,  

where

(1.5) P ^ =  =  2 2  - i V j T Í
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j m >0 V2

gives rise to the type of correlations discussed above, in particular to the phe- 
nomenon of condensation. In what follows x̂e discuss in detail the static and 
dynamic consequences of these correlations in nuclei.

1'2. Exact many-body solution of the pairing interaction. -  We consider the 
case of identical partióles moving in a degenerate sheU and interacting through 
the monopole pairing interaction. The model is not only appropriate— since 
it has no other degrees of freedom—but also simply solvable [3, 4]. The 
operators P^, P  and

(1 -6 ) =
' «l

obey the same 811̂  commutation algebra as, e.g., the angular-momentum 
components I_  and respectively. The Hamiltonian (1.6) is diagonal 
in the representation characterized by the quantum numbers I  =  \{ü — v) 
and =  71, where v (=  0 , 1 ,...)  is the seniority quantum number, and n 
{ =  O, ±  ±  1 ,...) is the number of pairs missing or in excess from the middle 
of the Shell, Q =  j  ̂ being the pair degeneracy of the shell. The eigen­
values of H  are, in this representation,

(1.7a) E{v, n) =  — IG(Ü ~  v){Q +  2 -  r) +  .

The spectrum corresponding to =  8 is displayed in ñg. 2.
The matrix element of the two-particle transfer operator P  ̂ is given by

(1.76) (y', 7i'\P‘‘ \v, 7iy =  6{v, v')d(n', tí +  1) •
ü
O
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Fig. 2. -  Tho spootrum of a pairing forcé for eveii systeius with 7 i > 0  and degeneracy 
ü = 8 .  Eacli State is labelled by tlie quantum numbers The transfer matrix
elements are given witliin square brackets. They are normalized with respect to the 
matrix element <v =  O, .t: =  1 |P̂ |v =  O, ji =  0> =  3.7.

The dependence of the energy and of the transfer matrix element on v 
and n allows for a natural grouping of the le veis. States of the same seniority 
and different number of partióles can be interpreted as members of a collec- 
tive band: their energy displays a smooth dependence from n {i.e., they obey 
a law) and they are connected by enhanced and fairly constant matrix 
elements of the two-nucleon transfer operator. States belonging to different 
bands are widely separated in energy. Furthermore, none of the operators 
of the group connects levels belonging to different bands. This behaviour 
becomes more pronounced the smaller the valúes of v¡ü  and of \7i\¡ü become.

1'3. Umpirical evidenee on pairing bands. — Becsiuse of the nuclear shell struc- 
ture, the y-subshells are bunched together within a major shell, and a general 
tendency towards the degenerate model situation previously discussed is reallzed 
in actual nuclei, in particular in single-closed-shell nuclei (*). In what follows 
Ave discuss the experimental evidenee on pairing rotational bands accumulated 
on the Sn isotopes.

(*) The problem of pairing between nonidentical nucleons is discussed in sect. 4.
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The main term in the ni;clear binding energies is linear in the nuinber of 
partióles. Since tliis term is alien to the pairing degree of freedom, it must 
be subtracted before a eomparison ’nith the pairing rotational energies is made. 
The experimental binding energies thus corrected are displayed in fig. 3, where 
they can be seen to follow closely the rotational parabola (*).

The available results on two-neutron transfer cross-sections populating 0+ 
states in Sn nuclei are also given in fig. 3. It is apparent that the two impor-

neutron number

Pig. 3. -  Experimental energies of the J'' =  0+ states of the even Sn isotopes. The 
heavy drawn lines represent the valúes of the expression E  =  — B(Sn) +  +  8.501^ +  
+  45.3 (MeV), where the binding energies B{A )  (in MeV) aro taken from ref. [13]. The 
daslied line represents the parabola 0.10(^ — 65.4)^, which corresponds to a rotational 
energy parameter ñ^l2J =  0.040 MeV. Also displayed is the excited pairing rotational 
band associated with the pairing vihrational mode. In all cases where more than 
one J’' =  0+ State has been excited below 3 MeV in two-neutron transfer processes, 
the energy of the centroid is quoted, as well as the corresponding

i i
cross-section ^  o(0t). The quantity c(Of) is the relative cross-sections with respect 

(
to the ground-state cross-sections. The numbers along the abscissa are the ground- 
state (p, t) and (t, p) cross-sections normalized to the ii®Sn ■<-¡-ii®Sn(gs) cross-section. 
The (t, p) and (p, t) data utilized in constructing this figure were taken from ref. [14-16].

(•) However, the existence of other degrees of freedom (e.ff. oí the isospin degree of 
freedom) which also give rise to a quadratic dependence in the number of partióles 
makes the energy argument an indirect one. Quite generally, the main evideiice on 
the pairing degree of freedom comes from the two-particle transfer cross-sections.



tant features of the band description are well satisñed, namely i) the cross- 
sections populating the ground states are much stronger than the cross-sections 
populating excited states and ii) the ground-state cross-sections are fairly 
constant.

1'4. Collective interpretation of the pairing bands. -  A  deeper understanding 
of the nature of these collective bands is now called for.

The spectrum corresponding to the second term in (1.7a) is characteristic 
of a two-dimensional rotor with moment of inertia

(1 .8 ) ^  =  ÍÍ Î2G .

The number of pairs of partióles plays here the role of the angular-
momentum component I¡.. The dynamical variable conjugated to is an 
angular variable which plays a similar role as the azimuthal angle, in the case 
of two-dimensional rotations. It is called the gauge angle and fulflls the com- 
mutation relation

The spectrum (1.7a) can be reproduced by a Hamiltonian Avhich is a sum 
of two terms. The ñrst is the rotational kinetic energy in gauge space. The 
second is a function of the variables x  corresponding to the degrees of freedom 
which are independent of both the number of pairs and the gauge angle. Thus

The eigenfunctions of (1.96) describe a physical system rotating in gauge space 
with constant angular velocity <p =  ñn¡^. It is therefore convenient (*) to 
express these wave functions by utiUzing a frame of reference which rotates with 
the same angular velocity (p. The variable 93 speciñes the orientation of the 
rotating frame with respect to the laboratory (flxed) frame at each instant 
of time (**).

We label with a prime all quantities when expressed in the rotating frame, 
in which case they are scalars with respect to rotations in <p. In particular, 
the variables x', which describe the intrinsic degrees of freedom of the system.
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(’ ) The formalism coiicerning the quantal theory of rotations, and the interplay between 
partióle and collective degrees of freedom, can be applied here (cf. ref. [5,6]).
(**) Thus, *ve assume that it is possible to define an angle which is a function of the 
degrees of freedom of all the partióles, and which is the variable canonically conjugated 
to the number of pairs of partióles. In the present disoussion we only make use of the 
assumption that suoh an angle exists (for more details cf. ref. [5]).



The results of the exact calculation indícate that the intrinsic spectrum is 
labelled by the seniority quantum number v. Thus, the eigenfunctions of (1.96) 
can be Avritten as

(1 .1 0 ) f )  =  (27i)-^Ur{x') exp [inq}} .

The two frames of reference are related by a rotation in gauge space which 
is generated by the (unitary) transformation

( 1 . 1 1 )  0 { ( p )  =  e x p [ C T 9 ; ] ,

where <p is the rotation angle.
The operators P* and P  transform according to
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(1 .12)
=  G{(f)P'^G-\(p) =  exp[Í9)]P''^, 

P =  G{(p)P'G((p) = e x p [ - i ^ ] P '

Expressing P  ̂ in terms of P'^ and integrating over the gauge angle, one ob- 
tains the matrix element corresponding to transitions which do not change 
seniority

(1.13) < V > v , V)\P*\Wv,n{x', (p)y =
2Jt

1 ........=  <Mv(a?')|P'>,.(*')>
¿71

exp [t(jr +  1 — 7t')cp]á(p =

=  ó(7i', n  +  1)<M *')1^ •

Thus, the diagonal matrix element of the transfer operators does not vanish 
in the rotating frame, implying that Uv{x') is not an eigenstate of the number 
of partidos. This results can be understood by noting that the physical system 
forms, at all times, a ñxed angle 95» with the rotating frame of reference, and 
that the uncertainty in the number of partidos is related to that of 99 
by A q )d í7i ^ i .  The violation of the conservation law takes place, however, 
in the intrinsic frame, where no measurement can be carried out. On the 
other hand, the total wave function (1 .1 0 ), representing the physical system, 
is an eigenstate of the number operator in the laboratory frame with eigen- 
value 2n.

We define the intrinsic frame of reference as the particular rotating frame 
in which the expectation valué of the two-body transfer operator is real and 
positive. Thus

(1.14) =  «•■ =  rea l.



ÍTote that the factorization (1.10) can be only approximate. There are ternis 
coupling the rotation with the other degrees of freedom. In the present case, 
these terms are responsible for the termination of the band at 71 =  
for changes in the matrix elements of as a function of N, etc.

1'5. The intrinsic wave function of a pairing rotational band. -  The determina- 
tion of the parameters xv and ^  of the rotational motion requires tlie knowledge 
of the intrinsic -vvave function Ur{x'). If we write the operators P ’* as a sum 
of a diagonal part xv and a nondiagonal part P'^— xv, the pairing Hamiltonian 
can be approximated (*), in the intrinsic systeni, by

(1.15) H l ^ G x l - G x A P ' ^ +  P ') ,

where the term — G\P'  ̂— Xv\̂  has been neglected. This approximation im- 
pUes that the fluctuations in a„ are much smaller than xv itself, i.e.

(1-36) \<uÁa>')\P''\uJx')y\lx, <^1 ,

and similarly for P '.
The function

(1-1") l“ o> =  10> == IT (1 + )
m > 0

where |sm> is the shell niodel vacuum, is an eigenfunction (**) of (1.15). The 
diagonal matrix element of P^ in the state (1.17) has the valué

(1-18) «o =  <0|P'>> =  i  2  =  •
TO>0

The functions corresponding to the lowest excited states of are equal to

(1.19) \m, m> =  (i)" '" (l -  a'*a'J) ü  (1 +  •
mVm
m '> 0
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(*) The advantage of tlie definition (1.14) of the intrinsic systoni beconies hero obvions, 
since (1.15) depends on a single parametor xv instead of the two (Re ap, Ini â ) whicli 
would appear in any other rotating frame.
(*•) It would not be surprising that the student, not familiar with tlie plienoinenon 
of superfluidity, gets somewhat restless by the apparent easo and lack of plausibility 
argunients with which we have introduced (1.17). In fact, the step has been taken 
deliberately. W e think that one of the basic intellectual exporienees that the theory 
of maiiy-body problenis ofíers is to be exposed to the quantum jump of insight which 
B a r d e e n , C o o p e r  and S c h r i e í t e r  [7] displayed in giving a microscopic solution to 
the problem of superconductivity.



The excitation energy of the state | m, m> is given by

(1 .20 ) E , ~ E ,  =  - O a ¡  +  G o c l ^ G Ü ^ l - ^ .

In the limit > 1  this energy coincides with the excitation energy of the 
seniority-two states (cf. (1.7a)), obtained in the exact treatment of the pairing 
Hamiltonian (*).

The ratio between the matrix elements <m, m|P'|0> and a„ gives

(1.16') |<0|P'|ot, m>|/a„ =  < 1 .

This relation justiñes the approximation (1.15) and shows that the system 
becomes very stiff against fluctuations in a„ for large vahies of ü .  We now 
generalize the previous calculation to the case in which the diiíerences between 
the single-particle energies cannot be completely neglected as compared to 
the pairing potential.

If we take into account the single-particle kinetic energy, the gener- 
alized single-particle Hamiltonian (1.15) can be written as

(1.15') -  Ga„(P'* +  P') +  Go¿¡,
V

where we measure all single-particle energies from the Pernii siirface A.
An eigenstate of (1.15') is (**)

(1.17'a) |0> =  n  (K ) - 'a ( í ’ )a(í)lsm > =  H  [í^(»’) +  F(i»)a'+(i’)«'^(í)]|sm/ ,
v>0 v>0

where

(1.17'6) x(v) =  U{v)a'{v) ^  V(v)a'^v).

We refer to x*(v) as the creation operator of a quasi-particle. The transfor- 
mation from the partióle to the quasi-particle operator corresponds to a canonical 
transformation [8, 9] imposing

(1 .2 1 ) U (̂v) +  V^(v) =  1 .
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(*) Following a similar prooedure, we obtain the states corrosponding to an arbitrary 
seniority v.
(**) Note that the difference between this wave function and (1.17) is due to tlie coupling 
between the intrinsic motion and the rotation in gange space: because of the presence 
of the (Coriolis) term — in (1.15'), the intrinsic state (1.17'<() depends on 
(or 7t„).
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The State |0> is the vacuum state for quasi-particles. The space spanned 
by |0> and by all states which are obtained by successive apphcations of the 
operators x^(v) on |0> constitutes a compjete set of states.

Using the transformation inverse to (1.17'6) one can express in terms of 
quasi-particles as

(1 -2 2 ) s :  =  .

The third term, creates and destroys two quasi-particles. The states 
with a deflnite number of quasi-particles are eigenfunctions of í í '  provided 
-ffao =  0. This condition yields the relations

(1.23)

where

(1.24)

U{v) =  

V(v) =

V 2
1

1  +  

1

e ( v ) - Z  
E{v) , 

s{v) — X
E(v)

E{v) =  [(£(}») — A)2 +  G xl]i.

The term describes the independent motion of quasi-particles and is 
given by

(1.25) Hii =  2  E(v)x^(v)cc{v).

The above solution of í f '  holds for arbitrary valúes of a„ and The self- 
consistent valué of these parameters is determined from the requirements

(1.26)

These tivo equations yield

a„ =  <o|P'|o;/,

No =  <o\K\oy-

(1.27)
=  2 2  v^v) ,

which are known as the gap and the number equation, respectively, in the 
BCS theory. Together they determine the valué of the Fermi energy 1 and the 
gap parameter A =  Gx„. The total wave function is still given by eq. (1.10), 
the number of quasi-particles playing here the role of the seniority v.

The dependence of the solution (1.17'a) on may be used to give a physical 
interpretation of the Lagrange multiplier X and to obtain the moment of inertia.



Por this purpose the intrinsic energy is expanded in powers of yr — 7t„, i.e.
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(1.28) U(7z) =  + X N =  U(n,) +  2X[7i-n,)
4 tíTl {n — 7taY ■

where the relation (*) 3iío„/01 =  — N  was utilized. The Lagrange parameter 
flxes the frequency of rotation of the system. In fact, equating the relations

(1.29)

and

3
' H t ' '

(1.30)

yields

(1.31)

Utihzing A =  Sü{N)¡dN, we obtain an interpretation of 1 in terms of the an­
gular velocity (p, i.e.

(1.32)

(1.33)

The energy needed to change this frequency is determined by

SN áJ^'

Working ont the derivatives of the gap and number equations with respect 
to the number of partióles, i.e.

(1.34) 0 _  3A 0 0ZI 0 
dN “  0JV̂  02 dN BA ’

(*) The quantity is the lowest eígenvalue of íT' {i.e. i7'10> =  i?„|,|0>), and thus 
it is stationary with respect to changes in all of the parameters in which the minimiza- 
tion was carried out. Thus, in changing N  or A, ifoo can change only if the operator 
is changed. Consequently,

dU 0A SH,
dN dN 0A dN

5 -  Bendiconti S .I.F . - L X I X



we obtain the set of two coupled equations
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(1.35) 0A y  e{v) — X  ̂ 0zl

SoM ng for 01/8JV and inserting in (1.33), 'we obtain tlie moment of inertia

( 2  i m v ) \  +  ( 2  («(” ) -  >) m v ) Y
,, ORX ÍT_ ^ ^  ___ >̂’>» __________  J
(1.36) ' 2 i/í/n > ')

For a half-ñlled j-shell e(v) =  A =  O and E{v) =  A =  ^GQ. In tliis limit, 
tlie above expression reduces to the valué (1 .8).

As discussed previously, tlie otlier quantities wlücli characterize the band 
structure generated by strong pairing correlations are the matrix elements of P'^ 
and P'. They are equal to (*)

(1.37) .+ i<0|P '|0>„«2í7(r)7 (v) = ^ .
V > 0

The complete coherence of the contributions oorresponding to the single- 
particle pairs v and v is apparent. Quite generally, the existence of such a coher­
ence is a necessary condition for an appropriate description of the system in 
terms of a collective variable.

The two-particle transfer amplitude oorresponding to the transition be- 
tween the ground state and a state of two quasi-particles is given by

(1.38) \0Hv)^Hv)\P'm\ =  F^(^)<1.

The matrix element <0|P'|0> should be much larger than this estímate for 
the collective model to be vahd and thus requires

(1.39) z l> 2 ( ? .

If the relative distances |e(í») — A| become large, A decreases in order to 
satisfy the gap equation. Therefore, the BCS solution (and thus the descrip-

(*) Here we have utilized the same intrinsic eigenfunction to describe tlie initial and 
the final state. Alternatively one may solve the BCS number and gap equations for 
every valué of , in which case one takes into account in some approximate way the 
Coriolís coupling.



tion of the pairing collective motion in terms of rotations) loses its validity 
if the density of single-particle levels becomes low (*).

The static properties of the strong-couphng solution, i.e. the consequences 
of the BCS solution concerning the description of the intrinsic system, are 
usually negative (absence of levels in the neighbourhood of the ground state, 
decrease in the static quadrupole valué, decrease in the moment of inertia of 
quadrupole-deformed nuclei, etc.). Historically, these properties were the 
first to be studied. Eeviews of these properties can be found, for instance, 
in [1 0 , 1 1 ].

An application of the present strong-couphng solution to the transfer of 
two neutrons is carried out in subsect. 3 '2 .
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2. — Pairing vibrations.

In this section some of the physical consequences of fluctuations in the 
pairing g a p [6 ,17,18] are discussed. A  qnantal description of the cor- 
responding elementary modes of excitation is presented. The existence of an 
alternative description in terms of a classical model is pointed out.

2 1 . Two-level model. — The simplest model which displays fluctuations of 
the pairing gap contains two f  shells [19, 20] which may have the same or 
difEerent degeneracy, and which are separated by a distance D. Pairs of par­
tidos are scattered in these orbitals by a pairing forcé with constant matrix 
elements.

The model Hamiltonian can be written as

(2 -1 ) 3  =  ~  {W,, -  - 1 G(Fl +  ,

where

“  2  =  — V i +  J[«í«¿]o ;
m > 0

1  ( j  =  j i ,  %) .

(2 .2 )

The two-level model has not an analytic solution, although it allows for a 
rather simple numerical solution in the orthonormal basis

(2.3) |m, w -  m> =  (-PÍj^-^lO) ,

(*) This may oocur for closed-shell nuclei or for low-^ nuclei.
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n being the total number of pairs of particles in the system. The matrix element 
of the Hamütonian (2.1) iii this basis is

(2.4) — m'\H\m,n — m"; =

=  d{m, m')[(n -  2m)D — 0(m{Qi +  l - m ) ) +  {n -  m)(ü^ +  1 -  w +  m)]* — 

-  ó{m’ , (m - 1 )) G[m{Q^ +  1  -  m)(n -  m +  l ) ( f í3 - n  +  m ) f  -

-  d{m', (m +  1)) G[(m +  l)(í2i -  m){n -  m){Q, +  1 -  m +  m ) f  .

To obtain the solutions of the model ene has thus to diagonahze a co- 
diagonal matrix.

As discussed in the previous section, two-particle transfer processes are the 
speciflc tools to study the pairing degrees of freedom, in particular pairing 
vibrations. The model operator which induces such processes is deflned as

(2.5) T =  P\ +  P\.

In the basis (2.3) the T operator has the following matrix elements

(2.6) <m', íi +  1 — w — m> =
=  Ó(m', m)[(w — m +  1)(Í32 —  n  -\ - m)]* +  ó(m ', (m +  1))[(W' +  — wi)]* •

The two-particle transfer cross-section can be shown to be proportional to the 
square of the matrix element (2 .6 ) (cf., e.g., [26]).

Prom the commutation relation [N^, P]] =  2d(i, j)P\ one can calcúlate the 
occupation number of the two orbits

(2.7)

where the eigenfunction of the total Hamiltonian is

(2 .8) la> =  2  Cn.mlwi, w -  m> .
m

For üy =  ü^ =  Q there are two dimensionless parameters in the model. 
The flrst is chosen to be Q and it gires a measure of the phase space which the 
particles have at their disposal to correlato. The second is

(2.9) X =  2GÜID
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and measures the interplay between the pairing strength and the shell efEects.
In flg. 4 we display the energies, cross-sections and oecupation amplitudes 

associated w th  a system Q̂  =  ü  =  20 for x =  0.5 and x  =  2.0 as a
function of the number of pairs n — n (18<w <22).
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Fig. 4. -  Scliematic representation of tlie solution of tlio two-level inodel for fíi =  íJ, =  20 
and for difíerent valúes of x  and n. In A )  the results for a; = 0 .5  are displayed. 
Because of the particular degeneracy of the niodel, the energy of the ground state 
of the systems with n =  ü  pairs of partióles is the sanie when measured with 
respect to the closed-shell system. All two-particle transition probabilities are measured 
in terms of a =  cr{gs{í?i)“̂ gs(í2i +  1)) and of r =  cr(gs(í3i)-^gs(í3i— 1)). Because of 
the particular symmetry of the model a = r .  For each level of the spectrum, which 
is identifled by the quantum numbers (iV, 71) ,  a schematic representation of the inain 
component of the wave function is shown. The corresponding square amplitudes 

(cf. eqs. (2.7) and (2.8)) associated with tlie ground state and low excited states 
of the TO =  system are also shown. In B)  the energies and two-particle cross- 
sections for x =  2.0 associated with the ground and the first excited state of the systems 
with n >  are displayed. The quantities corresponding to the ground state
and two lowest excited states are also displayed.

In the case of a; =  0.5 there is one characteristic energy. Any level lies 
at approximately an integer number of times this energy with respect to the 
ground state. The two-nucleon transfer cross-section associated with transi- 
tions between ground states is proportional to \n— Q\, i.e. to the absoluto



valué of the number of pairs missing froni or in excess in the closed shell. 
All the first-excited-state stripping cross-sections for n — ü  < d  are equal 
and their common valué is cióse to |<gs(w =  20)|T|gs(íi =  19)>|“. On the other 
hand, none of the lowest excited states with n — Q>Q  is populated in such 
reactions. This is also true for the second and higher excited states for w — £? < 0. 
A  similar pattern is observed for two-nucleon pickup processes.

Por the case of a; =  2 the energy of the states follows a parabolic distribution 
(pairing rotational band) as a function of the number of partióles. There are 
two characteristic energies, corresponding to interband and intraband spacing. 
The situation is very similar to the one encountered in the case of a j-shell (*). 
In this case, however, there is a finite cross-section to the excited states, although 
an order of magnitude smaller than between states lying in the same energy 
par abóla.

The situation for x =  1.2 is intermedíate to the one observed for x =  0.5 
and X =  2.

The probability amplitude associated with the groimd state of the
closed-shell system (w — =  0) is also given in fig. 4 as a function of n — m. 
I t  is noted that a major change takes place in going from a? =  0.5 to a; =  2.0, 
indicating a change in the coupling scheme of the nucleons correlated through 
the pairing interaction.

Similar results as those displayed in fig. 4 are obtained for ^  (cf. 
ref. [21]). One can, however, distinguish in this case two typical energies 
and two basic two-particle transfer cross-sections, one associated with the 
remo val of pairs and the other with its addition.

2'2. Gollective treatment of pairing vibrations. Normal systems (x <  1). -  The 
difTerent levels of the pairing spectrum obtained by diagonalizing (2 .1 ) for a; <  1  
and reported in fig. 4A) can be labelled by the number of pairs .t: and by a 
number JV indicating their energy sequence in the spectrum. The lowest state 
corresponds to a closed-shell system and has (N — O, n =  ü ).  The two lowest 
excited states have the same energy E  and are labelled (JV =  1, jr =  -|- 1) 
and (JV =  1, jr =  — 1), respectively. The next excitation energy is 2E and 
corresponds to a triplet of states comprising the two states (iV =  2 , 
7t =  Q ± 2 )  and (N =  2, tt =  ü).  This spectrum is characteristic of a two- 
dimensional harmonio oscillator, where N  indicates the number of phonons, 
while ñn plays the role of the angular momentum in two dimensions. The 
valúes of the transfer cross-sections as well as the selection rules further con- 
firm the harmonic structure of the spectrum. One of the degrees of freedom 
of the two-dimensional oscillator is associated with the change in the number
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(*) For íc > l ,  tlie distance between the levolss becomes negligiblo with respect to the 
pairing interaction. In tliis caso the diagonalization of the Hamiltonian (2.1) reduces 
to tlie group-tlieoretical solution disoussed in the jirevious section (j-shell model).



of pairs in the Shell above the Pernü surface (pair addition mode) and the other 
with the changa in the number of pairs in the shell below the Fermi surfaoe 
(pair removal mode).

It is thus natural to rewrite the Hamiltonian (2.1) as (*)

(2 .1 0 ) s  =  ( w ^ r ^  +  wj^^r^),

where and are the creation operators of the pair addition and pair 
removal modes, which are expressed in terms of the operators P j and P¡ as

(2 .1 1 ) r l = a , P l  +  a,Pl  and +  r ,P , .

Assuming the relation (*)

(2.12) [p^, p;.] =  (í3 -  N,)d{j, r )  ^  üd{j, r)[d(j, 2 ) -  du, i ) j

to be valid for any state of the system under discussion, one obtains

, 2G V ü(2.13a) a , =  r, = -----------------------------
'  " ( l - x ) H 2 D - W )

and

/O-iQM 2GVQ(2.13b) =
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(1 — a;)i(2i)+TF) ’ 
where

(2.14) W =  Ŵ  =  Ŵ  =  2D(1 -  x)i

is the common energy of the pairing modes of exoitation. The intensity 'with 
which the pair addition and pair removal modes are excited is

(2.15) l<ŵ  =  1, =  O, =  («2 -  a,yü^ =

=  =  0) 1  ̂ =  {r, -  =  Í3(l -  0̂ )-* .

The above results reproduce the main features of the exact calculations for 
a; <  1. Acting with Fl  and F^ on the vacuum state, one can build the whole 
pairing spectrum. A general state is given by

(2.16) I»,, n,y =  - V—  [FlY- {F IY 'K  =  o, w, =  0> .
V n jn . l

(*) Note tliat tliis relation is equivalent to the relations [H, r l ]  =  W^f I  and



The EPA solution is valid for small valúes of x. As x  increases, W  decreases 
and the cross-sections associated m th the two modes tend to oo. The transi- 
tion between the normal and the superfluid phase takes place for x =  l .  Similar 
featm’es as the one discussed above are also observed in the phase transition 
betAveen spherical and quadrupole deformed nuclei. In this case the electro- 
magnetic-transition probabihty plays the role of the two-nucleon transfer 
cross-section. The analogy between surface and pairing modes can be carried 
quite far as discussed in ref. [22].

The theory of pairing vibrations can also be cast in terms of the collective 
variables a, <p as done in the case of pairing rotations. In fact, in these variables 
it is possible to formúlate the problem of the pairing modes through a Hamil- 
tonian which treats rotations and vibrations on an equal footing (cf. ref. [5]). 
For zJ ~  O, the energies associated with fluctuations in a and 99 are comparable.

2'3. Collective treatment of pairing vibrations. Superfluid systems {x >  1). -  
The main static effects of the pairing correlations for x > l  can be taken 
into account through the quasi-particle transformation which implies
a complete hybridization of particles and holes, and thus an intrinsic system 
connected with the laboratory system through a rotation in gauge space. As 
discussed in sect. 1, the pairing Hamiltonian approximately reduces to the 
independent quasi-particle Hamiltonian

(2.17) H u =
3

Ej being the energy of the intrinsic excitation of the system. In the present 
section we review the different types of collective modes generated by the 
residual interaction between the quasi-particles. Some of these modes are 
the band-heads of the excited rotational bands found in the exact solutions.

We consider the system n =  Üt_ =  in which case ?. =  0. The B08 oc- 
cupation parameters are in this case

(2.18) I7| =  F I = i ( l - i )  

and

(2.19) =  

while the quasi-particle energy is

(2.20) E =  GQ .

The two-level system displays a permanent pairing distortion of magnitude

(2 .2 1 ) A =  G V ü í 0\T\0-) =  G V ü {V ü U ,V ^ + V ü U,V,) =  (7Í3^1— i y  ,

7 2  D- E . BÉs a n d  r .  a .  b r o g l i a
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10> being tlie BC8 ground state. Note that Zl is a collective deformatioii 
receiving contributions from all the pairs of partióles, and tlius is proportional 
to Q. The fluctuations around tliis equilibrium distortion are induced by tlie 
residual interaction among the quasi-particles

(2 .22)

where

(2.23)

and

(2.24)

H ' : =

=  ^  I  (-l)^ + -»«J „a ^ „
V í¿j m>0

/ , =

If -«'e define the collective quasi-boson operator as

(2.25)
i i

the linearization condition

(2.26) [Hn +  r : i  =  W X  

gives rise to (cf., e.g., [17] and [23])

Q ,

(2.27)

where

(2.28) 

and 

(2.29)

j ‘ 2 E A m - W l )

(| 2 E ,(4 E ;-T r ;) )
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The forward-going and backward-going amplitudes are

(2.30) 

wliile

(2.31)

and

(2.32)

_  A n / í + / l a n  /7T
-  2Í7,-TF„ ’

2 í ; , +  w „

âra
■̂ 1»

w „ 2

^in  —
fí2U,n, \ / ^ U 4 E f+ w ^ )Ü A  

I • (4E I-W IY  ) +

+
/  2 E , Q , - i

The elements a „  and in the deterniinant (2.27) correspond to the dispersión 
relations resulting from the linearization conditions [ifn  +  =  W'r^^
and [ífii +  respectively, the corresponding collective modes
being the pairing vibrations and the spurious State assooiated with the non- 
conservation of the number of partióles (*). Aside from the root at W„ =  O, 
all roots of (2.27) fulfll the condition W„>2/l. In fact, because A  and B 
are positive quantities, the dispersión relation cannot be zero for W „< 2 A .  
If W„ =  2zl is a possible root, then the coupling term between the spurious 
State and the pairing vibration must be zero. Thus

(2.33) y
Í Í E Í - W }

__ V

w„-2á i 4-Bj(£j — A)
=  0 ,

which implies a symmetrio distribution of levels around the Permi surface. 
This is the case in the model under discussion. Thus

(2.34) 

and

(2.35)

W = 2 A

A =  o ,

(*) This phenomenon is equivalent to the phenomenoii of spontaneously broken sym- 
metry (violation of partióle number conservation) and the spurious state is the cor­
responding Goldstone boson. For further discussion on the physical interpretation 
of the spurious mode cf. ref. [24].



Utilizing the fact that fi =  — fi =  — e¡GQ, (2.20), (2 .2 1 ) and (2.34), we obtain
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(2.36) A^„ =

Tlius

rTT„/^  fl2E,Ü, \]-i i / ( ?
^ r 2 z i -

(2.37) «1 = l /  1  h 
} - A ) ] l 2 A G Q2{GQ — á)

From this result and the expression of the two-body transfer operator

(2.38) T =  Vü,u^. r :  -  2  r „ )  +
n n

+  V ü : ( I  a„, r „  -  2  6„, r : )  +  d , u , f ,  ,
n n

we obtain, in the collective representation,,

(2.39) cT,, =  |<gs (i3)|T|gs(i3-l)>|^= ( ^ 2 / ^  

and

(2.40) a i=  |<w =  l(í3)|T|gs(í3-l)>|^ =

l V ñ ' , ( ü ^ a „ ,+  r^b

for intraband and cross-over two-particle cross-sections, respectively. The 
main features of the exact calculation discussed in snbsect. 2 1  are reproduced 
by the above resnlts, the agreement becoming qnantitative for x  >  1.2 for (2.39) 
and íP >  2 in the case of (2.40).

All pairs of partióles particípate in the transition between members of the 
ground-state rotational band and the cross-section is proportional to ü^. This 
transition is very large as compared to the transition to the pairing vibration. 
The corresponding ratio

is about 10 “ 2 for x =  2 and Q fn 10 , which can be considered typical numbers 
for snperfluid systems.

Thus, the pairing vibration, which can be viewed as a coherent transfer 
of quasi-particles across the Permi surface, gives rise to a pairing rotational 
band weakly connected with the ground-state band.
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2'4. Pairing phase transitions. -  In the case of the quadrupole surface 
elementary modes of excitation, changes of coupling scheme from the spherical- 
phonon scheme to the deformed-rotational scheme take place in different re- 
gions of the mass table. This change in couphng scheme is usually referred 
to as a quadrupole phase transition. The pairing order paranieter can 
also be subjected to a « macroscopic » change and the system undergoes a 
phase transition from the normal (pairing vibrational) to the superconductive 
(pairing rotational) state. In both cases the polarization effects of particles 
outside closed shell give rise to a static fleld which violates, in one case, rota­
tional invariance and, in the other, particle number conservation. The speciñc 
probes to study quadrupole phase transitions are Coulomb excitation and 
inelastic scattering. In a similar (t, p) and (p, t) reactions are the spe-
cific probes to study the change in the pairing coupling scheme.

The most conspicixous feature associated with a pairing phase transition 
is the behaviour of the ratio crjâ  ̂ (cf. eqs. (2.39) and (2.40)). For the case of 
the two-level model this ratio is displayed in flg. 5 as a function of x. For normal 
systems ^  1 , while for superfluid systems «a 10 =̂.

Fig. o. -  Ratio !<■»= l(í?)|r|gs(fi— l)>|2/¡<gs(í3)|T|gs(i3— 1)>|2 calculated by utilizing 
the exact wave fuiictions of tho two-level inodel (X?=20) as a function of x.

The cross-section a associated with the pair addition mode to the ftrst ex- 
cited State is also strongly affected by the pairing phase transition (cf. ref. [20]). 
For X >  1.4, the Crossing of the closed shell is not felt by ct„, while there is a 
sudden drop for x  <  1.0. This is becausc, in the superfluid phase, the pairing 
vibration in the closed-shell system is a two-photon state, “vvhereas, in the super­
fluid case, it is a one-phonon type of excitation, the closed shell being the state 
containing no phonons. In both cases, the two-body transfer operator can 
change the number of phonons in one. The limit a; «a 1 is exi)ected to be 
reached starting from a situation í» >  1  in the case of high-spin states in de- 
formed nuclei, as discussed in [25]. In this case the angular momentum of 
rotation plays the role, for the nuclear condénsate, which is played by the 
external electromagnetic fleld in a superconductor. Around 1 =  1 ,̂ the pairing



vibrations are expected to influonce the way in wliich the pairing gap goes 
to zero. The description of ref. [5] may be used to describe the behaviour of 
the pairing degree of freedom cióse to the phase transition, in a similar way as 
the Ginzbnrg-Landan theory is used to describe the behaviour of the condénsate 
near the critical temperature.
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3. — Applications.

3'1. Normal systems (Pb isotopes). -  The nucleus ^ospb provides the best 
example of closed-shell nuclei. There is a neat separation between particles 
and holes. In fact D  3 MeV and 2GQ 0.1-8 1.0 MeV, which results 
in X !=« 0.3.

Systematic (t, p) and (p, t) experiments carried out in this región show a 
well-developed monopole pairing vibrational band which encompasses states 
with up to three phonons of the same type (gs(^"^Pb)) or of different type 
(excited state in '̂"'Pb) (cf. flg. 6). The identiñcation of 0+ states excited in 
either (t, p) or (p, t) reactions is rather simple due to the well-developed dif- 
fraction pattern of the associated angular distribution (cf. ref. [26]). Two 
quantum numbers are needed to classify the different states of this two-dimen- 
sional harmonio oscillator. We utilize (ŵ , n̂ ) which indícate the number of 
pair removal and pair addition modes in each state.

The energy of the (1,1) state in ^ospb predicted by the pairing vibrational 
model is

(3.1) W(l,  1) =  (B(208) -£ (2 0 6 )) -  (B(210) -  B(208)) =

=  14.110 MeV -  9.123 MeV =  4.987 MeV ,

where B(A) is the binding energy of the Pb isotope m th mass A.
For pedagogical purposes we require the pair addition and pair subtraction 

modes to have the same energy. Thus

(3.2) W =  TF(0,1) =  W (l, 0) =  2.494 MeV .

The excitation energy of any state of the model can then be written as

(3.3) W{n^, n j  =  (n̂  +  n̂ ) 2.494 MeV .

The experimental magnitude to be compared with is

(3.4) E(N) =  (jB(2<'«Pb) -  B(N)) +  5.808 (N -  126) MeV .
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’ 2 i-

10
(2.22±0.2)r

I
a:

CQ 6 !-
-O
CL

CO 4 
II

(0,2) 
(2.3 ±0,76) a

h = 2.Í9Í MeV

Fig. 6. -  The many-phonon pairing speotrum around ^osp  ̂ energies predicted
by the pairing vibrational model are displayed as dashed horizontal lines, while the 
experimental valúes are drawn as continuous lines. The harmonio quantum numbors 
(̂ r> ™a) ^re indicated for each level. A schematic representation of the many-partióle 
many-hole struoture of the state is also given. The transitions predioted by the model 
are indicated in units of r and a (cf. (3.) 1) and (3.12)). The corresponding experimental 
numbers are also given together with their errors, above eaoh level. The dashed line 
between the states (O, 0) and (2, 1) indioates that the 2oap|,(p  ̂t)2»«Pb reaction to the 
three-phonon state in 206p]j oarried out and an upper limit of 0.03r for the cor­
responding cross-seotion was determined. The (t, p) data are from ref. [27] and the 
(p, t) data from ref. [28].

The ünear term ensures (*) E{1M) =  £!(128), wMch corresponds to the con- 
dition (3.2). The different transitions associated with these states are given 
in terms of the basic cross-section

a =  cr(gs(2»«Pb) ^ g s ( 2i«Pb)) and r  =  (r(gs(2»«Pb) gs(2»‘>Pb)) .

A microscopio description of the pair addition and pair subtraction modes 
is obtained by diagonalizing the pairing Haniiltonian in the EPA. The par-

(*) Note that the pair addition and pair subtraction modes are totally independent 
of eaoh other. Here N =  126 +  2(m̂  — mj.



T ab l e  i. -  Forward-going and haókward-going amplitude (3.9) descrihing the motion of 
two partióles and two holes (̂ “®Pb) around “̂*Pb. A coupling constaiit
G =  2l.á lA M .eY  was utilized to reproduce tbe extra binding energy (3.6) of ^lopb, 
wliile tbe corresponding quantity (3.5) for “̂«Pb was reproduced for G =  21.7/J. MeV.
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Single-particle
states

206Pb 210pb

0^9/2 n iy ) 0.11 «i(y) 0.09

l/,/2 0.14 0.10

0%3/2 0.27 0.16

2Í>3/2 0.24 0.10

íh i. 0.41 0.14

2Pl/2 0.84 — 0.10

lff9/2 ri(co) 0.13 ai(m) 0.82

OÍii/2 0.11 0.44

0jl5/2 0.11 0.35

2̂ 5/2 0.06 0.20

3*1/2 0.03 0.09

lff7/2 0.06 0.17

2í̂ 3/2 0.04 0.11

ticles and holes are allowed to move in the six levels below and the seven levels 
above the Fermi surface which are experimentally known (c£. table I). The 
strength of the couphng constant is deterniined by fltting the extra binding 
energy

(3.5) A£(206) =  2[5(208) -  B(207)] -  [B(208) -  5(206)] =

=  14.750 -  14.110 =  640 keV

and

(3.6) AíJ(210) =  [5(210) -  5(208)] -  [5(209) -  5(208)] =

=  9123 -  7886 =  1237 keV .

The pair addition and pair removal creation operators can be ^^Titten as 

(3.7«) r l {x  =  2) =  2  a„(ft))r^(o)) +  2  0'»{y)r(y)
(O y

and

rlia. =  — 2 ) =  2  u (y )rH y) +  2  »•»(«>) A«w) >



where

(3.76)
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and n labels the states according to their energy. The Índices to and y are the 
Shell model quantum numbers of single-particle orbits above and below the 
Fermi surface, respectively. The energy Tf „ obtained by hnearizing the pairing 
Hamiltonian is the w-th root of the dispersión relation

(3.8) =  2 ;0 { ± 2 )  t ' 2fi(ft))T W »(a=  ± 2  

The coefficients a„ and r„ are equal to 

Á„{oc =  2 )

2 s {y )± W „(o c =  ± 2 ) -

(3.9)

where

(3.10)

a„((o) =  

r„{m) =

2e (o ))-W „(a  =  2 ) ’
/l„(a =  - 2 )

2e(«)  + W „ ( a = - 2 ) ’

a„{y) =  

rniy) =

/ !„ («  =  2 )
2e(y) +  W„{oi =  2 ) ’

/l„(a  =  - 2 ) ^ 
2£ ( y ) - T f „ ( a = - 2 ) ’

<0|r„'(a =  ±  2 } H y ( i ) a H m y  =  A„(oc =  ±  2 ) =

±  I  [2e(co) T  W M  =  ±  2 ) r  T  2  [2e{y) ±  TT„(« =  ±  2 ) ^ - i

is the normalization constant as well as the strength with which a pair of par­
tióles in time-reversed states couples to the pairing mode.

ííote that the amphtudes (3.9) are obtained by dividing the matrix ele- 
ment (3.10) by the corresponding energy denominators (cf. fig. 7). This is a 
common feature of separable forces. The central role played by A„{oc) in the 
study of the interplay between the different modes of excitation wiH become 
apparent in the following sections.

In the Os approximation (cf. [26]), the cross-section associated 'with the 
transfer of t\ro partióles starting from the — 2 ground-state system and 
leading to the closed-shell (No) ground State is

(3.11) r =  ^‘"^'((l, 0) (O, 0)) oc Alia =  -  2 ).

Por the cross-section leading to the pair addition mode one obtains

(3.12) a ^  (t'““’ ((0, 0) ^  (0 ,1)) ex Al(x =  2 ).

The valúes of the pairing strengths obtained by fltting the energy of the 206 
and 210 ground states are G(2) =  0.10 MeV and G*(— 2) =  0.14 MeV. The
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Fig. 7. -  Grrapliical representation of tlie forward-going and baokward-going ampli­
tudes (3.9) of the pairing modes. The vertex strengtli is equal to A„(a  =  ±  2) 
(cf. (3.10)). Tlie pairing boson is represented by a double arrowed line, while a single 
arrowed line represents a fermion.

resulting absolute cross-sections are reproduced mtMn a factor of two for a 
normalization factor J)„ =  30 -10  ̂(MeV)^ fm® (cf. ref. [26] and [29] for details 
on the calculation of two-particle transfer cross-sections).

By utilizing the microscopio results it is possible to give a measure of the 
collectivity of the pair addition and pair removal modes by expressing the 
corresponding cross-sections in terms of absolute two-particle units (cf. [26]). 
Typical enhancements

(3.13) e =  ar.Jcr,^

of order 12 are obtained. This number can be compared with the valué of 10 
which is typical of the B(E2) transition rate connecting the lowest 2+ with the 
ground state of spherical nuclei.

ííote that the contributions of all the different two-particle and two-hole 
components of the microscopio wave function are constructively coherent.

3'2. Superfluid systems (Sn isotopes). -  The Sn isotopes provide the best 
example of spherical nuclei with a large number of partióles outside closed 
Shell (í^  16 neutrons) and a large valué of the pairing gap parameter A.

The (t, p) and (p, t) data are displayed in fig. 3 and 8. Although the ground- 
state transition dominates the spectrum, the interband-to-intraband ratio can 
become as large as 0.18, the behaviour of the (t, p) and (p, t) intensities being 
rather asymmetric, indicating a competition between pairing and shell effects, 
as shown below.

We discuss flrst the reaction ii«Sn(t, p)^-"3n. The Hamiltonian R  =  +  
-j- -H' +  íf^ (cf. eq. (2.22)) was diagonahzed in the BPA. A  coupling

C -  Rendiconti S.I .F. - LXIX
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.4 (final nucleus)

Fig. 8. -  Experimental [14-16] (---------o- -) and theoretical (-----------x----------- ) cross-
sections corresponding to the =  0+ states below 3 MeV excited in the reactions 
a) ^+2Sn(p, t) and h) p). When more than one excited State was observed, the
numbers reported are the centroid energy and the summcd cross-section. The normali- 
zation between theory and experiment was done in both cases to the ^̂ Ŝn <-̂ ^̂ “Sn 
reactions.

constant O =  23¡A was utilized, determined by ñtting the pairing gap
(zl„ =  1.39 MeV). This procedure yields the occupation parameters, energies 
and wave functions displayed in table II (cf. also [30]).

Table II. -  Wave functions (cf. eq. (2.30)) and energies associated wiíh the lowest states 
of ii®Sn. The valence partióles were aUowed to move in the five single-particle states 
displayed. The corresponding BCS occupation parameters Z7 are also given.

2̂ 5/2 3*1/2 2/Í11/2 2̂ 3,2
u 0.2449 0.3489 0.4438 0.7861 0.8494
oí a — 0.0143 — 0.0278 — 0.0212 0.4340 0.9003
TF= 2.61 MeV b 0.0122 0.0155 0.0075 — 0.0034 — 0.0005

Oí a — 0.1903 — 0.4773 — 0.7384 — 0.4128 0.1638
TF =2.73 MeV b 0.0163 0.0160 0.0039 0.0629 — 0.0450
Oí a — 0.1768 — 0.7429 0.6243 — 0.1605 0.0666
TF= 3.24 MeV b 0.0050 0.0029 — 0.0013 0.0458 — 0.0313



Utilizing these Avave functions and tlie normalization factor

Di =  20 (MeV)2 fm^, 

we obtain the folloAVing enhancement factors:
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(3.14) e =

220 g s , 

4 0 ^  

4 Oí.

The square root of the valuó associated with the ground state gives a measure
of the number of twofold degenerate levels contributing to the static pairing
distortion A. This number is 15. Thus, all the levels considered in
solving the BCS equation oontribute to the ground-state transition în fact
2  (i +  2 ) =  1 8 ) . The enhancement factor e(gs) =  220 associated with an
i

interband transition should be compared with the enhancement factors ob- 
tained for the E2 decay of the 2+ member of the ground-state rotational band 
in quadrupole deformed nuclei. Typical numbers are 200 implying that 
about V20d «rf 14 t-n-ofold degenerate levels contribute to the quadrupole 
static deformation Q,y.

The systematic comparison between the intensities predicted by the pairing 
vibrational model and the experimental data is carried out in flg. 8. A rather 
considerable change of the arder parameter /l/<Se> takes place through Sn iso- 
topes. The quantity <§£> is the average distance between the levels around 
the Permi surface. Thus Zl/<Se> plays a similar role as played by x  in the case 
of the two-level model (cf. sect. 2 ), and it may be approximated by the number 
UaÍA) of double degenerate single-particle levels in the interval A {A) 
aroimd ?.{A). We obtain

í )i4(“ -Sn) =  8 ,
(3.15)

[ ^^(iiosn) =  3

and

(3.16) Wj(i- »̂Sn) =  8 .

These clianges in A¡\8e/ give rise to a partial distinction between partióles 
and holes and, consequently, to two collective transitions similar to the case 
of normal systems, in particular for the case of ^̂ Ŝn. For more details 
seo ref. [31].

3'3. Multifole pairing vibrations. -  In the pre^aous sections we have con- 
centrated our attention in the monopole pairing modos. Thus, we have re-
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stricted the distortions and vibrations of the Permi surface to be isotropic. 
The condensation in p-wave observed in the case of ^He gives an example, 
in the macroscopic scale, of nonisotropic distortions of the Fermi surface, 
produced by a pairing interaction acting in a Z =  1 state of relative motion. 
In fact, the three superfluid phases corresponding to f f , and f  j  (m =  i  1, 0) 
ha ve been observed (cf. ref. [32] and [33]). In nuclei the only component of 
the short-range part of the residual interaction which gives rise to a condén­
sate is the monopole pairing forcé. It is, however, expected that multipole 
vibrations, which change the number of partióles in two, can play an impor- 
tant role in the dynamics of the nuclear spectrum.

In fact, there is speciflc evidence for the existence of multipole pairing 
vibrations provided by the strong i  =  2, 4 and 6 cross-sections associated 
with (t, p) and (p, t) transitions in the Pb isotopes. In flg. 9 we display the 
energy and the two-nucleon transfer cross-sections associated with the Á =  O 
and 1 =  2 pair addition and pair subtraction modes. A microscopio desorip-

10 r

+
?

3
Q.<»
o

<o
ir

s
Uj

0.4702ll.A2l0.30) a, i o.31a,

Í\1__

a, /

20A 206 208 2!0

Fig. 9. -  Theoretioal predictions of the pairing vibrational model for the =  0+ 
and 2+ excited states of 2oep^ expected to display the same ^-value, angular
distributions and intensities in the 2“®’^"*Pb(t, p) reactions as the ground state and the 
lowest 2+ State of ^lopb excited in the 208pb(t, p)2i“Pb reaction. These levels are 
depicted as dashed Unes. The corresponding cross-sections and Q-values associated 
with each state are also quoted. The experimental energies (solid lines) and (t, p) 
and (p, t) cross-sections are also given [27, 28, 34, 35].



tion of these modes can be obtained, as in the case of the monopole pairing 
vibration, in tbe framework of the random-phase approximation, allowing 
the particles to correlate through the schematic interaction [36]

(3.17) H(2X) =  - ¿ ^ 1  ,

where

(3.18)
hh

The couphng constant can be determined through the dispersión rela- 
tions (3 .8 ), by ñtting the binding energy of the two-particle and two-hole 
system, respectively. The resulting valúes corresponding to the multipolarities 
A =  O, 2, 4 and 6 and to both (pair removal modes) and ^lopb (pair ad-
dition modes) are very similar to each other and equal to (of. ref. [37])

(3.19) G, ^  21 ¡A  M e V .

Utilizing the corresponding wave functions one obtains the (t, p) and (p, t) 
cross-sections displayed in table III. The absoluto cross-sections are repro- 
duced within a factor of 2 , by utilizing the empirical normalization valué 
D¡ =  22-10" (MeV)^fm^

T ab l e  III. -  Batió oj experimental [27, 28, 34, 35] and theoretical [37] cross-sections 
associated with the reactions 2»8Pb(t, p)2i»Pb and “ 8pb(p, t)2»epb leading to the lowest
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states of each spin and parity.

2»SPb(p, t)206Pb (J'') 2»spb(t, p)2i»Pb (J")

E  (MeV) [da(J")/d í2]„„
[d<r(J-)/dí3],,

E  (MeV) [d<r(J")/dí2]„„
[áa{J^)láÜ],^

0+ 0.00 0.94 0.00 1.47

2+ 0.803 0.75 0.795 0.78

4+ 1.684 0.88 1.094 1.21

6+ 3.253 0.49 1.193 0.77

The quadrupole transition probability between the lowest 2+ and the 
ground state of ^̂ P̂b is given in the present model by

(3.20) B(E2-,0-^2+) =  (e^uVU^^^Uih-, 2+)a(j¡; gg) '
hh V 2ji -j- 1

TJtiUzing the calculated amphtudes and the experimental data (J5(Í72)206 =



=  =  O.ñ B{E2)^i„), one obtains for the eiíective charges

(3.21) =  0-98 , eefi(-“ Pb) =  1.03 .

Tliese valúes are consistent witli the eñ'ective charges obtained from transi- 
tions among single-particle states in ^nd result provides
further support to the description of the 2+ of as a pairing vibration
of 2'>«Pb.

The existence of a ^ =  O quadrupole pairing forcé of strength approximately 
equal to (3.19) has been shown [38] (cf. also subsect. 3'5) to play a basic role 
in the 0+ spectrum of the actinide nuclei. As discussed in [39], the /i =  1 com- 
ponent of the quadrupole pairing forcé plays an important role in determining 
the valué of the moment of inertia of deformed nuclei.

3'4. Alternative description of “̂«Pb. -  Although the pairing spectrum of 
206p|j fltg smoothly into the pairing vibrational scheme of normal systems, 
one can also utilize a description in terms of quasi-particles.

Because of the many-body aspects of the quasi-particle wave functions 
describing the excited states of ^°«Pb, they can describe both (2h) and (4h-2p)- 
like states. Such a treatment is thus able to treat in a simple, albeit approxi- 
mate way, the interaction between the different elementary modes of excitation.

We can divide the resulting spectrum in t\̂ 'o parts. The first is a low-energy 
región (<  4 MeV), which is basically controlled by the magnitude of the static 
pairing gap. In this región the wave functions have large components on single- 
hole levels up to and including the 2p  ̂ orbital, i.e. levels for wliich Sj — 1 < 2 A, 
■where 1 is the Permi energy. Because of the presence of the condénsate, the 
ground State collects most of the 0+ two-nucleon transfer sum rule associated 
\vith the valence hole levels. The second región is expected at excitation en- 
ergies E, where 5 < £ < 1 0  MeV, and consists of two-quasi-particle states built 
out of single-particle levels with e¡ — 2A. Two-quasi-particle states of 
this type are excited, for example, in the “ ^Pb(t, p) ‘̂>‘‘Pb reaction by transferring 
the two neutrons into the orbitals above the N  =  126 shell closure, i.e. into 
single-particle states that are practically empty.

The corresponding results for A == O and 2 are collected in ñg. 10.

3 ‘5. Pairing isomers. -  As discussed above, in normal splierical nuclei the 
Hamiltonian (3.17) generates the a =  ±  2 modes, but has no systematic effect 
on the particle-hole states, i.e. states with a =  0. The part of the nuclear 
interaction which generates isoscalar surface vibrations can be written sche- 
matically as

(3-22)

86 D . E . B É s a n d  e .  a .  b e o g l i a



N U C L E A R  S U P E R F L U ID IT Y  A N D  F IB L D  T H E O E Y  O F E L E M E N T A R T  E X C IT A T IO N S 8 7

Fig. 10. -  States containing one and three pairing vibrational plionons, excited in 
the 204pij(t  ̂p)2osp ,̂ reaction. In tlie flrst and second columns the experimental 
levels [35] and the oorresponding centroids are plotted. In tlie last two columns the 
corresponding theoretical results are displayed [40]. The two lowest states (i.e. g.s. 
and lowest 2+) are examples of one-phonon pairing states (i.e. type-a) states) and their 
structure in terms of the occnpation parameters V'j is schematically illustrated in the 
third oolumn. The relative cross-section S „ =  d(r(2+; 6 =  35°)/dcr(gs; 9 =  25°) of the 2^ 
with respect to the ground state is reported. The higher part of the spectrum 
( í /> 5 M e V ) shows the three pairing phonon states whose main structure is |0+> =  
=  |gs(2»8Pb)®gs(2«6Pb)(g)gs(2i0Pb)> and |2+> =  |gs(2°«Pb)®gs(2«6Pb)(g)2+(2i'>Pb)> (type-6) 
states). In this^^oase the relative cross-section

B,= d(7(gs(™ ipb)J*(“ «Pb))
dff(gs(208pb)^ JJ(210pb))

is reported.

where

(3.23)
V 2 /  -f- 1 fliOa

In superfluid nuclei, because the distinction between partióles and holes is



lost, the two-quasi-particle states (A, n =  (— 1 )̂ ) are correlated by both the 
multipole pairing and the particle-liole interaction (*).

However, because of the conservation of angular momentum, the BCS 
pairing gap, which can be related to the odd-even mass diííerence, is determined 
by the monopole pairing interaction. This is also true, as discussed above, for 
the flnctuations of the gap giving rise to two quasi-particle 0+ pairing vibra- 
tional states.

For deformed nuclei this restriction is not vahd any longer. The pairing 
gap is now State dependent. It receives contributions from diíferent pairing 
multipoles, i.e.

(3.24) =  +  ,
Á>0

where

(3.25) Qf' =  (i\\ Y,\\i} ,

(3.25a) =
i

is the usual pairing gap and

(3.26)
r 2A -j- 1 •

measures the multipole distortion (departure from anisotropy) of the Fermi 
surface. The index i labels ííilsson single-particle levels. Specialized to the 
case of 2 =  2 , the pairing matrix elements are equal to

(3.27) <M|ff(2, 0) +  ff(2, 2)|ii> =  -  (?o -  ,

where we have used Q¡ — Qf\ The violation of both the angular momentum 
and the partióle number conservation brings new dimensions to the role of the 
multipole pairing correlations.

In particular, the gap (3.24) can become very small for certain levels (**) 
as well as the matrix element (3.27). We can distinguish two diñ'erent types 
of pairing matrix elements: i) those that are related with the scattering of 
partióles between pairs of single particles having the same sign of the quadru-

(*) WMle the correlations generated by (3.17) specifically enliance two-nucleon transfer 
reactions, (3.22) enhanoes inelastic scattering and Coulomb excitation processes.
(**) This phenomenon is analogous to the phenomenon of gapless superconductivity 
in solid-state physics. There, an impurity traps a magnetic fleld which is larger 
than and thus gives rise to some quasi-particles for which /J 0. In nuclei, it 
is the Shell structure which acts as impurity.

8 8  D . K . BÉs a n d  e .  a .  b e o g l i a



pole moment, i.e.

(3.28) =  <.iJJH{20) +  S{22)\i'Xy =  - < ? „ -  ,

(3.29) =  <iJJH(20) +  H{22)\i'Xy =  - ( ? „ -  G,\Q,̂ QrJ ,

and ii) those between pairs of orbitals with opposite sign of the quadrupole 
moment, i.e.

(3.30) =  <iJ,\H{2Q) +  H(22)\i'X> =  ~  +  G,\Q,^Q,J .

The label o denotes óblate orbitals having a negative sign of the quadrupole 
moment and p stands for prolate orbitals corresponding to a positive sign. 

In general

(3.31) |(?„J \GJ »  \GJ .

In this case we can distinguish, as in the case of closed-shell systems, between 
two groups of single-particle levels which are uncoupled from each other.

In the closed-shell system {il\H{2())\i'i'} has similar valúes for the scat- 
tering of any pair of partióles. However, if i >  ij, and i '<  , the scattering 
amplitude Ĝ /Ae becomes very small (*), Ae being twice the single energy gap. 
There is thus a static decoupUng between the single-particle levels.

In the case of deformed nuclei, on the other hand, Ae is of the order of G, 
the single-particle levels being closely spaced (cf. ñg. 1 1 ). (Note that the average 
spacing of the ten single-particle levels displayed is 360 keV.) However, be- 
cause of (3.31), the scattering amplitude between óblate and prolate single- 
particle orbitals can become very small. In this case there is a decoupling 
betw^een the single-particle levels due to the correlations among the partióles.

Let US consider the effect of the monopole plus quadrupole pairing forcé 
acting on a system of partióles moving in the single-particle levels of ñg. 1 1 . 
Around the Permi surfaoe there is a predominance of prolate levels, wliile 
«ti 0.7 MeV below the Permi surface there is a group of óblate single-particle 
levels.

When the residual monopole and quadrupole pairing interactions are switch- 
ed on, we can construct essentially two ground states. The ground state of 
nucleus A, based on the levels around the Permi surface, and the ground state 
of the A — 2 system (pair removal mode), based on the states with negative 
valué of the quadrupole moment. Thus, this latter state has a similar rela-

(*) Por Pb, Ae 7 MeV and G 0.1 MeV.

N Ü CLEAE SU PEEFLU ID ITY AND FIELD THEORY OF ELEM EN TART EXCITATIO NS 8 9
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y

Fig.  11. -  The oocupatioii probability for levels aroiind the Termi surface 
of for © 2  =  0 (solid line) and (?2=0.08M eV  (daslied line). For each leve! the 
asymptotic quantum numbers are given as well as the valué of the single-particle 
quadrupole moment.

tion to its ground state as the —  2 system has to the closed system ground 
State (*).

Thus, althoiigh the deformed nucleus is superfluid, the quadrupole pairing 
correlations allow for the existence of real partióles (F¿ í̂ ; 1 ), almost uncoupled 
from the superfluid ground state and moving rather cióse to the Permi surface. 
Because of the nonconservation of the number of partióles, the states based 
on the óblate orbitals become an excited state of the J.-system, namely an 
isomeric pairing state with a rather difíerent average valué of the gap parameter 
than the ground state.

(*) Noto that all the different terms which contrlbute to the two-nucleon transfer 
alnplitude of the excited state can produce constructive coherence and still be orthogonal 
to the ground state, because the two states have components appreciably different froni 
zero on different single-particle orbitals and thus are orthogonal ab initio.



The existence of a pairing isomer in a pairing deformed nucleus is evidenced 
by the unusually large tAvo-nucleon transfer cross-section to an excited 0+ state, 
in a similar "w-ay that a shape isomer in a quadrupole deformed nucleus displays 
a very retarded eleetromagnetic-transition probability.

Giving the same weight to the different configurations, we get, for the 
ground-state (t, p) and (p, t) cross-sections,

(3.32) (T(gs ^  gs) =  U, F;.)̂  =  { A ,W  ■

The corresponding cross-sections to an excited O*' state are given by

(3.33a) cr''”‘>(gs ^ 0+) ^  (2 J  F?)'
i

and

(3.336) a'‘ ’“>(gs^O+) ^  ,

where denotes the two-quasi-particle component (forward-going amplitude) 
of the single-particle state i.

In the actinide región a typical valué for (3.32) is 100, while (3.33) depend 
strongly on the amphtude <*,. If the íirst excited state is below the smallest 
two-quasi-particle energy and is mainly generated by vibrations of the 
monopole pairing gap, all the below the Fermi surface have one sign and all 
those above the opposite sign (cf. ñg. 12). This sign change is necessary for 
the excited state to be orthogonal to the ground state. If Ĝ  =  Q, the low- 
lying excited states ivill mainly be built out of the states cióse to the Fermi 
surface (with ^  F,- 0.5), which means that (3.33a) and (3.336) wiH be 
about equal and of the order of unity because of cancellations from states 
below and above the Fermi surface.

The pairing isomer {Ĝ  0.1), on the other hand, is mainly built out of 
the óblate levels below the Fermi surface (cf. ñg. 12) and is, from the start, 
orthogonal to the ground state which has very small components on these single- 
particle levels. For these óblate levels, 1 (ê  <  e )̂ and the different con- 
tributions to (3.33a) add with the same sign resulting in a large (p, t) cross- 
section.

In a schematic model where the 0+ state has equal amplitudes on conñgura- 
tions built out of the ñve óblate orbitals, we ñnd

NUCLEAR SUPERFLU ID ITT AND FIELD TIIEOET OF ELEM ENTAEY EXCITATIONS 9 1

(3.34) ff'J>.‘ '(gs 0+) 2 1i-i
=  20 .

The (p, t) cross-section of this state relative to the ground state is then 20%, 
while the (t, p) cross-section is essentially zero (TI] «¿0) (eí< ê ). Moreover,
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Fig. 1 2 ..-  Forward-goiiig amplitudes for the four lowest 0+ states of and for dif- 
ferent valúes of O^. Thcy were obtained througli a RPA diagonalization, i.e. diagonal- 
izatioii [ //,„  +  7/„2 +  / / 2 2 , = W „ r l -  The valué =  0 .08MeV corresponds to 
Tlie asyniptotic quantum numbers (Nn^AÜ)  corresponding to the most important 
two-quasi-partido configurations are displayed. In the upper part of the figuro the 
pairing gap associated with eacli two-particle conflguration i is also reported.
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as the óblate single-particle levels have a small average valué of A , tlie quasi- 
particle energies E¡ =  V{Si— wiU relatively small implying tliat
the pairing isomer will be found at a low excitation energy.

In fig. 13 we display tbe change of the different physical magnitudes 
(TT, (T(t, p), (t(p, t), Ao and A )̂ as a function of Ĝ . According to the discus- 
sion of subsect. 3‘3, one should choose For this valué of we

E

a
~b

n = 2 n=1
O 0 .04  0 ,08  0.12

Gj (M eV)

Fig. 13. -  Depeudence of tlio different parameters associated m tli the monopole and 
quadrupole pairing degreo of freedom as a function of and for the nucleus 
The labols n =  1 and « =  2 indícate tho flrst and the second 0+ excited state, re- 
spectively.

display in table IV  the results of the model for nuclei in the actinide región, 
in comparison with the experimental data (cf. also ref. [38]). Note, in the 
present situation, the fact that the orbital [501] \ carries a very large intrinsic 
cross-section and contributes 50% of the total cross-section of the excited state.

3'6. oc-vibratiom. -  There is experimental evidence that the t  =  1 and 
T =  O components of the nuclear residual interaction have similar strength. 
However, the correlations induced by the two types of forces are very different. 
The spectrum of *=Sc oífers a conspicuous example. In fact, the ground state 
is the only T — 1 state which displays a large (?» 2 MeV) correlation energy. 
On the other hand, the different T =  O states (i.e. 1+, 3+, 5+ and 7+) are de- 
pressed from the unperturbed energy by about the same amount.

In the case of a four-particle system this result impües that, although the 
T =  O component of the forcé can be of importance for the energy of the 
(2jt, 2v) system, its couphng scheme is determined by the t  =  1  residual in­
teraction. Thus, the íour-particle system can be viewed as the product of a
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T a b le  IV. -  The experimental [41] excitation energies, relative 
X — e^ItyB(E2-, 2 ^ 0 )  valúes associated with fhe low-lying 0+ 
the theoretical calculations [38] for íhe actinide región.

(p, t) cross-sections mui 
states are compared with

Nucleuís Excitation energy 
(keV)

(T(exeited 0 +) 
<T(g.S. 0+)

X

Experi­
mental

Tlieo-
retical

í^xperi-
mental

Theo­
retical

Experi­
mental

Tlieo-
retical

228T11 830 18 (0.83)

930 13.4 0.33
230'J'Ĵ 636 18 0 .2 2 ± 0 . 1 0

1590 3

1040 16.8 0.35

1270 4.4 0.39

232U 695 13 0.17^0.04

930 8.5 0.37

234U 812 13 0.50 ±0 .08

1 0 2 0 16.5 0.41

1250 2 . 0 0.46

236XJ 920 13

950 11.7 0.39

1 2 2 0 2 . 1 0.35

1760 1 . 6 0.97
240pu 862 15 0.05±0 .01

1091 1 0

1070 6 . 0 0.41

1260 1.5 0.40

1450 2 . 6

242pii 956 24

1 1 0 0 9.0 0.39

1 2 1 0 13.7 0.24

1610 5.9

2«Cm 1176 1 1

1180 4.8 0.42

1300 5.2 0.24

1610 1 1 . 1



proton pairing vibration and a neutrón pairing vibration and we refer to it 
as an a-vibration [42].

In 2ospi3 tMs State is expected at an energy

(3.35) =  [5(2»®Pb) -  _B(2»‘ Hg)] -  [£(2i2Po) -  =  8.440 MeV ,

and it should be excited in, e.g., the reaction 2"^Hg(®Li, dj-^^Pb, witli the same 
cross-section and Q-value as that associated with the d)2i2po(gs)
process. Also the =  0+ states which are selectively excited in the 
(N — 2, Z) {N, Z) and (N, — 2) —> {N, Z) reactions should be selectively 
excited in the {N — 2, Z — 2) —> {N, Z) reaction.

Eecently both the “̂®Pb(i®0, and 2'’*Hg(i«0, “ C) reactions were carried 
out. The ground state of ^lapo was excited m th a peak cross-section of 
(0.75 ±  0.16) [xb/sr (cf. ref. [43]), while an upper limit of «a 0.20 ¡i.b/sr Avas 
set for the cross-sections associated with levels within (7 -f-8) MeV excited 
in the reaction 204Hg(i«O, i2C)2“*Pb [44]. Purther experiments are needed to 
determine -vvhether the predicted state is present in the spectrum or -vvhether 
its strength is distributed over several states.

Vie^ing the a-transfer as a simultaneous transfer of a neutrón and a jiroton 
pair addition or pair subtraction modes, one expects to observe large a-transfer 
cross-sections, in the different regions (around closed shell) where the pairing 
vibrations are strongly excited.

Eecent (“Li, d) reactions carried out at Los Alamos in the Ni región seem 
to indícate that the main predictions of the model are borne out by the 
experiment [45, 46].
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4. — Isospin structure of the pairing modes (*).

An important nuclear symmetry property manifests itself in the conser- 
vation of isospin: a nuclear state is characterized by the total isosi)in quantum 
number as well as by the total angular momentum, the number of pairs of 
partióles, etc. The existence of the isospin symmetry requires that the Haniil- 
tonian describing the nuclear system should be invariant under rotations in 
isospace, exception made of the Coulomb term, which is small relatively to the 
nuclear interaction. The isospin symmetry is violated by a pairing interaction 
acting only between identical nucleons, as was the case considered in the pre- 
vious sections. Thus, an invariant pairing forcé must, in addition to the nn 
and pp terms, contain pn components.

One may distinguish between an isoscalar (t  =  0) and an isovector ( t  =  1)

(*) The content of tlie present sectioii is largely based on [47].



pairing interaction, according to whether the associated pair addition and 
pair removal modes carry isospin t =  O or t  =  1, respectively.

In previous sections we have been confronted -wltli strong evidence on the 
existence of pairing correlations acting between identical partióles. TMs evidence, 
combined with tbe condition of isospin invariance, requires tbe existence of 
an isovector pairing interaction (cf. also 3'6).

In what follows tbe elementary pairing modes of excitation generated by 
an isovector pairing forcé are studied.

4'1. Exact solutions and their collective interpretation. -  As in the case of 
the pairing forcé acting only between identical particles, we ñrst discuss the 
solutions corresponding to the degenerate case.

The gronp-theoretical methods which have been used in the case of iden­
tical particles may be generalized in order to account for the isospin degree 
of freedom [48]. The role of the seniority v is now played by two quantum 
numbers, namely the seniority itself and the reduced isospin t (which is the 
isospin of the pairs moving in time-reversed states). Within each representa- 
tion (v, t), the states are labelled by the total number of pairs n, the total iso­
spin T and its s-component T¡. The energy eigenvalues are given by

(4.1) E{v, t -n,  T) =

=  í G[7ẑ  +  T(T  +  1)] -  íG[Q^- +  Ü{3 - v ) -  lv{6 - v )  +  t(t +  1)].

I f r =  O, there are only even (odd) valúes of T, if n is even (odd).
As in (1.7), there are two characteristic frequencies which are present in 

the spectrum: i) the one associated with the rotational motion in both gauge 
and isospace (note that both rotational bands have the same moment of inertia 
. / =  ñ^jG), ii) the one which is responsible of the sphtting between states with 
Ar =  2 and the same valué of n, T, this splitting being of order GQ.

The three operators J  ±  1) add two particles
n i > 0

coupled to angular momentum zero, isospin one and isospin projection t .̂ 
These operators do not connect states with different seniority or reduced iso­
spin. In the case v =  t =  O, the corresponding reduced matrix elements be­
tween members of rotational bands are

(4.2) Í7c +  l,T±l\\P^\\7i,T} =

=  [|(fí ± T  +  n +  Í ±  i ) {Q T T - tt +  Í T  i ) (T +  J ±  i)]» «

«r! i£2(2T +  1 ± l ) i .

These matrix elements are enhanced by a factor ü , as in (1.76), with re- 
spect to typical puré two-particle matrix elements.
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The solution for the case of two levels separated by an energy D  is similar 
to the one developed in sect. 2 (cf. also[49]). Again, if a? =  2G-Q/e >  1, 
the spectrum corresponding to the degenerate case is reproduced. Por a; < 1 ,  
all energies are integer múltiples of a single energy hm, and only matrix ele- 
ments between states which differ by are diíierent from zero. Thus, a vibra- 
tional spectrum is obtained, where the building blocks are the pair addition 
and pair removal quanta. They carry transfer quantum number x =  ±  2, 
spin J  =  O, positive parity, isospin t  =  1 and projection =  1 or 0.

Similar to the systems discussed above, the present model displays a simple 
structure in both rotational (i.e. rotation in gauge and isospin space) and vibra- 
tional limits. Since the available experimental evidence strongly supports the 
second limit, we discuss only the harmonio model.

4'2. The Jiarmonic model, level spectrum. -  The basie idea underlying the 
harmonio model is that the six isospin pairing modes behave as independent 
phonons, which retain their identity in the presence of other degrees of freedom. 
Thus, any level of the vibrational band is obtained by superimposing a cer- 
tain number of phonons. A possible coupling scheme for these states is given 
by [50]

(4-3) TT^y =  i i í [ [ ( r : n j ( r : r ] j , , j o > ,

here and denote the number of pair removal (a =  — 2) and pair addi­
tion (a =  2) phonons, respectively, while í, and are the isospin to wMch the 
corresponding phonons are coupled. The quantum numbers T and are the 
total isospin and its ^-projection.

We denote by =  r\a. =  2, r =  1, t,) the creation operator of a
pair addition mode and by =  r\oc =  — 2 ,  t  =  1 ,  r̂ ) the corresponding
operator associated with the pair removal mode. The square brackets represent 
the vector coupling of the boson operators to the intermedíate and total iso­
spin. The State jO) is the vacuum of the pairing quanta.

The counting of the states generated by coupUng phonons of the same type 
is mathematically equivalent to the counting of states in a three-dimensional 
harmonio oscillator, where n plays the role of the principal quantum number 
and t that of the angular momentum. Therefore

(4.4) í, =  w , - 2, ..., 1 or O 

and similarly for
In the following, we consider the spectrum with j i<  O, where n is the number 

of pairs added to the closed shell =  56, and it is deflned by the relation

(4.5) n =  n̂  — n .̂

The closed-shell system “ Ni has the same number J =  28 of protons

7 -  Bendiconti S .I.F . ■ L X I X
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and neutrons and jr =  0. Its ground state, -which is the boson vacuum, has 
T =  O =  7 1, and is labelled by nj^-, TT^) =  (00, 00; 00).

We consider two types of states. The first contains only pair removal modes. 
The second contains one pair addition mode and several pair removal quanta {*). 
In the following we discuss the properties of states with T =  The cor- 
responding properties assooiated with states with T ^  are related to those 
of the T =  states in a model-independent way.

Fig. 14. -  Energy levels and reduoed two-particle transfer matrix elementa cor- 
responding to the harmonio coupling scheme. The quantum numbers are
indicated below each level, while the total isospin is displayed ahove it. All states 
up to and including three phonons and with j t < 0  are shown. Levels which may cor- 
respond to the ground state of an even nucleus are represented by a heavy line. Only 
those reactions which proceed from these states are displayed. The corresponding 
isospin-reduced intensities are gíven in square brackets. It has been assumed that 
the intrinsic strengths associated with addition and removal phonons are equal. The 
group of states within each frame are degenerate in the harmonio approximation. The 
main components of the diíierent states have been displayed in a schematic way in 
which the active partióles aro shown.

(*) Only few states not belonging to either groups have been identified.



4‘2.1. S ta tes w ith  on ly  pa ir rem ov a l m ode . Por any valué o£ :7r<0, 
the lowest states have =  O and thus jz =  — n ,̂ tlie total isospin of
the system being T =  Some of these states are displayed in flg. 14 and 
are framed witli daslied Unes.

For T  =  \ji\ all pairs of partióles are aligned in isospace so as to yield tlie 
máximum possible valué of the isospin {e.g. (22, 00; 22)=2Cr). These states 
are the ground states of isotones with N  =  i.e. they are ground states 
of single closed-shell nuclei.

States with the same number of pairs n, but with two units of isospin less 
(T =  |:ti| — 2) {e.g. (20, 00; 00)®^Fe) are obtained from the state with T  =  \n\ 
by replacing a pair of proton holes by a pair of neutrón holes. They are thus 
labelled by (7r(l7i:| — 2), 00; — 2) (|ti| — 2)) and represent the ground states 
of isotones with (*) N  =  — 2.

The set of states (|jr|T, 00; TT) is identical to the T  set of states
which would be obtained for a pairing forcé acting only between identical 
particles. They satisfy the selection rule (— =  1 which is characteristic 
of the ground states of even nuclei.

4'2.2. S ta tes w ith  one pa ir a d d it io n  and severa l pa ir rem ova l 
m odes. For a system with n — — pairs, the states with one pair addi­
tion quantum and several pair removal quanta are of the form (n̂  -j- 1 í, +  1, 
11; TT,)  and can be obtained by acting with on the states discussed
above. They appear at an energy ñ(a>̂  +  co,) above the states (%%, 00; tj^). 
Examples of these states are framed by a continuous line in flg. 14.

The states (w, +  1 +  1,11; w, +  2 w, +  2) {e.g. (22,11; 33)®̂ Cr) have two 
units of isospin more than the single-closed-shell nucleus (n̂ n̂ , 00; with 
the same valué of n. They are obtained from this last state {i.e. from the 
(11, 00; ll)®*Fe) by removing two protons from below the closed shell (thus 
creating the state (22, 00; 22f^Cr) and adding two neutrons above the closed 
Shell. They are also ground states of even nuclei (**).

The addition phonon in the states (ŵ  +  1 11; TT,)  does not satisfy any 
symmetry relation with respect to the n -̂\- 1 removal phonons. For example, 
it may couple with the isospin to the total isospin T =  leading to the 
State {n̂  +  1 í,, 11; {e.g. the state (22,11; 22) ^^Mn). Because ( - ) " -  =  ( - ) ‘  ̂
(as required by the identity of the w, +  1 removal quanta (cf. eq. (4.4)), these 
states do not fulfll the selection rule (—)’''''̂  =  1. Thus, the collective spectrum 
of an isovector pairing forcé is richer than the corresponding spectrum asso- 
ciated with a |t̂ | =  1 pairing interaction.
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(*) Note that for these n  ̂=  0 states the diUerence \n\ — T = n , — í, is equal to the 
number of neutrons suhtracted from the closed-shell system.
(•*) These are the only ground states with n < Q  that contain one pair addition phonon.



The wave function of the state (n̂  +  1 1 1 ;  tj^) can be written. as

(4.6) \n̂  +  1 11; +  l))^rI(T^ =  0)l>̂ , +  1 0 0 ;  ~

-  (l/(#, +  l)yrliT^ =  l)\n, +  1 K, 00; -  1> ,

showing that the added pair has =  O most of the time. The state (4.6) is 
thus mainly obtained by adding a neutron-proton pair to the ground state

+  1 00; of the even nucleus with jt =  — («,, + 1 ) .  Because the 
ground state of odd-odd nuclei in general has J" #  0+, (4.6) is an excited 
State of the \ji\ =  n̂ , T̂  =  t̂  system.

The addition phonon may also be coupled with the ít, +  1 removal phonons 
to produce the state (n̂  +  1 11; í, — 1 í, — 1). Within the harmonic model, 
this State is degenerate with (n̂  - f  1 — 2,11; — 1 — 1) and both have 
the same quantum numbers n,T,T^ {e.g. the (22,11; 11) and (20, 11; 11) 
states in ®^Fe).

Combining the different stripping and pickup reactions one can lócate both 
states. Por instance, the state (20,11; 11) is not populated in the two-proton 
stripping on the ((22, 00; 11) ®̂ Cr) target while the (22,11; 11) would not be 
populated by  adding a dineutron on the ((20, 00; 00)®^Fe) state. Since these 
selection rules are associated with the model quantum number these reac­
tions provide a test of the coupling scheme (4.3).

The matrix elements of the phonon creation and annihilation operators 
in the basis set (4.3) are displayed in flg. 15, 16 and 17 (cf. also [47], [51] 
and [52]).

4'3. Gomparison with experiments. -  The previous discussion suggests that 
we may view the pairing spectrum around as consisting of proton and 
neutrón vlbrational bands similarly to what is done in the Pb región. Most 
of the transitions predicted by  the model can be assigned to either type. This 
conclusión is reinforced by the relativo transition probabihties within each 
band, which essentially follows the ratios discussed in sect. 2, and are little 
affected by the presence of the other kind of particles.

The comparison with the experimental material displayed in fig. 15, 16 
and 17 and tables V  and VI has been carried out through the ratios

K .  =  dí̂ exp/dí̂ DWBA •

The DW BA cross-sections were calculated by utiUzing one form factor for all 
transitions implying addition modes and another for all those implying removal 
modes. The theoretical valúes {i =  a, r) are obtained by multiplying the 
square of the matrix elements of the phonon creation and annihilation operators 
by the intrinsic strength parameters N^, These parameters are deter-
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mined by averaging over transitions that connect ’ftáth the liead of
each vibrational band, since the Pauli-principie corrections are expected to 
be small in tMs case. The experimental results are from the compilation of 
ref. [47] and include the (t, p) results of Aldermaston and Los Alamos, the 
(h, p) results of Philadelphia, Argonne and Heidelberg and the (h, n) results 
of Munich, Eochester and Berlin.

4 ’3.1. The « p r o to n »  pa ir in g  v ib ra t io n a l ban d s. In ñg. 15 \ve dis- 
play the available evidence concerning the proton pairing degree of freedom 
for 7¡:<0. For the proton bands we obtain ph 15. The experimental 
intensities are indicated in comparison with the model predictions, for proton 
removal vibrational bands corresponding to the band heads “ Ti, »̂Cr, ^̂ F̂e 
and

It is noted that the ground-state intensities do not increase with at the 
rate predicted by the model. For instance, the sequence of ground-state in­
tensities ®̂Ca ®“Ti -> ®̂ Cr -> '¡̂ Fe ^  ®®ííi is in the ratio l ;1 .2 : l .á ; l  instead 
of the ratios 4 :3 :2 ;1  predicted by the harmonic description. TMs deviation 
“vvas to be expected, since the Pauli principie limits the vahdity of the har­
monic description as proton pairs are removed from the (/, p) shell.

Transitions involving proton addition phonons and leading to states with 
the same isospin as the ground State are also given in fig. 15. Two strong 
states have been observed in some nuclei. One of these states is the proton 
pairing vibration, while the other state is viewed as arising from shape defor- 
mation degrees of freedom. Intensity arguments and energy considerations 
may serve to identify the intruder state. We assume that all the excited states 
having the same isospin as the ground state derive their two-proton transfer 
strength by admixing with the pairing vibration. Thus the ratio R associated 
with the excited states is worked out by utilizing the pair addition form factor.

The intensity and energy of the single excited state reported in fig. 15 is 
equal to the sum of the intensities and the corresponding centroid energy. For 
example, in the ®2Cr(h, n)5“Fe {T — 1) reaction, the experimental valúes of R 
are 16 (gs), 1.0 (4.29 MeV) and 1.7 (6.50 MeV). The state at 4.29 is considered 
to be an intruder state. The total intensity (*) to the excited state is thus 
2.7 ± 1 .5  (p«[3 2]) and the intensity-weighted energy 5.68 MeV.

The intensity of the transitions corresponding to addition phonons, in the 
presence of either one or more removal phonons, is smaller than the valué 
predicted by the harmonic model, but for the ®^Fe(^He, n)®«M reaction. How- 
ever, the fact that these transitions still have an intensity of the same order of 
magnitude as the intensity with which the ground state of the same nucleus is
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(*) Typical errors of 15% are assigiied to (t, p) and (li, p) cross-sections, 30%  to (li, ii) 
grouiid-state transitions and 60%  to (li, n) reactions populating excited states. The 
assignnient of these errors is discussed in [47].
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7.19

5.23Í O

40,00

O

2̂Ca
71,00 \ [ I6 S ] ( 3 / ; )  

60,00

D)

Fig. 15. -  The protoii vibrational baiids for ti< 0 .  Each statc is labelled by tlie 
quantum numbers «a,í») and the total isospin. The nucleus corresponding to
these quantum numbers and with T  ̂=  T  is also givcn when they corrcspond to 
ground states. For the excited states the energies are also displayed. The numbers 
in brackets are the experimental valúes of <B> taken from [47] and corresponding errors. 
The valúes in parentheses are the theoretical predictions. The label /  indicates that 
the associated intensity is fragmented into several states. In these cases the sum of 
the intensities is shown as well as the centroid energy. For more details cf. [47].



populated gives support to the vibrational picture (*). Model calculations indí­
cate that the different anharmonicities will transfer intensity from the excited 
State to the ground state, as observed.
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d) A / ÍB2-1Í9)
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Pig. 16. — The proton vibrational bands for 71 >  0.  The labelling of the states and 
the experimental and theoretical predictions are displayed in similar fashion as in 
fig. 15.

Figure 16 shows the experimental and theoretical intensities for tt> 0. 
Four -vibrational bands have been identifled. The ratio of the cross-seotions 
associated 'with the reactions ®‘ Cr(h, n)56Fe(gs) and ^«Fe(h, n)®*Ni(gs) provides 
the only test of the dependence of the intensities. While the theory predicts 
a factor of two for the rate of increase, the observed intensities are equal within 
experimental errors.

The intensities of the transitions involving an addition phonon agree with 
the model predictions for the seven cases shown in ñg. 16. This is trne regard- 
less of whether removal phonons are present [i.e. ®*0r -> ®*Fe(5.63 MeV), 
56pe ^  S8]^i(3_55 lyieV) and "«Fe ^  «»íTi(3.53 MeV)) or not {i.e. ^Ni ^  ^+^Zn(gs)).

(•) The empirical evidenoe for two-nucleon transfer reactions on systems further away 
from closed shells is consistent with the ground state being excited two orders of 
magnitude stronger than any other J ’'= 0 +  state (cf. fig. 3). This fact is viewed as 
a manifestation of the superfluid character of these nuclei. In suoh cases, the collective 
vibrational description of the pairing motion has to be replaced by a description based 
on the rotational degree of freedoni.
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4’3.2. Tlie «n e u tró n »  p a irin g  v ib ra t io n a l ban d s. Figure 17 shows 
the available evidence concerning the neutrón pairing vibrational bands. 
Since the information obtained from the different two-particle transfer pro- 
cesses is independent of the of the ñnal state, only the (t, p) experimental 
results are given in this figure. According to the same prescription as for the 
proton pairing bands, the valúes =  32 and =  45 Avere obtained in the 
present case.

20,22 '-J20)

52Fe___ O

Fe 1 ^  [I7 3](21)
11,00 «)

58
20,11 x(20) 11,22

20,00 'x^(20) /T i T ñ

11, 33 
[32 6](6í )

2 2 , 0 0

4.83f

« C a
80,11 

[ 1 2 2 ] ( 2 D  

[32i](80)
1

71,00

5.86
71,11 

[lll](21)
[i 81] (72)

2

5.6 If

62,00

62,11 
[12 2] (21) 

[345](5D
‘ Ĉa 3
53,00

d)

5 .2 9 Í
53,11 

[284](2D 
[25i](26)

‘ 8Ca U,
44,00

50Ca
44,11 

[264](21)

rig. 17. — The neutrón vibrational bands. Only tlie (t, p) data are shown. For more 
datails see oaption to flg. 15.



The main features observed for the neutrón bands are similar to tliose 
encountered in the case of proton pairing bands. In particular, the predicted 
rate of increase in intensity when neutrón phonons are added is larger than ex- 
perimentally observed. For instance, the experimental ground-state intensities 
associated -witli the Ca pair removal band (^Ca->"*+^Ca(gs); =  40, 42, 44 
and 46) are in the ratio 1.3:1.9;1.4:1.0, while the harmonio ratio is 3.0:2.7: 
; l . 9:1.0. Por the Fe pair addition band ("‘Pe ^  "*+2Pe(gs); A  =  54, 56 and 58) 
the experimental ratios are 1:1.3:1.9, while the theoretical ratios are 1 :2 :3 . 
The Cr pair addition band intensity ratio on the other hand is 1:2, wlüch 
agrees with the model prediction.

All the intensities associated with transitions implying a change in the 
number of addition phonons in the presence of one or more removal phonons 
are smaller than predicted by  the model. The only exception to this systematics 
is provided by the ®̂Ca ^  ^®Ca(4.28+5.46 MeV) transition which has, within 
experimental errors, the same intensity as the *̂Ca -> ^"Ca(gs) transition.

4'3.3. N e u tr o n -p r o to n  s ta te s . Table V contains the analysis of the 
AT =  O transitions, i.e. transitions leading to states Anth the same isospin as 
the target isospin. Only (h, p) data were utihzed in this analysis.

Unhke the transitions discussed above, the AT  =  O transitions are character- 
istic of the isovector pairing vibrational model. Note, however, that a AT =  O 
vibrational band cannot be experimentally followed up, since the corresponding 
members are never ground states. A measure of the adequacy of the model is

T able  V. — Intensity of the proton-neutron transitions. Coluiiiiis ono and two iiidicatc 
the target and the excitation energy (MeV) of the final nuclear State. They are identiñed 
with the vibrational-scheme quantum numbers in oolunins three and four. In colunin 
ñve we give tlie (h, p) intensities taken from the conipilation of ref. [47]. In colunm 
sis we show the relative theoretical intensities. The ratio between the theoretical and 
experimental valúes are given in column seven.
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Transitions
(MeV)

Initial
State

Final
S t a t e

^exp

1.82 1 1 , 1 1 ; 2 2 1 1 , 2 2 ; 2 2 1 . 0 0 . 1 1 9

54pe^56Co 1.45 1 1 , 0 0 ; 1 1 1 1 , 1 1 ; 1 1 1 . 8 0.17 11

52Cr^54Mn 2 . 1 2 2 2 , 0 0 ; 2 2 2 2 , 1 1 ; 2 2 2.5 0 . 2 2 11

5°Cr 2.47 31, 00; 11 31, 11; 11 1.4 0.17 8

60'J'j _J, 52y 2.40 33, 00; 33 33, 11; 33 0.9 0.25 4

48'pj ^  soy 3.57 42, 00; 22 42, 11; 22 0.9 0 . 2 2 4

«Ca->5ogc 3.09 44, 00; 44 44, 11; 44 1.3 0.27 5

54Cr 2.48 22, 11; 33 22, 22; 33 0.4 0.17 .7
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provided by the mean square deviation of the valúes of derived from each 
transition, which is larger than the experimental uncertainties.

An independent source of Information on AT =  O transitions is provided 
by (h, n) reactions to analogue states. The corresponding Information is col- 
lected in table VI. The seven valúes agree, within experimental errors,

T a b le  VI. -  Intensity of the A.T =  O (proton-neutron) transitions associated with (li, n) 
reactions populating analogue states. For more details see caption to table V. Coluinn 
eiglit was obtained by utilizing =  14.

Transitions Initial Final
(MeV) State state

-B.. Theoretical
prediction
(^a=14)

56pe^5«Ni 10.59 11, 11; 22 11,22; 21 3.5 21 0.11 32 1.5

54Fe^56Ni 7.94 11, 00; 11 11, 11; 10 5.4 32 0.33 16 4.6

52Cr->54pe 10.70 22 ,00 ; 22 22, 11; 21 2.1 13 0.22 10 3.1

5ocr^52Fe 8.05 3 1 ,00 ; 11 31, 11; 10 3.0 18 0.33 4.6

6OTi->520r 13.52 33, 00; 33 33, 11; 32 1.5 12 0.17 2.4

48Ti^60Cr 1 1 . 9 5  42 ,00 ; 22 42, 11; 21 1.4 17 0.22 3.1

«Ca->5oxi 16.58 4 4 ,0 0 ;4 4  44, l l ;4 3  1.7 10 0.13 13 1.8

■vvith the average valué of 14. ííote, however, the larger magnitude of the ex­
perimental uncertainties.

From the abo ve discussion it is concluded that the L =  O, AT =  1 two- 
particle transfer data associated with =  0+ states in the Ca-Iíi región can 
be systematized through the concept of independent isovector pairing vibra- 
tions which behave like phonons. More than sixty members of this many- 
phonon vibrational band have been identified. This band can be decomposed 
rather accurately into bands corresponding to pairing vibrational phonons 
generated by correlations betiveen identical partióles. Thus, all the states ex- 
cited in two-nucleon transfer reactions (excepting those implying AT =  O 
transitions) and having máximum isospin projection give rise to proton and 
neiitron vibrational bands.

Tlie isovector property of the pairing phonons manifests itself in the AT =  1 
transitions to the analogue states and in the AT =  O transitions to the T =  T^, 
J" =  0+ states in odd-odd nuclei.

Some systematic deviations from the harmonic-model predictions (an- 
harmonicities) are found in the different bands. Thus, the rate of increase of 
the two-particle transfer intensity with the number of phonons is slower than 
predicted. This anharmonicity has its origin in the Pauh principie.

The excited states with the same isospin as the ground state, even if strongly



populated in two-nucleon transfer processes, are weaker than predicted by the 
harmonic model. Tlie residual pairing interactions tend to produce a conden- 
sation of the boson, namely a superconducting state. This tendency drains 
strength from the excited into the ground state.
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II :  Field theory of elementary excitations in nuclei.

In the first part of these lectures the concept of elementary modes of ex- 
citation was discussed in terms of simple schematic models. The usefulness 
of such a concept to describe the nuclear structure was demonstrated in the 
discussion of selected examples involving pairing modes.

Because all the nuclear degrees of freedom are exhausted by the protons 
and the neutrons, it is an essential feature of descriptions based on elementary 
modes of excitation to viólate the Pauli principie and to require the use of 
an over-complete basis.

In the second part of these lectures we develop a field theory, in wiiich the 
nuclear elementary modes of excitation are the fermionic and bosonic free 
fields, and where their mutual interweaving takes place through the particle- 
vibration coupling and the bare model four-point vertex interaction.

5, -  The concept of elementary modes of excitation.

The Hamiltonian of a many-body system of noninteracting partióles, bosons 
or fermions, can be ■\vritten as

(5.1) H  =
i

where the summation is over all the particles of the system and where each B. ¿ 
depends only on the variables of the t-th partióle. The single-particle Schrodinger 
equation is

(5.2) =  s^ip,{ri) , 

where is the single-partióle energy eigenvalue and

(5.3) V»,(r,) =  <r,la¡|0>

is the oorresponding wave function. The operator a,], creates a partióle in the 
State Te when acting in the vacuum state |0>. The energy levels of the system



are then given by tlie equation

(5-i) E „ =  ,

k

the corresponding eigenstates being

(5-5) l « > = n ^ “— |0>,
k Vn^l

where w* =  O or 1 in the case of fermions and %. =  0 ,1, 2, ... in the case of 
bosons.

Now we consider a system of interacting particles. The Hamiltonian will 
in this case be

(5-6) H = 2 H ,  +  í 2 H , , ,  
i,i

where i, j label the co-ordinates of the ¿-th and j-th partióle.
In some cases it is possible to recast the two-body Hamiltonian in the form

(5.7)
T

with the associated Schrodinger equation 

(5-8) =  £rVr(í) ,
«

C representing a generahzed variable (e.g. the single-partido co-ordinate, the 
gap parameter, the shape of the nucleus, etc.). The wave function friO  is the 
C-co-ordinate representation of the eigenstate â |ü>. The operator creates 
an excitation with quantum number t when acting in the State |0>, the vacuum 
of all the excitations t .

The energy of the levels of the system, or at any rate of the most important 
ones to determine the physical responso of it to external probles, can be written 
in the form

(5-9) E „ = 2 n r s r .
T

The corresponding eigenstate can be written in the same way as before, i.e.

(5-10) \ny =  n  !0> .
I VWj!
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Additivity features similar to (5.9) hold for other physical quantities, i.e.

(5.11) (̂ n\C)\m'} =  2  Wr +  1),
T

where

(5.12)
T

is the operator which speciflcally excites the eigenstates described by ’̂t(C). 
Because the excitation energies and observables |<m'|í’|m>|2 {e.g. two-par- 
ticle transfer cross-section, electromagnetic-transition probabilities, etc.) are 
linear combinations of et and Ax, respectively, the eigenstates with energy er 
and associated observable A t are called the élementary excitations of the system.

There lie thus two ideas behind the concept of elementary excitations (*). 
First, there is the idea that the total binding energy does not have much to do 
■vvith the behaviour of the physical system. Thus, the state |0> is assumed to 
exist but to act only as a background whose detailed intrinsic structure one does 
not need to know to describe the behaviour of the system. What is important 
is the behaviour of the lower excited states relative to the ground state.

The second idea is that the low-lying states often are of a particular simple 
character, and are amenable to a simple and rigorous mathematical treatment.

With the help of experimental probes which couple weakly to the nucleus,
i.e. in such a way that the system can be expressed in terms of the properties 
of the excitation in the absence of probes, it has been possible to identify the 
following elementary excitations in systems around closed shells(**):

a) single partióle and holes,

b) shape vibrations,

c) spin and isospin vibrations and charge exchange modes,

d) pairing vibrations.

DifEerent probes have been utilized in the process of identiflcation of the dif- 
ferent modes. In particular two-neutrón transfer reactions induced by tritons 
and protons have playcd a central role in unravehng the basic features of the 
pairing modes. This subject has been discussed in detail in part I of these 
lectures.
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(*) This concept was flrst introduced by L andau  [53] to describe the spectruni 
of He II. It was subsequently utilized in nuclear physics by B ohr and M ottelson [6 ] 
to obtain a unifled description of the nuclear spectrum.
(*•) The restriction to closed nuclei is made to simplify the discussion. The concept 
of elementary modes of excitation applies equally well to open-shell nuclei (cf. [25]).
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6. -  Nuclear field theory.

A fleld theory can be formulated in which the nuclear elementary modes of 
excitation play the role of the free ñelds and in which their mutual inter- 
weaving takes place through the particle-vibration couphng vertices [6, 54, 55]. 
This theory provides a graphical perturbative approach to obtain the exact 
solution of the many-body nuclear-structure problem in the product basis 
yr(C)V,(Zl) ... %( r ) .

Note that the nuclear bosonic ñelds are built out by utihzing those degrees 
of freedom (particles and holes) 'which already exhaust all the nuclear degrees 
of freedom. It is thus an essential feature of the product basis to be over- 
complete and to viólate the Pauli principie. On the other hand, this basis is 
directly related to observables of the system. The different experiments pro- 
ject out only one or two of its components.

In what follows we state and apply the nuclear-ñeld-theory rules, to cal­
cúlate the interactions between the nuclear free fields and the reaction processes 
between the resulting physical states. This is done for a system with one par- 
ticle outside closed shells and which displays collective vibrations, in the frame- 
work of a two-level model.

6‘1. Schematic model. -  The model considered consists of two single-par- 
ticle levels, each with degeneracy Q and with a schematic monopole particle- 
hole interaction coupling the particles in the two levels.

The total Hamiltonian is equal to

(6.1) H =  +  H ,,  , 

where

(6 .2 ) =  2
^ a=±lftn

and

(6.3) H ^ ^ = - ^ ( A ^ A  +  AA^),  ^ ■
m

The Índex a labels the two levels, while m labels the degenerate states within 
each level. The strength of the monopole coupling is denoted by V and the 
energy diííerence between the two levels is e.

The matrix element of (6.3) is given by

(6.3a) <m, 1; m', — 1; m'", — 1> =  — Fá(m, m')d(m", m"'} .
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6'2. Field-theoretical solutions. -  The free nuclear and fermion ñelds are 
tlie elementary modes of excitation comprising surface vibrations and single 
partióles, respectively. The boson ñelds are deflned through the random-pliase 
approximation, in ternas of particle-hole excitations. The basis utilized to 
describe the nuclear systems is a product of the different free flelds. This basis 
is, as a rule, over-complete, nonorthogonal and violates the Pauli principie.

The closed-shell system of the schematic model under consideration cor- 
responds to the lowest (o- =  — 1) level ñlled m th Ü partióles, Avhile the upper 
(ff =  1) level remains empty. The basis partióle and hole states are obtained 
by adding or removing a single partióle from this closed-shell conflguration. 
The oorresponding wave functions and energies, which should inolude the 
Hartree-Fook corrections generated by the residual interaction (*), are

(6.4)
\m, 1> =  4,i|0> ,

|m ,-1> =  a„,_i|0>.

E(m, 1) =  i(e +  V) , 

E(m,^l )  =  h{e+ V).

Thus the unperturbed energy for produoing a particle-hole excitation with 
respeot to the ground state is

(6.5)

The contribution V in (6.5) is the Hartree-Fock contribution to the particle- 
hole excitation.

If we deñne the creation operator of the normal modes as

(6.6 )

the linearization equation

(6.7) 

yields

(6.8)

[H,pl]  =  c oX

cüi =  e ' -  V Q ,  

I =  e' { v== 2 , 3 , . . . , Ü) .

Utilizing (6.7) and the normalization condition

(6.9) =

(*) The Hartree-Fock energy associated with the Hamiltonian (6.1) can be obtained 
from the linearization relation [Zf, =  í/(m, (T)a^^ acting on the Hartree-Fock 
vacuum, which in this case coincides with the single-particle vacuum deflned by 
< - i l 0 > =  « „ .i| 0 > =  0 .



Ave obtain for the amplitudes associated with the low'est mode

(6.10) Ai =  . 
Ví2

One can also write tliis amplitude as the ratio betAveen a coupling matrix 
element and an energy denominator, i.e.

(6.11) Ai =  .
a>i — s

From (6.8), (6.10) and (6.11) we obtain

(6.12) /ii =  -  r v ñ ,

which is the strength with which a particle-hole exeitation (m, l ;m ,  — 1) 
couples to the collective phonon (see flg. 18). This can also be seen by calculating 
the matrix element of the interaction Hamiltonian (6.3) between the normal 
modes and the single particle-hole state

(6.13) Ar =  {n„ =  1; m', — 1> =  — F m')d(v, 1 ).

Note that the particle-vibration conpling strengths associated Avith the other 
normal modes lying at an energy e' are equal to zero.
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Fig. 18. -  Grapliioal rcpresentation of the amplitude of the collective plioiion (wavy 
liiie) on a given particle-hole exeitation ((m, 1), (m, — 1)). This amplitude can be 
written in terms of the interaction vertex denoted by A ¡, and the energy denominator 
co, — e'. The partióles and lióles are depicted by arrowed lines.

As shown in ref. [54-55], the exact solution of (6.1) is reproduced by utiUzing 
as the basic degrees of freedom both the vibrations (cf. (6.8)) and the particles 
(cf. (6.4)) coupled through the interactions (6.3íí) and (6.13). A significant 
part of the original interaction has already been included in generating the 
collective mode (6.8). This implies that the rules for evaluating the effect of 
the couplings (6.3a) and (6.13) between fermions and bosons involve a number



of restrictions as compared with the usual rules of perturbation theory tliat 
are to be utilized in evaluating the effect of the original interaction (6.3) acting 
in a fermion space. They read as follows:

I) In initial and ñnal states, proper diagrams involve collective modes 
and partióle modes, but not any partióle conñguration that oan be replaced by 
a oombination of collective modes. This restriotion permits an initial state 
comprising the conñguration =  1; m, 1), but exeludes (m, 1; m, —1; m', 1).

II) The couphngs (6.3a) and (6.13) are allowed to act in all orders to 
generate the different diagrams of perturbation theory; the restriotion I) does 
not apply to internal Unes of these diagrams.

III) The internal Unes of diagrams are, however, restricted by the ex­
clusión of diagrams in which a particle-hole pair is created and subsequently 
annihilated without liaving participated in subsequent interaotions.

IV) The energies of the uncoupled partióle and phonon ñelds are to be 
caloulated by utilizing the Hartree-Pock approximation (of. eq. (6.4)) and the 
EPA (of. eq. (6.8)}, respeotively. The oontributions of all allowed diagrams are 
evaluated by the usual rules of perturbation theory.

We note that the exterual ñelds aoting on the system are aUowed to create 
any state which may generate the different diagrams of perturbation theory. 
The corresponding matrix elements should be weighted with the amplitude of 
the component through which the ñnal state is exoited.

The above rules are also valid for those situations which cannot be treated 
in perturbation theory and where a full diagonalization is oalled for. Thus, 
e.g., when the system displays a spurious state (of. sect. 7).

In what folloAvs we discuss the energy of the 2p-lh-like excitations. We 
distinguish between two types of states, namely

co, =  e ' - V Ü ,  Á  ̂=  - V Q V

(i =  l-, m =  l , 2 , ü ) ,
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(6.14) K  =  l ; m , l > ,

and (*)

(6.15) |m, 1; TO,- 1 ;  m ',l>  , e' (to, to' =  1, 2, ..., i3 ).

(•) Since tlie states (6.15) are restricted to be intermedíate states of the perturbation 
expansión, tlie conñguration (m, 1; m, — 1; m, 1) is allowed.

8 ^ - Rendiconti S.I.F . - L X I X
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The physical states are to be written as

(6.16) \qm) =  2  =  1; m, 1> ,

as (6.15) cannot be basis states according to rule I), but only intermedíate 
states. The quantities are the amphtudes of the physical state in the dif- 
ferent components of the product basis of elementary excitations.

The model space contains states, while the correct number is Q — 1. 
Thus the basis |Wi =  l ; m ,  1> contains Q spurious states. Its origin can be 
traced back to the violation of the PauU principie (cf. also sect. 7).

To obtain the energy of |gm> vve have to aUow the states |wi =  1; m, 1> 
to interact through the vertices (6.3«) and (6.13) and generate all the difEerent 
perturbation theory diagrams (cf. rule II)) except those containing bubbles 
(cf. rule III)).

The difEerent graphical contributions calculated in the framework of the 
Brillouin-Wigner perturbation theory are displayed in flg. 19. There is only

-A a Aa‘ -Aa‘

Fig. 19. -  Contributions to the interaction of a fermion and a collective boson cu¡ to 
order 1/Q .̂ The secular equation E  ~~ — 1)” is given in torins of the

quantities A  =  4,QV^ICAe’ — 2E) and a = 2 F /(3 £ '— 'iE).

one (diagonal) matrix element given by a single summation, which can be 
carried to all orders in the interaction vertices, and can be written as

(6.17) X ,, .=  =
n

A
d{i, i')d{n, 1) =  — K(E){Ví¿VYó{ i ,  1) ,1 +  a

where a and A  are deflned in the caption to the figure and

(6.18) K(E)  =  ( f e ' -  E +  F )-i



is the effective coupling strength. The associated secular equation

(6.19) \{w, -E)d{ i , i ' )  +  X,,,\ =  0

is equivalent to the dispersión relation

Thus the energies of the system are determined by the equation

ÜV^
(6.21) ^  =  ‘ - + F - E + r -

It admits the two solutions

N UCLEAR SU PERFLU ID ITY AND FIELD TIIEO RY OF ELEM EN TART EXCITATIO NS 1 1 5

(6 .22) =
3 e' 
2 ® »

i £ ' +  coi +  F =  f e ' -  Í3F +  F ,

and agree with the exact valué (*).
Because A¡ =  Q fov 1̂ =̂  1, there is no summation in (6.16) and

\qm). =  =  1; m, 1>,

where

(6.23) 1 =  N;^ ^1 -  ^ j  ^1 -  •

For Eg  ̂ =  a»i +  V \ve obtain

(6.24)

while for £ '„„=|e ' the state is nonnormalizable as the quantity in parentheses 
in (6.23) is either negative {ü  >  1) or zero {Q — 1).

The State deflned by

(6.25a) |g, w > =  |wi= 1; m, 1>

and

(6.256) AV =  Í e ' + « i +  F =  f e ' - F ( Í 3  -  1)

(*) The exact solutions can be easily obtained by noting that tlie operators A'*, A 
and are generators of tlie SU^ group.
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exliausts the inelastic sum rule in agreement 'with the exact resiilts. Note 
that (6.25a) is speciflcally excited in inelastic processes, as can be seen by 
direct inspection.

The external inelastic ñeld can act in two ways, exciting either a particle- 
liole pair or a phonon, with amphtudes

(6.26)

and

(6.27)

<m, 1; m', — 1|AJ|0> =  d{m, m’ )

respectively. The different graphical contributions to the inelastic-scattering 
process are displayed in fig. 20, and can again be summed to all orders in the 
interaction vertices giving

(6.28) <% =  1; m, 1 \A\|m, 1> =  a/í3 + A,

b)

X --

c)

X—

ba

X—

K g . 2 0 . -  Graphical representation of the different terms contributing to the niatrix 
element of the transfer operator -\/QA^ up to order 1/ü^. Note that the different 
contributions b), c), etc. have a one-to-onc correspondence Tíath the different contributions 
to E (cf. fig. 19). a =  --2ri{Se’— 2E), b 2 A J { 3 e ' — 2E).

For =  fe ' this quantity is equal to zero. Thus, the corresponding states 
do not carry any inelastic strength, a feature which is closely related to the 
fact that they cannot be normalized and that they do not display any corre- 
lation energy (*).

(•) Note that, even if N(E^^ =  e^)-> oo, the matrix clements associated with the dif- 
ferent transitions tend to zero more rapidly and the final result converges and is equal 
to zero as expected.



On the other hand, the matrix element associated m th (6.25a) is 

(6.29) <gm|A+|m,l> =  =
r — 1 v í3

wMcli agrees with the exact answer.
The results (6.256) and (6.29) can be traced down to Pauh-principle correc- 

tions. In fact, the State |Wi =  1; m, 1> has a nonvanishing matrix element, 
implying a single particle-vibration coupUng vertex, with the state |m, 1; 
m, — l ; m ,  1>. This component, which is spurious, is removed by the dif- 
ferent graphs displayed in flg. 19 and 20. The presence of the odd particle 
(m, 1) blocks the particle-hole excitation (m, 1; m, — 1) -which was present in 
the uncoupled system. Thus the system increases its energy by a quantity V. 
The reduction of the inelastic amplitude from to V ü  — 1 also indicates 
that there is one less particle-hole excitation responding to the external probe.
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7. — Spurious states.

While the model space product of elementary modes of excitation discussed 
in the last section contains ü-  states, oniy ü { ü  — 1) are physically possible, 
the nnmber of spurious states being Q.  On the other hand, the agreement 
between the exact and the nuclear-field-theoretical results shows that the ef- 
fects of those spurious states are eliminated from all the matrix elements as­
sociated with physical observables.

In what follows we show that, in fact, the spurious states are isolated in an 
exphcit way in the nuclear fleld theory [55]. Their energy coincides m th the 
initial unperturbed energy, ŵ hile all physical operators have zero oíf-diagonal 
matrix elements between any physical state and a spurious state, in particular 
the unit operator, which measures the overlap of the two types of states.

Por this purpose we use again a schematic model consisting in a number, ü,  
of single-particle levels in which particles interact by means of a « monopole » 
forcé

(7.1) 3  =  +  ,

where

(7.2) =  i  1 — «1 i)\ / 6P ¿ m ' m ,l m ,—1 m ,—\f
m—1

and

(7.3) =  -  VA^A



with

(7.4) =  2  •
«1*1

Tlie energy of the i-th phonon is determined by the RPA dispersión relation 
(cf. rule IV))

(7.5) i  -̂—  =  4

The eigenfunction corresponding to the diííerent modes is

(7.6) \n, =  1> =  2  -  •

The particle-vibration coixphng constant is given by

1
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(7.7) Á¡  — — ( n ¡ — 1 1; m , 1^ —
' (e™ — a)̂ )̂

d(n, n') ,

where |Mí =  1> denotes a State containing one phonon, while jr», l ; m ,  — 1> 
is the eigenstate associated with particle-hole excitation.

The other interaction to be included (rule II)) is the four-point vertex which 
has the valué

(7.8) <m, 1; m', -  1; m'", -  1> =  -  Vd(m, m')á(m", m'") .

The single-particle energies to be used in calculating the different graphs are 
as the Hartree-Fock contribution (cf. rule IV)) of is zero.

Similarly to the « inelastic operator » has two different matrix elements, 
namely

(7.9) <w, =  =  —A _
«m----

and

(7.10) <m', 1; m”, -  _i|0> =  d{m, m" ) .

In what follows we discuss again the system comprising an odd partióle, in 
the orbit (m, 1), in addition to a single phonon excitation of the vacuum.

According to rule I) initial and final states may involve both collective mode 
and partióle modes, but not any partióle conñguration that can be replaced by 
a combination of collective modes. The exclusión of the states |m, l ; m ' ,  1; 
m', —1> eliminates most of the double counting of two-particle, one-hole states. 
The Q «proper» states of the form =  1> are allowed. However,



N UCLEAR SU PERFLU ID ITY AND FIELD THEOKY OF ELEM EN TARY EXCITATIONS 1 1 9

there are only Q — 1 (two-particle, one-hole) states in which the odd partióle 
is in the state (m, 1). Therefore, a spurious state remains in the spectrum of 
the elementar y modes of excitation.

uy sil,i')

Aa /la"
/■'

‘‘ m

Fig. 21. -  I) Lower-order oontributions to the energy matrix element between the 
basis states \n¿= l ;m ,  1 }. The dashed line stands for the model bare interaction 
(cf. eq. (7.8)). The quantity X a ,(E ) =  A '^ a "  =  — A íA^.KE — e „— V), where A  —

n
— — A ¡A iil(E  — £„) and a =  V ¡(E  — e„), is the matrix element iterated to all orders in l/f í . 
The secular eqnation of the problem is |(a>i — E ) d{i, i') +  =  O, and is equivalent to 
the dispersión relation (7.15). II) Graphical solution of the dispersión relation (7.15), 
for the case Í 3 = 4 . The function F (E ) — '^Al¡(a>i— E ) is displayed as a continuous

i
thick line, while the paraUel lines E — e„ — V  have been drawn as thin continuons 
lines intersecting the ordinate axis at — (s „ +  V)- The intersections between the two 
functions give the eigenvalues of the secular equation. For each valué of there 
are f í + 1  roots, the root at E = e ^  being double.



If we displace the zero-point energy of the odd system to | the unper- 
turbed energy of the basis state =  1; m, 1> is co¡.

The lower-order corrections to this energy 'which do not contain bubbles 
are drawn in ñg. 21. Iterating these processes to infinite order we obtain the 
secular equation

(7.11) \{co, -E)d{i , i ' )  +  X ,A m  =  (̂ ,

where

A ,A .
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' E - s ^ ~ V

The diííerent contributions calculated in the framework of the Brillouin-Wigner 
perturbation theory are energy dependent, and take into account renormahza- 
tion effects of the states not explicitly included in the calculations.

If we utihze the following correspondence

(7.13) V r ^ ^ A ,  

and

(7.14) 7 ) - i ,  

the result (1.3) can be directly utilized. Thus

(7.15) =

is the dispersión relation ñxing the energies of the physical states. There 
is one equation for each single-particle level because the monopole forcé cannot 
change the m-state of the odd particle. The relation (7.15) can be solved 
graphically as shown in ñg. 2 1 II. The energy =  e„ is always a root of (7.15), 
in fact a double root since

(7.16)
dF{E)

áE

and the line JE — — F is at 45°. The remaining intersections of this line 
and the function F{E)  give rise to — 1 additional roots denoted by (qm), 
whose energy E„n agrees with the physical eigenvalues obtained from the 
exact solution of the model.

The eigenvectors associated with the physical states (qm) are

(7-17) ¡qm}^ =  1> ,
*



where

(7.18) =  <i; m, l|gm>  ̂.
(Oi —

The normalization condition which determines Ng„ is (cf. [56])

(7.19) ,^qm\qm},= 1 =  i') -  =

1 „  A U r
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—  gm
. i  ( w.  — ( ®a m---£m---- ^ ) % , t ' ( f t> í --- -Eam)(Wi<----E , Qm/J

- qm - 1

where the dispersión relation (7.15) has been utilized, and where X ,¡' is the 
matrix element appearing in (7.11). For =  e„ the factor multipljáng 
is zero (cf. eq. (7.16)). Thus, tliere are only ü  — 1 states which can be normal- 
ized when solving the Hamiltonian (7.1) in the framework of the nuclear 
field theory. The full spuriosity of the elementary-mode prodiict basis is con- 
centrated in a single State (*).

The snbscript F  has been utihzed in (7.17) to indícate that we are deahng 
with the nuclear-fleld solution of the Hamiltonian (7.1). Note that these eigen- 
vectors are expressed in terms of only the allowed initial or ñnal states (cf. rule I))

(7.20) |t; m, 1> ^  a l j i }  ,

which are assumed to form an orthonormal basis, in particular in deriving the 
relation (7.19). This is equivalent to the basic assumption of the nuclear fleld 
theory of the independence of the different modes of excitation, i.e., in the 
present case,

(7.21) [ A , < J  =  0.

Rules I)-IV) discussed in the last section give the proper mathematical frame­
work to this ansatz, which has played a basic role in developing a unified theory 
of nuclear structure (cf. [6]).

The above discussion can be illuminated by utilizing a conventional treat- 
ment of the residual interaction (cf. also [62]). Expanding the states |to¡ =  1;

(*) Note that the mathematical relation N ^f{E) =  1, being the norm of the etate 
with energy E, implies that gueh state is spurious if f{E) =  O or j(E) <  O (cf. eq. (6.23) 
and subsequent discussion).



m, 1 / in terms of partióle and lióle State, we can write, with the lielp of (7.6),

(7.22) j|wi= 1> =  1 2  — 4 :  - .
m'̂ m ̂ m'

The overlap between the states =  1; m, 1) is thus given by

(7.23) Z(Í, i') =  —

n Á m {e m ' —  a>i)(em' —  CÚi>) ’  (Cm —  W,• )(£ „ — COj.) ’

where the orthogonality relation

(7.24) 2 7 --------- í =  ó(h i')

of tlie EPA solutions in the even system has been utilized. Because of the 
nonorthogonahty of the basis, the eigenvalúes of the system are determined 
by the relation

(7.25) ¡Z(E)(H -  U)¡ =  O .

This is fnlñlled for

¡ H ~ U ¡  =  0,

which yields the — 1 physical roots, as well as for

(7.26) \Z{E)\ =  O .

This solution corresponds to the spurious root =  £m- In fact,

(7.27) lim 2  =  e™ +  ¿)^»- =  üm +  ó) •
d->0 í <5->0

1 2 2  D . E . BÉS í ln d  K . A . BRO GLIA

Ai A iA i’ = 0 ,
T  ft>¡ -  (e„ +  ó) (£„■ — (Di) («„- — ft)..) 

since

(7.28) 2  7---------- T7----------- = d ( m , m ' ) .

ITote that this solution in terms of the overlap Z gives the exact answer in the 
present case, because of the simphcity of the model. In a general case which 
includes ground-state correlations this may not be true any longer.
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We now calcúlate the one-particle stripping process leading to the odd system. 
This calculation illustrates tlie explicit concentration of the whole spuriosity 
into a single state which has zero correlation energj-(*) and zero amphtude 
for the different physical processes exciting the Q — 1 physical states.

One has first to calcúlate the amplitude for the transition to a basis com- 
ponent (»; =  ! ;  m, l )  including only those graphs in which all intermediato 
states are excluded from appearing as initial or final states. This exclusión 
reflects the fact that the diagonahzation procedure has included all interaction 
efEects that link these allowed states. The final amphtude for the transition 
to the State {qm) is obtained by summing the amplitudes to =  1) 
each weighted by the amplitude given by eq. (7.18).

Cd̂
/'

X 4

Pig. 22. -  Lower-order contributions to tlie one-particle transfer reaction iiiduced 
hy « 1 1 - The result of iterating the different contributions to all orders in \¡Q is equal 
to t U ü ') =  0 ^ d "  =  -  V ), C =  —  / ( « ) ; -

d=V¡{E^^—sJ.

The lower-order contributions to the one-particle transfer amphtude be- 
tween the state |m,- =  1> and the state {qm} are displayed in fig. 22. They can 
be summed up to all orders of IjQ,  the result being equal to

(7.29) <qm\al,\n, =  1> =  

d(i, i ' ) -- 2  ^í'qm

i' (C0¿

=  i')} =  
i'

A,  A,
COi —  E^m (0)i —  e,n)(E„n —  e,n— V )  i ' CUi- —

N,Ul¡qm — e.n)At

(*) This is because the spurious state lias zero phase space to correlato.



1 2 4 D . E . BÉS a n d  E . A . BEOGLIA

This quantity is zero for tlie spurious roots (*) {i.e. E ,» =  e,„) and agrees with 
the exact result for the Q — 1 remaining physical roots.

Utilizing the relations

(7.30) 

and

(7.31)

we obtain

(7.32)

T r =  I . -

m¥‘m' (®m' -®s»it)(£m' <W,) < î)(£jo---Ô i)

Utilizing this relation \ve can derive the one-particle transfer sum rule. Note 
that (7.30) is the dispersión relation for the free phonon fleld. The second rela­
tion is, however, ahen to the fleld theory resulta. Nevertheless, one can show 
that the solutions of (7.31) and of the nuelear-ñeld-theory dispersión rela­
tion (7.15) are identical, except for the root =  £«• One can, therefore, 
utilize (7.31) as a mathematical relation rnthout fiu’ther justiflcations in the 
present context. One obtains

(7.33) 2  |<gm|a:„,,|n,= 1>|^= 2
7n¥=m' î m' ^qm) {̂ m' ^í)

where

(7.34) 

Thus

(7.35)

iVm (£m- — -E<,m)(«m’ — W¡) ’

m̂) —
m¥=m' {^m '

-i

(7.36)
(e„.' — {Sm- — Eq

Al
i'¥=m î m’ {̂ m ^í)^

where use has been made of the orthogonahty relation

A L =  S(m', m") (m 'j m" ^  m) .

(*) In fact

lim V 2 á i / Í2 ' 1 i

ó—^0 / . i  “ ¡ — e™.
=  O .



The result (7.35) coincides 'wáth the exact result. Physically it means that 
the single-particle orbital (m, 1) is blocked by the amount Á^{e^ — cOi)̂ , whicli 
is the probabiUty that the phonon («.¡ =  1) is in the particle-hole conñgura- 
tion (m, 1 ;to , — 1), i.e. 'with its partióle in the orbital (m, 1).
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8. -  Applications.

In what follows 'we discuss some aspects o£ the low-lying spectrum of the 
nucleus in terms of ferniions, surface ()3 (̂0A)) and pairing {^^2Á)) modes. 
The application to states containing two or more pairing and surface phonons 
will be discussed by B o rtign o n  [57].

The unperturbed states of the closed-shell-plns-one-particle system can be 
A¥ritten in terms of the free ñelds as

(8.1) i; IM }  =  [/Sl(2A)«,],^|0> 

and

(8.2) líiOA, i ; IM )  =  .

This constitutes the basis set of states {a,}. All other states give rise to the 
complementary Hilbert space {a,}.

The elementary modes of excitation interact through the particle-vibra- 
tion and four-point vertices displayed in fig. 23 giving rise to the matrix elements

(8.3a) MMj ,  n'j') ^  >

(8.36) 3I,(nj, n'j') ^  <[^;.(2A)«.]„,|fe,„(í;)|[^:(2/)a,]„> 

and

(8.3c) 3U nj, n'j') =  <[^I-(2A)a,,],3,l/i,„(E)l[|S:(0A)«;]„,> .

They are to be calculated by utilizing the graphical techniques of perturbation 
theory and the rules discussed in sect. 6.

There are two parameters on which to expand upon in carrying out a per- 
turbative calculation. The first one is the strength of the interaction vertices 
measured in terms of the average distance between single-particle levels. The 
second is 1¡Ü, where =  2  i? +  i )  is the eífective degeneracy of the valence

3
shells. These two parameters are in general connected through involved ex- 
pressions. In the schematic model discussed in sect. 6, however, their relation 
is explicit and can be expressed as

(8.4) e = & ( ! ) ,  and
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a)

c)  d )  e )  f )  g) h)

i) j) k) i)

Pig. 23. -  Iiitoractioiis coupliiig the feriiiion flelds with tlie pairiiig and surfacc 
vibratáong. The different fermion and boson free flelds are | partióle, | íiole, |. pairiiig 
vibration (a = 2 ) ,  pairing vibration (a =  — 2), | surface vibration (a = 0 ) . The two 
possible four-point vertices are given in n) and h). They correspond to the pairing and 
particle-holc niodel bare interactions. In graphs c)-h) all possible couplings betweén 
the fermion flelds (arrowed lines) and the pairing vibrational flelds (double lines 
arrowed) are displayed. Graphs i) 4) are all the coupling vertices between the siirface 
vibrations (wavy line) and the fermion flelds. Note that there is no direct coiipling 
between the two boson flelds, as the fleld theory we are dealing with is linear in the 
different fleld co-ordinates.

Another feature which determines the family of diagrams to select to a given 
order of perturbation is the mimber of internal lines which can be freely sum- 
med up. Each of these summations introduces a multiphcative factor Q.

Because most of the present knowledge on the applicabihty of the fleld- 
theoretical techniques rests xipon schematic models, we utilize l iD as the 
expansión parameter, and assume the relations (8.4) to be valid for more general 
situations.

The nucleus has been investigated by means of high-resolution Inelastic 
scattering [58] and Coulomb excitation [59]. Through these experiments a 
septuplet of states around 2.6 MeV of excitation was identifled, w'ith spins 
ranging from f'*' to



In zeroth order these states can be interpreted in terms of a proton moving 
in the orbital coupled to the lowest octupole vibration of 2"®Pb. The of 
this multiplet displays also a large parentage based on the proton pair addition 
and proton hole moving in the orbital, as revealed by the (t, a) reaction 
on 2i»Po[60j.

The above results indícate that the (two-particle, one-hole) type of states 
in 2“®Bi are amenable to a simple description in term of the basis states

(8.5) |2A, j- -̂, IM'y ^  Ir^ ®  A(^i»Po); IM y  ( / -  =  0+, 2+, 4+) 

and

(8.6) lOA, jV, IM y ^  li, ®  r(^»«Pb); IM y  ( /"  =  3“ ) .

Only the lowest states of each spin and parity A’' are included in the basis 
states, while all the EPA solutions are included in the intermedíate states. 
The quadriipole surface vibration modes were allowed only as intermedíate 
states. The single hole and partióle states and j.¿, respectively, correspond 
to experimentally known levels around the Z =  S2 shell closure.

In w-hat follows we discuss the difíerent properties of the states generated 
by the basis spanned by the eigenvectors \2k, 131} and \0?., ĵ -., IM'y. We 
have divided the discnssion in two parts.

In the flrst part the t-wo states built out of the ®gs(=“ Po)> and 
\h, (x)3“ (2“®Pb)> conflgurations are studied in this space. This two-state system 
provides a rich laboratory to study the interplay of surface and pairing modes.

In the second part the properties of the entire multiplet and of those states 
strongly excited in either the (t, a) or (d, d') reactions are studied, in the com­
plete configuration space.

a) The f ’'' states.

The two states

(8.7) |1> ^  |d¡-̂  ®gs(^i»Po); f S  (2.733 MeV) 

and

(8.8) |2> =  |/ij 03^(^»«Pb); f> (2.615 MeV)

are 118 keV apart. They mix strongly through the couplings depicted by the 
graphs a) and b) of fig. 24.

Because of the energy dependence of there is a different matrix element 
for each ñnal state. The diagonalization of the matrices was carried out self- 
consistently, i.e. the energy denominators of the different graphs are to be 
calculated by utilizing the exact energies (for more details, cf. ref. [61]).

The corresponding graphical contributions to the spectroscopic factor 
and inelastic cross-sections are also collected in flg. 24. To be noted
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M ( keV )

a)

I E

319 503

-93 -103

226 400

c)

3- (2°«Pb)

d)

■ E (M eV) I I > E  = 3.125

3.0

2.8

2.6

E = 2 .7 3  /

/ R  = 1.5 ; S= 2 .2 5  \ . e x p e r i m e n t  

E = 2 .9 5

f l  =  0 ; S =  í, R = 1.1; S = j2 .2 0

- 0 , 5 3  | | >  + 0 .7 6 1 >  '

5 >  =
E  = '2 .615 

1; S= 0 \

1 .02 | t >  + 0 .8 0 l i >

e) \
\  lí> £  = 2 M E  = 2.A94

R =  3 .7 ;  S= 1 .83
fl = A .2 ;  S = 1 .80
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10 -

+
0.76

0.80

4-
y ?

'---X

---X

- 0.577

■0.0A5

0.046

0.003 - 0.026 

0.00¿, -0.026 - 0.013 -  0.016

0.0216

0.0087

( e' ) 

j)

( 3.7 7o ) 

( 1.5 7o )

Fig. 24. -  In a), b) and c) we give tlic two contributions to tlie matrix element 
J./(í;) =  <d3-^(x)gg(2i»Po)lfe,„(í;)|7íg/^®3 - ( “ 8pb); 3/2> in lowest order in 1/Í3. The re- 
snlting wave functions 1I> and |II> are displayed in e) normalized according to (7.19). 
In e) we also give the unperturbed, tlieoretical energies of the levels. The (t, a) spec- 
trosoopic factor corresponding to the reaction ^̂ '’Pi(t, a) “̂*Bi is denoted by 8, while

dff(gS(208Pb)^3-(208Pb))
is the ratio of inelastic cross-sections. In d) we display the free ñelds. The zerotli and 
order l/i3 contributions to the electromagnetic excitations aro collected in i) and j). 
The valué 0.586^6® is the B {E 3 ; 0 ^ 3 )  valué associated with the 2.615 MeV state 
in 2"*Pb. In g) and h) we give the zeroth and order 1/fí contributions to the spectro- 
soopic factor associated with the 2iopo(t, a)^“”Bi reaction. Finally in /) we display the 
lowest contribution to the spectroscopic factor associated with the 
reaction, which gives a measure of the ground-state correlations of “̂spb associated 
with the existence of an octupole and a pairing vibration.
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is the very different ratio of tlie (d, d') and (t, a) cross-sections. While 
=  B(í?3; (f)i)/5 (E 3 ; (Da) is approximately equal to 4, the ratio =  

=  cr((t, oc); (|)2)/cr((t, a); (|)i) is cióse to one. Because the component |2> car- 
ries the inelastic-scattering strength, while the (t, a) reaction proceeds mainly 
throiigh the component of type |1>, the difference between and B  ̂ can be 
traced back to the over-completeness of the basis which give rise to rather dif­
ferent normalizations of the two physical states (cf. sect. 7).

b) The multiplet.

By utihzing all the states of the basis, and the same techniques discussed 
above, the states that are strongly excited in at least one of three reactions 
(d, d'), (t, a) and (“He, d) were calculated. The resulting spectroscopic amph- 
tudes and relative cross-sections are collected in table VII.

The picture of the nuclear states achieved in terms of the elementary modes 
of excitation displays in a transparent manner the correlation aspects of the 
nuclear dynamics.

Resume.

We have shown that the nuclear-field description of the nuclear structure 
is mathematically correct (cf. sect. 6 and 7) and that it smoothly joins the ranks 
of quantum electrodynamics and many-body ñeld theories. We have also 
shown that its predictions are borne out by the experiment.

One thus achieves a simple picture of the nuclear structure. Each wave 
function, which is an exact solution of the many-body problem, contains only 
few components. Each of these components carry a label which reads: « Only 
to be excited through inelastic scattering» or « Only to be excited in one- 
particle pickup reactions », i.e. each component corresponds to an observable, 
associated with a concrete experiment one knows how to carry out with the 
help of accelerators, detectors and targets.
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