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INTRODUCTION

The IVth Nuclear Physics Workshop represents our contribution 
of a compromise which after four year has become a tradition of the 
TANDAR Project.

The construction of the new laboratoires has entered during 
1981 a whole new stage. The assembling of the accelerator is a task rich 
in details, all of them Important, all of them requiring special cares. 
In circumstances like this, the interruption of our usual daily chores 
represented a rewarding task, by rendering our projects richer and by 
recharglng our hopes.

The subjects that were chosen for this opportunity are closely 
related to those of the preceeding Workshop. They have helped us to get 
Involved In the details and enjoy the fascinatlon of some fields that 
are now within the reach of our new machine.

In addition to our friends of other institutions of Argentina 
and Brazil, we had invited lectures by S.Bjíirnholm from the Niels Bohr 
Institute and M.Macfarlane of the Indiana University. We received from 
them not only exciting conferences but also help for our present and 
future work in physics.

The organizing committee wishes to thank to all those which in 
one way or another helped in the success of the meeting. We also wish to 
mention specially the invaluable collaboration of María Teresa Carmuega 
and Marta Gismondi that took care of the typing and edition of these 
proceedings and to Drs. D.Otero and A.Froto for their carefull 
proofreading.

Organizing Committee
R.P.J.Perazzo
O.Dragún



INTRODUCCION

Con los anales de esta IVa. Reunión de Trabajo de Física 
Nuclear contribuimos a dar continuidad a un compromiso que, a lo largo 
de cuatro años, ha comenzado a ser ya una tradición más del Proyecto 
TANDAR.

La construcción de los laboratorios ha entrado de lleno, 
durante 1981 en la etapa de montaje del acelerador que se multiplica en 
una continua diversidad de detalles, todos importantes, todos de 
cuidado. Es en estas circunstancias que la interrupción de las tareas 
cotidianas que impone la Reunión cumple mejor su cometido de recargar 
las esperanzas y enriquecer los proyectos.

Los temas elegidos para esta oportunidad guardan una estrecha 
relación con los de la anterior y han servido para adentrarse en los 
detalles y disfrutar más aún del campo de trabajo que se abre ante 
nosotros con la nueva máquina.

Además de nuestros amigos de otras instituciones, tanto de 
Argentina como de Brasil, nos han visitado en esta oportunidad, como 
conferenciantes invitados los Dres. Sven Bj^rnholm del Instituto Niels 
Bohr de Copenhagen y Malcolm Macfarlane de la Universidad de Indiana. 
De ellos no sólo recibimos excelentes exposiciones sino el apoyo para 
nuetro trabajo en física presente y futuro.

El Comité Organizador desea agradecer especialmente a todos 
aquellos que de una u otra manera contribuyeron al buen éxito de la 
Reunión. Deseamos mencionar especialmente la invalorable colaboración 
prestada por María Teresa Carmuega y Marta Gismodi que tuvieron a su 
cargo el dactilografiado, composición y edición de notas así como a los 
Dres. D.Otero y A.Proto por su cuidadosa lectura y corrección de 
pruebas.

Comité Organizador
R.P.J.Perazzo
O.Dragún
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DIRECT REACTION STUDIES WITH LIGHT AND HEAVY lONS 

AT LOW AND INTERMEDIATE ENERGIES

PROF. MALCOLM MACFARLANE

DEPARTMENT OF PHYSICS, INDIANA UNIVERSITY 
INDIANA^ U.S.A.



CHAPTKR 1

EFFECTIVE INTERACTIONS AND A BRIEF HISTORY 

OF NUCLEAR SHELL THEORY

-  1 -

#1.1 Statement of Main Themes

Direct reactions-those that occur in about the time it takes the 

colliding partióles to cross the interaction region-have told us much of 

what we know about the internal structure of nuclei. They also play a 

special role in the attempt to understand the low-energy properties of 

nuclei viewed as many-body systems of interacting nucleons, In this 

undertaking, the theory of direct reactions is the extensión of the 

many-particles shell model - the most fundamental of nuclear models - to 

the continuum. These lectures deal with various aspects of the spectros- 

copic approach to nuclear direct reactions, discussing the underlying 

many-body theory, various technical aspects of direct-reactions calcula- 

tion and recent pertinent experimenta in light- and heavy-ion physics. 

There are three main themes.

A) I will discuss the status of attempts to derive the key effec- 

tive interactions - the optical potentials and channel coupling poten- 

tials for light and heavy-ion direct reactions, the shell-model effec- 

tive interaction -from the forcé between free nucleons. Calculations of 

effective interactions always yield two distinct sorts of contributions

- a nuclear-matter-like contribution that varies slowly from one nucleus 

to the next and a part that depends explicitly on the particular col- 

lective excitation possessed by the nucleus or nuclei under consideration. 

The nuclear-matter component is conmon to all effective interactions
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discussed here -it is a G-matrix, a ’soft' trac.table two-body el'fective 

interaction that replaces and thereby defangs the bare nuclear-imclear 

interaction with its strong shortrange repulsión. It will be usefu.l td 

consider the shell-model and direct-reaction variants of effective 

interaction in parallel and to consider some historical paralleis as 

well.

B) There have b¡t̂en recent technical developments of great potential 

significance in multi-channel direct-reaction calculations. These 

developments in computational technique were inspired by dire necessity 

in studies of heavy-ion direct reactions but may well have their greatest 

impact in light-ion physics. In the middle 1960's, radical improvements 

in our ability to carry out many-particle shell-model calculations 

played a central part in providing a many-body foundation for nuclear 

shell theory. It is likely that the comparable technical developments, 

described in some detail below, in multi-channel reaction calculations 

will change the future course of direct-reactions physics.

C) A direct reaction has two characteristic empirical features-its 

asymmetric, usually forward-skewed angular distribution, and its sroooth 

energy-dependence. Past studies of direct reactions have overwhelmingly 

concentrated on the first of these characteristic properties. This 

stems in part from the nature of the models used to interpret the data 

and in part form the history of accelerator-development. The stress oí» 

angular distribution studies has had an immense influence on the fields

- an influence for both good an ill. The good influence is too well- 

known to need much discussion here - it is simply the gathering of a 

vast body of Information on single-particle, single-hole and other 

nuclear excitations their widths, strengths, posj,tions and Variation 

throughout the nuclear periodic table, The ill effects are also pronounc- 

ed; they stem from the fact that in discussing angular distributions and



relative strengths of groups of direct transitions at a given energy, it 

is often fatally easy to conceal shortcomings in the reaction model by 

parameter-adjustments. A shift of attention to the second and more basic 

characteristic of a direct reaction- its energy-dependence-will reveal 

much more of the underlying reaction dynamics. I will discuss what has 

been learned from the few studies so far carried out of light-and heavy- 

ion reactions over wide energy ranges and argüe that future experimenta 

should trace the crosssections of selected transitions -selected for 

simplicity or intrinsic interest of the nuclear states involved- over 

wide ranges of energy.

- 3 -

#I.2 Truncation and Effective Interactions

Whatever may be said about the nature of physics, there is no doubt 

that a vital property of theoretical physicists is the fact that they 

can give exact solutions to a very small number of problema. Thus much 

of the practical application of theoretical phyaicists consista in 

attempts to forcé one of a small stock of aolutiona down the protesting 

throat of a complex problem. It is therefore not surprising that the 

same theoretical techniques and constructs should recur over and over 

again in solid-state, molecular, nuclear and high-energy physics; it is 

even less surprising that the same approach should be used in different 

but related context will nuclear physics.

Faced by the intractable infinite Hilbert-space %  of the A-body 

nuclear system, the nuclear physicist reacts by thrawing most of it away 

and confining attention to a finite, although possible quite large, aub- 

space d. Thia finite subspace d is called a "model space"; it is hoped 

that many properties or proceaaes of interest can be adquately represent- 

ed (modelled) within d. The price to be paid is that the 'true' nucleón-
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nucleón interactions in %  are replaced by effective interactions ia d.

Complete Hilbert space 
of system

in^)

Finite jnodel 
space d

( in d)
( I . l )

Thus truncation of the complete Hilbert space yields an effective inter-

action V in d that reflecta the influence on affairs within of the eff
excluded part of Hilbert space2,3

a) Many-particle shell model

The basic act of truncation here rests on the empirical properties 

of the nuclear single-particle spectrum, in particular on the fact that 

nuclear single-particle,states occur in bunches (major shells) with 

sizeable energy-gaps between. To describe low-lying states of a given 

nucleus, it is then assumed that most of the nucleons form an inert core 

and that a model space may be used in which a few 'active’ nucleons 

popúlate a few ’valenCe orbits'.

€.Q.

% ó .

i
,9

. . o r  r

é  ̂ y

( 1 . 2 )

The effective shell-model interaction is then

H = H + V eff s.p. eff
(1.3)

where  ̂is the single-particle potential and the residual inter­

action between nucleons. It is usually assumed that is a two-body

inteaction although no many-body theory gives this as an exact result if 

the number of active nucleons is greater than twol

b) Coupled-channel reactions modela

In direct-reactions studiea, truncation of the Hilbert space is



based on the fact that some reactions channels are more strongly coupled 

to the incident or elastic channel than others. The Schrodinger equation 

is then solved in a finite model space spanned by the elastic channel, 

the channel whose reaction cross section is under consideration and 

those other channels strongly coupled to the channels of primary interest,

If only the elastic channel is retained in the model space we 

obtain the single-channel optical model, describing only elastic scat- 

tering. The effective interaction, describing the main effects of coupl- 

ing to (and absorption into) excluded channels, is the optical potential.

To discuss a non-elastic reaction, for example a (d.p) reaction A 

(d,p)A+l in this simple framework we may assume that the model space 

contains two elastic channels A+d, (A+l)+p, with a weak coupling between 

them. The coupled equations for this two-channel model space can then be 

solved in first Born approximation. No coupled equations are actually 

solved, instead two optical-model calculations are carried out and a 

transition matrix element evaluated. The elements of the effective 

interaction are the two diagonal optical potentials and the transition 

potential including nuclear-transfer This procedure is of course the 

distorted-wave Born approximation (DWBA) .

The shell-model analog of the extreme single-channel optical model 

is of course the single-particle shell model, wherein nuclear ground 

states are described by single Slater determinants. It is well-known 

that this description of most nuclear ground states is so inadequate 

that it is hopeless to try to relate the effective interaction that give 

the nuclear ground-state energy in the single-partéele model to the 

free-nucleon interaction. Only when many-particle shell-model technology 

had progressed to the point of making two-to-eight-particle calculations 

routinely possible did significant progress occur in giving a many-body

- 5 -



interpretation of phenomenological shell-model interactions. The question 

naturally arises whether a similar situation occurs in direct-reaction 

theory. It is known, of course, that the single-channel optical model 

has far greater physical content than the single-particle model of 

nuclear ground states. As discussed later, it seems that the single- 

channel optical potential for nucleon-nucleus scattering below 60 MeV 

can be related quantitatLvely to the free-nucleon interaction. The 

situation for higher-energy nucleon-nucleus collision and for heavy-ion 

reactions is less clear. It is possible that no microscopic derivation 

of optical and coupling potentials that is valid over wide ranges of 

bombarding energy can be achieved without invoking multi-channel model 

spaces. The danger is that necessary model spaces become so large that 

the necessary coupled-channel calculations are either impossible or 

too cumbersome and time-consuming to be worthwhile. Recent advances in 

the calculational technique for direct reactions make this danger sLg- 

nificantly less threatening than it appeared to be two or three years 

ago and therein, of course, lies their importance.

- 6 -

#I.3 The Many-Particle Shell Model and its Effective Interaction

Return now to the first of the effective-interaction problems men- 

tioned above - the derivation of many-particle shell-model Hamiltonians 

from the free-nucleon interaction. This problem has been extensively 

studied over the past fifteen years; for a description of the wide 

varie-ty of relevant gtudies, see the review article of Barrett and 

Kirson^. In the past five years, activity in the field has noticeably 

diminished. This reflects the fact the type of "shell-model" that 

emerges from many-body theory is not the same as the phenomenological



Shell model; the many-body shell model has an effective interaction with 

three and more-body components that varies with the number of valence 

nucleons, The point where development has stopped is that at which the 

nuclear-matter, two-body part of the effective interaction has been 

brought under control; faced by the fact that the next step in the many- 

body derivation leads away from the pheno menological shell-model, 

theorists have simply abandoned the microscopic approach and treated the 

remaining corrections phenomenologically.

There are compelling reasons for this apparently-timorous strategy. 

The shell-model is not only used directly to provide detailed descrip- 

tion of nuclear level - properties; more frequently and more significant- 

ly it serves as the starting point Por such enterprises as Hartree-Fock- 

Bogoliubov calculations for deformed nuclei^, the interacting-boson ap- 

proximation^, nuclear field theory^, and boson-expansion studies of
g

many-nucleon system , all of which seek to provide a microscopic fonn- 

dation for nuclear collective models. Such studies, which are in some 

sense the heart of theoretical nuclear physics, are complicated enough 

with conventional two-body, number-independent shell-model Hamiltonians; 

they would be driven out of the realm of possibility by the introduction 

of many-body terms in the interaction or by giving the interaction 

matrix-elements some complicated explicit dependence on the number of 

active nucleons. Thus the place of the shell-model in the larger view 

of nuclear physics djctates that is should be the shell-model in its 

simple conventional form that emerges from microscopic derivations and 

not some more inyolyed yariant.

Studies of micrpscopic shell-model effective interactions have a
4number of highiy-technical aspects extensión of closed-shell perturba- 

tion expansions to open-shell nuclei, ensuring the Hermiticity of tl-e 

effective interaction, studies of the convergence of the expansions.

- 7 -



separation of core and valence contributions and so forth. To present 

the main ideas without becoming emneshed in technical details, I will 

adopt a historical approach.
9Two iniportant and influential studies - one by Kuo and Brown of

18 18microscopic effective interactions for O, F , the other by Chung 

and Wildenthal^^ of refinements of the Kuo-Brown interaction for the 

entire ds-shell will provide the focus of my presentation. They have led 

to a shell-model description of ds-shell nuclei that is both remarkably 

successful in reproducing the data and soundly-founded in many-body 

theory (although not, as we will see, exactly derived there fromi). I 

shall weave a description of the current state of microscopic nuclear 

shell theory around a discussion of these papers.

The Shell model truncation procedure for ds-shell nuclei is sketch- 

ed in figure I.l. The Is and Ip orbits are filled to make up the inert 

^^0 core; the remaining active nucleons popúlate the

orbits in the next major shell while the orbits of all higher shells are 

empty. The model spaces for positive-parity states in ds-shell nuclei

- 8 -

are built by placing V neutrons and TT" protons in the (ld,2s) orbits;
V̂,TT

^  L) .  Í a CL=/2. . 2  S  V2  . 1  CLVz

(1.5)
V + TT = 7L

with n = o for ^^0 , n= 2 for ^^0 , o... n = 24 for ^^Ca.

Shell-model calculations within these and similar model spaces

proceed in four shell well-defined steps.

1) An effective interaction within the model spaces

H ^ H + V (T.6)eff s.p eff

is devised (by procedures discussed in 1.3, 1.4).



- 9 -

Figure I.l:

Illustration for (ld,2s)-shell nuclei of the 
major-shell gaps and the associated shell-model 
truncation-procedure. The notation used is in 
the text for emply, valence and occupied orbits 
is also shown.

2) A complete basis of n-particle states of specified total angular 

momentum J, isospin T is constructed in each model space.

3) The matrices of Heff in these bases are constructed and diago- 

nalized. The eigenvalues are compared with observed level energies.

4) The energy eigenvalues are used, with appropriate effective 

transition operators, to compute moments and transitions rates.

Techniques for carrying out steps 2) to 4) of many-particle shell-

model calculations were greatly improved during the years 1965-70; they
2are discussed for example by Kurath in ref. and do not concern us bere.

In the phenonjenplogical shell-model, two further assumptions, 

without foundation in many-body theory, are made about the effective 

interaction. It is assumed:

1) is a two-body operator

2) The single-particle and two-body components H , V -S - d  L



of the effective interaction are the same for all nuclei considered.

These assumptions have the important consequence that the effective

interaction within the model spaces is characterized by a finite number

of two body matrix elements. For the ds-shell these matrix elements are

as follows.

H : 3 single-particle matrix elements s # p

- 10 -

<1

^eff* two-body matrix elements 

<ijJTlv^^^lklJT>A 

(i,j,k,l) = (d^^2 ^1/2 ^3/2^

and it is assumed that single-particle wave functions are used that dia-

gonalize H . The subscript A in (1.8) indicates that the matrix ele- s • p •
ments are taken between antisymmetric two-particle states.

There are in principie two sorts of procedure that could be followed 

to derive the necessary interaction matrix elements.

1) Microscopio procedure. Derive and from the inter-
12action between free nucleons. Now it is known that the zero-energy 

limit of the nucleon-nucleus optical potential is a real potential whose 

bound-state spectrum (for each valué of A) yields an adequate descrip- 

tion of single-particle levels near the Fermi surface. The essential 

task is thus derivation of the two-body residual interaction, with 

derivation of the single-particle energies a minor part of the calcula- 

tion of the nucleon-nucleus optical potential.

2) Phenomenologjcal procedure. Determine the 66 interaction para- 

meters by a leagt-squares fit to observed levels energies.

Kuo and Brown adopted the first or microscopic approach; this is 

discussed in #1.4. Chung and Wildenthal used a hybrid of the two ap- 

proaches, producing a phenomenological fine-tuning of the microscopic



Kuo-3rovm interaction; this is desr.ribed in #1.5. In their attempt to

describe all ds-shell nuclei, Chiifxg andi Wildenthal find that it is

impractical to demand that a single effective interaction be used across

the entire ds-shell. This is hardly surprising since from such a view-

point late ds-shell nuclei have more valence nucleons than core nucloons^.

Thus CW carry out two distinct calculations - a 'particle' calculation

in which the interaction is fitted to 200 level energies in nuclei from

^^0 to ^^Mg and a ’hole' calculation in which the interaction is fitted
32 39to level energies in nuclei from S to K. It is then verified that 

the two interactions yield similar resulte in the middle of the shell, 

from A = 25 to A = 31. In the following sections only the 'particle' 

calculátion, for earl^ ds-shell nuclei, will be discussed.

- 11 -

#1.4 Microscopic Shell-Model Effective Interaction

9Kuo and Brown calculated a shell-model interaction for positive-
18 18parity levels in O and F, within the model space

d = (ld5/2. 2s^/2 » ^̂ 3̂/2̂  ̂ ’

starting from the free nucleon-nucleon interaction of Ramada and 
14Johnston . Theirs was not the first such attempt to achieve a consider­

able degree of success, but it was by far the most influential. Before 

Kuo and Brown, discusaion centered on whether or not it is possible to 

compute shell-model interactions from many-body theory. After Kuo and 

Brown the possibility was generally accepted and debate shifted to the 

reliability of the necessary approximations and to the accuracy attainable 

in the description of observed level-properties.

Kuo and Brown work within the framework of the Bruecfcner-Bethe 

theory of nuclear matter, which is based on the fact that nuclear matter



is a rather low-density sy.stem. This property is obvious from the fact 

that the mean-free path of a nucleón in the nucleus is of the order ol 

the nuclear radius; nucleoas spend most of the time outside the range of 

their mutual interactions^^. Under such circunstances, calculations^^ of 

such quantities as the binding energy, óptica! potential or two-body 

effective interaction use expansions in power of the density. Ln a low- 

density system, the probability of finding two, three, four... particLes 

simultaneously within range of their interaction falls off rapidly with 

the number of partióles. Thus the first term in the density expansión 

treats two-particle correlations exactly, the next, three-particle 

correlations, and so on. The lowest-order contribution invariably centers 

on the precise treatment of two-nucleon correlations, embodied in the 

scattering-matrix for two nucleons in the nuclear médium, or G-matrix.

An effective interaction takes into account the effect of states 

excluded from the model space. Given that the model space under consi- 

deration ((1.9)) is a two-particle space and that two-body correlation 

effects are expected to domínate, the first excluded states to be con- 

sidered are obviously two-particle excitations from valence to empty 

orbits. If all possible two-particle excitations are included, but only 

in second-order perturbation-theory, the effective two-body interaction 

G is given by 

<»‘j I <3 {(iA \ kí> =
(I.IO)

^  <i¡ Ivi i<2> -  Z  < i j i v  )3»t>>— !—  í\sf ii<e>
^ £¿+£io-cü

in the notation for core, valence and empty orbits illustrated in Fig.

I.l. The sunj in (I.IO) runs over all empty two-particle states (single- 

particle energies e +e, ) and to is the starting-energy parameter, whose^ D
valué depends on the particular context in which the G-matrix arises. Jn 

diagramatic form, eq. Cl*10) becomes

- 12 -
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, ■

i j  1 ,
1

---------- ---- —  3l

/ *
(L t

J

b d-^') 

t

where a curly line indicates an effective G-interaction, a dotted line a 

bare V-interaction. In simplified operator form, eq. (I.IO) or (1,11) 

can be written

á  «  V - V  Y  (1 .12) 
e

where

(1.13)

is the projactor on to the space of unoccupied two-particle states and 

e(.Oü)= (1.14)

is the energy denominator.

Eq. (1.12) is recognizable as the first iterate, starting with G=V, 

of an iterative solution of the equation

V  - V  <3 (1.15)

This equation or its equivalent,
< ij 1 GjCwM U >

= <íjivíki> - Z
¿ lo

defines the Brueckner reaction (G) matrix.

In a two-particle scattering problem with a Hamiltonian

(1.16)

(1.17)

where describes the internal states and non-interacting relative mo-



tion of the partióles, \ the interaction that induces transíLions, 

transitions probabilities (or reaction ratas) are given by

- lA -

(T.18)
o l-J

where the T- or scattering-matrix for incident energy E satisfies

t (e )= v >  v ^ r í ü í T r T C E )

In (I.]0), the factor ie ensures outgoing-wave boundary conditions Ln 

all open reaction-channels. But the defining eqution (1.15) for G^) can 

be written

G M   ̂ V +  ~v—^ ..G(w) (1.20)
üj-Ho

Comparison of (1.19), (1.20) reveáis that G is a T-matrix with the

intermedíate-State sums reduced by the projection operator Q out of the

space uf occupied states. This additional factor prevents two-particle

scattering into states forbidden by the Pauli principie. As expected

from the discussion at the beginning of this section, the G-matrix

describes the scattering of two nucleons in the nuclear médium.
18 18As a first estímate of the effective interaction for O and F Kuo 

and Brown used the G-matrix K >jI^ 1 calculated from the Hamada-

Jhonston interaction with the symmetric choice

18of starting energy. Their results for O are shown in figure 1.2 (first 

and fourth spectrum). Agreement vith experiment is not good; as is 

characteristic when bare G-matrices are used as effective interactions 

to calcúlate identical-nucleon spectra, the shell-model spectrum is much 

more compressed than is observed.
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18Energy-levels of O, with energies referred 
to that of the 16o closed shell. The measured 
valúes are compared with those calculated at 
various stages of the Kuo-Brown effective- 
interaction calculation (ref.9).

Since the G-matrix itself is not adequate, the obvious next step is 

to include some of the ffects of other excluded states that seem likely 

to be important. Now it is known that the marked enhacement of all E2 

moments and transition ratea in light nuclei is largely due to "breathing- 

mode" excitation -ls+2s, lp*2p..- of the nuclear cores. This suggests 

the inclusión of Ip-lh excitations of the "'̂ 0̂ core. The extensión of the 

model space implied by inclusión of Ip-lh core-polarization may be 

syrabolized by



corfining attention, as above, to states of positiva parity. The first 

term in curly brackets includes excitations across two major shells-2-ft(jj 

excitations in oscillator par lance. The next bracket contains kfíiú 

excitations ... and so on.

Starting with the G-matrix as the basic renormalized effective 

interaction, the corrected is given by an obvious adaptation of

- 16 -

eq. (1.15);

Q_
e.

Veff = Cq - (1.23)

where Q3p_ĵ ĵ  projects on to the space of excluded 3p-lh excitations 

(indicated in eq.(1 .22).

In calculating the effective interaction with correction for core- 

polarization, Kuo and Brown made two further restrictive assumptions.

i) Core-polarization was taken into account only to lowest order in 

perturbation theory; this involves replacement of (1.23) by

= Cq - ¿i C-¡ (I.2A)

indicated graphically in figure 1.3.

ii) Only 2fkü excitations (Is -► 2s, Ip ♦2p) were retained in

As shown in fig. 1.2 (second and fourth spectra) the resulting ef­

fective interaction yields impressive agreement with experiment. A 

further embellishment, was the inclusión in lowest-order perturbation 

theory of 2fiu) 4p-2h excitations. This produces changes in that are

small but in such a direction as to further improve agjreement with the „ 

observed spectrum of (fig. Ct.2), third and fourth spectra). The
|Aspectrum of F is algo reproduced with satisfactory accuracy, except 

for a few states, such aa the second 1^ State, that are known to belong 

predominantly to 4p-2h configurations; under such circunstances the



lowest-order estimate of 4p-2h effects cannot possibly be adequate.
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Figure 1.3:

A Ip-lh core-polarization diagram

Kuo and Brown went much further by advocating the use of their

mass-18 interaction as a two-body interaction in shell-model calculations
19 19 20 20for O, F, O, Ne, with three or four valence nucleons. Although

there is no quantitative theoretical justification for this step, it
-18Works very well, as shown for F in figure 1.4 (first and third spectra). 

At the time of the Kuo and Brovm papers 0-966-67), shell-model technology 

could not cope with more then four or fiye nucleons in the ds-shell.

When calculations for ds-ahell nuclei out to mass 24 or 25 became possible 

in the mid 1970!s, it emerged that the empirical success of the Kuo-Brown



effective interaction deteriorates steadily as the number of valence 

partióles grows. This deterioration was not known in 1966 and the remark- 

able success of the Kuo-Brown effective interaction, in the ds-shell and 

in othec mass-regions, produced an irreversible change in attitude 

towards nuclear shell theory. Shell-model calculations, hitherto a 

purely-phenomenoloñical exercise, now acquired a solid many-body foundation. 

Furthermore, the microscopic Kuo-Brown effective interaction was not an 

impenetrably complicated object with many-body components and including 

multiparticle correlations. It was, apart from the inessential 4p-2h 

corrections, a G-matrix, the exact two-body scattering interaction in 

the nuclear médium, corrected in lowest order for Ip-lh core polarizarion.
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Figure 1.4:

Conjparispn with experiroent of various shell-model 
predictions for the energy leyels of The
labels at the bottom of each spectrum are explained 
in #1.4, #1.6 of the text.
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#1.5 Corrections to the Lowest-Order Effective Interaction

In the ten years following the publication of the Kuo-Brown papers 

their various simplifying assumption were tested, with the following 

conclusions:

i) Ip-lh core, excitation (representad by the projection operator 

^3p-lh^ cannot be treated adequately in lowest-order perturbation 

theory. Significant corrections are found^^ up to 4th or 5th order. This 

desperately-slow convergence has been traced to the long-range tensor 

part of the free nucleón interaction.

ii) It is quite incorrect to include only 2-ha} particle-hole excitations
i 6 18 of the O core. Significant effects have been found up to 12tioo,

again because of the long-range tensor interaction.

In short, each of Kuo and Brown's simplifying assumptions is in- 

valid and the necessary corrections worsen agreement with experiment. In 

the end, corrected results for the G-matrix plus core-polarization 

corrections yield spectra similar to those obtained with the bare G- 

matrix. This would seem to take us back to square zero, but, as I will 

now argüe, such a conclusión would be much too pessimistic.

To produce a microscopic effective interaction that gives highrquality 
agreement with experiment in inany-particle shell-model calculations, it 

appears necessary to include the effects of a variety of excitations 

spanning many major shells, to do so non-perturbatively and also to 

study the influence of nuclear-matter multi-particle correlations. Such 

calculations would be of hideous complexity and would be likely to lead 

away froro the conventional forra of the shell luodel a direction that I 

believe to be undesirable (see #1.3). The alternative, to be examined in 

the following section, is to retain the conventional form of the shell 

model and to make phenomenological adjustements to the lowest-order



microscnpic interaction. If the necessary adjustements are small, as the

success of the Kuo-Brown effective interaction seems to indicate, the

resultiî g fine-tuned microscopic interaction may still be said to consti-

tute a luany-body basis for the shell model.

Another significant point is that the shell-model results are

insensitive to the detaiLs of the free-nucleon interaction. Replacement

of the 7io>tf-outraoded Hamada-Johnston interaction by the much-improved
19nucleon-nucleon potential of Reid makes no significant qualitative

difference. The same statement could probably be made if the Reid
20 21potential were replaced by the latest-generation Bonn and Paris 

potentials. The low-lying shell-model spectra and transition rates are 

sensitive only to the most primitive aspects of the free-nucleon inter­

action; one-pion and^ - exchange contributions would probably suffice.
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#1.6 Phenomenological Fine - Tuning of a Microscopic Effective Interaction

Kuo and Brown succeeded in giving a reasonable account of low-

lying levels in the early ds-shell with a simple micorscopic effective
2interaction consisting of a G-matrix, corrected in lowest-order per- 

turbation theory for particle-hole excitations into neighboring shells. 

Attempts to correct simplifying approximations and to include other 

excitations led into a morass. It vas concluded that for high-quality 

fits to data, the microscopic effective interaction should be adjusted 

phenomenologically.

In the ds-shell, Csee y/2.3) there are 66 parameters - 3 single - 

particle energies and 63 tw<p-body matrix elements - to be determined by 

a least - squares fit to observed level-energies in a suitably-selected 

set of ds-shell nuclei. The error matrices in such fits reveal that only 

about 20 linear combinations of the interaction parameters are significan-



tly constrained by the data. Fits start from and, in order that the
KJ5

interacción determined

(1.25)

be as cióse as possible to the microscopic turning point, parameter- 

variations should be confined to the well-determined aspects of the 

interaction.
23In 1972, Preedon and Wildenthal made a first attempt to tune the

Kuo-Brown interaction, varying only the 16 two-body matrix elements

involving only the ®l/2 These matrix elements were

fitted to level energies in nuclei with mass numbers from 18 to 22. The

resulting fits were a considerable improvement over those obtained with

the Kuo-Brown interaction. Within the mass-range of the fit, agreement

with experiment is generally excellent; this is shown in figure 1.4
19(second and third spectra) for F. Beyond the range of the fit, agree-

24ment with experiment is still only fair as illustrated for Mg in 

figure 1.5 (second and fourth spectra). The modifications in the inter­

action produced by the fit (matrix elements of AV) are on the average 

less than 15 % of the magnitudes of the corresponding Kuo-Brown matrix 

elements, but seem to follow no discernible physical pattern.

The main flaw in the Preedom-Wildenthal calculation is that, while 

the well-determined combinations of interaction parameters for early ds- 

shell nuclei are indeed dominated by the ¿^^2 » ^i/2 elements,

they nevertheless contain significant d^^2 contributions. Chung and 

Wildenthal built into their fitting procedure the requirement that 

parameter-variations be allowed only along those directions in parameter- 

space corresponding to a certain pre-assigned minimun information- 

content. Their procedure for varying only those linear combinations of 

parameters well-determined by the data is described in Appendix A to

- 21 -
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Figure 1.5:

Comparison with experiment of various 
shell-model predictions for the energy 
levels of ^^Mg. The labels at the bottom 
of each spectriim are as in figure 1.4 .

Cbung and Wildenthal carried out, then, a constrained least-squares

fit to some 200 leyel energies in ds-shell nuclei with 18^A<24 . The

resulting fit is of excellent quality over the entire mass-range of the
19fit, as shown for F in fig. 1.4 Cthird and fourth spectra) and for

24Mg in fig. 1.5 (third and fourth spectra), The r.m.s. deviation bet- 

ween calculated and obseryed level energies is about 220 keV. Since the 

average level spacing ovex the range of masses and excitation energies 

under consideration is about 750 keV, the "figure of merit" for this



shell-model fit xs

r.irn.S. error-]

24 - 23 -

p T.m.s. error- I f - — i::------------ 1----  ^ .5 (1.26)
'y\e»y\. íevet

That the Chung-Wildenthal fit is of liigh quality can now be seen by
25coinparing its figure-of-merit to that of the Cohen-Kurath description 

of Ip-shell nuclei; this study, the accepted standard of excellence in 

Shell model fits, has f̂ . 25 . In other words, an average error of 1/4 to 

1/3 of the mean level-spacing is the best accuracy yet achieved in 

shell-model descriptions of ranges of nuclei. In addition, the Chung- 

Wildenthal interaction gives excellent fits up to A=28 and has been used 

with great success to describe MI transitions, magnetic moments and the 

results of electrón- and proton-scattering experiments.

Let^ .^y, ^denote the ratio of the magnitudes of corresponding 

matrix elements of G, AV, averaged over all 63 two-body matrix elements 

within (d^^2 > ^1/2' ^3/2^^ ' Chung-Wildenthal fit

10% (1.27)

Thus the phenomenological adjustement changes the Kuo-Brown matrix 

elements by less than lí)% per matrix element. In this sense, the Chung- 

Wildenthal interaction is a phenomenological fine-tuning of the micros- 

copic Kuo-Brown interaction. Furthermore, a physically-significant 

pattern can now be discerned in the changes AV in the Kuo-Brown matrix 

elements. As shown in Table I.l, the penomenological fine-tuning sys- 

tematically reduces the magnitude of the attractive shell-shell inter- 

actions e(jĵ j2) defined by

eg,jO = Z U c^0C.T..KJ.j,JT|V«^p |J,j, 3 T >

ZZ (23+.U2T+.)
JT
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Table I.l:

’ ^2
e(jj J2) 
Kuo

e(j^j2)
cw

5/2 3/2 - 133.1 - 74.5

5/2 L/2 - 4A.6 - 20.5

3/2 1/2 - 20.8 - 16.0

Shell-shell interaction energies e(jjj2)> defined 
by eq.(I,28) in the text, with the Kuo-Brown and 
Chung-Widenthal interactions. Energies are given 
in MeV (from ref.lO).

Smaller shell-shell matrix elements imply a smaller degree of configura-

tion-mixing. Thus, as shown in Table 1.2, the Chung-Wildenthal interac-
28tion yields fractional ground-state occupation-numbers for Si much 

closer to those (1 ,0,0) for a closed d^^2 shell than is the case with 

the Kuo-Brovm interaction. Now it is true in a general way that the 

higher the partióle rank of an interaction, the less efficient it is in 

producing-centroid-splittings and shell-shell interactions for a given 

amount of individual-level splitting. The smaller shell-shell interac­

tions of the Chung-Wildenthal interaction may therefore indicate that is 

has absorbed the effects of many-body components in the effective inter­

action, averaged over many nuclei.

Before siimmarizing the main conclusions of this chapter, two points 

are worth making about shell-model calculátions.

1) Transition and interaction operatprs enter many-particle shell 

model studies only through finite sets of numbers, the matrix elements. 

No explicit assumptions are made about the radial single-particle wave 

functions ñor about the radial dependence, ñor the detailed spin-isospin



dependence of the operators. The great successes of the phenomenological

shell-model has been achieved by the process of avoiding detailed assump-

tions about radial structure.

2) During the period covered in the above historical survey (1966-

76), great advances in shell-model technology took place. At the begin-

ning of the period, ds-shell calculations for A=21 nuclei (energy matrices

of dimensión up too 200) were just within the bounds of possibility. Ten
28years later, calculation for Si were routinely possible, involving 

3000 X 3000 matrices, while least-squares fits involving about 100 

matrices, with dimensions from 50 to 2000, could also be carried out. An 

account of the advances of technique involved will be found in refs.. 25 

and 26.
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Table 1.2:

Orbit Kuo CW

ld^^2 -57 .76

2s^^2 '̂ 7 .36

ld3/2 -I®

Fractional ground-state occupation number (1 for a
filled orbit, O for an empty one) for the Id-,»,

28  ̂2si/2 and ground state,
calculated with the Kuo and Chung-Wildenthal
interactions. Cí'rom ref.lO).

We conclude that high-precision many-partide shell-model calculations 

use effective interactions that, although very cióse to microscope 

interactions, contain an essential element of phenomenological fine- 

tuning. In general, from the work of Chung and Wildenthal and other



similar studies, the effective interaction is of two-body nature and has 

two distinct parts;

Vefp = + A V  (1-29)

The first and usually predominant part is a G-matrix, possibly co-

rrected for tlie lowest-order effects of nearly, low-energy excitations

strongJ.y-coupled to the model space. AV simulates the influence of all

other excitations excluded from the model space. It is treated phenomeno-

logically and involves averaging over a number of nuclei (or number of
27 28valence nucleons). There is some evidence ’ that as the dimensions of 

the model spaces used for a given range of nuclei increases,

- 26 -

Vffp — -  (5 «•3'»

in the sense that the "nearly excitations" included in come into

the model space and | ̂  decreases. Given, however, that parts

of the free-nucleon interaction (in particular the tensor part) are 

capable of exerting their influence over many major shells and recalling 

that the dimensión of multishell model spaces increase according to a 

Malthusian exponential law, it is very unlikely that "exact" shell-model 

calculations with unadorned microscopic interactions will ever reach the 

point of producing detailed high-precision fits to nuclear level-properties. 

I believe that any microscopic effective interaction, for the shell- 

model or for direct-reactions, is likely to require a touch of empirical 

finetuning in order to achieve accurate description of high-precision 

nuclear data.



Appendix to Chapter I. Suppression of Parameter - Variations with low 

information content in iterative least - sguares fits

- 27 -

Least-squares fits of model parameters to experimental data lend 

them-selves naturally to the control of parameter-variations in direc- 

tions of low information-content. Let there be n model parameters, 

forming the parameter-vector.

i,2, . U> (1.30)

In the shell-model fits discussed in #1.3 and #1.6 the quantities are 

are the matrix elements of the effective interaction, but the discussion 

here will have a much wider range of validity. The parameters are to 

be determined by minimization of a function - a weighted sum of 

squared deviations between experimental and model quantities;

with N experimental entries (n<<N). In the shell-model fits is an 

observad level-energy ̂ 0^ = . We define the "residual" by

X  = ( © r ' ”- (1-32)

whence

(1.33)

Iterative least-square fits depend on the gradient (firstderivative) 

vector

T -  ^ . z  L z  íS- (1-34)
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and the second-derivatiye oír inverse error-matrix

35,1 . . _ Í Z L  - ^.2 2: Ti «-35)
'dxjaxj »< 3 X,- 'Jxj X̂í̂ Rj-

•/.̂ (x) is minjjnized by a procedure in vhich the magnitudes of the 

derivativas are made as small as possible. (The first der;ivative va- 

nish at an exact extremun). This is achieved by a process of cancellation. 

The two factors in the expression (1.34) for the gradient are of entirely 

different character. is proportional to the difference between an ex­

perimental and a theoretical or model quantity; its sign as a function

of alpha is random. The derivative on the other hand, is a
0 X¿

pureley model quantity, independent of the experimental quantities; if 

the experimental points are ordered in some systematic fashion, the sign

of --^  tends to have a regular, non random variation with a . Thus

1 .̂) becomes small by a process wherein random function "beats" 

against the regularly-varying function — ^  • . At the same time, the 

same sort of process is making the similar® quantitiy ^  ^ 

small also. Thus the second term in eq. (1.35) may be dropped, leaving 

the linearized second-derivative matrix

'ID-. íi 2 Z!, (1.36)
‘J ^

This approximation to the second-derivative matrix is excellent in all

fits of model parameters to experimental quantities, is positive definite

and involves no significant extra computational labor once the gradient-
29vector has been calculated

The iterative minimization of proceeds as follows. Suppose that 

an estímate % of the parameter-vector has been obtained, either byiC
guessing or by a number of previous iterations. An improved estimated
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(1.37)

Í3 ncw obta:ined l y chot̂ sing the step iin parameter-space such that

(1.38)

is a minimun as a function of A X  . Here we use an bbvioua matrix 

notation withA X. a coluam-vector, A-K‘''the corresponding row-vector. 

The minimun of the quadratic function (1.38) is given by

O*" +. T>l , A  a- O
dlc

(1.39)

This may be solved for the desired step

(1.40)

Elementary precautions are usaally taken to ensure that the step

(1.40) stays within the región in which the quadratic approximation

(1.38) is valid; if X  (^k + (5íjí)than the direction of A  is

retained but its length reduced until is decreased. The positive-

definite character of the linearizcd second-derivative matrix (1.36)
.A

ensures that a step along A is at least initially downhill. The 

step (1.40) is repeated until either (gj is smaller than some desired 

accüracy or (A  I has been very small for two or three successive 

steps.

The process of identifying directions of low information-content 

may now be stated quite siaiply. Let be diagonalized by a similarity

transformation;

0 > = ^  O 

O  " - i .

A (1.41)



The inversa of D is then - 30 -

a"
O <í ;’

(1.42)

As is clear from the one-dimensional example in figure 1.6, a small 

(large error d^.corresponds to a poorly-defined minimum in the 

direction specified by the i^^ eigenvector of D. A large valué of d^ 

(small error d^^) implies a sharply-defined minimum. Let the eigenvalues 

of D, which are all positive since the linearized second-derivative 

matrix (1.36) is positive definite, be placed in descending order in

(1.41) from top left to bottom right. Suppose that a minimum acceptable 

level of Information has been specified by the parameter e ; no signifi- 

cant information will be said to be available in the direction of eigen­

vector i if

d i  < í (1.43)

where of course d^ is the máximum eigenvalue of D. This criterion will 

select a block of eigenvalues to the bottom right of (1.41). Steps in 

the direction of eigenvectors whose information-content is less than the 

acceptable minimum can be suppressed by replacing d^^ by O in the error 

matrix (1.42). The 'frozen' error-matrix
r r'

0
(1

0  ■••¿c.) 

0

u

0 .
■ 0

J

(1.44)



is then to be used in the iterative^step (1.40);

k =
~  _ i  

- l>u % (1.45)

The linear combination of parameters corresponding to low information- 

content are left unaltered.

Figure 1.6:

Mínima of a function x^(x) of one variable, with 
d = the second derivative at minimum.

This procedure was the one used by Chung and Wildenthal^^ in the 

ds-shell. calculations discuased above. It is also widely used to control 

steps in least-squares fits that lead to nonsensical parameter-values; 

such steps are almost always due to large excursions in directions of 

low information-content.



CHAPTER II

CALCULATIONAL TECHNIQUES FOR DIRECT REACTIONS
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1. INTERPOLATION AND EXTRAPOLATION IN PARTIAL-WAVE EXPANSIONS 

#11.1 The importance and nature of the technical innovations

Calculations with effective interactions present a choice between 

competing simplicities-small model space, bizarre effective interaction 

or large model space, simple effective interaction. A balance must be 

sought; techniques must be developed to permit calculations in model 

spaces just large enough to yield tractable effective interactions. 

Tractability in this context has two distinct aspects; the effective 

interaction must be of sufficiently simple form to permit high-precission 

phenomenological fits to data and it must permit quantitative linking to 

the free-nucleon interaction.

In shell-model studies, the minimal size of model space for trac­

table effective interactions seems to require up to 10 valence nucleons 

or holes in the four or five single-particle orbits nearest to the Fermi 

surface. Technical advances mentioned in Chapter I have made shell-model 

calculations of this magnitude routinely possible for light nuclei and 

for a few heavier nuclei near doubly-closed shells. Direct-reaction 

spectroscopy is in a more primitive state. Only for low~energy light-ion 

physics are the phenomenological parameterizations clearly-appropriate 

and the effective interactions firmly grounded in many-body theory. 

Because of computational limitations, most quantal direct-reaction cal­

culations in heavy-ion physics and intermediate-energy light-ion physics



involve the single-channel optical model, with transitions to other

channels treated in first-order perturbation theory (DWBA). In such se-

verely-restricted model spaces, high precisión fits to data are inhi-

bited and many-body derivations of the effective potentials out of the

question. It is possible that the main omission from the model space is

a relatively small set of strongly-coupled inelastic-scattering and

transfer channels; detailed study of the influence of these channels on

cross-sections and effective potentials requires the ability to handle
30model spaces containing up to 50 physical channels

Calculations of this magnitude may soon become routinely (and 

cheaply) possible because of recent development in the technology of 

direct-reaction calculations, analogous to those that appeared in shell- 

model technology during the years 1963 to 1973. We shall discuss these 

technical development in Chapter II and IV of these lectures. In most of 

these discussiones we shall work in r-space with the coupled equations 

expressed either in differencial or in integral form. The technical ad- 

vances and simplifications are in fact of three distinct varieties.

1) Extensive use of interpolation and extrapolation in angular momen- 

tum to reduce the number of partial waves for which the transition am­

plitudes must be evaluated explicitly. This is possible because the per- 

tinent S-matrix elements are smooth functions of angular momentum and 

have readily-identifiable asymptotic behavior at large angular momentum. 

It is seldom necessary to carry out explicit calculations for more than

20 or 30 partial waves, even when hundreds contribute significantly to 

the cross-sections.

2) The use of iterative or basis-expansion methods to solve the coupled 

equations. The traditional procedure has been to solve each set of N 

coupled equations N times with different choices of starting valúes so

as to synthesize solutions with the desired large-r asymptotic form. 

Iterative methods eliminate this N-fold waste of time.
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3) Efficient treatment of Coulomb excitation. Nuclear interactions die 

out at radial distances of around 15 fm. In light-ion calculations, the 

end of the nuclear or interior región is the beginning of asjTmptopia 

wherein only diagonal Coulomb interactions survive. Interior solutions 

of the coupled equations are then matched to the appropriate asymptotic 

forms, involving Coulomb functions and S-matrix elements. In heavy-ion 

calculations, the interior región and asymptopia are separated by a wide 

intermedíate zone, wherein offdiagonal Coulomb interactions are active; 

these couplings produce Coulomb excitation and are proportional to low 

powers of 1/r. In heavy-ion reactions, the intermedíate zone may extend 

over hundreds of fermis. Adapted light-ion programs spend huge amounts 

of time and money integrating across the intermedíate zone. This may be 

completely avoided by techniques discussed in Chapter IV.

A further point of some importance is that the bound-state contri- 

butions to channel-coupling potentials and DWBA matrix elements are 

usually very smooth functions of one of their two radial variables. As 

discussed briefly in Chapter III, this permits use of interpretation to 

achieve sizeable reductions in computational labor. The remainder of 

this chapter deais with the first of three technical developments listed 

above extrapolation and interpolation in angular-momentum expansions.
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#11.2 Elastic scattering and angular momentum interpolation

Direct-reaction S-matrices and transition amplitudes are smooth 

functions of angular momentum, This is well known and not unexpected for 

heavy ions, but is true to a remarkable extent for light ions also.

It is not necessary to compute these S-matrix elements at each an­

gular momentum that contributes significantly to the cross-section. The 

S-matrices are simple functions of angular momentum, adequately charac-



terized by their valúes at a few judiciously-selected angular-momentum 

valúes. The S-matrix elements at intermediate angular momenta can be 

determined by the simple interpolation method described below.

The ideas and techniques involved are most simply illustrated in 

the treatment of the elastic scattering of spinless particles. We shall 

assume a single-channel optical-model description where the radial func- 

tions each partial wave are obtained by numerical solution of a

radial wave equation containing the complex optical potential V(r). The 

S-matrix elements are defined by the asymptotic form of R (r), beyond 

the range of nuclear interactions;
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(ri') (Ur)- (II-I)

where k is the wave-number of the relative motion, I. and O. are ingoing
X»

31and outgoing-wave Coulomb functions . The travelling-wave Coulomb func- 

tions are related to the regular and irregular Coulomb functions

F and G are real functions.
J6 J6

The nuclear part of the elastic-scattering amplitude has the partial 

wave representation

^ (0) -J_  Z (2e+0C5„-1) "R Ccos©) (II.3) 
2tk e ^

where is a the Coulomb phase-shift, an explicitly-known function of 

the kinematic parameters of the reaction. The differential cross-section 

is given by

d.a



where is the Rutherford-scattering amplitude and 0 is the center-

of-mass scattering angle.

The ¿-dependence of a typical heavy-ion elastic-scattering S-matrix 

is exhibíted in Figures II.1, II.2 . To this end, the S-matrix is expres­

sed in phase-amplitude fonn
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(II.5)

For scattering by a real potential Arg where 6  ̂ is the

real phase-shift. The reaction represented in Figs. II.1 to II.6 is the

elastic scattering of 103.6 MeV ^^0 ions from ^^Ca; the optical-model

parameters, which are of 90 interest here, were obtained by fitting the
32elastic data and are given in ref. . It is obvious from the diagrams 

that S(J¿) varies very smoothly with Z and that interpolation between 

rather widely-spaced valúes of l is likely to be successful.

SI for  , E l a b  = 103.6 M eV

|S I

Figure 1:

£-depedence of the 
magnitude of the 
S-matrix elements for 
the elastic scattering 
of 103.6 MeV. ions 
from ‘̂ Ĉa.
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Phase of S I f o r , ELab= 1036MeV

2̂ -

Figure II.2:

£-dependence of the phase of the S-matrix elements 
whose magnitude is exhibited in Fig. II.1 .

Figure II.3:

The classical turning point 
for scattering at energy E 
by the effective potential 
Uef̂ (Jl,v) . See #11.3 of the
text.
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40 16
R e (V )  F L ( K R ) A N D  I N T E G R A N D  FOR C a *  O

r ( f m )

Figure II.4:

Regular Coulcmb function, exponential 
(dashed line) and Born integrand, as 
discussed in #11.3 of the text, for 
the partial wave £=59 in the elastic 
scattering of 103.6 MeV. ions on 
**°Ca. The heavy-line oscillatory 
function is Fsgíp). The dotted-line 
oscillatory function is the approxima- 
tion F5if(p-Ap). The corresponding 
exact and approximate Bom inegrands 
are also shown.



|S -1 |A N D  ERROR IN ,1 0 3 6  MeV, 1*=^ /.
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Figure II.5:

Magnitude of the T-matrix elements ( ) and
absoluta valué of the error made in calculating 
them from the extrapolation formula (II.2b), for 
the reaction represented in Fig.II.l .

'■"Ca«’®0 ,1016 MeV , l

Figure II.6 :

Comparison of exact and interpolated-extrapolated 
cross sections for the reaction represented in 
Fig.II.l . The dash-dot line gives the cross-section 
obtained by cutting off (setting S =1) at Jl =54.



The choice of interpolation-method is not a critical matter, either

for elastic scattering or for other types of direct reaction. The method
33used in the program Ptolemy , on which most of the direct-reactions 

calculations discussed in these lectures are based, represents the S- 

matrix as a complex continued fraction of a very simple and convenient 

sort. Suppose that radial equations have been solved at a set of £- 

valúes

6-2 (̂3 .... >

yielding S-matrix elements (II-6)

J
It is then straightforward to represent the S-matrix by a complex conti- 

nued-fraction (expressible by standard techniques in equivalent forra as 

a rational function) of the forra

U-¿.)
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4
A -f

 ̂ A d-i-lÍ 2M _
4- --

The coefficients ... are determined so that

C >» 1,2, ... M) (11,8)

or, in other words, so that the function S(í-) reproduce the computed 

valúes of the S-matrix elements at the designated ¿-valúes. This can be 

done quite easily. Suppose that the first k coefficients have been 

determined such that S(£.) = S. (i=l ,2.. .k). Substitute í-, ,, in eq.(II.7);1 1 K."r i

\+l must then be chosen so that



A (6lc+|- Si ) - 41 -
------------ 7

A2 +

Á j - » .

Á .
 ̂ A  -Al

=  Sj,^| (II.9)

'i«í+i
All reference to coefficients with i > k+1 has now disappeared

and eq.(II.9) is an explicit expression for the next coefficient A, ,, ink+1
terms of known quantities. The computational labor involved in deter- 

mining the coefficients A^ and henee the interpolating-function S(í,) 

of eq.(II.7) is trivial relative to that involved in solving radial 

Schrodinger equations.

S-matrix elements for valúes of Z between the designated valúes , 

SL̂ ,... are obtained from the interpolating continued fraction (II.7).

This can be done using standard techniques for the evaluation of con­

tinued fractions; when many ¿-valúes are involved it is more convenient 

and more efficient to evalúate and use the rational function equivalent 

to the continued fraction (II.7). In the specific example considered 

here '̂̂ 0 and ^^Ca at 103.6 MeV - it is clear form Fig.II.6 that the 

errors introduced by interpolation with a step size

AX, =3(£.= i ü . + 3, ~ . + 6 ...) are u.tterly negligible.1 min’ mxn ’ min j' e &
Incidentally, the continued-fraction interpolating-function (II.7)

can also be used to continué S(£) off the real axis into adjacent regions

of complex £-space. It provides a stable continuation method, from

which zeroes and poles of the S-matrix, in the región of í,-space reasona-

bly cióse to the physical piece of the real axis, are readily located.

The interpolation-method described above has been applied to other

classes of direct-reaction-inelastic scattering, DWBA transfer and

coupled-channel calculations. It is sufficiently stable and reliable to
33be used routinely in our direct-reaction program Ptolemy . We view its



is a fáster and more accurate way to evalúate T-matrix elements. In eq. 

(11.21), the nuclear potential is treated as a perturbation of Coulomb 

scattering and the large-r from (11.17) of the Woods-Saxon potential has 

been used.

Use of the Born approximation at large í is already a great impro- 

vement over conventional procedures. But the character of the integráis 

in eq. (11.21) and the peculiarities of the regular Coulomb function F (p) 

permit us to go much further and derive an explicit asymptotic formula 

for the large-£. bahavior of elastic T-matrices.

Consider again the reaction discussed in #11.2 - ^^0 ions at 103.6
40 IMeV on Ca. The S-matrix element |Sĵ -.97 when £ = 54. Let us now at-

tempt to use eq. (11.21) to deduce valúes of T for £>54 from the com-
X»

puted valué of . We denote by the greatest £-values for which

the Schrodinger equation is solved explicitly. The regular Coulomb func­

tion

¿ + At = 59 (11.22)
-r/ais shown in Fig. II.4, with the exponential e on the same scale (by 

a suitable but uninteresting renormalization). It is at once clear that 

the radial integráis in (11.21) receive significant contributions only 

in the first main oscillation of F^(p) . In this región, a simple ap- 

proximate expression

holds, where

- Nr*¡>̂ -e(f+o a i.24)
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use, not as an approximatxon to "exact" S-matrices, but rather as a 

numerical technique of the same sort as the use of polymonial represen- 

tations in the numerical integrations for the radial wave functions. 

Since the extensión of the interpolation-method to other types of reac- 

tion is absolutely straight forward, we need say no more about its 

technical aspects in these lecturas.
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#11.3 Elastic scattering and large-J¿ extrapolation

At large angular-moraenta, direct-reaction S-matrix elements have
34simple characteristic properties. The magnitudes usually fall off ex- 

ponentially while the phases are very cióse to some múltiple of ti .

Simple explicit representations of this asymptotic behavior can usually 

be obtained from the observation that, at large-enough angular momentum, 

nuclear interactions are a perturbation of the dominant Coulomb poten- 

tials.

Again let us illustrate the ideas and techniques involved in the 

treatment of the optical-model elastic scattering of spinless partióles. 

We start by introducing a few important quantities and approximations.

It will be assumed that the optical potential is of conventional Woods- 

Saxon form,

although all that is needed in the present discussion is that both parts 

of the potential fall off exponentially at large r. The effective poten­

tial in partial wave £, is

t Í M  + i s k  (11.11)
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where

y is the reduced mass and n is the usual Coulomb parameter. The (outer- 

most) classical turning point (CTP) in partial wave £ is defined to be 

the largest valué of r for which (£,r) = E, or

(11.14)

its signicance is sketched in Fig. II.3 . For puré point-Coulomb scat- 

tering, the Coulomb TP is given explicitly by

fT = + \ e.(í+0 (11.15)

with

k f  (11.16)

Radial scattering functions in general and the regular Coulomb 

fuiictions Fjĵ (p) in particular fall off exponentially inside the TP, rise 

just outside it to their greatest valué, and thereafter settle into 

their asyTOptotic sinusoidal oscillation (see Fig.II.4). In all the 

reactions considered here, asymptotic expressions in SL apply only to 

partial waves in which the pertinent classical turning points lie far 

into the región in which the Woods-Saxon functions decay exponentially. 

The nuclear potential reduces to

■ N ------------------ —  ------------------
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where

'íl/a.
2 julW (11.18)

At large í, (see Fig.TI.l) the modulus of elastic S-matrix elements 

approaches unity;

I S e i

Yet it is often impractical to cut off the partial-wave expansión (11.3)

until S  ̂  ̂I reaches truly tiny valúes (''̂ 10  ̂or less). This wxll happen

whenever large-angle data, wíth valúes of a/a down to 10  ̂or less must
K

be analized. As the scattering angle increases, the number of contribut- 

ing partial waves increases, contributions from near-grazing partial 

waves (js^l 1/2) cancellíng to ever-higher degree. Accurate valúes of 

S-matrix elements very cióse to unity are needed.

In the present discussion, it is more convenient to use the transi- 

tion-or T-matrix T defined in terms of S by
X/ X/

2 i
(11.20)

S-matrix elements near unity correspond to very small T-matrix elements. 

In most optical-model Computer programs, very small large-£ T-matrix 

elements are usually derived by the same procedure- numerical solution 

of the radial Schrodinger equation - as is used for near-grazing partial 

waves. This is utter foolishness; it amounts to repeated re-evaluation 

of slightly-perturbed regular Coulomb functions by a singularly inappro- 

priate procedure^^.

Whenever -3 -2S 10 (or perhaps s 10 ), the Born approximation

T. ( 1 1 . 21 )



is the shift in TP induced by the change A£ in £ . The accuracy of 

this approximate relation, for A£=5, in the special case under considera- 

tion, is clear from Fig. II.4. Eq. (11.23), which continúes to hold to

useful accuracy in the first main oscillation of F for steps Ai up to
,!6

100 or more, reflects the fact that F (p) at or near the TP varies veryXi
36slowly with £; in fact

T. (? le)) «  1^'°

Replacement of the í dependence by a constant and extensión to

valúes of p not too far from p^ yields eq. (11.23).

Sustitute eq. (11.23) into the radial integráis in (11.21). A

change of integration-variable to r* = yields the remarkable
k

relation:
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kCLj

where Ap is given by (11.24). The relative error in T-matrices computed

from eq. (11.26), with £ = 54 and valúes of A£ up to 70, is shown in
A.

Fig. II.5. We see that the error in T is always more than an order ofJ6
magnitude smaller than ]t ] . The error in the cross-section, committedX/

by replaced T for £>54 by valúes obtained from the extrapolation formula
A/

(11.26), is shown in Fig. II.6 . The differential cross-section is not 

featureless; there are pronounced diffractive oscillations. Yet the 

errors in the cross-section are almost imperceptible out to 0=:12O°, where 

a/a^ 10 To demónstrate the fact that significant contributions to 

the crosssection arise from the región of £-values treated on the basis 

of eq. (11.26), the effect of cutting off the partial-wave expansión at 

£=54 is also shown in Fig.II.6 .



The extrapolation formula (11.26) is remarkably robust. It can be 

used with safety to compute the contributions of all T-matrix elements 

with

^  id^ (11.27)

The errors in the cross-sections are often smaller than those obtained 

use the exact Born-approximation amplitudes (11.21) and are no cause for 

concern unless a/a^<< 10 For such very small cross-sections it may be 

necessary to increase the largest computed í to that partial wave 1
A

for which |t [ = 10
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#11.4 Interpolation and extrapolation ín angular momentum for non- 

elastic reactions

The methods described in #11.2, #11.3 can be extended to reactions 

other than elastic scattering. The interpolation procedure described in 

#11.2 carries over without significant change, but each type of reaction 

has its own characteristic large-£ asymptotic form to which the extra­

polation procedure must be adapted. Since it is impossible to go into 

exhaustive detail, we shall again illustrate the procedures in a specific 

example- the heavy-ion single-nucleón transfer reaction

” 'P t C‘o cvj- ;5.,2
(11.28)

 ̂ MeV

The optical-model parameters and the experimental data will again be
37suppressed; they can be found in Ref.

In the single-proton stripping reaction (11.28), a nucleón is
16 208 transíerred from the Ip 1/2 orbit in O to the 3p 3/2 orbit around Pb.



The total angular momentum X transferred is the vector sum of the trans- 

ferred angular momenta (1/2 and 3/2) at the two "vertices"; in addition 

the transferred angular momentum must also be a possible vector sum of 

the two single-nucleón orbital angular momenta. In this case,

\=i,orZ (11.29)
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and the total transferred parity is -► 4 . As described iin

more detail in #111.2, the transition amplitudes for a transfer reaction

such as (11.28) are proportLonal to radial integráis Ij « in which

the transfer operator (a spherical tensor of rank ) couples or connects

ingoing partial waves ti to outgoing partial waves . In the case

considered here this yields four faitiilies of radial integráis
A *  I

> í
X-2 yX»2. - t A . 2

The fact that the transferred parity is + 1 implies that only partial 

waves of the same parity are connected, so that

Each of the four families in (II.3) are sequences of complex numbers g(¿) 

to which the techniques of II.2 are directly applicable.

To obtain appropriate extrapolation formulae, the phase and magnitu- 

de of the radial integráis must be treated separately. In order to sepá­

rate the four distinct families of integráis in (11.30), set

i N c , w . -  i l j f

where í.' (11.31)

inThe variation with é of the modulus j I^(í,St) is shown for A =1,¿C’ =0 i 
Fig. II.7. The smooth bell-shaped curve is characteristic of the ¿-varia 

tion of inelastic amplitudes for strongly-absorbed ions. The large-fi.



tail of the curve is very cióse to exponential in 6- ; in order to permit 

the connecting to be as small as possible, we use a Woods-Saxon

extrapolating function;
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- A{ Í4 - I

(11.32)

where A,B,C, are functions of \ ,h\, . The parameters in (11.32) are

determined by least-squares fit to the magnitudes of the three computed

integráis up to and including that with ̂  • The phase of the radial

integráis at larga ^ is given with remarkable accuracy by a remnant of
31the Sopkovitch approxLmation (which is quite useless for the entire 

radial integral in the región of grazing -valúes);

A»-? ?C

i ( -t-
(11.33)

where > 2 ?̂̂  are the phases of the elastic S-matrix elements in

the ingoing and outgoLng partial waves, while is a normalization 

constant determined from the computed phase at the connecting angular

A

(3/2‘;3 1 2 M e V )  Elab =312.6MeV

Figure 7:

Comparison of exact 
and interpolated-extra- 
polated valúes of the 
magnitude of the radial 
integráis > iii the
reaction
208pb(16o^l5N)20yBi(3/2~;
3.12 MeV) at 312.6 MeV. 
"Exact" and approximate 
curves are indistinguish- 
able for A£< 8 .

220 l



Detailed application of these procedures to the reaction (11.28) 

then proceeds as follows. It is found that the smallest and largest 

valúes of V that contribute significantly to the differential cross- 

section (at the .1% level) are

K w  = n o  , L . »  = 230 (11.34)

Thus 120 partial waves must be taken inte account. The boundary-line 

between interpolated integráis and use of the large- 6. extrapolation 

formulae (11.32), (11.33) is taken to be

i62 (11.35)

See Fig.II.9 for a symbolic summary of the various £ -ranges involved.

Radial integráis outside the range P . €Í are dropped; radial inte-min max
grals in the range . é t áfi are computed at intervals Ae in t and

t n i r i  A

augmented by interpolation; radial integráis in the range Í 4 Í Í Í  are
A  H13X

represented by the extrapolation formulae. The resulting representations

of the radial integráis of the family Ia / are shown in Fig. II.7
t i t f .

The interpolated-extrapolated integráis are graphically indistinguish- 

able from the "exact" integráis for any step-length A 6 é 8 . Significant 

errors are obtained with ¿í =12, large errors with Ae =16. The effects 

on the cross section are shown in Fig. II.8 , where of course all four 

families of integráis have been interpolated and extrapolated in the 

manner described above for X  =1* Extrapolation and interpolation with a 

step-size A 1=8 are seen to yield a cross-section accurate to within a 

fraction of a percent. Although 120 partial waves contribute to the 

cross-section, only 10 need to be computed explicitly .
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^°®Pb (^2¡3.12M eV) E lab  = 3126MeV.

9 cm°

Figure II.8 :

Comparison of exact and interpolated-extrapolated 
differential cross-sections for the reactions re­
presentad in Fig.II.7 . "Exact" and approximate 
curves are indistinguishable for A£ j< 8 .

Cut
off

Interpolation
región

Extrapolation
región

Cut
off

l min lA Imax

Figure II.9:

Graphical representation of the various ranges of 
angular momenta that play a role in interpolation and 
extrapolation in partial-wave expansiona. £mrin lartd 
í/max are the smallest and largest angular momenta for 
which the S-matrix elementa differ significantly from
O (or 1). is the connecting angular momentum beyond 
which extrapolation formulae are to be used.



These techniques apply, in one form or another, to all direct-reac- 

tion calculations. The extrapolation-formulae for large angular momenta 

should always be used and are always applicable. The interpolation 

methods work best when they are most needed. For nucleon-induced reactions 

at low energies, or for light heavy-ion systems in which resonant structu- 

res are observed, it may be necessary to compute every partial wave up 

to the large-£ asymptotic región; but for such reactions the number of 

contributing partial waves is rather small. For high-energy or heavy-ion 

reactions, 2,-steps from 5 to 50 may be possible. We conclude that it 

should never be necessary in any direct-reaction calculation to compute 

explicit S-matrix elements for more than 20 to 30 partial waves. The 

saving of computational labor is enormous; put in reverse, direct- 

reaction calculations which do not make extensive use of extrapolation 

and interpolation in angular momentum are wasting a factor of from 3 to

10 in time and money.

- 52 -



CHAPTER III

HEAVY-ION TRANSFER REACTIONS 

ENERGY-DEPENDENCE AND CHANNEL-COUPLING EFFECTS
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#111.1 The structure of theoríes of transfer reactions

The vast majority of transfer reactions, particularly those invol- 

ving heavy ions, are treated on the basis of the distorted-wave Born 

approximation (DWBA). In these lectures, the theory of direct reactions 

is viewed as a model-space theory, wherein coupled-channel Schrodinger 

equations are constructed and solved within the truncated vector spaces 

spanned by finite sets of physical channels. If not all the selected 

physical channels correspond to the same partition of the total number 

of nucleons, the model space will permit description of "rearrangement 

processes" or, in less órnate parlance, nucleon-transfer reactions.

In a well-ordered world, DWBA should be derived as the weak-coupl- 

ing limit of a model-space theory of direct reactions, including trans­

fer. Unfortunately, no well-established theory of this sort exists; 

controversy still rages over the influence of truncation on the form of

the equations and interactions in coupled-channel reaction theories
38including rearrangement . DWBA is obtained instead from plausibility 

arguments. Since the effective transition operators are not specifically 

adapted to precisely-defined model spaces, the DWBA analysis of transfer 

data is a blend of theory, convention and traditioh. In this chapter, 

the structure of DWBA amplitudes is described, some discussion of com- 

putational matters is presented and the shortcomings of the whole proce- 

dure ate exhibited in an analysis of heavy-ion single-nucleón transfer
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°ver a wide range of bombarding energies. 

Consider the stripping reaction

A (III.1)

representad graphically in Fig.III.l . A cluster of nucleons x is 

transferred from the bound State a = b+x to the bound State B=A+x. The 

inverse pick-up reaction is obtained by reading Fig.III.l backwards. It 

is clear that if x is viewed as a single body, the reaction (III.1) is a 

three-body reaction with bodies (A,b,x). Viewing x as a single body 

amounts to the assumption that the sum of two-body interactions between 

nucleons of x and nucleons of core A or core b may be replaced by a po- 

tential depending only on the co-ordinates r ^  or r^^ of the center- 

of-mass of x relative to A or b. This assumption, known as the cluster 

assumption is reasonable for single-nucleón transfer but an approximate- 

ly of doubtful origin and validity for multi-nucleon transfer. The 3- 

body reaction produced by the cluster assumption will be shown to lead 

to a 3-dimensional numerical integration for the transition amplitude. 

Without the cluster assumption, x-nucleon transfer is an (x+2) - body 

problem with internal structure, leading to a 3x-dimensional numerical 

integration. The cluster assumption will be made throughout these lee- 

tures.
a 

(=b+x) 2

I 
I
I

Figure III.1: J X
I
IDiagramatic representation 1

of a transfer reaction. '^ ----------- é—
1 B

(=A+x)

A(a,b)B



A formally-exact expression can be given for the transition (III.1) 

on the assumption that we know the wave-function that describes

the exact scattering State produced by the colliding nuclei A,a in the 

incident channel. Let us first give this expression in the form ap- 

propriate to the outgoing-channel partition
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of the Hamiltonian of the system. Here are internal nu­

clear Hamiltonians, is the relative kinetic energy.
39The desired transitipn amplitude is then

f ^  ̂ (éhjé'o

where ('RT.rp, (^,rp are wave-number and relative co-ordinates.

The DWBA transition amplitude follows from two formal steps of 

quite different character.

1) Replacement of'í'̂ by its entrance-channel component, with the addi- 

tional assumption that this can be represented by an optical-model wave 

function JL (k.,r.), eigenfunction of the optical potential U. (r.).
1  1  X

2) Replacement of the plane-wave State by an ingoing-wave distorted

wave-function X  (kT,fT), eigenstate of the optical potential (r̂ ),t 1 Bb I
40using the Gell-Mann-Goldberger transformation . This requires subtrac- 

tion of the distorting potential for the interaction in (III.4).

Z  Z  V.J- Z  V,j -  U f c j r f ) ( I I I . 5 )
lé fe jé t)   ̂ léb jé lo



We obtain for the DWBA transition amplitude

<Buv^(iAa>x*(t;-,í7) aii.6)

introducing variables r ,̂ for the three-body dynamics (Jacobian J) 

with

V«e£ * 2  Z Vf. (III.7)
i€B JéU J

and <Bblv^^^|Aa> integrated over internal co-ordinates ^ .

The Jacobian J is in fact given by

J  = c<'̂  (III.8)
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where alpha is defined in eq. (III.24).

We further reduce the effective interaction by partitioning the

nucleons of B=A-hx into constituents of A and constituents of x.

Then

VeCt = ¿  2j V,-; + AV

AV . Z Z  V.j -
jéA

According to the cluster assiomption, the b-x interaction therm in 

eq.(III.9) is to be replaced by the one-body potential ^ ^ may

be estimated by replacing the sum of two-body interactions between the 

cores b and A by a core-core optical potential whose parameters are the 

same as those in the outgoing-channel potential U„, . These approximationDD
yield the post form of DWBA interaction;

V e ^ f  s V  (í'bx') + A V

T o s i  (III.10)

A similar "derivation", based on the entrance-channel analog of the par-



tition (III.2), yields the prior fonn of DWBA interaction;

= V ( )  + AV
'1) (III.11)rn or

In properly-constructed DWBA Computer programs, the post and prior forms 

of yield cross-section that agree to 2% or less.

In DWBA analyses of data, the distorting potentials and distorted 

waves are usually chosen to fit elastic scattering in initial and nuclear 

channels. This is a plausible assumption that has the merit of suppres- 

sing parameter-variation, but there is nothing in the above "derivation" 

that requires it.
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#111.2 The spectroscopic part of the DWBA amplitude

Let the cluster x be transferred from and into a single orbit at 

each reaction vertex. (see Fig. III.1).

1. B — —  A + X : orbit (Vt, í, )

(111.12)

2 . a-— b + X : orbit (Vi, íi )

We also assume that the total angular momentum transferred at the two 

vertices __
s 7̂

(111.13)

can take only a single valué (the generalization to múltiple angular- 

momentum transfer will be briefly noted). The total transferred angular
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momentum is given by

(III.14)

For single-nucleón transfer, the spectroscopic factor for addition 

of a nucleón in orbit (n̂  ̂ to the core nucleus in State is by

definition the probability of finding, in the final state J , theO
singleparticle excitation X  . Formally,

Jj) = < J *  Q '̂ '̂cv.) |j» ’>

where the reduced matrix element is defined by the Wigner-Eck theorem in 

the fonn

•m. T
j'kj . U .

A definition similar to (III.15) applies at vertex 2.

We now wish to define a spectroscopic factor for the process

J a + (t. J, (III.17)

when X is a many-particle cluster, in the internal state ). The

difficulty here is that the generalization of (III.15) defines a spec­

troscopic factor for transfer of x independent shell-model nucleons,

assuming that states J., J are represented by shell-model wave functions.A ij
What is needed is rather an amplitude for the transfer of x nucleons in 

a definite internal state ( x ), with orbital angular momentum relati-
X

ve to the mass-center of A. To achieve the necessary separation of

center-of-mass and internal motion, proceed as follows41



adjustments are clearly unphysical, and only serve to emphasize that we 

are facing a complete breakdown of the standard model, with its one eyed 

emphasis on the interaction of two spherical bodies. (The nature of the 

deviations also precludes an explanation in terms of an £-cutoff whatever 

its origin, because an £-cutoff with normal capture radii will allow the 

cross section to rise initially as predicted by the model, followed by a 

downsloping curve at some point. This is not the way the experimental 

data behave.) It should also be clear that the deviations are not direc- 

tly related to the disappearance of a pocket in the two-body potential. 

This happens when the predicted cross section curve (thin line in figure

10) bends over.
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Figure 10;

Comparison of the predic- 
tions of the one-dimensio- 
nal capture (fusión) model 
(thin line) with experiment 
(points) for two different 
cases. The experimental 
capture cross sections are 
based on the yields within 
the symmetric mass peakes 
on fig.9 .

BOMBARDING ENERGY , Ê „ (MeV)

One way of looking at the deviations between calculated and measured 

capture cross sections is to interpret them in terms of an extra amount 

of energy needed to obtain a certain cross section. This is the same as 

saying that sometimes there has to be a finite radial kinetic energy at
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Let \ be a complete set of shell-model states for x nucleons

L Ipi J
in the orbits active in states and , with * the operators

that create these states from vacuum. Project these x-particle states on 

to states of the x-nucleon system with definite internal and c.o.m. 

quantum niimbers. Thus define

f i r. -  ̂ (III.18)

The x-nucleon spectroscopic amplitude at vertex 1 is now given by

^ ( J a + J | )  í̂. 11 Ja >  (III.19)
01

summed over the shell-model labels .

Insertion of parentage expansions for the composite states B, a in

<Bb|v^j^|Aa> leads to the expression33

(III.20)
_________________________________________________

for the spectroscopic contribution to the internal matrix element in

(III.6). In eq.(III.20), W is a Recah coefficient and the sum is over
43internal states of the cluster. In practice , contributions from terms 

with the cluster in its ground state usually predomínate.

//III. 3 The geometrical part of the DWBA amplitude

Apart from spectroscopic factors, the internal matrix element 

<Bb|V^j^lAa> in eq.(III.6) reduces, after integration over the internal 

co-ordinates of A,b and x, to

V.ff |y ''(  X (III.21)



bx
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where is a function of or This quantity is to substituted

in the amplitude (III.5) and integrated over , r̂ . But are
33given as linear combination of r̂ , r^ by

'Ovx t>. t.

■c Si
. T

(III.22)

where

6, ti i -t 

ó -1 

a/b.

(III.23)

(III.24)with c< s O.'B/CA+CLW , Í = ̂ /<X.

In order to carry out the integration over r̂ , r̂ , the bound-state 

form factor must be expressed in terms of the variables of integration. 

From angular-momentum conservation, the transformation must have the 

form

( I I I . 25)
«f . lX= 2L 

l\t(.
The key quantity in deriving the transformation-function <jL iis the

scalar product

( I I I . 26)

It is a scalar function of r̂ , r^ , independent of radial functions.

henee a scalar function of r ,̂ r^ ; A^2 thus a function only of

X a  (III.27)

the cosine of the angle between rT, f̂ .

There are two distinct ways of evaluating » leading to two

distinct forms of DWBA integráis.
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1) To use the solid-harmonic expansión:42

>,o 2X+I \ 2.>
X m '(o

. d d
(III.28)

where

and

6

-- r*-

r 

e
<JyA

(III.29)

2) To proceed as in standard treatments of the three-body problem 

choosing axes so that r̂ , lie in the xy-plane with“rT along

the x-axis.
3 3 ^ 2  A oThe resulting expressions íor A „(x) are given in Refs. ’ and
VOnce has been evaluated, the transformation functions (x,6j

in (III.25) follow from

. A r j_ V, i (III.30)
= j ¿ X  Víff u)

When (III. 25) is substituted in the DWBA amplitude (III.6) and partial- 

wave expansions for the distorted waves introduced, the integráis over 

r ,̂ r̂  can be carried out explicitly. The geometrical parts of the DWBA 

amplitude are then given, in terms of the radial integráis
r.'h

* ^ X
= J ■Q ■i'̂í Itf Cf)

where")C^(r) are the radial distorted wave-functions, by

i e) =

e.ef r r ’f ~r

(III.31)

(III.32)
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The conventional way to evalúate the scalar product 

(III.26)) and henee to evalúate the radial integráis uses the solid- 

harmonic expansión (III.29). This requires that the radial functions in

(III.21) be multiplied and divided by factors

(III.10)

with R a typical nuclear radius, to make the harmonios solid. This

introduces systematic cancellations in the expressions obtained for the

radial integráis. For heavy-ion reactions, radial integráis are given as

sums of terms, each of which is larger than the final result by a factor
44of about 10 . Thete is a basic rule in many-body physics and

numerical analysis; "Thou shalt not split small things into large pieces". 

Violation of this rule can be avoided by use of the Balian-Broziti 

procedure^^.

#111.4 DWBA cross-sections and procedures

Spectroscopic and geometrical parts of the DWBA amplitude combine 

to yield the differential cross section;

d(T
áSi Y-k; \2 Ta-H

(9)
r

where the múltiple transition amplitude is given by

G J. (©) = 

= Z A(XJ,Ji • viitiVíiU) ; e)
A

(III.34)

(III.35)

The spectrocopic amplitude A is given by eq. (III.20), the geometric am-



plitude beta by (III.32). If several different valúes of the total 

angular momentum transfer (J^.J^) at each vertex are allowed, make the 

replacement

Z  --^  21 21 (III.36)

in (III.34).

There are three main stages in a standard DWBA analysis of transfer 

reactions.

1) Fit elastic scattering in initial and final channels to determine 

the distorted waves.

2) Determine radial wave functions O  (Okx') at the vertices 

by the "separation-energy method". In this method, which is more of a 

recipe than a method, a Woods-Saxon potential is used to generate the 

bound-state wave functions at the vertices. (see Fig. III.1) The radius 

and difuseness parameters are given valúes appropriate to the low energy 

A+x, b-hí systems and the depths are adjusted to yield the observed sepa- 

ration energies.

3) Spectroscopic factors are either computed from suitable model 

wave functions or determined empirically from analysis of other transfer 

reactions between the same nuclear states.

We have already noted that the first step, the use of distorted

waves fitted to elastic data, is without solid foundation in any detailed

theory of the transfer process. Steps 2 and 3, factorization of overlap-

functions into products of radial wave functions and spectrocopic factor

and use of the separation energy procedure for radial wavefunctions,

also rest on shaky foundations. From the Schrüdinger equations for the
45nuclear states A,a,B,b, Schr8dinger-like equations can be derivered 

for the overlap functions for the break-up processes

O . — b  +  X
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(III.37)



The separation-energy method provides a simulation of rather than a 

controlled approximation to these overlap functions. It is reasonably 

accurate in transitions that carry a sizeable fraction of the sum-rule 

strength of the giant transíer resonances to which they belong; serious 

errors are likely in dealing with weaker transitions, for displaced in 

energy from the centroids of their excitations.
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#111.5 Energy dependence of single nucleón transfer

There is ampie evidence from single-energy analysis that, in
46 47multi-nucleon transfer reactions induced by both light and heavy ions,

multistep processes often complete on equal terms with single step DWBA

process. Both coupling to inelastic excitations of the collision partners

and sequential transfer play an important part. Here we discuss evidence

of another sort - from an analysis of a few transitions of simple spectros-

copic chatacter over a wide range of bombarding energies that the single-

channel DWBA description of heavy-ion induced single-nucleón transfer is

also in serious trouble.

The reactions in question here are elastic scattering and single-
208 X 6nucleón transfer induced by the bombardment of Pb with O ions at 19 

energies over the range

í/£ ^  froTvt .9 to 3.9 (III. 38)

In (III.38), E is the center-of-mass energy in the incident channel,

E_( 75 MeV) is the height of the Coulomb barrier. The energy-range B
covered extends from well below the Coulomb barrier to an energy per 

incident nucleón approaching the Fermi energy of nucleons in the nucleus.
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The reaction studied are as follows: 

Elastic scatterinfi 

At 12 energies from 80 to 102 Me’V 

At 104, 138.5, 216.6 and 312.6 MeV 

At 129.5 and 192 MeV

48(Brookhaven ) 

(Berkeley^^ ) 

(Oak Ridge^^ )

At 69.1 MeV

At 104^ 138.5, 216.6 and 312.6 MeV

(Minnesota^^ ) 

(Berkeley^^ )

At 138.5, 312.6 MeV (Berkeley^^ )

At 104, 138.5 and 216.6 MeV 4Q(Berkeley )

The elastic and transfer data is analyzed following to the standard
37) 49)DWBA procedure outlined in #111.4, in Refs. and . No other direct 

reaction has ever been analyzed (apart from elastic scattering and 

elementary-particle reactionsi) over such a wide range of energies.

It is not my purpose here to discuss the details of this multi- 

energy analysis, ñor to point out the variety of spectrocopic informa- 

tion derived. I will focus on the energy-dependence of the transfer 

reactions. To that end, consider the reactions N)^^^Bi. The

low-lying spectrum of ^^^Bi, with that of ^^^Pb for comparison, is shown 

in Fig. III.2. Apart fonn the well-established septuplet of levels near

2.6 MeV that arise from coupling the lh9/2 single-proton State to the
208 209 3- first excited state of Pb, all the observed states of Bi up to

about 3.5 MeV are of pronounced single-particle character. The spectros-

copic factors obtained in the multi-energy analysis under discussion,



3 52arbitrarily normalized at 216.6 MeV and those from a ( He,d) reaction
53and a model calculation are exhibited in Table III.1. While the 

overall normalization is uncertain, it is clear that all the levels in 

question are good single-proton states ( .5), with the purity decreas- 

ing as the excitation energy increases.
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Table III.1:

Various estimates of the spectroscopic factors for 
single-proton states in The spectroscopic
factors in the last two columns were normalized to 
the valué .74 (Frotn Table VIII, ref.*̂ )̂.

State (3He,d) 
20 MeV Theory

.95 1.1 .83

2^7/2 .74 .74 .74

^^13/2 .61 .53 .61

2^5/2 .61 .83 .58

3^3/2 .55 .63 .64

^^1/2 .52 .46 .47

A wide variety of optical-model parameterizations were obtained of
*

the entrance-channel elastic data over the entire energy-range. These 

included individual fits at each energy, energy-dependent fits with the 

optical parameters assumed to be constant, linear, and quadratic in 

and in 1/E , all with Woods-Saxon forms for the potentials. Many sa- 

tisfactory descriptions of the elastic data were obtained and the op­

tical potentials used to generate distorted waves for the transfer 

calculations. In the absence of exit-channel elastic data, the same
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Figure III.2:

Spectra of and



energy - and mass - independent parameters used in the entrance channel 

were used to produce exit-channel optical potentials. Since the perti- 

nent single-particle (and single-hole) states have been extensively 

studied in other reactions, it was possible to use bound-state radial 

functions consistent with a wide variety of other experimental data.

The main conclusions from this analysis may be summarized as fol-

lows

1) The conventional DWBA analysis account very well for angular 

distribuíions and relative cross-sections at each energy. These aspects 

of the transfer cross-sections are very insensitive to the optical-model 

parameters.

2) Absolute cross-sections at each energy are also insensitive to 

changas in the optical-model parameters. The energy-dependence of the 

cross-sections over the full energy-range is also very insensitive to the 

optical-model parameters.

Observed and calculated differential cross-sections for the transi-
20ft 1 1 S ?0Q tion Pb( O, N) Bi(lh9/2;g.s.) are compared in Fig.III.3 . The

calculated cross-sections shown here use our best individual-energy
37 49optical-model parameterization of the elastic data (Fit Q in refs.

The shapes of the angular distributions are well reproduced at all 

energies; however, the DWBA absolute cross-section is too low at the 

lower energies, roughly correct at 216.6 MeV and too high by a factor

1.5 to 2 at 312.6 MeV.

This discrepancy in the energy-dependence of the cross-sections is 

seen more vividly in the angle-integrated cross-sections for the Ih^^^» 

2f^^2 ^^3/2 '̂̂ ’̂̂sitions, shovm in Fig. III.4. The observed cross- 

sections increase through the Coulomb barrier, level off by about 150 

MeV, then start to drop with increasing energy. The DWBA cross-section, 

in contrast, follow experiment through the Coulomb barrier, then either 

stay constant or continué to inciease. It is clear that if the cross-
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section of each direct transition to a specific final State either stays 

constant or increases with energy, the total ’peripheral' contribution 

to the reaction cross-section must increase rapidly with energy as new 

channels open. The experimental situation seems to be that the cross- 

section of each individual transition decreases rapidly enough with 

energy to maintain a roughly-constant peripheral contribution to the 

total reaction cross section. In other words, the standard single- 

channel DWBA analysis fails to reproduce the energy-dependence of the 

transfer cross sections.
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Figure III.3:

Comparison of measured and calculated differential 
cross-sections for the transition
(h9/2 ;g.s.) at various bombarding energies (from ref.̂ '̂ )
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Figure III.4:

Comparison of theory (dotted line) and experiment 
(continuous line) for the angle-integrated cross- 
sections of various single-particle transitions 
in the reaction 208p|j(16ô  I5jj)209g¿ various 
bombarding energies (from ref.^^).



The only transfer-reaction study over a comparable energy-range
52 58 3 59that we could find involves the ground-state transition Ni( He,d) Cu

froin 15 to 205 MeV, The ratio of DWBA to measured total cross-sections

is plotted in Fig. III.5. The heavy line indicates the curve through the

points drawn by the authors; their conclusión was that the ratio of DWBA

to experimental cross-secticm is roughly energ^r-independent. However,

their 205 MeV point is questionable since no elastic-scattering data

exists near that energy to constrain the choice of optical-model parameters.

If that point is eliminated, the best-fit straight-line through the

remainig points (dotted line in Fig. III.5) shows a marked upward trend

with energy, consistent with our findings from the transfer reactions
 ̂  ̂ 16^ 208„, induced by O on Pb.

3A simultaneous remeasurement of the ground-state ( He,d) transition,
3 58and the elastic scattering of He on Ni at energies near 200 MeV, is 

obviously desirable.
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Figure III.5:
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reaction 5«Ni(3He,d)5^Ni 
(3/2"; g.s.) at various 
bombarding energies 
(from ref. .
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//III.6  ̂ Energy dependence and transfer theories

Experimental studies of elastic scattering and selected transfer

reactions, induced by light and heavy ions, should be carried out over

wide ranges of bombarding energies. Such studies are likely to demand

much more of reaction models than single-energy experiments have done.

The key energy-parameters in this connection is E/E„, the ratio of the
B

16 208center-of-mass energy to the barrier height. The Of Pb experiment

discussed in #111.5 ranged over valúes of E/E forra .9 to 4. The sameB
range could be covered for ^^0+^^Ca with variable ^^0-beam energies up

to 180 MeV and with lower-energy beams for lighter ions.

If further study confirms our, necessarily tentative, conclusión that

single-channel DWBA has the wrong energy-dependence, a serious flaw in

current reaction-models has been uncovered. Various suggestions have
16 208been made concerning the origin of the discrepancy in the 0+ Pb

53reactions. One is that surface-transparent optical potentials should

be used; this helps matters at energies around 100 MeV but is unlikely

to suppress the continued rise in DWBA transfer cross-sections between
54200 and 300 MeV. Another proposes a modified analysis in which the 

exit-channel distorted waves no longer need reproduced the elastic data; 

here too the largest effects are at the lowest energies. The discrepancy, 

if confirmed in other studies, is more likely to be a general indication 

of the inadequacy of current models of transfer reactions. What is 

needed is a consistent model-space theory including transfer channels.

It is likely that within such a framework, the numerical techniques 

discussed here for evaluating DWBA kernels and solving coupled equations 

will continué to be useful.



- 74 -

The reader that has reached this stage will have 
perhaps noted that Chapter IV Is missing.

The Organizing Committee has failed to obtained 
it and humhly asks for excuses. It later turned out 
that there was a reason.

Buenos Aires happens to house a renowned opera 
theatre. This missing chapter should have been 
written during a night in which Traviata was 
performed.

Let this missing chapter stand as a modest 
tribute to the art of music and "bel canto".
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I. INTRODUCTION

In reactions between heavy ions, the total reaction cross section 

is generally composed of two well separated components. One representa a 

more or less damped scattering process, whereas the other involves a 

thorough amalgamation of the two colliding systems, usually referred to 

as fusión. For light systems fusión is the dominant part, but with 

increasing charge and size of the reaction partners the deep inelastic 

scattering becomes increasingly important. See for example ref.^^ and 

references therein.

Studies of the strongly damped scattering process as well as of the

fission process have given insights into the dynamics of large scale

motion of nuclear matter. By contrast, fusión studies have mainly provided
1 2 3  ̂̂information on the static interaction between two rigid spheres ’ ’ * . 

The only dynamical element required to understand fusión so far has been 

the rather uncritical assumption that there is sufficient friction at 

contact to trap the system whenever it enters into a pocket in the 

static one-dimensional, two-center potential acting between the reaction 

partners.

This situation makes it relatively simple to predict and interpret 

fusión cross sections^^. At the same time no information is obtained 

from such measurements about the complex dynamical process of amalgama- 

ting two spheres in contact into one whole system. Apparently, fusión is 

decided at the moment of contact, leaving us in the dark about the 

further dynamical evolution, until either a compound residue or (for 

heavier compound systems) a pair of fission products emerge at some 

unspecified later time, see figure 1.
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El ast i c
scattering

cr.
Quasi  - a n d  

deep inelast ic  
scattering

Figure 1: Heavy ion reactions tend to proced through two
distinct channels. Either the nuclei scatter from 
each other and we observe two products of approxi- 
mately the same mass as the initial nuclei with 
angular distributions peaked near the grazing 
angle. We have learned a great deal about nuclear 
dynamics from the loss of energy, orbital 
angular momentum and isospin asyiranetry in such 
reactions. The two nuclei may alternatively 
fuse together and result in the formation 
of compound residues or in the appearance of two 
fission products of approximately equal mass.
This process clearly involves a more far reaching 
dynamical rearrangement of the reaction system; 
yet what can be observed has so far been describeble 
in terms of the static two center potential at 
contact. The dynamical aspects were hidden in a black 
box until recently.



In these lectures we shall review new evidence that remedy this un- 

satisfactory situation to a considerable extent:

1) firstly, in collisions between the heavier nuclei it proves essential 

to consider dynamical deformations induced upen contact in order to 

understand the measured excitation functions for the masa equilibration 

reactions associated with fusión;

2) second, the gainma ray multiplicities indícate that the two incident 

heavy nuclei merge very intimately together before they reseparate into 

two nearly equal halves; and,

3) thirdly, angular distributions show that the entire process of amal-
-20gamation and reseparation can occur in less than 10 sec.
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II. ONE-DIMENSIONAL FUSION MODELS IN THEORY AND IN PRACTICE

A. Theoretical fusión models describe the capture process.

In this section the cross sections and the excitation functions for 
208fusión of Pb proyectiles with targets of Mg, Al, Ca, Ti, Cr, Fe and

Ni will be compared with model calculations of the type that accounts

well for a large body of fusión data with lighter reaction systems,
2 3 5)refs. * * . Such models do not really describe the fusión reaction in 

its full complexity. They simply define reaction conditions where two 

interacting spherical nuclei will experience a net attraction as they 

come cióse to each other. It is then assumed that this net attraction 

will eventually lead to the formation of a compound nucleus. The suc- 

cess^^ of capture models in describing fusión reaction cross sections 

lends support to this assumption. The models are also successful in



describing capture followed by fission (plus compound residues) for

médium light systems^^. Tts character as a model of the capture process

as opposed to fusión in its full complexity is here clearly illustrated.

The model can actually describe fission cross sections also in those

cases where the Jl-values contributing to fission are larger than the
6 7 8^valué, , corresponding to a vanishing fission barrier ’ . For

such Jl-values there cannot be fusión into a true compound nucleus, but

capture followed by mass equilibration is apparently possible, and the

cross section for this process is well described by the model in many

cases. In general, therefore, the excitation functions for syinmetric

fragmentation of asymmetric entrance channel systems are in good agree-

ment with standard capture models. For sufficiently heavy systems,

however, or for large angular momenta, the models break down. This is a

new result that has come out of a series of recent measurements^’̂ ^\
208made with the Pb-beam of the UNILAC accelerator at GSI, Darmstadt. I 

will describe these measurements in this section and use them in section 

III as a basis for exploring the validity of a more general reaction 

model developed by Swiatecki^^\
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B. The proximity model for the capture of two spheres.

In our analysis of the cross sections for fusión and symmetric

fragmentation we shall first compare the experimental results with

calculations of the capture cross section obtained with the proximity 
2 3 5)model ’ . In this model the nuclear interaction is 

V^(r) = AttyC b



where
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R. = 1.28 - 0.76 + 0.8 (2)1 1 1   ̂'

C. = R. - b^/R.
1 1 ' 1 (3)

^1-^2
(4)

z +z
Y = 0.9517 (1-1.7826(1-2. — — - )̂ ) (5)

A1+A2

* 2 3)and is a universal function given in refs. * .

Proximity friction due to partida transfer is included in the 

dynamical calculations of trajectories, and capture followed by fusión 

is assumed to occur when the trajectories are trapped in a pocket in the 

effective one-dimensional interaction potential consisting of

the point-charge Coulomb, the nuclear, and the centrifugal potentials. 

For a given system and center of mass energy all trajectories up to

a certain impact parameter or angular momentum are found to con­

tribute to the capture cross section , i.e. the model is effectively 

a Sharp cut-off mode.l with

2 2 2 h SL
^c =  ̂Pe =  ̂T W ~  (6)cm

In the high energy región the máximum angular momentum for capture is

found approximately to be a constant and as noticed in ref.^^

SL - 7/5 .a where Z is the maximian angular momentum for which there m p p



is a pocket in the entrance channel potential. In fact, it can be shown

that the condition of rolling for toucliing spheres together with proximity

friction leads exactly to this relation.

It is therefore possible to formúlate a schematic model for capture

that reproduces the capture cross sections obtained with the complete

proximity model with sufficient accuracy. The main features of this

simple model are that there is a máximum angular momentum for capture

£ = 7/5. í, and that all tra-'ectories that can surmount the barrier in m p
the effective interaction are captured, see figure 2a).

In the simplifying approximation that the information takes place 

at constant interaction reactions independent of £ , we can ex-

press angular momentum conservation in two ways, figure 2 .

- 82 -

£ = p(2yE)^/^ = 2p(E-V.^^(£=0)) (7)

giving

o o V (£=0)
(8)

which is valid for low bombarding energies. When trajectories with £=£m
begin to reach the interaction distance at higher energies the cut-

off at £ =£ = const. leads to: £ =p(2pE)̂ '̂  ̂or m m

£2
C . .p2. 1, : Í>I.̂  (9)

Thus the cross section plotted against I/E will at first rise

linearly and the extrapolated line will intersect the (I/E=0)-axis at
2the geometrical cross section valué, tt > eq.(8). From a certain

point on the curve will turn down passing through the origin, eq.(9), 

see also fig.2 . We shall here be concemed mostly with the raising part
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P '= :[2 |i(E -V ,^ ,(l = 0 )) ]

RECIPROCAL CM ENERGY, 1/E

Figure 2:

Schematics of the one-dimensional fusión models.
(a) Radial potential energy as a function of the two-center 
separation distance for various valúes of angular momentum.

is the bombarding energy in the center of mass system.
(b) The critical trajectory with separating scattering

) from capture reactíons (At<í, ). c — c
(c) The excitation function for capture (and fusión) 
expected on the basis of one-dimensional fusión 
models.



of the excitation function, and note that its slope is directly related

to the size of the two interacting nuclei.

In doing a more precise calculation, we shall first define an

angular momentum dependent interaction radius R. ^(Z). For Z < Z (i.e.m t  — p
when there is a pocket in the effective interaction) we shall use for

this quantity the center of roass distance at the barrier R.  ̂of theint
effective interaction. For Z>Z^ we shall use, as a reasonable estimate,

the center of mass distance at the highest existing barrier, viz. R. (Z )int p
We can now define a quantity that we shall cali the interaction 

barrier

which, for » is just the barrier of the effective interaction in

the entrance channel. Fcr a given center of mass energy E we can nowcm
determine an angular momentum Z„ as the solution to the equationIL

V. ^(Z) = E (11)int E cm

and thus determine the capture cross section in eq.(6) with
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£c

The results obtained using this schematic model are shown in figure 3

with determined by three different conditions; i) sliding 5

ii) rolling (£ =7/5.í, ); and iii) sticking, where Z is the maximuri an- m p m
guiar momentum for which there existE a pocket in the effective potential 

for co-rotating spberes. Also shown is the capture cross section calcula- 

ted within the proximitly model including friction. It is seen to agree 

rather well with the results of the schematic model for rolling.

Moreover, the dashed curve in figure 3 is the estimated total reac- 

tion cross section defined by

cJr =K CB C cm
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where

RCB (1.7445 - 0.04338 Zn (Zj .Ẑ )) (14)

and

(15)

is the estimated Coulomb barrier.

Finally, figure 3 shows the máximum capture cross section compatible 

with true fusion-fission. Larger cross sections will involve £-values
Q\

in excess where the fission barrier vanishes .

FIGURE 3:

E

(_)
OIi/i
(/IC/1
occu

Calculated cross section 
curves as a function of 
center of mass energy. The 
reaction ÔSp̂ , + 50<j>¿ ¿g 
chosen as an example. The 
dashed line is the total 
reaction cross section, 
below are three schematic 
versions of the capture 
(and fusión) cross sections 
expected on the basis of a 
one-dimensional static 
interaction potential. They 
differ in the amount of 
angular momentum dissipation 
assumed to take place 
before capture occurs. The 
fourth curve, narked proximity, 
is the result of a full 
calculation with a static 
potential and dynamics in 
the forro of proximity 
friction, ref.^»^»^). The 
dotted line below is the 
upper limit for genuine 
fission.
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C. Bass parameter and effective fissility.

In order to be able to classify various target-projectile com-
12)binations, we shall make use of the parameter suggested by Bass  ̂ and 

defined as the ratio of Coulomb and nuclear forces between two spherical 

nuclei at maximvim nuclear attraction:

■pCoulcmb
^ass ■ T ~Nuclear max

A valué of 1 means that there is no pocket in the effective

potential for any Jl-value, henee the capture cross section is expected

to vanish completely. For decreasing valúes of Xp , a potential pocketJdSSS
will appear for an increasing number of £-values and the máximum capture 

cross section is expected te increase. Thus the Bass-parameter (eq.l6) 

should give a first orientation inte the type of excitation function one 

should expect accorcing to the model.
9)In the Sharp surface, liquid drop model the máximum nuclear 

attraction is 4iryRj.R2/(Rj+R2) and it occurs at contact (i.e. r = R̂ +̂R̂ ) 

The corresponding Bass parameter is a kind of generalized "effective 

fissility" for asymmetric systems

¿ i ° ----- ¿ J -  (17)
lÓTryrg

where

.2 .., - h h
«  /«eft - (18)

For symraetric systems, - Z/2 and ■= - k!2 , this expression

for reduces to 5/6 times the usual fissility parameter for the

compound system.
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2 3)In tíie proximity description ’ the máximum nuclear attraction 

deviates somewhat from the liquid drop expression, mainly due to the 

fact that the central radii in eq.(l) are smaller than the liquid drop 

nuclear radii, whereas gamma is considered a constant. For the reactions 

considered in these lectures one finds that the Bass-parameter, within 

the proximity description, is given to a good approximation by

"ílsí ' (19)

Thus there are no pockets in the effective proximity potential for 

^  45.2, not even for £ = 0.

D. Measurements of capture cross sections in heavy systems.

Fusión begins with the capture of two incident nuclei to form a 

quasistable complex of the two nuclei in contact. This is what dis- 

tinguishes it from scattering, which is a faster process. To measure 

fusión cross sections or more correctly, capture cross sections it is 

sufficient that the total reaction probability, or the cross section 

, can be divided into two terms, a„= a + ct , where a representsK K S C S
scattering and is the capture cross section. Experimentally, such a

distinction is possible when the mass asymmetry in the entrance channel

is large. In that case, the binary reaction products generally fall into

two more or less distinct groups: i) a group of target-projectile-like

scattering products, representing o , and ii) a group of capture productss
with nearly half the mass of the total system, representing (in the

mass región under consideration here, the yield of compound residues is 

negligible), see also figure 4.
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Figure 4:

Illustration of a typical mass distribution of reaction producís 
after a heavy ion reaction. The evaporation residues and the 
yield of products with approximately one half the total mass 
represent the capture (fusión) cross section. Scattering products 
appear primarily as peaks near the target and projectile masses, 
but there can also be a contribution of products with approximately 
one half of the target mass Ax, stemming from sequential fission 
of the heavy scattering products. It is possible to distinguish 
the two types of fission on the basis of kinematical coincidence
measurements^^).

As mentioned in subsection A, the observad yields^’̂  ̂ of symmetric 

products are sometimes so large that they have to involve angular momenta 

in excess of the valué, where the fission barrier one calculates for the
O N

fused system vanishes . In such cases there can be no true compound 

nucleus formation v/ith subsequent statistical decay into the fission 

channel. When it happens, there is a tendency for the mass distribution 

to become wider than normally observed in fission^^. To avoid ambiguity 

we will refer to the observed process as symmetric fragmentation or 

capture, reserving the narrower term fission to genuine compound nucleus 

formation, followed by decay into two fragments.

I shall discuss a series of measurements with very heavy systems of
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I shal discuss a series of measurements with very heavy systems of

high initial mass asymmetry, namely the synnnetric fragmentation (capture)
20d 26 6Aof systems involving Pb beams and targets of Mg- Ni at energies

1.0-1.8 times the interaction barrier energy, see table 1. To the extent

that they really fuse, these systems will lead to very highly fissile

nuclei. One way of expressing this is that the angular momentum requir-

ed to reduce the fission barrier to zero ifi relatively low ,

table 1). In the entrance channel, the Coulomb repulsión is comparable

although not quite equal to the máximum nuclear attraction as
11 12) 2 expressed * through the ratio (Z /A)^^^ in table 1, see also eq.(18).

Thus the Coulomb forcé is likely to play a crucial role, whereas in

lighter systems the centrifugal forcé is more important. In contrast to

what is observed with lighter systems^\ one finds that the presence of

a pocket in the potential between the two initial spheres is unsufficient

to guarantee capture, and the observed deviations have the character of
2a critical phenomenon. It is as if systems with (Z /A)^^^-values in 

excess of a critical threshold valué require an extra inward radial 

velocity (extra push^^^) in order to be caught and develop towards 

fusión.
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T A B L E 1

Properties of systems produced in reactions with Pb208

E N im ’CE CiiAI-íNEL COKPOSITE SYSTEM

Target
(MeV)

<TKE> í'issility b ,(A=0) ü.„ =0 paraneter f B,
^ / A  (MeV) (í,v)

27Al

««Ca
5°TÍ
52Cr

110.3

119.3 

173.6

190.5

207.3 

222 .0

236.5

25.2

27.9

31.9 

34.4

36.9

38.0

39.0

(94.234)

(95.235) 

(102,256) 

(104,258) 

(106,260) 

(108,266) 

(110,272)

174.8

177.9

196.6

203.0

209.6 

215.3

221.0

37.8

38.4 

40,6

41.9 

43,2 

43.8

44.5

3.9

3.3

1.2

0.71

0.38

0.22

0.12

71

69

58

52

45

40

36

208For all combinations of the Pb projectile and the targets used
in the experiment, the tabla contains the Coulomb barrier V

2(eqs. (14) and (15)) and the parameter (Z /A) both associated
2 ®with the entrance channel. The quantity (Z /A)^^^ is defined in

eq.(i8), and the forcé ratio of Coulomb repulsión to nuclear at- 
traction at contact, X_ , can be estimated from eq.(19). It1Í3.SS
varies from 0.62 to 0.89 across the table. For the combined 
systems, with charge and mass numbers (Ẑ , Aj), the mean total 
kinetic energy expected for symmetric fission <TKE> (see ref.l6)
is given together with the liquid drop parameters; viz. the

2fissility parameter (Z /A), the fission barrier B̂ (í,=0) for
zero angular momnetum and the critical angular momenttnn
for which the fission barrier goes to zero. The liquid drop
quantities are calculated according to ref.B) using the numerical
constants proposed therein. The fissility parameter X can be ob-

2taineü from the (Z /A)-valué by dividing by 46.



The equipment used for the experiments is shown in figure 5. The 

center of mass moticn, imposed by shooting a heavy projectile on a light 

target, concentrates the symmetric fragmentation products within a cone 

centered around the beam axis. The key element is therefore a large ring 

counter placed downstream and recording kinematic two-body coincidences. 

The ring counter has very good efficiency for detection of synmetric and 

near-sjmmietric mass products within a broad range of Q-values and center 

of mass scattering angles, see figure 5. The two asymmetric scattering 

products are more difficult to catch in coincidence. Only for specially 

favourable scattering angles is this possible, and the reaction dynamics 

does not always favour just those angles.

The binary processes recorded by the counter can be fully detemined 

by the measurement of three quantities, namely the two scattering angles 

and the time difference between the arrival of the products in either 

half of the counter. Adding to this the assumption of conservation of 

total (projectile plus target) mass, allows one to deduce: i) the center 

of mass scattering angle 0^  ; ii) the masses of the two products, 

and A2 ; and iii) the total kinetic energy TKE in the center of mass 

system, for each event. Integrating the events belonging to the symmetric 

mass peak over all angles and energies then gives the cross section for 

the capture reaction. It involves a small extrapolation to angles outside 

the counter acceptance. For each energy and target-projectile combination 

one also obtains angular distributions, mass distributions and TKE- 

distributions.

The equipment includes three Nal-counters to measure gamma ray mul- 

tiplicities.
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Figure 5:

Experimental arrangement. The target is viewed by a position sensitive 
parallel-plate detector, built in a ring shaped geometry. In this way it 
is adapted to the kinematics of the symmetric fragmentation processes to 
be studied. Actually, there are two detectors one for measuring ©lab 
and another behind it for measuring Partióles penetrated both
detectors. The bunched beam of the UNILAC hits the target, and fission- 
like Products are detected by the ring detectors. Three Nal counters, 
mounted perpendicular to the beam axis measure the associated gamma-ray 
multiplicity. A Si counter positioned at 60° relative to the beam axis, 
is used as a monitor counter for the elastic scattering. A set of four 
parallel píate counters mounted in front of the Faraday cup is used to 
controll the beam position.
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Beam

Figure 6 :

Velocity diagram for the elastic scattering (a=projectile, 
b=target) and for the symmetric fragmentation process
(c), with the reaction 5^5 ĵ eV/u as example.
The center of mass velocity circles are drawn with a solid 
line in the angular range where both fragments are detected 
in coincidence by the ring counter, and with a dashed line 
where only ene reaction partner is observed. A dotted line 
indicates where none of the reaction products are detected. 
The figure illustrates the differences in acceptance between 
elastic, quasi elastic and deep inelastic processes on one 
side and the synnnetric fragmentations on the other. The 
diagram also illustrates that at higher energies, where 
the grazing angle ©cm is larger than 90°, the target- 
and projectile-like scattering products are not likely 
to be detected at all.

As an example of the type of experimental data one obtains, figure 7 

shows the frequency of coincident events plotted in the form of a 

contour diagram as a function of mass and center of mass angle, 

quasi elastic and part cf the deep inelastic components are clearly



-  %  -

peaked cióse to the position of the grazing angle, which happens to lie

inside the detection range in this particular example. For masses corres-

ponding to symmetric fragmentation the measured angular distribution

da/d0 is almost constant. The weak increase at 0 = 90° indicates acm
slight deviatíon from a l/sin0 distribution in da/dO, in a direction of 

a more isotropic distribution, da/díí = const. The contour line indicated 

with small circles delineates the acceptance región of the counter for 

events with Q-values corresponding to fully rflaxed events. For symmetric 

fragmentation only the extreme forward angles, 0^^ <20®, and bac!<ward 

angles, 160”, are missing.

208pt3̂ .50yj

5.5 MeV/u
d^o7(dMd0)

100 200 

FRAGMENT M A S S . A ,

Figure 7

Double differential cross section (do/dAdO ) is sho\m as 
a function of mass and center of mass scatíering angle 
for the reaction Pb + Ti a 5.5 MeV/u. The symmetric masses 
have a rather fíat angular distribution da/d0 . The dotted 
contour line indicates the región within which fully relaxed 
events are accepted by the ring counter.



Figure 8 sinrararizes all the results in tems of probability contours

as a function of mass and total kinetic energy. The data for a given

target are ordered in columns. The laboratoi*y bombarding energy measured

in MeV/u is given on the right hand side oí the figure. Below each

contour plot the center of mass energy E in units of the Coulombcm
barrier is indicated. (The cross -ectior, was integrated in angle over 

the acceptance región of the detection system and extrapolated to the

missing angles by assinning a l/sin0 distribution). A number of trends
26 27 48stand out quite clearly. For the lighter targets Mg ( Al), and Ca

the syrametric fragmentation dominates the picture and is completely

separated frcm possible tails of the projectile target-like distributions.

For heavier targets the deep inelastic component too becomes visible. At

the same time the aeparation of this component from the symmetric fragments

becomes increasingly incomplete, so that for Fe and specially for Ni it

becomes difficult r;o make an unambiguous distinction. In addition, for

the heavier targets the symmetric component is relatively weak, and it

appears as a separate peak only at incident energies well abo\í̂ e the

barrier. For the heavy targets and high bombarding energies, the products

with intermedíate masses clearly increase in relative intensity. These

features suggest that the clear distinction between capture and "fusión"

on one si.de, and the scattering processes on the other, eventually

breaks down. Nevertheless, the larger fraction of the observed mass

yields can be interpreted as the result of either a scattering or a

capture process, the latter giving rise to the fission-like products.

Figure 8 :

Double differential cross section (da/dA,dTKE) for the binary products
as a function of TKE and product mass induced by ^°®Pb proyectiles on
^^Mg, "̂ Ĉa, ^°Ti, ^^Cr, ^°Fe and ®**Ni targets (columns) at incident
energies of 5.2, 5.5, 5.9 and 6.5 MeV/u (the energies are indicated for
each row on the right hand side of the figure). The cross sections were
obtained from an integration over the angular range of observation and
frcm an extrapolation te the unobservable región by assuming a l/sin©cm distribution. The valué of Ecm/Vc is indicated below each contour plot.
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Figure 9 is a projection of the contour plots in figure 6 onto the 

mass axis (and changing to a semilogarithmic scale). The capture cross 

sections are obtained by integrating the events under the symmetric 

peaks. In those cases where the separation from target-projectile like 

events is ambiguous, one can at least obtain an upper limit for by 

fitting a Gaussian to the yield at symmetry. The width of the Gaussian 

can be estimated by looking at the widths of the more conspic¡nous syrnmetric 

distributions.

Fig.9 illustrates the transition from the fusión dominated light heavy 

ion reactions to the scattering dominated reactions associated with the 

more heavy systems. There is a broad range, where the two types of 

reactions coexists as well separated reaction channels. The separation 

into two diatinct final channels must correspond to a separation taking 

place at some characteristic moment during the reaction and leading 

further into the two different channels. It seems off-hand most reasonable 

to think of the moment of contact» before any major mass exchange has 

taken place, as the decisive one. That is also the moment standard 

fusión theory assumes to be decisive (see subsections A and B). In this 

sense there is no difference at all between trying to understand fusión 

with formation of compound residues, on one hand, and the symraetric 

fragmentation reaction, on the other. We will therefore first analyse 

the results in terms of the standard fusión model outlined in subsection 

B.
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Figure 9:

Mass spectra or. a logarithmic scale for the same binary products as in 
figure 8 but integrated over TKE.
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E. Comparison of experimental capture cross sections with the 

predictions of one-dlmensional fusión models.
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Figure 10 compares theory and experíment in two cases. The ex- 

citation functions predicted by the proximity model in its schematic 

form are shown by thin lines. They can be compared to the experimental

cross section for symmetric fragmentation, show as heavy points.
208 26In order to achieve a good fit for the reaction of Pb with Mg 

the sum of the radii + C2 was increased by 0.23 fm in the argument of 

the function eq.(l), and this change was used for all reactions.

There is still a tendency for the experimental capture cross sections to 

exceed predictions near the Coulomb barrier. This reflects tunneling and 

shape fluctuations^^*^^^ neither of which are taken into account by the 

model. On the whole, this excitation function typifyes a large body of 

fusión reaction data, recently reviewed by Birkelund et. al.^\ The 

raising slope of the excitation functions is a measure of the square of 

the effective radial separation where capture takes place, cf. fig.2 and 

eq.(8).
208 50The reaction between Pb and Ti, shows large deviations from 

the model prediction. First of all, the threshold is pushed up, and 

secondly there is a dramatic reduction in the rate at which the ex­

perimental excitation fimctions raise. These effects clearly exceed 

whatever uncertainty there may be in estimating precisely the yields of 

symmetric fragmentation; cf. figs. 8 and 9. The rate of raise measure 

the effective interaction radius according to standar theory. A a vs. 1/E 

plot is most suitable for such an analysis, cf. fig.2 .

The results of all measurements with the Pb-beam are plotted in 

this way in figure 11 and the radius parameters r̂ , are extracted. Accord­

ing to this figure, the adjustment in effective capture radius, required 

to fit the data, approaches almost a factor of two (for ^^Ni+^*^®Pb). Such



the barrier to cbtaiii a capture reactitm, in contrast to the standarc 

model assumptior thac always assumes this mínimum energy to be zero.

Such an "extra push" must apparently be applied when the target Z-value 

exceeds 20, and it must be increased as more charge is added or when the 

cross sections, and henee the contributing £-values, increase, Tt is 

thus a critical phenomenon, coming into play onely when a certain thre- 

shold is exceeded.
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Figure 11

Plot in a /E^^-representation of the sĵ mmetric fragmen- 
tation component (capture cross section) extracted 
from the data presented in figs. 8 and 9. From the slope 
of the lines through the points, formally, a reduced 
fusión radius r^Cír^) is derived.

F. More dimensions. Dynamical deformations in the entrance channel.

The brakedown of the one-dimensional fusión model ought not be a 

surprise. Clearly, nuclei do not behave as frozen spheres. They deform, 

an rapidly so. The two-center potential, used so much, is hardly more



theii a symbolic concept. It tells us whether the net forcé, during the 

early stages of approach when the two nuclei have not yet have time to 

deform, is attractive. This is expressed in tenns of the barrier and the 

pocket in the potential; but the idea of trapping into that pocket has 

no real physical meaning. Figure 12 illustrates this point.
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\

Figure 12

An artist conception of the prevailing preoccupation 
among the majority of nuclear reaction experts with 
the one-dimensional picture of the effective inter- 
action potential. The symbols N.B. and J.W. refer to 
Niels Bohr and John Wlieeler, who already in their 
1939-paper pointed to the shortcomings of such a picture. 
(W.J.Swiatecki, private communication, 1981).
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Recently, Swxatecki^^^ has proposed a more realistic reaction 

model. The new laodel breaks with the idea that the capture process can 

be understood in terms of the static interaction of two spheres. It 

emphasizes the role cf rapid dynamical deformations away from the con- 

figuration of^wo spheres in contact, (and a slower motion in the masa 

asymmetry coordínate). The formation of a neck is cbosen as the most 

important aspect describing rapid deformations. For a given initial masa 

asymmetry, the model then examines the shape of the conditional saddle, 

see fig. 13. Qualitatively, a threshold is reached for systems where the 

conditional saddle shape becomes almost as compact as two spheres in 

contact. In this case an excess of inward radial kinetic energy at the 

point of contact is required in order to reach inside the saddle and get 

trapped. The model defines the threshold in terms of the ratio of Coulomb 

and nuclear forces at contact.
2When the balance of forces, as expressed by the parameter (Z 

reaches a certain threshold valué, (Z^/A)^^^ , caputre no more occurs 

spontaneosly upon contact. Systems beyond the threshold require an extra 

inward push to become captured. This is what fig. 13 is meant to illus- 

trate in a qualitative way. When expressed in terms of a radial velocity the 

the extra push is a linear function of ((Z^/A)^^^ - (Z^/A)^^^), accord- 

ing to W.J.Swiatecki^^\
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Figure 13
One-dimensional two-center potentials, V(R), showing a reaction barrier 
and a pocket behind it. These quantities are simple to define in the 
one-dimensional space of two spheres separated by a variable distance R. 
Also shown are potential curves appropriate to two deformable bodies 
with fixed masses. Such curves are much less well defined, because they 
represent cuts in a many-dimensional deformation space. But there will 
in general be a well defined saddle point, named the conditional saddle 
to emphasize the condition of fixed mass asynmetry. The figure illustra- 
tes ene case (top) where the shape at the conditional saddle is much 
more elongated than two spheres in contact. In the other case (below) 
the shape at the conditional saddle point is more compact than two 
spheres in contact. One may easily visualize that in this case the 
existence of a pocket in the one-dimensional potential is not sufficient 
to get trapped and to obtain a long lived reaction complex. An extra 
inward push that brings the system inside the conditional saddle is 
required, ref.̂ 1).



III. W.J.SWIATECKI'S THREE-DIMENSIONAL D^NAMICAL MODEL OF NUCLEAR

COALESCENCE AND RESEPARATION IN THEORY AND PRACTICE

- 104 -

A. Central Collisions

There is no better way of familiar Izing oneself with the physical 

ideas contained in the three-dimensional model, and with its implications, 

than reading the authors own original paper, lef.^^^. It will therefore 

be reprinted in extenso as an essential part of the subject matter 

covered here. No doubt you will enjoy the presentation and the lucid 

style of its author.

1. Introduction

I would like to preserit a qualitative macroscopic study of what 

happens when two idealized nuclei touch, the neck between them grows, 

the mass asymmetry begins to change and, eventually, either a compound 

nucleus is formed or the system reseparates. The stress will be on the 

greatest possible simplicity: I will focus on what 1 believe are a few 

of the essential physical ingredients of the process and I will then 

codify them into algebraic equations whose exploitation involves -in the 

main- only elementary functions and the solution of quadratic or, at 

most, cubic equations-



2. The dynamical ingredients

A djTaamical theory often involves three types of forces: conservativa, 

dissipative, and inertial. In this study, I will focus on the macros- 

copic aspects of the problem and will consequently use a macroscopic 

Potential Energy (l], and a macroscopic One-Body Dissipation Function 

[2,3]. As regards the inertial terms, 1 will make the following ap- 

proximation: for necked~in shapes, when the communication between the 

two pieces is impeded by a relatively thin neck (the "dinuclear re- 

gime"), I will use the inertia appropriate to tow non-comunicating 

pieces (the "binary regime"). Thus I will use just a reduced mass for 

the relative motion of the mass centers. For shapes without a pronounced 

neck (the "mononuclear regime"), I will disregard the inertial forcea 

entirely, for there is reason to believe that, in this regime, they are 

usually small compared to one-body dissipative forces. So this is the 

physics that will go into my machinery:

1. Macroscopic potential energy,

2. Macroscopic dissipation function,

3. Binary inertia in the dinuclear regime and zero in the mono- 

nuclear regime.
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I will make a schenatic división between the mononuclear regime 

and the dinuclear regime at the point where the window through which 

the two pieces conununicate is half open. The precise meaning of this 

will become clear after I have described the shape parametrization 

that I will use.

3. Shape parametrization

In striving for an algebraic theory of a complex process, the choice 

of appropriate and elegant degrees of freedom is half the battle. 

Figure 1 shows the best I could do to date: two spheres with radii 

RjjRg and center separation r, connected by a portion of a cone with 

semiopening angle 9. There are three degrees of freedom (the absolute 

minimum required to describe the type of processes we are after) ,

They are
Rj - Rg

1. Asymmetry variable A = -— — (1)Kj + Rj

2. Distance variable p = (2)Rj +R 2
2

3 . Window-opening variable a = (
\ max/

Here sin6_^^, equal to (R,-R )/r, refers to a fully open window, so
U l a X  ^

that a, which ranges from O to 1, is a measure of the degree of 

coiranunication between the two pieces. I shall take ex = % to be the 

boundary between the dinuclear and mononuclear regimes.
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THE NUCLEAR CONFIGURATION AS SPECIFIED BY 
DEGREES OF FREEDOM

A S Y M M E T R Y  A =

DISTANCE p = R I + R 2

Figure 1;

The nuclear configuration is parametrized by 
two spheres connected by a conical neck. The 
asjonmetry is specified by A, the center- 
separation by p, and the degree of window 
opening by a. The distance between the tips 
of the spheres may be positive or negative.



The variable A ranges from -1 to +1, a ranges from O to 1, and p from 

O to ®°, so the configuration space is a semi-infinite box, shown in 

perspective in Fig. 2 and in plan and side view in Fig. 3. The box 

is bcunded by the horizontal planes a = O, 1, by the vertical planes 

A = -1,+1 (only the positive half of the box is shown in Fig. 2), and 

by a curved surface on the left, corresponding to the minimuui window 

that has to be there when the two spheres intersect. (The volume is 

always considered renormalized, so there is no implied density doubling 

anywhere.) The configuration box is a little like a semi-infinite 

aircraft carrier steaming to the left. The shapes corresponding to 

various parts of the box are indicated by descriptive labels. The 

single sphere is anywhere along and to the left of the diagonal lines 

p = ±A on the overhanging part of the flight deck, where the larger 

of the two spheres has swallowed up entirely the smaller one.

Proceeding along the deck to the right results in more and more 

elongated conical frustums, capped with spheres . The shapes are 

reflection syinmetric along the ship's midplane. As one descends toward 

the waterline, the shapes become necked-in. Separating spheres are at 

the waterline to che right. The aircraft carrier's curved stem corre- 

sponds to intersecting spheres.

This then is the layout of the configuration box that wiil act as 

the stage for the various dynamical trajectories corresponding to 

two nuclei coming together, interacting, and either ending as a single 

sphere on the left or reseparating as two pieces on the right.
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4. The configuration space
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P E R S P E C T I V E  V I E W  O F  a , A , p  C O N F I G U R A T I O N  S P A C E

O I S T A N C E  P

Figure 2

Perspective view of half the "configuration box" 
(corresponding to A > 0). The part shown is 
bounded by the planes a = 0,1 and A =0,1. A 
curved surface bounds the bosc. on the left. On 
the right, the box extends to infinity. Various 
types of shapes correspond to the different 
parts of the box, as indicated by descriptive 
labels. In the dinuclear regime, the approxima- 
tion is made that the configuration space is a 
stack of noncommunicating sections at fixed 
asymmetry.
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The laacroscopic potential energy is the usual surn of surface and 

Coulomb energías. I have found a simple and useful psrametrlzation 

of the potential-energy surface by starting with an expansión to third 

order in the neck size, written In terms of a set of special "elegant 

variables” v and a. These variables are defined in terms of a and p 

by

V = V a  (range O to 1) , (4)

5. The potential energy

2
a = ^ (range -1 toco). (5)

1 -A^

For a small neck, v reduces to the neck radius in units of twice the 

"reduced radius" R of the system (R = RjR^/(Rj+ R2)):

neck radiusV - V ---------------. (6)
2R

Sirailarly, a tends to the tip separation of the spheres in units of 2R;

Q ^ tip separation 
2R

As the configuration tends to a sphere (i.e., p ±A), a tends to -1.

In terms of these variables, the potential energy, taken with

respect to the energy of tangent sphere-s and written in units of the 
—2quantity 8ttR Y> be approximated by the following cubic:

PE - PE
n = ----= va-'/+v^-Xa . (8)

BttR'Y



This cubic arises from an expansión of the energy to third order in 

a small quantity e, with v regarded as of order e and a as of order ê . 

The quantity X is an "effective fissility parameter" (identical with 

Baas' parameter x [¿I ) given by
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X =
ZiZae^/ÍRl+Rz)'

(9)
AiryR

PLAN^

SIDE VIEW^

-̂---------------------------------------
A , - ^ ^ ^ S E C T I 0 N S  AT A = 0  2 5 , 0  5 ,

I 0 . 7 5 , 1 0
' \ \  \ I 

VI

1.0

O I S T A N C E  p

Figure 3

Plan and side view of the configuration box from Fig.2 . The side view 
suggests a similarity of the box with the shape of an aircraft carrier. 
The flight deck is carried forward on a curved bow and overhangs the 
hull in the triangular regions labeled "single sphere". The two spheres 
describing the shape are tangent at p=l. "Half-immersion" corresponda 
to shapes where the center of the smaller sphere has just entered the 
larger sphere. Full immersion takes place for A<p and leads to a single 
sphere for the resulting shape.
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where Z^e,Z^e are the electric charges on the two pieces and Y is the

surface-energy coefficip.nt. This "effective fissility pararaeter" X

is analogous to the usual fissility parameter and is a measure, for

dinuclear systems, of the importance of the repulsive electric forca 
2 2ZjZ^e /(Rj+R^) compared to the attractive nuclear surfacc-tension or 

"proximity" forcé AttRy . For a system with a given mass numb< r, the 

dependence of X on asymmetry is readily verified to be

■ ‘i'»
where

X„ - , (11)
I óttyR

D - a ' . (12)

and Ze,R refer to the charge and radius of the combined system. The

fissility parameter X^ is identical, apart from a factor, with the usual
2 2 3fissility parameter x defined by 3Z e 740ttyR .

6 . Ccnditional and unconditional saddle points

The configurations where the potential energy r, is stationary with 

respect to all small variations of p, a are true (unconditional) 

saddles, of which the symmetric Bohr-W;i.aeler and asyinmetric Businaro- 

Gallone saddles are the most important.
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Configurations where Ti is stationary with respect to p,a when. the 

asyimetry A is frozen are also important in the dinuclear regime where 

the asymmetry degree of freedom is inhibited to a greater or lesser 

extent. These are "conditional" saddles, the equilibrium being 

conditional on the inhibition of the asymmetry. For the location v, 5 

of a conditional saddle one finds, by differentiation of Eq. (8),

V = X , (13)

5 = 2v- 3v̂  = 2X - 3X̂  . (14)

The saddle-point energy follows as

n(v,á) = -x^ + x^ . (15)

One recognizes here a useful statlc scaling rule of our nodel:

"The dimensionless ccnditional saddle-point properties (such as

the relative degree of window opening and the energy deviation from
— 2

tangent spheres expressed in unts of 8ttR y) are functions of the 

effective fissility parameter X alone, and independent of asymmetry 

For symmctric systems, the conditional saddles become the uncondi- 

tional Bolir-Whcoler saddles, since the frozen-asymmetry condition is 

then redundant.

Because our energy expression for n is relatively simple, the 

properties of all the saddle points, includirig the Busiuaro-Gallone 

asymmetric shapes, can be written down in closed form. For example, 

the fissíon-barrier energy (the energy of the Bohr-Wheeler saddles), 

in units of the surface energy of the spherical shape, follows as
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PE-PE ,  ̂ o o
r _______= a-bX - cX" 4- cX" (16) ̂ /> r»

4 ttR ^ '

where
Y

b = -5- - 2^^^ = 0.258134

Equation (15) Is compared with an accurate Computer calculation [1] In 

Fíg. 4. Tn the present approximation, the Bohr-Wheeler famlly of synimetric 

saddle-püánt shapes starts as tangent spheres at X^ = 0, elongat.es until 

Xq = 1/3, then contracts to become, at X^=2/3, a pair of tyngent spheres 

conuected by a neck that is four-ni.nths open, and finally btícomes a 

single sphere at X^=l. The degree of opening of the neck (window) is 

^ when = 1/V2 0.7. All this is roughly in agreement v;ith exact 

calculations, espocially if the fissility paranieter X^ is taken to be 

defined not in terms of fundamental constante through Eq. (11) , but as 

the "relative fissility," i.e., the valué of the charge on the system 

divided by that critical valué which makes the Bohr-Wheeler saddle-point 

(in the model in question) coincide with the sphere (and causes the 

fission barrier to vanish or nearly vanish). We may then make the 

following identifications:

40TTy R̂

+R,)^

^ -------- ■
(1?)
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Figure 4

Comparison of the energies of the Bohr-Wheeler and 
Businaro-Gallone saddles as calculated in our ap- 
prcximation (using a cubic potential energy) with 
accurate valúes calculated with the aid of elec- 
tronic conputers. The relative fissility or x 
may be regarded as the charge on the system, 
divided by the valué that makes the Bohr-Wheeler 
saddle spherical. The critical bifurcation point, 
where the Businaro-Gallone saddles branch off, 
is indicated by an arrow.
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These equations differ by a factor 6/5 from Eqs. (9) and (II). The

above implicit definition of and the identication of with x

underlies the plot in Fig. A. Figure 4 also shows the asymmetric

Businaro-Gallone saddles peeling off at the Doint (X given byo litj

(X ) . w + eos
o''bG 57 57

/  ̂ . 358760 + — eos
\  ̂ 652V163 /

- 0.378174 , (19)

to be compared vjith the corroct valué = 0.39^. The energy of the 

Bustnaro-Gallone shapes is also comparad with the results of Computer 

calculations in Fig. 4.

All in all it would seem that the energy expression for n, Eq. (8), 

insplred by a third-ordor expansión in che neck aize, v;hcn expressed 

in terins of the "elegaut variables" V, a, continúes to provide a rough 

parameterization of the potential-energy surface all the v;ay up to 

the spherical shape.

7. The dissipation function

Thiü is a crucial phys leal ingredient in our sLuJy and it governs the 

overall character of the dynamics. I started frorn the Wall Formula 

for the rate of energy dissipation Q in t.he rconunuclear regime and the 

Wall-and-Window formula in the dinuclear regine. The Wall formula 

reads as follows [2]:

Q = pvJ(ñ-D)” do . (20)

The Wall-and-Window fomula is given by [3] :



Q = ^ pvAa-(u‘+ 2u^) + p v ^  (ñ-Dj)^dc + pv ̂  (.n-D^)^áa .

fragment 1 fragment 2

Here p is the nuclear mass deiisity, v is the mean nucleonic speed,
•

n is the normal velocity of a surface element da, Ao is the area of 

the window, and are the tangential and radial components of the

relative niotion of the two pieces. The quantity D (not to be confused 

with A In Eq. (10)) is a "normal drift velocity component" of the 

particles about to strike a surface element. It ensures the conservation 

of linear (and angular) momentum. (Without D, a uniformly translating 

nucleus would be losing energy.) Under a certain aGSumption, discussed 

in [2], D becomes a known function of the configuration and its state 

of motion, so that the integráis in Eqs. (20) and (21) can be evaluated.

As in the case of the potential energy, I used expansions of Eqs. 

(2 0 ,21) to cubic order in the neck size, expressed them in terms of 

the elegant variables V, a, and used the resulting equations for all 

neck sizes. For small necks, the resulting formulae may thus be 

expected to be semi-quantitative (within the other idealizations of 

the theory), but for large necks they are only qualitative.
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8 . The kinetic energy

For head-on coljisions, I took the kinetic energy as

•2

KE = (22)



Here is the reduced mass of the separated fragmenta.

I shall comraent en possible extensions to noncentral collisions later.

9. Equatíons of raotion

In the dinuclear regime, the resulting equatíons of motion for v,a 

end up looking like this:

+ , (23)
dT^ dT
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dv ^ 2v -  3v^ -  g 

v (a  + v^)
(24)

where

T " . (25)
u

--2
t^ = natural time unit == ■— —  , (26)

and

y = dimensionless reduced mass

27T(pv)^r V y
(27)

where == m A^A^/A, with ra - 931 MeV/c . are the mass

numbers of the separated fragmenta and A is their sum.)

The structure of the equations of motion leads to the followlng 

dynamical scaling rule: "For two dinuclear systems with tha same valúes 

of the dimensionless reduced mass y and of the effective fissility X, 

the dynamical svolutions resulting from head-on collisions should be

similar, provided lengths are measured ir. units of (twice) thei reduced
—  — >2

radias R and times in units of pvR /y*"



In practica, It will turn out that the dependence of dynamical 

calculations on y is relatively slight for many systems of interest, 

so that the time evolutlons of dinuclear systems should, in fact, be 

approxims.tely si.milar provided only the effective fissilities X are 

the same.

In the iuononuclear regima, the equations of motion are somev/hat 

more complicatcd. The natural unit of length Í3 then R and a natural 

unit of tiñe is

(28)
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.  -

o " Ay

The single dimenaionleas parameter in the equations is the relative 

fissility X^, since inertia is neglected.

Let US now look at some results.

10. Normal modes

The equations of motion are sufficiently simple so that approxinate 

solutions in closed form may be found in several cases of interest.

In particular, the normril modes of motion near the saddle points can be 

analyzed and explicit formulae for the characteristic times can be 

written down.

In the mononuclear regime there are three fully overdamped normal 

modes near the Bohr-Wheeler saddle. One is an exponentially growirig 

fission mode witb characteristic e-folding growth time T^; the second 

is an exponentially decaying "transverse" mode with characteristic 

time ; and the third is the asyinmetric mode vith characteristic 

cimc T^. In che ainuclen^ regiir.e thers are two modes: an exponentially



1 ^ 0  -

growin" físsion mode, as bafore, aiid ¿íí oscillat:.».̂  tr^nüvürse iaoda

wich a characteristic time T (i.a., w;Lí;h t. pa^ioá 2'íf2 ) and a03C ose
characteristic damping time

The three characteriscic ciLies or T,,T ,T̂  are£>- a t ose t
shown as functions of in Fig. 3. The scaie on the ieft is in unlta

*“ 2  2of 10 sec. On the rlght is a scale in MeV for the quantities h/T. 

Note the following qualitative features; The characteristic

time for the fission mode changes by more than an order of oagnitude
—2 2  —2 1  from valúes ~10 sec for light nuclei to a few times 10 sec for

hea'/y nuclei. The asymmetry mode has a similarly sluggish time scale

for heavy nuclei. For lighter nuclei, the (stable) asymmetry mode is

inhibited by the neck constriction and, moreover, its restoring forcé

tends co zero at the Businaro-Gallone point (X Its characteristico ü(jt
decay time tends, therefore, to <» as Xq tends to~O.A. All this

suggests that the characteristic time for the asymmetry mode (when

> 0.4) nay always remain fairly long (e.g., in excess of about
- 2  1cae or a few títriss 10 sec) .

The characteristic time of the overdamped transverse raode is much 

shorter than that of the fission mode for heavy nuclei. For lighter 

nuclei, the transverse mode has a damped oscillatory character which, 

for very light systems, should, in face, have only moderate or even 

small damping. The transverse mode in those cases consists of a stable 

to and fro oscillation of the two pieces, with an associated swelling 

and contraction of the neck, which might also be described as a giant 

quadrupole resonance of the saddle shape, or as a quasimolecular mode. 

The energy of this resonance for light nuclei might be several MeV or 

even in excess of 10 MeV for the lightest systems (see Fig. 5).



- 121 -

>hJ

WZ

Figure 5

The characteristic times of the normal modes of motion 
in the vicinity of the Bohr-Wheeler saddle. To the 
right of the shaded band, in the mononuclear regime, 
all the modes are overdamped, with exponential growth 
or decay times as shown. In the dinuclear regime, the 
fission mode is a growing exponential, and the trans- 
verse mode is an oscillation with angular frequency

ose and damping time Tt •
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11. Dinucleus (deep-inelastic) , mononucleiir, (quasifission) 
and capture (compound-nucleus) reactious

Figure 5 shows three dynamical trajectories for a collisioii between two

mass-104 nuclei at threo energies: O, 3.6 and 10 MeV above the

interaction barrier, The total system has A «208 and Z«»82, which

corresponda to a fissility X^ = 0.7. [in all the ex.mplcs I will show.

thtí total svstem is chosen to be on tha valley of beta-stability,

with N-Z = 0. Aa7(A-r 200) ] . The reacticn is syimnetric, so everything

happens in Che midplane of the configuration box, at A=0. Figure 6

shows some of the equipotential lines which delíncate the saddle point

whose energy is 0.033 in units of the surface energy 4iiR%. This

corrcsponds t.o a fission barrier of some 19 MeV. The approach of the

two nuclei corrcsponds to a trajectory along the p-axis, moving fror.i

right to left. At the point p=1.0, the two spheres touch, and the

first curve shows the subsequent dynamical evolution in the case where

there is zero energy i.n excess of the barrier.

The dots on the trajectory mark equal intervals of time correspond-
•“ 2ing to 1/10 of the natural time unit pvR /Ay. In the present case

-22 -22 this unit is 1 2 x 10 sec, so the time between dots is 1 .2 x 10 sec.

Note the very rapid initial growth of the neck, the leveling out,

and the subsequent approximately linear decrease in the neck area (the

variable a is proportional to the area). This means that the neck

radius, proportional to V a  , snaps with a vertical tangent. The whole
“2 2reaction lasts about 16x 10 sec from contact to snapping, and it 

takes place entirely outside the saddle point. Even so, some energy 

has been dissipated during the neck growth and collapse, and the two
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1.0

>cr

A « 2 C 8  Z ~ 8 ¿
A|K|04 Z|~4I 
A2«Iü4 Z2»4I ^
K E « 0 , 3 . 6 , l 0 M e V  

P E » 5 8 3 Í M e V  ^

T í m e  u n i t k  12x10 2̂sec.

LO

DISTANCE p 

Figure 6
Example of a dynamical study of symmetric collisions between two
medium-weight nuclei (Â =̂ A^~ 104, Z^= Z^~ 41). The total system
is characterized by a fissility X^= 0.7 . The lower part of the
figure gives a projection on the a - p  plañe and the upper part a
projection on the A -p  plañe of the configuration space. The first
and second trajectories, with energies O and 3.6 MeV above the
interaction barrier, fail to fuse and reseparate after dissipating
some energy. With 10 MeV above the barrier, fusión takes place
(third trajectory). Dots are spaced at 1/10 of the natural time

—22unit, i.e., at 1.2 x 10 sec. Circled dots indicate the lapse of 
a full time unit. The dashed lines are equipotentials, with energy 
expressed in units of the surface energy of a single sphere 
(about 583 MeV) and with reference to the energy of the spherical 
configurations. The location of the saddle point is indicated by the 
Crossing equipotentials in the a - p  plañe and by a semicircle with a 
cross in the A -p  plañe (upper part of the figure). The asymmetry is 
specified by A on the left and by the fractional target mass on the 
right. The quantities S' are dimensionless injection velocities for 
the three trajectories.
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fragments would have less energy at infinity than that corresponding 

to the interaction barrier, which is what they started with.

The second trajectory in Fig. 6 , with 3.6 MeV above the barrier 

at injection, also fails to be captured inside the saddle, although it 

hovers just outside it for a somewhat longer time. The third trajectory, 

with 10 MeV, gets captured easily, enters the mononuclear regime, and 

then creeps tovmrd the spherical shape.

We thus see two distinct classes of reactions or trajectories: 

trapping and nontrapping enes, leading to a compound nucleus and a 

dinucleus respectively. The latter process would probably be recognized 

as a deep-inelastic reaction. In addition, there would, of coarse, 

be elastic reactions that never established proper nuclear contact, 

and quasielastic reactions, which the present model is too crude to 

bring out as a separate type.

The above situation changes drastically if one goes to lighter 

(syn'jnetric) systems with lower valúes of the fissility (see Fig. 7 

for an example of a system vjith X^ = 0.4). The saddle point for a 

light system has p> 1, i.e., the saddle shape is more elongriLed than 

tangent spheres. Henee, after contact and neck growth, the system 

finds itself comfortably inside the saddle and heads without hesitation 

toííard the spherical compound nucleus. There will still be elastic 

and quasielastic reactions, but the deep inelastic reactions will have 

disappeared (in head-on collisions)

The opposite happens if one goes to heavier Systems, with higher 

valúes of . Figure 8 shows a case with X^= 1, corresponding to a 

super-heavy system with A«= 320, Z=*120. In trying to riake such a super-
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Figure 7

This is like Fig.6 but refers to a lighter system with 
= 0.4 (A=*106, Z=46) . The saddle-point shape is now 

more elongated than the tanget configuration and automatic 
capture into a compound nucleus takes place even with zero 
injection velocity. Note the discontinuity in the slope of 
the trajectory at a = H2, which reflects the discontinuous 
transition from the dinuclear to the mononuclear regime.
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D I S T A N C E  p

Figure 8

This is like Fig.6 but for a super-heavy system with 
fissility = 1 (A=320, Z~120). The saddle point 
(crossed circle) is now the sphere at p==0, a=l. The 
trajectory with zero energy above the barrier never 
comes cióse the spherical configuration.
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heavy nucleus by colliding two equal pieces with Aj=A2 = 160,

Zj=Z2 = 60, one is faced with a potential-energy landscape tliat 

slopes monotonically away froin the spherical configuration on the 

left. The trajectory shown corresponds to starting with zero kinetic 

energy at the barrier and, clearly, one never even gets cióse to the 

spherical conf iguration (where a coinpound-nucleus pocket inight exist 

because of shell effects).

In the present model, the critical fissility above which, for 

the first time, a compound nucleus refuses to form autoinatically 

(and deep-ínelastic reactions would be expected to inake their appearance 

in head-on collisions) , turns out to be about 0.57. Rccall that the 

saddle is more or less as compact as the tangent configuration at

= 2/3 0.67. The difference between 0.57 and 0.57 is a reflection 

of the fact that during neck growth the fragments begin to separate 

and, consequently, in order to achieve capture, the contact configura­

tion must be somewhat more compact than the saddle, i,e., must be 

somewhat less than 2/3.

Two things can be done if one has a system with > X^ and one 

nevertheless wants a compound nucleus. The first is to increase the 

bombarding energy, as already illustrated in Fig. 6 . This works if 

X^ is not too much above X^. The other possibility is to go to an 

asymmetric target-projectile combination. A dramatic illustration 

of this is provided by Fig. 9. Here we have the same super-heavy system 

(with X^=l, A** 320) as before, but the asyminetry. is very large, with 

Aj» 296, Z^®“111, and A^^2A, Z^^9. (This corresponds to A =0.4.)

The effective fissility is now only X= 0.4768. This means that in
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D I S T A N C E  p

Figure 9

(/}(/)<
HtiioÍT

<
2OKU<tr

The total system is the same as in Fig.7 , but the asym- 
metry corresponds to A = O.A(A^»296, and Z2*9).
The equipotentials refer now to a section at A = 0.4 (and 
not to the midplane A = O, as in Figs. 6 and 7). The con- 
ditional saddle is more elongated than the tanget configura- 
tion and automatic capture inside this saddle takes place.
The system then proceeds to fuse and reaches the spherical 
sahpe without hesitation.
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the dinuclear regime, the system behaves like a much lighter and less 

fissile nucleus. The equipotential lines in Fig. 9, displayed for a 

section at A =0.4, show the location of the conditional saddle point, 

which is now less compact than the tangent configuratlon (contrast thls 

with the true saddle, all the way to the left). As a result, the 

trajectory starting with zero kinetic energy at the top of the barrier 

has now no difficulty in being captured and proceeds toward the left. 

After it has entered the mononuclear regime, the asynraietry gets 

unfrozen and begins to increase somewhat, as shown in the uppcr part 

of Fig. 9. This makes little difference and the spherical configuration 

is attained without difficulty in about one time unlt.

If, with X fixed at I, the asymmetry is made less extreme, theo
Automatic capture eventually comes to an end. It turns out that this

coincides with the point when capture inside the conditional saddle

fails to take place, for X less than about 0.57. The asyunaetry A
2of that point is given by solving 0.57 =« (1 - D) /(1+3D), which leads 

to 0.346 and k^^2S7, Zj 108 and A¿^33, (see Fig. 10).

By carrying out a variety of such trajectory calculations for 

systems with different fissilities and asyimnetrles. one learns an 

interesting fact; the condition for automatic capture inside the 

conditional saddle is, to a fair approximation, simply that the 

effective fissility X should be less than , with X^ estimated as 

roughly 0.57. (This is in accordance Vvith our approxiraate dynamic 

scaling rule resulting from neglecting the relativsly slight dependence 

on u). Moreover, this scaling rule also suggests that when X is some- 

what above X^ the extra push, or extra velocity above the barrier needed
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Figure 10

This is similar to Fig.8 , but the asyiranetry is 
A=0.346077 (Aj= 287, Z^= 108; 33, 12), 
which is cióse to the critical valué below which 
automatic capture does not take place. The ef- 
fective fissility is X=0.57, and the trajectory 
only barely manages to be captured inside the 
conditional saddle. It hovers for about one time 
unit very cióse to the saddle.



for capture inside the conditional saddle, shou.ld be a functlon of 

X -X only and, In fact, should nave the following appearance:
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c

= -a(X- X^) + higher powers oí (X - X^) . (29)
crit

Figure 11 illustrates the usefulness of this equation: the dots 

represent the results of a number of calculations of the critical 

injection velocity for a variety of systems with differeut fissilities 

X^ and differeut asymmetries. A straight line, with a*» 5, X^«í0.57, 

represents the results fairly well when X is cióse to X^. (The scatter 

of the points reflects the slight dependence on y.) When the dimension- 

less variables o, t and the effective fissility X (or are written

out in terms of the charge and mass numbers of the nuclei in question, 

the innocent looking Eq. (29) is equivalent to the following nontrivial 

statement: "The square root of the extra energy over the barrier 

needed to ensure capture inside the conditional saddle, when multiplied 

by the weird combination (A~^^ + A^^^) should be

approximately linear when plotted against the weird combination

In other words.

where we have introduced the definition

r/ _2
 ̂ ~ ̂ 2 (30)

(-Í) ~ .1/3,1/3 ..1/3^ ,1/3. eff A^ A^ (Aĵ  + )
(31)
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Figure 11

The critical injection velocity (in the natural unit 
2Y/pvR) needed for capture inside the conditional saddle 
is plotted against the effective fissility X. Some 40 
different reactions covering a wide range of target- 
projectile combinations, are represented by the dots.
The fair degree of clustering of the dots in a plot vs. X 
attests to the relatively slight dependence of the 
trajectories in the dinuclear regime on the inertia 
parameter y . For X> 1//2, the conditional saddles enter 
the mononuclear regime and the continued use of equations 
of motion appropriate to the dinuclear regime can only 
provide a lower limit on the critical injection velocity. 
The dots followed from approximate analytic solutions of 
the equations of motion. The circles, obtained by numerical 
integrations, provide spot checks on the accuracy of those 
solutions.
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and C pC 2 are essentially constants given by

c, . Ídl. A .  J
1 45 V̂ r/ he MeV

1/3 2 / 2
a (32)

, if a» 5 is taken as suggestñd 

by the present schematic calculations and

407rr®Y I
H  - - T i r

Ib-n, if 0.57 is taken as the

estimate for X .c

The functional fonn of Eq. (30) follows on dimensional grounda 

from the structure of the equations of motion; the actual valúes of 

the slope and intercept Cĵ C2 carry quantitative information on the 

magnitude of the dissipation in the dinuclear regime and could eventually 

provide a test of the window formula.

Figure 12 shows loci of equal valúes of the effective fissility 

X in a plot of the asymmetry A against the fissility X^. For X ~ 0.57, 

automatic capture into a compound nucleus takes place. For X ~ 0.57, 

an extra push, described by Eq. (29) or (30), is required for capture 

inside the conditional saddle. (The conJitional saddle moves into the 

mononuclear regime at X = 1/sfí, and Eq. (29) becouies a lower limit only.) 

Figure 13 is a translation of Fig. 12 frcm the space of fissility and 

asymmetry to the essentially equivalent space of and A,̂ . The coatour 

lines indicate the extra push in MeV needed to make a pair of nuclei 

with raass nunibers ,h.2 fuse beyond the conditional saddle.
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Figure 12

If nuclear reactions are classified according to
the asymmetry A and the fissility X , the A-Xo o
plañe becomes divided into two regions, with the
effective fissility X less than or greater than
X (equal to about 0.57 in the present model). c
For X  ̂0.57, deep-inelastic reactions are expected 
to make their appearance in head-oii collisions.
For X s 1/v^ the conditional saddles enter the 
mononuclear regime and tend to lose their physical 
significance because of the unfreezing of the asym- 
metry degree of freedom.
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Figure 13

This is a translation of the A vs. X diagram of Fig.l2 into a clas- 
sification of reactions according to°target and projectile mass numbers. 
The contour lines indícate estimates of the extra energy above the 
interaction barrier (in MeV) required for capture inside the conditional 
saddle. Below the zero-MeV contour, automatic capture takes place. Above 
a contour with 15-20 MeV, the conditional saddle is in the mononuclear 
regime and the dashed contours are then only lower limits. The circled 
numbers indicate the energy above the barrier (in MeV) required for 
compound-nucleus fonnation (or, in the case of the heaviest systems, for 
the attainment of the spherical shape). The triangle, circle, dot, and 
cross indicate approximately the locations of four superhea^^-type 
reactions, listed on the right (together with estimated fission barriers 
due to hypothetical shell effects). Two other reactions (leading to the 
same compound nucleus with A=215) are also indicated. The figure suggests 
that a direct dynamical fusión of two comparable nuclei into a superheavy 
system is opposed by a huge "wall" requiring tens of even hundreds of 
MeV in excess of the interaction barrier. The height of the wall drops 
off precipitously as the asymmetry of the reaction is increased and 
might be tolerable by the time projectiles with a mass of A2=50 are 
used. With projectiles below some mass in the range 30-40, automatic 
attainment of the spherical shape might be expected (the "end run" into 
the "superheavy end zone").



Note the critical zero-push contour, below which automatic capture 

into a compound nucleus tak :s place. With a mass-40 projectile, there 

should be no serious problen in raaking a compound nucleus in a head-on 

collision with any target in the Periodic Table, except possibly the 

heaviest. With equal-mass reactions, increasing difficulties would be 

expected with projectiles heavier than about Kr.

Beyond the 15-20 MeV cont^ar, the conditional saddle enters 

the monoiiuclear regime. Now when a trajectory enters this 

regime, the asymmetry gets vinfrozen and a qualitatively new type of 

reaction may take place, as illustrated by Fig. 14. Here again \ie have 

= 1 and the asymmetry is 0.3, so automatic capture: does not take place 

(first trajectory) . But with a push of 5 MeV, capture inside the 

conditional saddle takes place and one might have thought that a 

compound nucleus would result. But look what happens: after beginning 

to head for home, the trajectory enters the mononuclear regime, and 

the asymmetry begins to decrease. This results in an increasing 

Coulomb repulsión increases), and the trajectory turns around

and heads out again. But because such a reversal has to wait for a 

change in asymmetry, which is a relatively slow process, the time for 

reseparation is about 3 times longer than in the case of the first 

trajectory (about 50 x 10~^^ sec in absolute valué). So even after 

capture inside the conditional saddle, there was no capture inside the 

true saddle and no compound-nucleus formation. By ramming with a 

higher energy (third trajectory, 45 MeV) a compound nucleus can be 

formed, but there will be a range of energies where capture inside the 

conditional but not inside the true saddle takes place. Such reactions
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Figure 14

This is like Figs. 6-10 but illustrates the emergence 
of mononucleus (quasifission) reactions as a species 
separate from dinuleus (deep-inelastic) reactions.
The middle trajectory, with 5 MeV injection energy, 
is captured inside the conditional saddle but leads 
to reseparation after a decrease of the asjnnmetry.



could be callad mononucleus reactions. Án example of aii even longer-

ixved mononucleus reaction is shown in Fig. 15. Here X^ = 0.9, A = 0.2,

and the injection takes place with 67 MeV above the barrier, which

easily ensures capture inside the conditional saddle. At first the

trajectory heads for heme, but after entrance into the mononuclear

regime, it is a competition between the growing compactness of the

configuration and the increasing ^̂ .̂ 2 repulsión. The latter wins, but

the total time for the reaction is now more than 8 units (more than 
—  2  2120 X 10 sec) . By that time the asjnranetry has drifted practically 

to zero and the reseparation is into two almost equal pieces. It would 

probably be very difficult to distinguish such a reaction from the 

fission of the compound nucleus and "quasifission" might be an appropriate 

term in this case.

Figure 16 provides another example of dinucleus (deep-inelastic), 

mononucleus (quasifission) and compound-nucleus reactions. In addition 

it shows a critical trajectory, with an injection energy cióse to 16.4 

MeV, which would end up at rest at the saddle point, in a State of 

unstable equilibrium.

The above studies suggest the usefulness of distlnguishing between 

che; following regions of configuration space:

1. Compound-nucleus región. The región of the potential energy 

hollow around the ground state, bounded by the hypersurface in configu­

ration space on which the potential energy is equal to the energy of 

the fission barrier.

2. Composíte-nucleus or mononucleus región. TTie región outside 

the compound nucleus región but Inside the región whcre there is a 

serious neck constriction (e.g., rLuside a somewhat fuzzy hypersurface
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Figure 15

This is another example of a mononucleus reaction,
where capture inside the conditional saddle took
place but the unconditional saddle was not surmounted.

-22This "quasi-fission" reaction took more than 120x10 seo 
and the final división is almost S3mimetric.
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Figure 16

This figure illustrates three tjrpes of reactions:
(a) deep inelastic (lowest trajectory) following 
injection with zero energy above the barrier,
(b) quasifission, following injection with 7.2 MeV
(the other reseparating trajectorjO» and (c) a compound- 
nucleus reaction (trajectory on the left, with 65.7 MeV 
injection energy). The fourth curve corresponda to a 
critical injection energy cióse to 16.4 MeV, chosen so 
that the system would come to rest (in unstable equilibrium) 
at the unconditional saddle point (indicated by a crossed 
semicircle).



where the vrindow ía about half-open.)

3. Dinucleus región. The región where there is a serious neck 

constriction (e.g., where the window is less than about half open), 

but inside the scission hypersurface (this could be defined as the 

hypersurface where the half-density contour is about to become 

separated into two, or more, closed surfaces).

4. The binary .. región. The región outside the scission hyper­

surface .

In many cases one will probably find a fair correspondence between 

these foiir regions and the four types of reactions designated as

1. Compound

2. Quas i-f is s ion

3. Deep-inelastic

4. Quasi-elastic and elastic.

One should remember, however, that only if a system is sufficiently 

heavy can one expect to see deep-inelastic reactions, and that only 

if the asynunetry is large enough can ene expect the emergence of 

quasifission reactions as a somewhat distinct category from deep- 

inelastic reactions. This is because for symmetric systems there is 

only one saddle to overcome — the unconditional one — and trajectories 

that are not captured inside it will show a gradual shading of deep- 

inelastic into quasifission reactions, On the other hand, for 

sufficiently asymmetric systems, where tha conditional saddle is 

in the dinuclear regime, one may expect a rough distinction between 

quasifission and deep-inelastic reactions related to the división of 

the trajectories into those that were or were not captured inside the 

conditional saddle.
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12. Noncentral collisions

If only a small aniount of angular momentum is present, the description 

given above for the tíme-development of the reaction in the degrees of 

freedom p, A, a would continué to be approximately valid provided the 

proper injection velocity in the distance degree of freedom (p) was 

used as the initial condition. This approximation corresponds to 

treating the centrifugal and Coriolis forces, as regards their effects 

on the dynamical development of the shape, as negligible corapared to 

the electric and nuclear forces.

When the amount of angular momentum is large, some limited progress 

might be made in a simplified scheme where the centrifugal forcé was 

retained, but the Coriolis forces still disregarded. One could then 

try to mock up the centrifugal forcé by an increase in the electric 

repulsión, i.e., by the replacement of the effective fissility X by 

an effective disruption parameter X defined by

1 + Centrifugal Forcé (near contact)
X Electric Forcé (near contact)

l \ ( R ^  + R 2 )̂
= 1 + ---5-----

where L is the angular momentum and is an estimate of the moment

of inertia near contact (compare [4]). This suggests uhe following 

generalized approximate scaling rule;

"For two dinuclear systems, with possibly different sizes, asym-- 

metries and angular momenta, the dynainical time evolutions in a limited 

regime can be approxiinai:ely scaL-̂ d Into each othcr (by the use of the



natural vmits of tiTne and length) provided tbe cffective disruption 

pararaeters X are the same."

I intend to study further the usefulness of this approach (sea 

also [3]).

13. Sumroary

1 have sketched an attempt to develop an algébrale theory of the gross 

macroscopic dynamical shape evolutions in fission and nucleus-nueleus 

collisions. A crucial physical ingredient was the one-body dissipation 

function. Even though the price pald for an algébrale theory was the 

introduction of various more or less drastic technlcal approximatlcns 

(that could, in principie, be avoided), the scheme may be useful in 

suggesting scaling rules and making more precise our intuitive ideas 

about various types of reactions (deep-inelastic, quasificsion, 

compound-nucleus). There is a wealth of specific Information in these 

studies on normal modes, on reaction times, on enevgy loss, etc., which

I have not been able to present, and the treatment of angular momentum 

has not progressed very far. Also, I have not been able to give 

a comparison with experimental evidence, but I look forward to a 

broad confrontatipn of theory and experiment in the futura. I hope 

the scheme I have described may prove to be a useful background and a 

complenient to more detailed and realistic microscopic Computer studies 

of the kind that Sven-Gosta Nilsson and his Lund Group were masters of.
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B. Non-central Collisions
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We will first make use of the model in an attempt to understand the 

new measured excitation functions for symmetric fragmentation of the 

+ (^^Mg-^^Ni) systems, see figs. 10 and 11. In doing so, a very 

important simplifying assumption will be made, namely that the separation 

between the scattering channel and the fusión (i.e. symmetric frag­

mentation) channel takes place before the mass asymmetry degree of 

freedom comes into play. If the initial system becomes caught behind the 

conditional saddle we shall assvmie that the system evolves automatically 

all the way to mass equilibration. Conversely, the scattering cross 

section (centered around the target-projectile masses) representa those 

trajectories that did not manage to make their way behind the conditional 

saddle.

This then restricts the use of the model to two degrees of freedom:

separation and neck formation. It also limits the study to the initial

steps of the trajectoi^r in the p vs a plañe. We can then lean heavyly
2on the scaling law, based on the parameter (Z eq.(18), and on the

approximate linear relationship between the extra push velocity and 
2excess (Z /A)^^j-value, see subsection III A, fig.ll . But even so the

application of the model to reaction data necessitates a generalization

to non-zero ¿-valúes. We need to formúlate some kind of equivalence

between Coulomb and centrifugal forces, which is valid at least to first

order. The precise form of this equivalence must be found.
12)Following Bass we generalize eq.(16) to non-zero ¿-valúes by 

expressing the ratio of the Coulomb plus centrifugal forcé to the 

nuclear forcé at máximum nuclear attraction, i.e.

^as 8 «>
F + FCoulomb centrifugal (20)

^nuclear^ max
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Within the liquid drop model the generalizad "effective fissility" is

ATTYrQ
(21)

where

( Z ^ / A ) e f f ( í > )  =  ( Z ^ / A ) ^ ^ ^ ( £ = 0 )  +  g ( f £ ) ^  .

+ Az
(2 2 )

Here (Z^/A)^^^(í,=0) is the quantity defined in eq.(18), g=4h^/(mQrQe^) = 

95.86 and f takes the valúes 1, 5/7 or > respectively,

depending on the assumption of sliding, rolling or sticking motion. The 

quantity relative moment of inertia, whereas J-j and ̂ 2

are the intrinsic moments of inertia of each of the two spheres, 

respectively.

We can now generalize the model to non-zero £-values by assuming 

the "extra push" (i.e, the extra kinetic energy at the barrier

needed to achieve capture behind the conditional saddle) to be given by

^push(£) =

O, for (Z^/A)^^^(£) < (Z^M)Jj^

a^n
(23)

2 2 2 
, for (Z^/A)^^^(£)>(zVa)^j^

Here, a is a general slope factor and tIq is a dimensional constant 

depending on the composition of the colliding nuclei

Hq = const. A^^^^ . (A^^^^ + A ^ ^ ^ V  (Aj + A^)  ̂ 2̂4)
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const. = (32/45^) (3/T7)^^^(e^/Hc)^ . - 7.60 . 10“  ̂ (25)

see r e f .

In the next section we shall examine whether the generalizad Bass 

parameter, eq.(20), should be defined in terms of the sliding, rolling, 

or sticking condition, and we shall treat (Z^/A)^^^ and the general 

slope factor, a, as free parameters in order to obtain best fits to ex­

perimental data and thus determine empirical valúes of (Z^/A)^^^ and a.

One can easily incorpórate the effect of the extra push in-

to the schematic model described in subsection II.B by redefining the 

interaction barrier in eq.(ll) as follows.

Using this definiton one can calcúlate the capture cross sections from 

eqs.(ll), (12) and (6), with given by eq.(23).

C. Comparison with experiment. Best valúes of (Z^/A)^^^ , slope a , 

and valué of f.

With the formalism of section III.B one can now generate excitation

functions for capture behind the conditional saddle. As mentioned, the
2 l̂iirthreshold valué of the effective fissility (Z /A)^^^ has to be regarded 

as a free parameter; and similarly for the slope coefficient a in eq.(23). 

One should also be openminded with respect to the angular momentum dis- 

sipation factor f, (eq.(22)).
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Figure 14 compares the data with various model runs.

The trends in the measured capture cross sections are well des- 

cribed by the two-dimensional dynamical model, when

a = 10 ± 1, = 32.5 ± i and f = 5/7 (rolling) (27)

The data very clearly show rolling to be the best assumption among 

the three possible ones. This seems very reasonable, since this is also 

what the one-dimensional proximity friction model finds. Proximity 

friction (one-body dissipation) very strongly opposes sliding motion, 

whereas the forces that damp the rolling motion and eventually leads to 

rigid rotation (or sticking) are appreciably weaker . Presumably, they 

are too we*k to play any significant role during the initial phase, when 

the systems evolve towards the conditional saddle.

Figure 14:

Comparison of experimental sjonmetric fragmentation 
cross sections with model calculations of capture 
probabilities. Thin lines are static calculations, 
like figs. 3 and 10, with the rolling assumption.
The heavy dashed line is a best fit based on Swiatecki's 
dynamical model, again with the assumption of rolling, 
i.e. parameter valué for f equal to 5/7. The dotted 
lines are attempts to fit the data with the assumption 
of no angular momentum dissipation (sliding, f=l). The 
short dashed line corresponda to another attempt with 
the assimption of full angular momentum dissipation i.e. 
sticking (f = •
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But what about the two other parameter?

Model valué

Sec.II.A, ref.11)

Experimental valué 

(fig.l4, refs.^’̂ ^̂

a :

27

5

32.5±1

10±1
(27.a)

There appear to be quite serious disagreement. Or is it serious?

Should one really expect quantitative agreement? After all, the model

with its spheres connected by a conical neck cannot be assumed to

reflect real nuclear shapes'accurately. If only the model renders the

trends in the dynamical behaviour, one should be gratified.

Still, it is possible to ask whether the deviations, eq.(27.a), can

be understood by examining the differences between realistic nuclear

(saddle) shapes and the model imitations of these shapes. This is what
18)Swiatecki has set out to do in a recent draft, ref. . The analysis

shows very clearly that the realistic saddle shapes are more elongated

than the model shapes. As a consequ&nce, the point where an extra push
2is needed moves to a higher valué of (Z /A)^^^ • There is even a quanti­

tative argument for moving it from 27 to 33, bringing it in perfect 

agreement with the experimental valué.

Similarly, the rate of increase in the extra push, expressed in 

eq.(23) through the parameter a, should be higher than 5 in a more

realistic model calculation. This is because the change in realistic
2saddle shape per unit change of (Z /A)^^^ is more rapid than with the 

primitive model-shapes, Whether the resulting change in a is just the 

factor of two found from experiment remains to be seen, after more 

accurate calculations have been perfonaed.



All in all, the comparison between theory and the capture experiments 

described in Section II is most satisfactory. We have, so to say, been 

able to look through the opening in the black box in fig.l and follow 

the dynamical evolution beyond the initial contact phase until the 

system again disappears behind the conditional saddle.
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D. Scaling law for fusión cross sections.

It is implied by Swiatecki's model that systems with the same
2(Z /A) -valué are dynamically equivalent. The energy has to be

measured in units of Hq , eqs.(24), (25). With the generalization to

include centrifugal effects, this means that the many-dimensional space

of masses, charges and angular momenta is reduced to a single dimensión,

expressed through (Z /A)̂ ^̂ (í,) , as far as the probability for capture

is concemed. It is of great interest to leam to which extend such a

scaling is universally valid. This would mean that many different ex-

periments, when fitted in terms of valúes of the parameters (Z^/A)^^^ and

a, would result in the same parameter valúes, or at least valúes lying
19)within a very narrow range, (cf. ref. for an example).

In this section we have seen how important it is to go beyond a 

one-dimensional description, and we have introduced a three-dimensional 

model. So far, however, we have only exploited the model in two dimensions, 

leaving the mass asymmetry degree of freedom in the black box. In the 

following sections we shall discuss measurements that involves this 

degree of freedom too, and attempt a qualitative comparison with the 

full three-dimensional model.



IV. FROM ENTRANCE TO EXIT CHAMEL: GAMMA-RAY MULTIPLICITIES AND SADDLE 

SHAPES
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A. Origin of gamma rays and spin.

With a satisfactory understanding of the cross sections maintain- 

ing the Sharp cut-off assumption and introducing the extra push concept, 

we may now turn to the measurements of gamma ray multiplicities. Remember, 

that for each binary reaction event the probability of triggering the 

Nal-counters in fig.5 is recorded simultaneously. Knowing the solid 

angles of the gamma counters we may convert thís to an average ninnber of 

gamma rays <M > emitted (isotropically) in connection with each class of 

events of a particular mass asymmetry, TKE and center of mass angle. In 

general does not vary with energy loss and angle, so only the depen- 

dence of on is of interest.

Gamma ray emission is a relatively slow process occuring some 
-14 -1310 to 10 sec after the collision. So the gamma rays are emitted 

long after the binary reaction products have separated. Their shapes are 

those appropriate to isolated nuclei most of the excitation energy has 

been disposed of by evaporation of neutrons, but whatever angular momen- 

tum was transferred to the products during the reaction is largely 

preserved.

Even if the fragments poseas no angular momentum the excited products 

will emit gamma rays. This is analogous to neutrón capture gamma rays; 

and about three gamma rays for each product appear to be a realistic 

number. In addition to this, each product nucleus will emit about l/2|jjj 

ganEiia rays, if is its total angular momentum. This is because one

gacHia ray is assumed to remove two units of spin and the gamma cascades 

are ihought to be strecí-.ed. Sstensive studies of gamma ray emission from



■  ■  21  221the exchaixge of partióles and energy between them, refs. ’ . The

statisticai components that are parailel to the Z -components wi].l just 

smear out the A^-distribution without changing the average £^-value 

much, but the components perpendicular to Z will systematically increase 

the total spin valué, j . Typical valúes of the statisticai components

for deeply inelastic scattering systems of total mass A=300 are
2 1/2 21 23)<M > =10-1511, refs.*" ’ . These will then combine quadratically x,y

with the Z -components. z

B. Experimental gamma ray multiplicities.

Figure 15 is a summary of the experimentally measured gairana ray 

multiplicities as a function of mass asymmetry. The highest multiplici­

ties are found for symmetric mass división with a more or less pronounced 

drop towards asymmetry. For target-projectile like masses the multiplici- 

ty appears systematically low. Remembering that the deep-inelastic 

Products are thought to be associated with high £-values and the symmetric 

fragments with the lowest £-values compatible with the capture cross 

section, (sharp cut-off) this result is surprising. Some of the 

explanation for this may result from the interpretation of the multiplici­

ties for symmetric masses, which is to follow. And some may be related 

to inadequacies in the recording of highly asyiranmetric events by the 

ring counter as previouslj discusseá (see section II.D). Still, the 

sys;enatic decrease witii nass asynn~etry could contain a message that is 

not fully understocd at presant.
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However that may be, it is the multiplicity associated with symmetric 

fragmentation that is of v:ori.cerr- to us in the present context, and it is 

unambiguüusly defined experimantally. Accordingly, the following analysis 

wili focus exclusivaly on the symnietric products of the various reactions. 

One sees from fig.I5 that their n.ultiplicity is essentially constant 

within a broad range of masses around syannetry. They can therefore be 

associated with the capture reaction in terms of one specific valué of 

the mean multiplicity. (The ratic Oj/<Mj> varies between 0.35 and 0.40, 

which is compatible with a triangular distribution of contributing spin 

valúes).

It is natural to expect the gamma ray multplicities to be correlated 

with the ¿-valúes, which contribute to the specific reaction that 

generatet the fragments ultimately emitting the gamma rays. As mentioned 

above, about i/7th of the reaction £-value is expected to remain with 

each fragment as an aligned spin component, . In this spirit the 

multiplicities are plotted in fig.l6 against the cut-off valúes of 

derived from the capture cross sections. As clearly seen, the nultiplici- 

ties correlate very poorly with . There is a systematic ter.dency for 

an increased multiplicity as the systems become heavier.

As an alternative, the multiplicities are plotted in figure 17 

against the grazing angular momentum, representing the cut-off í,-value 

of the total reaction cross section, c.f. figure 3. The córrelation 

appears much better. It is in fact possible to fit the trend in this 

figure by assuming a universal tendency for all ¿-valúes up te about 70 'ñ 

to contribute in the usual triangular fashion to the fragment spins 

and the higher ones to miss. More specifically, a gaussian weight function 

centarea at zero and falling to one half at A = 70 produces the fit 

shcwn 'v-ltr:. the r̂ ashed cur̂ 'e on figure 17. 3ut an interpretation along 

tt.ase l̂ r:es Í3 incompatibl.e with the. interpretation of the capture cross
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Figure 16:

Average gamma-multiplicity of the synmetric fragmentation 
Products as a function of the angular momentum deduced 
from Oc in the sharp cutoff approximation. The dashed 
lines serve to guide the eye. The solid line is the result 
of a statistical modal calculation for a triangular dis- 
tribution in £ and statistical spin contributions appro- 
priate to the scission configuration, ref.^^). In addition 
it is assimed that each fragment emits 3 statistical 
gamma rays, which do not remove any angular momentur-i.
(The possible effect of neutrón emission has been 
neglected).

sections in section III, where the sharp cut-off assumption, at least in 

an approximation form is essential. One should therefore seek other 

explanations for the lack of a simple correlation between the multipli- 

cities and , which stands out so strongly in fig. 16 .
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Figure 17:

Average gamma-multiplicity for the symmetric fragmentation as in fig.16, 
but plotted as a function of the grazing angular momentum. The dashed 
line is the result of a new statistical model calculation (see text).
The solid line is identical to the one on fig.16 .

First of all, according to this figure, the multiplicities are 

higher than expected on the basis of the aligned angular momenta, even 

when including statistical spin conponents <M^ =10-15 t̂ , see

caption to figs. 16 and IT". Presumably, this extra multiplici; / criginater 
from some new kind cf statistical spin components. The experiment shows 

that these components became increasingly important as the charge of the 

composite system increaae ..
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C. Statistical spin components in fission.

This situation is reminiscent of fhs K-distributions governing 

angular distributions of fission producís ia nuclear reactions^^’̂ ^\ 

Compound nucleus fission angular distributions deviate from the 1/sin 0 

law, reflecting a certain statistical smearing of the orientation of the 

fission axis with respect to directions strictly perpendicular to the 

angular momentum vector. This is equivalent to non-zero projections, K, 

of the total Jl-vector along the fission axis, see figure 18. The magni- 

tude of this smearing can be rather easily understood from a simple 

thermodyiiamical argument.

Figure 18;

A given total angular momentum vector t induced for example in a charged 
particle fusión reaction and pointing in a direction perpendicular to 
the beam direction can have a non-zero projection K on the nuclear 
symmetry axis. The angle between X and the symmetry axis is generally 
preservad during the later stages of the fission process, so the angle 
where the fission products are observed Cthe angular distribution) is 
directly related to the valué of K..



coapletely fused systenis lie bebind this relatively simple picture, see 

tor exampla ref. ' .

Iii the case of bi.iia.ry raacric~s taere are two mechanisms that can 

induce spin into the fragments, one being systematic in nature, the 

other of statisticai origin. Tne total £-value of the reaction channel 

invariably will be reflec.ted in the product spins. As discusfed in 

section II, angular momentxnn is lost from the relative center of mass 

motion. It reappears as intrinsic angular momentum of the fragments by 

the amcunt (1-f) > where f is the factor defined in connection with

eq.(22)j section II.B . These angular momentum components are parallel 

to the total ¿-vector (Z-axis) and perpendicular to the reaction plañe. 

Thus

''z- ‘2z

i.e. the aligned spin components are proportioned to total í,. For 

symmetric fragmenta separating as spheres, (1-f) is 2/7. Elongating the 

system before separation will lower this number somewhat. On the other 

hand, it will be larger for asymmetric systems rotating rigidly (stick- 

ing).

For 1=0, ¡î is zero, but the two fragments may still be sprinning 

(in opposite directions) due to statistical spin components. There is 

evidence for this type of component already in the spontaneous fission 

of spin-zero (even-even) nuclei, where the fragments actually emit more 

than the 6 statistical gamma rays expected for spinless fragments. We 

picture these spin components as the result of a bending motion of the 

elongating system just prior to scission. When rupture occurs the two 

halves are tuming with spins perpendicular to the separation axis. This 

is the oldest known example, and more recent studies of the deep inelastic 

reacticns nave called attention to quite a number of additional mechanism 

that can generate statistical s;ji.n components in binary systems through

\
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For sufficiently large A-values the K-values will be distributed as a
2 1/2Gaussian around ;ero with a widtli Kq- <K > , thus
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^0 * "̂ eff

The quantity i.e. the reciprocal difference of the moments of

inertia for rotations along the separation direction and perpendicular

to it, is a measure of the shape of the rotating nucleus at the point

where the statistical equilibrium establishes itself. Using the moment

of inertia of a sphere of the same total mass as a unit, a spherical

shape will have the valué of ‘̂g^'^ff ~ ® spheres in contact have

the valué 1.13 and the more drawn-out scission configuration has a valué
24 25)of about 2, cfí refs. ’ • In fission, the point of thermal equilibrium 

is believed to be the saddle; because there the motion is particularly 

slow and because axial symmetry is believed to preserve the K-distribu- 

tion during the more rapid motion from saddle to scission. This is 

because K, the spin projection on the axis of ĉ ^̂ lindrical symmetry ought 

to be a constant of the motion in such a situation. There is ampie 

experimental evidence, based on the measurements of fission fragment
25)angular distributions to show that this picture is correct, see ref.

The fragment angular distributions from charged partióle induced compound 

nucleus fission indeed reflect a smearing in angle between the fission 

direction and the angular momentuia vector. One finds that the effective 

moments of inertia derived from the experimental K^-values according to

eq.(34) fit very nicely with saddle shapes calculated from liquid drop
25) theory .

Of interest in the present context is the fact, that the axial 

angular momentum components remain with the fragments after separation, 

and they therefore contrifcute to the gaamia ray multiplicity. This is 

illustrated iri. figure 19. In che fcllcwir:g su’osection we will analyse



the multiplicities on the basis of the hypothesis, that the K-ccmponents 

are the dominating contributors to statistical angular momentum components 

in the (synmetric) fragments.
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at s a d d l e  or at 

exi t  point

(b)

Figure 19:

The total angular momentum of the reaction can contribute 
to fragment spin, j, in two ways: (i) the rigid rotation 
around an axis perpendicular to the separation axis leaves 
about 1/7th of the total £-value with each fragment as 
aligned spin, £z. (ii) There will also be a statististically 
distributed component, K, from the projection of the 
total £-vector on the separation axis, because this axis 
is not always strictly perpendicular to the total angular 
momentum vector. The K-components are carried over with 
their full valúes into the fragments.

D. Analysis of gamma ray multiplicities in terms of Kq and

The sum j of the lengths of the two spin vectors and ^2 on 

fig.l9 is measured by the gamma multiplicity after subtraction of the 

contribution from statistical gamma rays and assuming streched qua- 

drupole (Aj = 2) radiation:
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The average aligned component,<£ > -<ÍL, > + <¿„ > , is obtained from
Z Í .Z  z z

<í> I . f  íz 3 7 c

where is derived from eq.(6) using the measured capture cross secticn.

a .c
Referring again to fig.l9 one may to a good approximation write

>2 = <£ >2 + <r2> (37)z

When Kq , or typically larger than 60/4i, corresponding to

capture cross sections in excess of 200 mb, it is pennissible to replace 

<K^> with Kq . Eq.(37) then leads to

where <|jl> is measured by the multiplicity and <£^> is derived from the 

capture cross section. From Kq , the effactive raoment of inertia can then 

be calculated according to eq.(34). Table 2 presents typical reaults and 

compares the experimental valúes of theoretical valúes
Q\

expected for rotating, as well as for non-rotating, saddle shapes . 

Perhaps surprisingly, one sees that the experimental valúes are rather 

constant for a given system, and more in agreement with the shape of the 

non-rotating saddle than with the actually expected rotating saddle 

shape.
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T A B L E  2

/alues of and the effactive moment of inertía

20^b.-

f Target 
i .

: (ẑ /A)

^c ''o 

(h) (h) (h) (h:

‘̂0̂ '̂ eff i

Exp.

Valué

Theory ref.^^ j
-

rotating non-rotating j
saddle shape saddle shape i

i

í

i
j
ít

(41.9)

47 22 9 21

! ó4 2'+ .2 2.i

4 27 14 23 

89 31 17 26

0.50

0.55

0.53

0.48

0.36 1
1

0.26
0.52

0.18

no saddle

f

1 52c, 

i (43.2)5

¿*5 24 9 23 

63 27 12 25 

87 32 17 2 - ’  

116 38 22 31

0.44

0.42

0.42

0.42

0.27

0.14
0.39

no saddle 

no saddle
__ _ ___ ____  _ !

The valúes of 1 , <j> , <1 >  , and 5 -  are based 
c  Z  U  r

on experimental valúes of 0  ̂and <M^> , and on eqs. (6), (34), 
(35), (36), and (38). The temperatura is calculated from

* 1/2T(MeV) = (10 E and the moment of inertia of the
sphere is 0.4 rQ2(A^4A2)^^^ = 0.0155(4^+A2)^^^(MeV)‘^.
The excitation energy E* rangep from 30 to 150 MeV; although 
i t  is calculated for the fused ground S t a t e  shape it i s  here 
taken to be equal t o  the excitation energy a t  t h e  shape w h e r e  

the K-distribution is frozen ir, i.e. a t  t h e  s a d d l e  o r  t h e  

exit point cf figure 19.
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Two explanations seem possible. 3ut first it should be observed 

that eq.(34) is valid for the shape, where .he statisticai K-distribution 

is actually frozea in, it does not havs to ba the saddle shape under all 

circumstances. The first explanation now assimes that a true cocpound 

nuclaus is formed and that the system proceeds over the saddle vith the 

correct K-distribution. In rotating system, hov;ever, the Coriolis forces 

are breaking the axial synmetry and the systeir. may t:ierefore continué to 

adjust its K-distribution during the motion beyond the saddle. The speed 

of the motion and the strength of the Coriolis interaction will ¿etermiue 

when the readjustBient ceases to take place. As suggested in fig.l9 we 

may denote this the exit point. The experimental results can be interpre- 

ted to mean that the exit point happens to coincide with the saddle 

shape of the non-rotating system.

The other explanation does not assume true compound nucleus forma- 

tion. Rather, it pidkures the symmetric fragmentation reaction as an 

amalgamaticn of the two nuclei during an inward radial motion, which at 

some point tums around and leads to the symmetric fragmentation. This 

picture imposes itself in those cases, where the calculated fission 

barrier has vanished so that there í e  no saddle, see table 1 .  In this 

picture, the turning point suggests itself for the role played by the 

saddle in the fir&t alternative. But again, the freezing in of the K- 

distribution may occur at some later stage for strongly rotating systenií:'.

In both cases, the measured valué of defines a shape of au B j.  r
certain compactness. If the analysis is correct it allows one to conclu-

de that during the. reaction the system was at least as compact as indi-

catad bv the ,^-valúes. As the i.umbers in table 2 and 3 shov',O erf
shapes cuc'.'. r.earer to a single sphers’. ~ 0) than to that of two

s^iheres i: ccntact .. = ¿.r.-. v.tdicatr.d, cspecially fcr tte

aaa\»ie at S7a t£es _
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E. Comparison with angular distribution measurements.

A crucial point is whether it is pemissible to interpret the gamma

ray multiplicity measurement the way it has been done above. Many approxi-

mating assumptions enter, and several competing effects have to be

assumed to be negligible before it becomes possible to extract K^-

values from the measured valúes of a and <M„> .c K
If the dominating statistical components are indeed those stemming

from projections of the total angular momentxjm on the separation axis as

assumed, then there has to be a unique connection between the excess

gamma ray multiplicities and the angular distributions. The two types of

measurements should lead to the same valué of K» and ofO O err
The accuracy of the measured double-differential cross sections,

2d a/dAd0^^ , described here and the limitation in angular acceptance,

which leaves out the smaller angles -crucial in this context- makes it

unrealistic to perform a consistency test on the basis of the angular

distribution measurements made with the ring counter. Very recently,

however, high precisión angular distribution measurements, of systems
26)very similar to those dealt with here, have been reported . Those

systems are slightly more asymmetric in the entrance channel, being 
32based on a S-beam, but they lead to the same range of composite nuclei. 

Table 3 is a comparison of the two, very different, determinations of

• The agreement found here gives strong support to our interpreta- 

tion of the excess gamma ray multiplicities. (A more stringent theoretical 

analysis than the one based on eqs. (35) and (38) would nevertheless be 

desirable).

It is worth noticing, that the determination of Kq valúes and of 

with the aid of angular distribution measurements requires that 

the fusion-fission reaction is slow enough to allow the system to rotate



many times as xt decays. A similar limitation does not apply to the gamma

ray multipiicity method. Haré, the lisiting -±T.e is the or.e required to 

raach a statisticai X-¿Í£tribu:icTi., ar*d thst rL¿.f be quite short,

since an equilibration cf this type has been invokeá ín ccnnectíon with
21 "̂ 2 'the fast, strongly damped szatterir.g reacticns .

T A B J. E 3

Comparison of valúes of the effective cor . nt of inertia
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Reciprocal effective moment of inercia

tj System i

1 !

( Z ^ / A ) Experiment Theory for a non-
i
t
1

1
1
¡1

1

1 from < M y > ,  

1 this vTork
from' W(0)
ref.26)

rotating saddle 
ref.8>

i

26 . .  1 37.8
i

0,92 0.98
27  i 38.4

i
0.83 0.92

3 2 s  +
j

39.4 0.89 0.87
| 2 0 8 p ,  +  
1 40.6

¡
1 0.79 0.63

50 ^ i 41.9 i 0.52 0.52
32
s + 232 x h 42.6 j 0.38

i
0.41 j

4- 43.2 0.42 0.39 1
* 2 3 8 u 43.2 0.27 0.34

43.8 J.3Í 0.30
“ «Pl, + 44.5 0.3 i  0.23
| 3 ^ S .
{

44.8 0.36
i

0.17
!

The valúes of (Z /A) are those appropriate to the fused 
systems, listed in rhe first colunui. The theoretical 
valúes of have ceer. calculated for the corres-
po'.iding f .ssility pr.raiaeters X = (z"̂ /Á> [sO. 883(1-1.7826 
with I = (N-Z;. /A .
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F. Summary. The evolution in shape from conditional saddle to true 

saddle.

In this section we have seen that the systematic measurements of 

gamma ray multiplicities, supported by angular distribution measure­

ments, allow US te get a good look into the black box, fig.l - The 

emission of an unexpected excess of gamma rays that increases with the 

fissility of the total system, brings us a message from the most compact 

stages of the dynamical evolution from entrance to final separation.

Once the two nuclei have made their way behind the conditional saddle 

of entrance channel they merge very intimately together. Thejmay or 

may not form a single sphere. We don‘t know. What we do know is that 

they become at least as compact as the liquid drop saddle shapes of 

non-rotating nuclei. For the heavier systems these shapes are much 

more conpact than two touching spheres. They are also more coiapact 

than the conditional saddle configuration, being quite cióse to the 

shape of a single sphere.
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V. FROM ENTRMCE TO EXIT CHAMEL: TKE PRE-SCISSION STAGE

The binary coincidence measurements also say scsmething about the 

final stage of the symmetric fragmentation reacticn, i.e. the motion 

from saddle to scission, In ordirary fission,the total kinetic energy 

(TKE) of the fragments is to a large extent, if not entirely, due to the 

Coulomb repulsión acting between the two fragments after they have 

separated. One finds^^^ that this energy is about 30% smaller than the 

Coulomb energy of two charged spheres in contact, so one concludes that 

the two pieces are drawn out quite a bit before they part company. If 

they have a non-zero velocity at scission, they have to be drawn out 

even more, since now only part of the TKE can be ascribed to the unes- 

capable Coulomb repulsión after scission. There is also a characteristic 

spread in kinetic energy around the must probable valué, which presumably 

reflects a spread in the degree to which the two fragments are drawn out 

as the neck between them snaps.

This is the picture we have of the motion from saddle to scission 

in ordinary compound nucleus fission. Also the deep inelastic reactions 

show tendencies for the total kinetic energies to become smaller than 

the Coulomb energy for spheres in contact. So presumably it is the very 

last stages before scission that matter, not the motion just beyond the 

saddle.

In figure 20 the total kinetic energies measured with the ring 

counter are compared to; a) the Coulomb energies of two spheres in 

contact; and b) the Coulomb energies of two touching fragments with 

deformations as found in the fission processes^^^. The ridge of the 

measured distribution around symmetry clearly agrees with case (b), as
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we would expect. Thus for the symmetric fragmentation, full equili- 

bration in energy seems to be reacheá.
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Figure 20:

Measured double differential cross section da/dAdTKE 
shown as a function of mass and TKE. The full line 
indicates the fragmentation energies derived from 
fiasion systematicsi^); the dashed line indicates 
Coulomb energies of two touching spheres.

Not only does the mean valué but also the FWHM of the TKE dis- 

tribution, agrees with standard fission measurements. This isIKil.
demonstrated in figure 21 where the measured r„_-values for each

reaction are plotted as a function of the excitation energy in the



corresponding compound nucleus. The data show a monotonic increase of

with. axcitation energy and with target mass: an extrapolation to

zero e:ícitation energy gives valúes, which agree with the standard
25)fission data as indicated on the la£t hand aide of the figure.

Áll in all these results are no great surprise, but they do offer 

one more look into the black box , fig.l; revealing something about the 

dynamics during an important part of the reaction process.
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Figure 21:

Full width half máximum o f  the total kinetic energy 
distributions for the synimetric fragmentation component, 
fig.2Q, CA/2+2Q amu) shown as a function of the excitation 
energy E* in the corresponding conipound nucleus. . The width 
increases monotonically with the mass of the composite 
System. The dashed lines are drawn through the data points 
by assuming that the slope is the same for all systems 
investigated. The valúes extrapolated to zero excitation 
energy are compared to the one known from ordinary 
fission27).
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VI. FROM ENTRANCE TO EXIT CHANNEL: ANGULAR DISTRIBUTIONS AND TOTAL 

REACTION TIMES

If the total kinetic energy measurements are no great surprise, the 

angular distribuíion measurements certainly are. They are shown in 

figure 22.

As mentioned in the introduction, a basic difference between scat- 

tering reactions and capture (or fusión) reactions is the different time 

scales involved. This is well illustrated by fig,22 , where the symmetric 

and nearly symmetric mass yields seem generally to be evenly distributed 

in angle, corresponding to decay after many revolutions. By contrast, 

the target and projectile-like fragments are focussed near the grazing 

angle and have been in contact only during a fraction of a revolution.

The difference is pronounced for the lighter targets but it becomes less
52 58 208pronounced for system like Cr and Fe plus Pb. Apparently, the

syinmetric fragmentation reaction, with its dramatic redistribution of

mass between the reaction partners, can sometimes take place in less

time than required for a revolution by 180°.

Figure 22;

Double differential cross section d^g/CdA.d0) of 
the same binary producís as in fig.8, as a function 
of the center of mass scattering angle and of the 
frajipuent mass.
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Figure 23 focuses the aítention on such an example. The cross 

section under the angle -and energy- integrated symmetric peak cor­

responde to a cut-off £^-value of 52 -ft, or an average valué = 34 -h. 

The system appears to decay before reaching the forward angles. An 

average deflection of about 120° away from the angle, where a Rutherford 

trajectory would have placed it, seems a good estímate. With referer.ce 

to figure 24, the reaction time t  can be estimated according to

< T >  = <J> = ll2.5 . . l o  sec (39)
c c O

58 208with the numerical constant being the one appropriate for the Fe+ Pb 

system. There remains the estímate of (<J>/5q) , the average relative 

moment of inertia during the procesa. Most of the reaction time is 

presumably spent near the exit point (fig.l9), where according to table 

3, “1/-Í- ) is 0.36 . This corresponda to a valué =
Q\

1.15 á-Q, according to ref. . The remaining time is likely to be spent 

at larger separatior.s, where 5- may approach and even briefly exceed the 

valué 2.2 . , appropriate to two spheres in contact. A reasonable 

weighted average is probably near = 1.3 . According to eq.(39) the

resulting average reaction time is then

- 2 1
< T >  = 9 X  10 sec (¿jQ)

This is the total time for both coalescence and reseparation. The 

colaescence time itself that is characteristic for fusión processes in 

general has to be even shorter. The large differences in time scales for 

the various reactions appearing in fig.22 may well be due to differences 

in decay, or resepartion, of the systems; some possessing a fission 

barrier, others not. It is quite likely that the limit on the coalescence



tiae, or fusión time, established above has rather general validity.

It is also interesting te note that the total reaction times
i X ̂calculated by Swiatecki, sección III aná ref. , for mass equilibration

reactions requiring an extra push between 7 and 70 MeV, ranges from
-2 1 -2 1  3 X 10 s to 12 X 10 s for system similar to those studied here. In

the theoretical calculation, the time seems to depend on the magnitude

of the extra push. A valué near to the one given in eq.(40) seem a quite

plausible result to expect from the model, when the extra push is 35 MeV

as in the experiment.

The time measurements clearly need to be improved with respect to

precisión and correct assignment of deflection angle, mass valué, and

angular momentum. But potentially they do seem to offer good oppor-

tunities for gaining insight into the type of dissipation that govems

large scale nuclear ciynamics. It is already considerable step forward

that we can say at least something about the time our systems spends in

the black box, fig.l .
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Figure 23:

208 58The Pb + Fe reaction at 5.9 MeV/u, presented in detail.
Upper part shows the double differential cross section d^a/dAdG 
as in fig.22, The open dots indicate the limits of the detec- ^  
tion system for fully relaxed events. Center part shows the 
directly projected mass spectrum after integration over TKE 
and 0Q2. The bell shaped symmetric fragmentation yield results 
from the integration over the accesible angles of the double 
differential cross section of the upper part. Lower part gives 
the dependence of the average gamma-multiplicity on the product 
mass. The open dots refer to fully relaxed events only, while 
the filled dots correspond to all binary events registered 
by the ring counter.
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VII. SUMMARY AND CONCLUSION

The experiments and the theoretical models discussed here essential- 

ly serve to bring fusión reaction stuéies into focus as means of explor- 

ing the dynamical aspects of large scale motion in nuclear matter.

Before, fusión seemed only to yield essential Information about the 

static interaction between two nuclei with frozen shapes, whereas the 

dynamics was explored with the aid of the deep inelastic scattering 

process (and fission). But fusión involves a more far reaching rear- 

rangement of the two nucleonic systems in contact, so there are good 

reason to expect that dynamical fusión reaction studies will match if 

not surpass deep inelastic scattering studies as a source of information 

about large amplitude nuclear dynamics.

The model we have used assumes friction in the specific form of 

one-body dissipation to play a decisive role. Two very interesting 

questions to be explored are how well this model can account in a quanti- 

tative way for the measurements, and to what precisión it will be possible 

to develop this type of measurement. Other dynamical models (time dependent 

Hartree Fock, semiclassical models stressing the shape degrees of freedom, 

macroscopic friction models, transport theories, etc.) may give different 

answers. How different no one knows, and there is a danger that they may 

all fit the experiment with its present lack of high precisión. So 

better experiments are sure to be essential.

For those who attempt to synthesize superheavy elements, advances 

in understanding more precisely the neccessary conditions for obtaining 

complete fusión of target and projectile are also of great interest.
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I. INTRODUCTiON. NUCLEAR STRUCTURE JNDER EOTATION.

A. Shape changes

No experimente-1 attempt of iiiaking a nucleus rotate witb more than

80 units of angular momentum has ever been succesful. Tbis is understood

on the basis of tbe liquid drop ipodel. The nucleus is simply drawn into

two pieces by the centrifugal forcé when the angular momentum approaches

80 "h (or even less for vtry light or very heavy nuclei^^.

At lower angular momenta the nucleus can be stable, except against

gamma-decay, which is a relatively slow process. Experiments with

rotating nuclei in fact open a new dimensión in the study of nuclear 
2 )structure , and it is certain that dramatic structural changes will

take place; because in the end the rotation leads to fission. Figure 1

shows the characteristic shape changes expected on the basis of the

liquid drop model for a médium mass nucleus^\

. For non-rotating nuclei we know that shell effects profoundly

modify the liquid drop average picture, leading sometimes to prolate

equilibrium shapes. The new challenge to nuclear structure experiments

is essentially to explore this interplay of average and specific

structural properties further, pushing into the región of nuclei under 
2 )extreme rotation .

The theoretical calculation shown in figure 2 illustrater, this. The

ground Ptate of ^̂ *̂ Yb is prolate because of shell effects. But for spin

valúes 50-70 fi , the shape becomes óblate, as prescribed for a puré
3)liquid drop without shell structure
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i . i o m e n c u m  a r e  n o t  p r ( d i c ‘. : e d  by t h e  1 :  q u i d  

(Irop c a l c u  l a c i o n s . i h e ^  a r e  t h e  r e ^ u l t  
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Figuro 2:

Potential energy surfaces for six valúes of 
angular momentum as a function of a selected 
two-dimensional class of shapes. The sphere 
corresponda to £  =0 , and the horizontal axis 
represents axially symmetric prolate shapes 
of increasing elongataon, rotating around an 
axis perpiindicular to the symmetry axis. The 
=60'' line represents óblate shapes rotating 
around the óblate symmetry axis, whereas the 
area betv/een the two lines corresponda to 
triaxial nuclei rotating with the largest 
possible laoment-of-inertia. Energy minina are 
cross-hatched, from ref.3).
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B. Rotation cind sytnmet y

Underscanding in ¿e';ail he • -che nuclaar ferrr.ion systeir. wili r.ost

ecoiiomically accomodate high angalar üiomenta is by no means "::ivial. It
4)j s aiready knwon that t:iis aep inds crucially oi¡ symmetry l ype , see 

figure 3. Prolate nuclei íTíII rotate around an axis perpendicular to the 

symmetry axis. Angular mimentum is carried by the nucleus as a whole, 

and its rotation frequency is observable as (one half) the f.equency of 

the strongly e:\hanced E2 radiation. Conversely, in spherical nuclei the 

angular momentum i? carried by one or a few of the valence r.ucleons 

through alignment of their individual angular momenta. The energy 

required for ti is is a sum of single-partic Le excitatioii ene.gies. The 

radiation emitt ad is gove 'ned by erratically varyir.g and generally sr,iall 

single-pc.rticle matrix elements. Thí- essertiall difference frorc Che 

prolate :ase i;: thít the angular moiuentum is pírallel to í.n axis of 

rotatiom1 symmetry. This is also mott likely to be the situation with 

óblate slapes.

1/

COLLECTIVE
E2-RADIATION2 O

SiN.3l£-°A=?T!ClE

R/í': ATiGN

}■ tgurt ; :

The quantum mechanical description 
of "rotating" systeir.s will be 
lur.dair.entally different, depending 
oa whetr.c r the rote tion ¿-'xis l.s 
par'llel Lo an axis of rocational 
symmetry v.r not. see text.
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These disrinctions are clcarly reflected in the obscrvations.

Figure 4 compares the nice regular rotationa] E2-spectrum of the prolóce

^^^Gd-nucleus to the toually irregular spcctrun of singl^-partlcle
154transitions along the yrast Une of the spherical nucle' s Er. 

Simílarly, figure 5 illustrates hcv utterly different the life-times for 

transitions along the yrat t line íire in the two cases.

The remainder of this paper should give c.n impresslcu of the 

experimencal advanees towards an understanding of how thcy change shape 

as they rotate more and on: vigorously.

10'

O 200  too 600 600

GAMMA fN ERGY
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I »z
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GAMMA f WEROy ( k*V)

Figure 4:

Gamma spectra from stepwise de-excitation 
along the yrast line (cf. fig.ll) measured 
with a Ge (Li)-detector. The number at each 
peak indicates the sp3,ri ard parity of the 
gamma emitting stae. Top: Yra^^^ spectrum of 
the prolate rotor nucleus Gd, ref.5). 
Below: spectrum of the shell-model
nucleus ' Er, ref.6). This spectrum consists 
of two sequences of gamma-rays, separated by a 
time delay of ns, which if. the half life of 
the 1=10 State (cf. fig.5).
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II. SHELL MODEL NUCLEI

A. Yrast traps

Figure 5 illustrates how high-spln states produced by alignment of 

the spins of a few valence nucleons may have much longer half lives than 

the 0.1-1.0 ps that is typical of a good rotor nucleus. Extensive 

searches for high-spin isomers produced in heavy-ion reactions with 

life-times in excess of 1000 ps reveal that such "yrast traps" are 

confined to regions just above a spherical shell closure^V 

figure 6.
see

>oZ
>-Oa:tuzUJ
g
<tiO
XLU

500̂ ^
(ANGULAR MOMENTUM)^ (ANGULAR MOMENTUM)^ l ( M ) í i ^

Figure 5:

Lifetimes of yrast states. Left: the shell-model 
154,nucleus 

158
Er, ref.7). Right: the rotor nucleus 

Dy, ref.8).
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Figure 6:

Nuclei situated in the oblique wxndow indicated on 
the chart have been produced in heavy-ion 
reactious and systematically scanned for the 
occurren^ej^Qof high spin isoiaers among thedecay 
producís ’ . Only the hatched sreas showed 
gggitive results. The high spin isotners above 

Pb have been identified and studied especially 
by groups in Stockholin and Chalk River.

The prolate te óblate tranídtion predicted jccording to figure 2 

could not be confirmad experimetally through the appearance of a 

strongly populated high-spin isore’- in the otherwise forbidden región of 

prolate rotor n u c l e i ^ T h i s  result does not exelude such a shape 

transition; it just says that the óblate yrast states -if they exist- 

are decaying fast compared to the 1000 ps limit set by the experiment. 

But there could still be an isomcr in the sense that the decay could be 

slow compared to 0.1-1 ps, which is typical for prolate nuclei 

(cf. fig.5).



The island ;ust abovc; N--£2 intensi'.e investigation. The

Jülich .-.as ¿nown ir. dsta  ̂ hcw a. -uriiDer oi yrast staes of spin

up to 25 ■?! ca.\ be described ir. íerms of ene to five totally aligned 

valence nucieons in a spherical shell-niodel potential.

In general, the situation is not so clear. At present, high-spin 

isomers with t,̂ ^  2 ns bave been identified in virtually all nuclei 

within a sharply defined island above N=82. Jsomers occur whenever Zá68
] O >

and n 4̂ 86, ref.

By letting these isoE.ars recoil into the center of a large, hollow

Nal-crystal and reccrding the total gamma-ray energy depositad in the

crystal as the isomers decay, it has been possible to measure ihe isoraer

excitation energies in a crude way. The highest excitation energy was 
152found with Er, where two isomers, one on top of the other, have been

shown to lie at 8.5 MeV and 12.5 MeV, with half lives 30 ns and 5 ns,
1 10 , 12) respectively

The higher the energy, the higher the spin of such isomers. It has

been found that a plot of the energy of known yrast states of nuclei in
-5/3this vicinity versus 1(1+1)A converges as the spin valué increases

beyond fifteen, provided the energies are plotted relative to the
1 2 )average droplet energy . With the aid of such a plót, the unknown spin

152valué can be estimated from the excitation energy. For Er a valué of 

I«*34 "h is derived for the isomer at<«12.5 MeV.

In a subsequent experiment it has been possible to measure the 

spectrum of gamma-rays t h a t  feed ir.tyo t h i s  high-spin S t a t e  from above, 

cf. figure’ 7. Pressunably this spectrum will consist of a number of so 

called statistical gamma-rays, reflecting heat radiation from states 

high above the yrast line, followed by a series of interwoven yrast 

cascades cf dipole and quadrupole cransitions alcng and slightly above 

the yrast line. The quadrupoie transitionsj beiig ¿ble to jump two units

188 -



of spin, will Lend to have twice as l'igh eiiprgy as the ( 1=1) dipole 

transitions.
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Figure 7

Gamma-ray de-excltation routes following a 
heavy-ion reaction . At spins higher than 15-25 
•K the gamma cascades along the yrast line appear 
to follow so many parallel cascades that it 
becomes virtually imposFÍble Co distinguish 
individual lines in the spectra. This is the case 
in deformed nuclei at least, where the radiation 
is made up to E2-transitions. For spherical and 
óblate nuclei, the yrast cascades could be a 
mixture of dipole and quadrupole transitions, 
relatively few in number.

The spectrum, measured with a big Nal-crystal at a large distance

from the target is shown on figure 8. It has been corrected for Compton

effects and in this way simulates the spectrum of an idealized detector

with 100% photo efficiency. As expected, there is a Planck-like

radiation spectrum extendiiig exponentially to the highest energies. At

lower energies there is additional intetisity. An interpretation of this

in form of the dipole and quadrupole yrast transitions (fig.7) seems
152quite plausible. It should be noted that if the Er nulceus had 

developed a prolate deformation as spins just above 34 Ti, then the lower 

energy, i.e. dipole part of the spectrum of feeding transitions would be



absent; because a prolate nucleus Invariably decays by quadrupole and 

not by dipole radiation once it has reached energies near the yrast 

line»
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Figure 8:

Low-resolution (Nal) gamma spectrum of transitions
1 S2f eedln» the I 34 h isomer of , „ Er in the 

108pb(48xi,4n) reaction at 230 MeV Ti-energy .
The events contributing to this spectrum have been
singled out from all other events by requiring
each accepted event to be in prompt coincidence
with the beam burst, and at the same time in
delayed coincidence with at least two out of eight
other counters surrounding the target.
Furthermore, the two delayed counts should occur
with a relative delay of about 30 ns between them.
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There are many unsolved problems in connection wlth yrast traps and 

the radiation associated withthese. It remains an open and active field. 

See also section IV.A. .

B. Yrast energles

It is possible to construct the yrast lir.e from a number of

well-studied decay shcemes of shell-model nuclei, produced in heavy ion

reactio 
6,7,15)
reactions. The best known examples are ^^^Dy and ^^^Er, refs.^^^ and

, respectively.
154Figure 9 compares the yrast Une of Er to the good prolate rotor

158Dy. For rotor nuclei a linear relationship between the yrast energy 

and the square of the angular momentum is expected according to figure 3 

and eq.(6). The slope of the line is inversely proportional to the 

moment of inertia. As can be seen from fig.9 , the yrast line of the 

rotor nucleus at first rises steeply, reflecting the reduced moment of 

inertia of the superfluid ground state. At higher spins the yrast line 

follows the slope given by the moment of inertia for a rigid rotor, as 

ene should expect for the collective rotation of a non-superfluid 

prolate configuration.
154This model example of a rigid rotor is compared to Er, where the 

"rotation" is described in terms of alignment of the j-values of just a 

few valence nucleons. The resulting yrast line is more irregular, but 

its average slope again coincides with that of a rigid rotor -at least 

within 1 (10-20)%. Although the angular momentum is generated by a 

negligible fraction of the nucleons, the energy required is just the 

same as if all the nucleons participated in the motion.
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Figure 9:

Comparison of the yrast lines of a shell-model 
nucleus, and a deformed nucleus,

C. Translatlon of a fermion system

It is a general feature of fermion systems that the valency 

partióles so to say are able to do all the work required of the system 

as a whole, in order to produce the result expected classically. Perhaps 

the following simplified example will help appreciate this.

Suppose a one-dimensiona]. square well with doubly degenerate
2 2levels, figure 10. The energy 1/2 mv N , where N is the quantum



number 1, 2... . The velocity v is then proportional to N, or v=NVq , 

where is the unit of velocity, equal to the velocity in the lowest 

State with N=l.

One may take the freedom of imagining one partióle in each level to 

be moving left with velocity Nv^, and the other moving right with 

velocity NVq , (to produce a stationary bound state). The system is now 

given a translation with velocity v̂ . Seen from the moving frame, all 

the partióles keep their velocities relative to the canter of mass, 

which in turn moves with velocity v^ and C.M. energy:
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- m U 2  m p ( 1)

since the total mass equals 2 Nm.

E; =N^( 1/2 mvo)

>
>t—
oo

EcM=2N(l/2mvô )
Eexct 

(N+1)̂  -N̂ -l](l/2mv2; 
= 2N(l/2mv2)

’ X
M _X

X —

AT R E S T  

Vcm = O

T R A N S L A T I O N

Vcm = Vo

Figure 10;

Translation of a one-dimensional square well, 
filled with Fermi partióles. The translation 
velocity has been chosen to be equal to the 
particle velocity in the lowest state.
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This is whac one expects classically. But one may also look at the 

velocity distribution of the articles measured in the rest frame. One 

sees that a reshuffling of partióles takes place, but the net result is 

just a promotion of one partióle from the top level N to the (N+l)-level 

and another from N=1 to N=0. The energy required for this excitation is:

E = (N+l)^(l/2 mVQ)W(l/2 mVQ)-l(l/2 mv^)

= 2N(l/2 mvp)

( 2 )

In other words, the same result as the picture of a uniform translation, 

but described in terms of excitation of just two partióles.

III. DEFORMED NUCLEI

A. Band structures

In prolate nuolei, rotations used to be described exclusively in 

terms of collective motion, and one does indeed observe beautiful, 

regular band structures and spectra. An especially fine example^^^ is 

shown in figure 11. The superfluid ground state is seen to have a higher 

yrast slope and henee a smaller-than-rigid moment of inertia, as opposed 

to most of the internally excitad band structures. This leads to band 

crossings.
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Rotational bands in a typical
1 164^ . 16) rotor nucleus, Er, ref.

The s u p e r f l u i d  ground S t a t e

band is drawri wlth a slightly
heavier line. The slope of the
higher excitad bands cor-
responds approximately to
rlgid rotation. This mucleus
offers an example of gapless
superfluidity: for spins above
15 "ti (1(1+1) >225) the energy
gap 2A between the superfluid
ground band and the rigidly
rotating, excited bands has
disappeared. This figure also
illustrates the nature of the
yrast line, as the divide
betweeii low energy, where no
states can exist; and an upper
región, where the level
density increases steadily.

Figure 11:

B. Rotational alignment, backbending

A closer anaiysis shows these crossings to be a more general 

phenomenon related to thi; alignment of single-particle órbita]s with the 

rotation axis^^*^^\ This is illustrated in figure 12. It means that

also ir deformed nuclei are some of the valence nucleons able to



contribute to tb.e build-up of higi: angular momentum at minimum cost. 

Here the collective and single-particle motion are sharing the task as 

opposed shell-model nuclei where a few valence partióles are doing the 

job alone.
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Figure 12:

Schematic illustratior shcwing the differenco 
between alignment of íingLe-particle orbitaJs 
along the symmetry axis of the deíormed potential 
(Z-axis), and along the rotation axis (x-axis).

Alignment takes place at a critical ongulr.r frequency of the 

collectively rotating core, and the aystem jumps into a new configuration 

with higher tota] angular momentum, but lower rotation frequency of the 

core, This new conf iguration will. in turn give rise to a collective 

rotational band as the rotation frequency of the core increases again. 

The core frequency is directly observable as one half the frequency of 

the emitted E2-radiation (except for the inter-band transitions near the 

Crossing between two bands). This is how back-bending comes about.

The tendency for different valence-protones and -neutrons to 

respond to the rotation of the core by aligning their angular momentum 

along the rotation axis varies considerably, being most pronounced for 

orbitals originating írom high-j shell-model states.



As described for example, by Frauendorf , shell structure enters 

as an important element into the description of the rotation of deformed 

nuclel through this mechanism.
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19)

C. Alígned-particle spln, í.

19 20)Alignment leads to a picture ’ of the yrast line consisting of 

a number of segments, each characterized by increasing collective 

rotation with a moré or less constant contribution, i, from the aligned 

particles, figure 13. The curvature of each segment is by necessity 

stronger than the curvature of the envelope of the segments that make up 

the yrsat line. We are thus dealing with two curvatures, and since the 

curvature is a measure of the moment of inertia, we are dealing with two 

moments of intertia and > respectively.

The band curvature measures S ,,;coll

E  = í r - í ) ' - 4

(4)

(5)

The curvature of the yrast envelope measures

t S —
2 %  (6)
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< E » >  %  4 l X (7)

K
(8 )

For the lower lying, discrete band structures the quantity ¿i^E.̂ Xeq.8) 

has little meanlng and is derived from eq.(7). Conversely,Ae^ in

eq.(5), and therefore oftern well defined, Then eq.(4) can be

used to derive R and henee i, assuming that I is known from the 

experiment.

>-
in
zUl»-r

Upper band
1*2 1 .4 . 1 .6 AEv

In i r a  - band

AE. 1-6 I-A 1-2
Lower band

1-6 I-A 1-2 I 1*2 I"A 1-6 

ANGULAR MOMENTUM

Figure 13:

Schematic illustration of a band Crossing (below) 
leading to the backbending phenomena in the 
observed spectra (above). Note that the abscissa 
is I, not I(I-H) as in the previous figures. Heavy 
arrows indicate gamma transtions in a cascade. The 
inter-band transition is dashed.



D. Bands in the continuum región

The above description is of particular interest, when one wants to 

push the experiment towards higher valúes of angular momentum.

It has been known for a long time that above I«*25 it becomes 

virtually impossible to study the discrete band structures. Above this 

spin valué, the gamma-rays follow so many parallel paths that nothing 

but continuum spectra without any fine structure Information can be 

observed, fig.7. In spite of this, new, ingenuous experimental 

techniques have been, developed, allowing the two curvatures to be 

determined separately. A coincidence technique can measure A of 

eq.(5), i.e. the change in gamma-ray energy along the cascades actually 

selected in the E2 de-excitation process. This is averaged over all the 

cascades allowing an average valué determined from eq.(5).

Measurements of singles spectra, on the other hand, can identify how the 

average E2 gamma-energy <E^*^ of unrelated cascades increases with 

increasing total spin, measuring in this way of eq.(8) and

henee <Jerf
Figure 14 illustrates this difference between a coincidence and a 

sigle measurement.

The two types of measurements could eventually lead to the same 

experimental result. In a way one should expect that, The gamma-ray

cascades sample the "band" structure over a considerable energy interval
(

above the yrast line, where the level density for a given spin valué 

becomes large. This is the only way of understanding the disappearance 

of discrete lines in the spectra. The persistence of scallop-shaped band 

structures is equivalente to negligible interactions between close-lying 

bands of varying internal excitation. It means that the angular 

momentum, i, contributed by the (aligned) partióles will remain constant 

within the excited band segment. One may question whether such a

- 199-



separation of the motion is realistic in a región of close-lying levels, 

compare figure 15.
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ANGULAR MOMENTUM.I

Figure J4:

Schematic illustration of multiband structures in 
the continuum región. Gamma cascades proceed step- 
wise along the strongly curved segmenta. This is 
the operational definition of a segment, or band.
A gamma-gamma coinciderice measurement will be 
sensitive to the increments in gamma-ray energy 
along the segmerts. If they all have (nearly) the 
same curvatures, the incremeuts will everywhere be 
(near]y) the same, compare fig.18 . A measurement 
of nor-concident gamma-rays connecting states of 
spin J with stat;es of spin 1-2 will give a broad 
spectrum of transition energies, but the average 
energy will correspond closely to the slope of the 
envelope representing the yrast line. This slope 
can be chenge in slope measures the curvature of 
the yrast line, cf. fig.l7.
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Figure 15:

Two different hipotheses for band structures in 
the energy región above the yrast line. This 
energy región is defined as the región actually 
sampled in the gamma de-excitation process, fig.7. 
The absence of discrete lines in the spectra 
indicates that this región must at least comprise 
twenty bands, possibly thousands.

1. Singles measurementes

The total energy of the complete gamma cascades can be measured by

placing the target in the center of a large Nal crystal, leaving a small

hole to recorá the probability of hitting another Nal-detector, placed

some distance away, simultaneously. This probability increases the

larger the number of gamma-rays in the cascade is, and thus measures the
21)gamma-ray multiplicity, M^. Not surprisingly, one finds that the 

higher the total energy release of the cascade, the larger the 

multiplicity, figure 16.
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Figure 16:

Top: tota;̂ 2¿jSum ̂ ^pectrum of gamma-rays emitted 
after the Sn+ Ar reaction. Below: multiplicity 
of the gamma cascades measured as a functlon of 
the total sum energy above, ref.21).

Figure 17 shows the shapes of the spectra for four valúes of the

energy and henee multiplicity. The three differences, (fig.l7 below),

show the gamma-rays of a rather well defined energy  ̂̂  are added to

the spectrum when the multiplicity is increased. And this energy grows 

with increasing angular momentum of the system as measured by . The 

added gamma-rays have all the characteristics of
f

stretched
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E2-transitions and henee A < E p  of eq.(8) is just

The resulting vaiue of is 150 MeV which is very

cióse to the rigid moment of inertia.

Figure 17:

Top: number of gamma transitions per 200 keV per 
event for consecutive 4 MeV wide slices of the 
total sum spectrum shown on top of fig.l6. Bottom: 
the difference E between consecutive gamma-ray 
spectra above, ref.21).

2 . Coincidence Measurements

Two Ge(Li) detectors recording gamma-emission from a heavy-ion 

reaction will detect gamma-rays, belonging to individual cascades. If 

these are rotational, one will,. for a selected energy in one detector,



find coincident lines in the other detector at higher and lower energy, 

but not at the same energy, figure 18. The coincident lines will lie at 

characteristic distances, n(AE^), from the selected energy, with 

n=l,2,.,. . I f a n d  henee the collective moments of inertia are not 

too different for various bands, the two-dimensional gamma-gamma 

coincidences of all possible cascades along bands will exhibit a 

characteristic intensity pattern. This is shown on figure 19.
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Figure 18:

(a) The evenly spaced lines in 
a singles spectrum of tran- 
sition along an idealized ro- 
tational band. (b) The spec­
trum observed in coincidence 
in counter 2 with a gate on 
the line I in counter 1. (c) 
Same as (b) but for the case 
of three rotational bands with 
slightfully differing^^oments 
of inertia, from ref.
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Figure 19:

Experimentally determined two-dimensional
correlation spectrum of gamma-gamma coincidences

xn)
23)

124 40from the reaction Sn( Ar,xn) at 185 MeV,
recorded with Ge(Li) detectors

Along the diagonal there will be a valley, and parallel to this one 

each side there will be one or several ridges. The widths of the valley 

is a measure of 2^AE^> • It can be traced as a function of E^being 

equal to 2huj . Projecting the coincidence frequencies along three



different lines perpendicular to the valley gives the result shown on

figure 20. The valley and a repetititve system of ridges are clearly

sean up to ganma-energies of 1200 keV. And the valúes for the collective

moment of inertia that can be read from fig. 20 are clearly seen up to

gamma-energies of 1200 keV. And the valúes for the collective moment of

inertia that can be read from fig. 20 are clearly smaller than the
-1
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effective moment of inertia, 150 MeV 

measurements described above (subsect. 1).

found from the singles

Figure 20:

Projections perpendicular to the 
diagonal valley on fig.19 for 
three slices of gamma-ray 
energies as indicated on the 
figure. The average gamma-ray 
energy of each slice has been 
converted to an average valué of 
the angular momentum, using eq.(7)
and a valué of 150 MeV  ̂ for
. 2 - 23)/ á’gff/h , ref.

Ev,-Ev. (keV)



3. Two moments of Inertia

From fig.l4 it should be clear that the average slope of the 

individual bands is approximately identical to the slope of the yrast 

envelope, when measured at a given valué of the total angular momentum 

I. It is the curvatures that differ. The slope is measured by the 

transítion energy, E , and the approximate equality of slope allows one 

to identify of eq.(A) with ¿E|^ of eq.(7). This leads to
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I-i ■’coll
I ef f

From this and the widths of the valley, fig.20 table 1 can be

constructed. The experimental resulta summarized in the table clearly

demónstrate that even in the continuum región the gamma cascades follow
23)bands that are more curved than the yrast Une itself . Thus the

situation described on the left hand side of fig.l5 appears to prevail.

Whatever the reason, the cióse lying bands above the yrast line do not

mix strongly. So even in a moderately hot, rapidly rotating nucleus

there remains a separation of the motion into a collective component and

a component due to the aligned partióle motion plus in addition a

component describing other internal excitations. For each band, the

intrinsically excited configuration including the aligned part reamins

constant, while the rotating core slows down under emission of

collective E2 quanta. The moment of inertia this core

rotatlon is smaller than the rigid moment of inertia ( tends

to decrease as more particles align. This presumably reflects that the

aligned particles cannot contribute to the inertia of the rotating core,
23)see also ref.



A. Shell model nuclei. 1A7
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Gd

There is a very recent result, obtained by the Chalk River
24)group , that demonstrates the predicted transition from a spherical to

an óblate shape quite unabiguously. This group has succeeded in
147measuring the quadrupole moraent of a 9 MeV, 600 ns isomer in

with an assumed spin valué equal to 49/2. The result, 3 barns, indicates

an óblate deformation with£= -0.2 .

Figure 21 shows how the analysis is made. Alignment of five valence 

partióles in a strictly spherical potential leads to a quadrupole moment 

of at most 1.5 barns unless the core itself is assumed to be polarized 

into an óblate shape by the aligned partióles.

I = i9/2

CORE A L IG N E D

V A L E N C E

PARTIDLES

OBLATE SHAPE  

(w ith  polarized core)

Def.
€ Q uadrupole Moment b a rn s

0 0 + 15 = 1.5

0.2 1.5 ♦ 1.5 = 3.0

Exp. 3.0

Figure 21:

Summary of the measurement of the quadrupole
147

m o m e n t  of an i s o m e r i c  S t a t e  i n  Ge, and 
i n t e r p r e t a t i o n .
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Table 1:

124^ 40, Sn + Ar ^^^Er(x,n); E(^^Ar) = 185 MeV

h ■̂ coll ^eff
MeV I « -1 Mev MeV~^ i

.400 25 h (130) 150 (4) ti

.470 35 1 110 It 10

.600 45 t. 95 tf 17

IV. SHAPE CHANCES

Recent experiments have added much to the understanding of how a 

quantified ferraion system actually absorba angular momentum most 

economically, and how it radiates. Invariably, the structure aspects 

associated with partióle states near the Fermi surface are playing a 

prominent role.

According to fig.l one should also expect major shape changes to 

occur; and as fig.2 indicates, an interplay of average trends and shell 

effects is anticipated.
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B. Deformed nuclei

On figure 22 the mecisured effective moments of inertia for Er 

nuclei are compared with the prediction of a rigidly rotating liquid 

drop. The slight increase with rotation frequency conforms qualitatively 

with the expected trend. It has not so far been possible to push the 

experiments into the región where very dramatic shape changes are 

expected (super-backbending).

3 2 0  
2 8 0  
2 4 0  

§  200

Rotating liquid drop

(\j

S  120 
8 0
4 0
O

V 2 Í 1
24

•<•^0 22 
1 4 .

•12
170 MeV 

^  185 MeV 
^  192 MeV

-I_I_i_L_i_
o 0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 0.72

liV(MeV^)

Figure 22:

Plot of effective moments of inertia as a funciion
of the square of the (average) core rotation

23) Dashed line indicates thefrequency, ref.‘ 
rotating liquid drop predictíons according to 
ref.^\ cf. also fig.l .

According to theory, some prolate nuclei should have a tendency to 

become óblate -going through triaxial shapes as shown in fig. 2. 

Rotational alignment is potentially a mechanism for this shape change, 

see figure 23.
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R

m

PROLATE 
CORE

ALIGNED
PARTIOLES

TRIAXIAL
SHAPE?

Figure 23:

Rotational alignment may produce triaxial sbapes.

The aJigned partióles are approximate eigenstatej; of j and 

therefore axially syir.raetric with repect to the rotation axis, x. The 

core, on the other hand, is axially syminetric with respect to the 

z-axis. Superposition of these two coinponents leads to a triaxial 

system. Whether or not the aligned partióles are able to polarize the 

core suffic.Lently to produce a physically signifcant effcct, is one of 

the many excitint; questions that still remain open.

C. Shapes and shells

The study of the effect of shell structure on the shape changes 

induced by rotation is another cuestión that future experiments will



have to answer. Considering the wealth of ingenious, new techniques that 

continúes to appear, there seems to be very good prospects for decisiye 

advances tov/ards this goal in the near future.
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ON THE QUANTUM MECHANICS OF DIC 

A TROPICAL RHAPSODY ON NORTHERN THEMES^*^

A.F.R. de Toledo Fiza

Instituto de Física, Universidad de Sao Paulo
C.P. 20516, 01000 Sao Paulo, S.P., Brasil

During the last decade an important and, to a large extent unantici-

pated new facet became incorporated to the explored aspects of the

dynamics of nuclear systems. This carne about through experimental investi-

gation, and later through theoretical studies of the so called Deep
(Rl)Inelastic Collisions (DIC) between heavy ions . The capturing point 

was the Identification of aspects of such collisions that are strongly 

suggestive of diffusion or relaxation-like processes (correlations 

between Q-value and preferred scattering angle, interpretations in tenns 

of a "collisions time" related to the preferred scattering angle and 

behavior of distributions of final state djmamical variables as functions 

of such a "collision time", for instance). This led to a branch of theore­

tical investigations centered on the use of transport-like (irreversible) 

dynamical equations and on methods akin to those of non-equilibrium 

statistical mechanism. These equations t3rpically describe the diffusion- 

like time evolution of probability distributions associated with relevant

(*) Rhapsody: 1- A short epic poem, or a portion of a longer epic, 
recited by a rhapsodist at one time.

2- A confused or disconnected series of sentences or 
statements, composed under excitement, and without 
dependence or natural connection; a confused or 
rambling composition.

3- In music, a composition of irregular form and in the 
style of an improvisation.
(Webester’s New Twentieth Century Dictionary)



observable quantities, a circunstance that readily poses the problem of

their connection with an ultímate, underlying quantum mechanxcal evolution

with different general properties. The introduction of coarse-grained

descriptions can, eventually, bridge the gap^^^\ but it should be borne

in mind that this will only lead generally to properly irreversible

behavior provided the underlying, reversible dynamics has adequate 
(N2 R2)mixing properties * . This point appears not to have been sufficiently

emphasized, may be due to the circunstance that reasonable, albeit

mixing-nonspecific randomness assumption have readily given rise to

acceptable transport-type equations through coarse - graining procedures.

Besides this "statistical" branch, however, a different line of ap-

proach to the DIC developed from more standard approaches to the physics

of nuclear structure, in which the "irreversibility" aspects of these

phenomena are considerably de-emphasized. It contains both the Time-

Dependent Hartree-Fock (TDHF) description of the collision of heavy 
ÍR3)ions and the so called Coherent Surface Excitation Model (CSM) of 

heavy ion reactions^^^\ The TDHF uses a single determinant to describe 

the State of the colliding systems at all times. As this constraint is 

incompatible with the characteristic linear structure of quantum mechanical 

phaseapaces ("super-position principie"),but still allows for enough 

structure for a classical phase-space (symplectic structure on the 

complex Grassman manifold), one gets a hybrid theory with a strong 

classical flavor and plagued with interpretation problems some of which 

may yet turn out to be quite revealing when properly understood (e.g. 

interfragment correlations in final states). The CSM, on the other hand, 

makes deliberate use of classical dynamical equations both for the 

relative motion of the colliding fragments and for the considered "intrin- 

sic" degrees of freedom, which are taken to be nuclear fields (possibly 

damped) known, from nuclear structure studxes, to be endowed with strong
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coherence properties. The model has been also provided with a statistical 

annex to describe masa (and the assocxated moffientua) transfer through 

the use of proximity ideas. A crucial point deserving special emphasis, 

however, is that correlated quantum fluctuations of intrinsic and scat- 

tering degrees of freedom in the final State have been found to be an 

essential ingredient for the proper interpretation of the (classical) 

dynamical results^^^\

- 219 -

Let US pause here for a slightly more technical recollection of 

this point.If one treats the intrinsic collective fields quantum-mechani- 

cally, still keeping the classical treatment of the relative motion, one 

finds that, provided the coupling of relative motion to the harmonic 

fields is linear in the latter, and provided they are initially in their 

ground state, they are driven by the time-dependent interaction due to 

the relative motion (any relative motion) into coherent states of the 

form
.  m \ i c ¿  

i i >  = e  ^  l o >

where the c-number complex amplitude I(t) is given in temis of a time 

integral of the time-dependent interaction f(t) :

>[w '
w being the oscilator frequency of the field, The same result has been 

obtained in a different context via the more abstruse technique of look- 

ing for saddles^^^ of path integral representation of the inclusive 

effective propagator for relative moticn, when the latter is duly stuffed 

with the appropriate fully quantal influence functionals for the linearly 

coupled harmonic fields and it contains an inconsistency which appears



to be typical of such. mixtures of classical and quantum mechanics in a 

single game: the mean square fluctuation of the total energy is not con- 

served in such partly-classical dynamical schemes, so that energy conser- 

vation (appart from damping effectsl) holds only "on the average"^^^\ 

This actually comes about in a very natural way, vhich can be described 

as follows. Being described in classical terms, relative motion takes 

place along a trajectory and with a prescribed time dependence; relative 

kinetic energy is therefore a well defined quantity at any time (forget 

mass transfer, for simplicityl). This classical motion, however, genera- 

tes a time-dependent "external" forcé acting on the intrinsic (quantum!) 

system that is thereby uñitárily driven away from its initial state, say 

one of its "free" eigenstates. This external driving will then, in gene­

ral, change the (quantum) dispersión of intrinsic energy which can beco- 

me quite large and eventually freezes once the collision process is 

completed.

One may also, perhaps instructively, consider the classical relative 

motion as a "classical limit" of some wave-packet motion. In doing so, 

however, one realizes that the partly-classical treatment corresponds to 

a factorized ansatz for the complete amplitude in a relative motion fac­

tor and an intrinsic factor. From this point of view one may consider
CR6)this type of treatment as envolving a "mean field approximation" 

of sorts, namely one which will specifically rule out correlations 

between intrinsic and collective degrees of freedom^^^^.

Now, it is through correlations of precisely this sort that such a 

general requirement as detailed energy conservation can be properly ins- 

talled in the theory^^^^. The CSM copes with this problem within the 

bounds of a fully classical treatment, by introducing a dispersión in 

the initial conditions of the Cclassical) intrinsic modes to stand for 

the quantum fluctuations inherent to their ultimately quantum constitu-
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tion, an approach which is strongly reminiscent of semi-classical treat-

ments of inelastic collision processes which are popular among che-
. ^(N7,R7) mist ’ .
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We may, however, take a different turn at this point and consider 

what are the devices through which a fully quantvun treatment of the 

collision copes with these matters. A reasonable enough description of 

the initial State (for a time-dependent description) can be written as

This is a factorized puré State displaying a definite intrinsic factor 

j a n d  a pre-collision couple of wave-packets centered a distance r^ 

appart and with relative mean momentum . An explicit representation 

for the intrinsic factor will not be needed here. While the description 

of the pre-collision set-up by a puré state is strictly speaking unrea- 

listic due to incoherent inhomogeneities of the beam, statistical fluc- 

tuations of the initial state take place within energy intervals which 

are negligible in view of the order of magnitude of collision times.

This is therefore a negligible ingredient from the point of view of the 

final product distributions.

Now let this State evolve unitarily through the hamiltonian H =

. The action of the interaction term will "desseparate" 

the State of the syscem, i.e., will destroy the factorized form through 

the establishement of correlations involving r and intrinsic variables.

A convenient way of writing the state is then (Schrodinger decoraposi- 

tion)««

<7jt> = < r \ i - Z  ftrv W 1 Iv, to><7 \ U,ct^>
"YV



where <I (t) |l ,(t)> =6 , , <U Ct) lu , (t)> == 6 , and phases can n n nn n a  nn
be arranged so that the A^(t) are always real. In this representation, 

the interaction of r and intrinsic variables appears as a dependence of 

the on time, as shown by the evolution law
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1 -nv 2  < c e I H 1 1 ^ Í H c„W >
rt

which gives A^=0 wben (R9). While being rather peculiar from many

points of view, this representation has the nice features of explicitely 

displaying both the minimal fórm of correlations between intrinsic and 

relative degrees of freedom and the maximal coherence of each subsystem 

when considered separately. This information is contained in the decom- 

position into doubly orthogonal tenas n and in each of the normalized 

states |l^(t)>, lu^Ct)> respectively. Having in mind specifically a 

scattering situation in which, for simplicity, only inelastic channels 

are taken into account (i.e., all channels are defined by the vanishing 

of the interaction term of H) (N8), it is easy to verify that, for 

large enough times, the intrinsic energy fluctuation in each of the 

|I^(t-H»)^can eventually be made to vanish, i.e., each term of <r|t-x»> 

can eventually becorae associated with a definite channel. This comes 

about through the vanishing of the overlaps between relative motion 

wave-packets in the standard channel decomposition of -<rlt> through the 

spatial separation of packets having different inelasticities. This, in 

fact, makes the channel decomposition identical with the Schrodinger 

decomposition. The complete overall quantum coherence of { t> is of 

course guaranteed, together with detailed energy conservation requirements, 

which result obviously in the intrinsic-relative motion correlations.

If one now wishes to concéntrate on observables pertaining to rela-
2tive motion alone (such as d a/dE dí2 , for instance), the relevant 

information is contained in



r  [ < r \l>  <-tí'?>] .  Z  AÍ, Ití < f  IU ,lttXU »(rl I c>Ti
which represents a statistical mixture of orthonomal states with proba- 

2bilities . Similarly, the state of the intrinsic subsystem is given 

by the mixture

21 ll-n(t')><Iv, (t) 1
r vu

2where the same weights A appear. The time-dependence of the weights isn
caused by the interaction term V-jj. of the hamiltonian H, the asymptotic 

decoupling of and H-r in a scattering situation leading eventually 

for their stabilization, as well as of the states U > and I > .
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n n

We may now use these diverse elementa in order to set up a conceptual

scheme form which to approach the physics underlying the DIC, and the

apparent irreversibility taking place in these processes in particular.

As a first point, we see that as far as observations done on a given sub-
2system are concerned (such as d o/dEdfi), the system behaves as a statisti-

2cal mixture governed by weights (such as A^(t)) but can still show 

coherence properties governed by the factor states (such as <r U^(t)>). 

Thus the properties of this statistical mixture depend not only on the 

dynamical properties as given by the hamiltonian H but also on the 

particular subsystem which is brought into focus in the observation.

This means that we can produce, in principie, a large, potential multi- 

formity of mixtures out of a given completely coherent state, correspond- 

ing to different subsystem decompositions of the system as a whole, The 

ideal "a priori" symmetry of different decompositions is distorted, 

however, when one finds oneself restricted to observations that are not



just ideal but actually carried out in practice. Tliat this is not just a 

very prosaic and incidental type cf constraint is illustrated by the 

fact that similar restrictions are also involyed as a basic ingredient 

in dynamical analyses of quantum measureaents , where they ultimately 

dispose with certain correlations given by the unitary dynamical law of 

qnantum mechanics. A tertain parallelism, therefore, suggest itself 

between the observed entropy generation in DIC and that which accompanies 

quantum measurements in general.

In the case of DIC one should expect any observability constraints

to be related a) to the nature of the degrees of freedom in terms of

which the asymptotic decoupling that results for the unbound character

of the system undergoing the collision is naturally expressed (i.e.,
2giving asymptotically stationary probabilities in the associated 

Schrodinger decomposition of the state vector) and b) to the occurrence 

of semiclassical regimes in association with the degrees of freedom 

distinguished in a given Schrodinger decomposition. To the extent that 

one considers just asjnnptotic measurements (cross sections), the SchrBdin- 

ger decomposition will eventually coincide with the channel decomposition 

of the State vector, and statement a) expresses the difficulty of implement- 

ing observables detecting correlation terms (interference effects) 

involving different physical channels. Excluding such observables, the 

relevant information will be given essentially by the asymptotic valúes 

of the (t) and by the relative motion states , and contained

in the reduced density matrix tr^ {<r [t;><tlr’>} having these objects as 

ingredients. To the extent that a transport theory (such as that of 

Weidenmuller^^^) gives a good deacription of this quantity, it implies 

that the final reduced density matrix can be linked to initial conditions 

by means of an "effectiye" irreversible dynamical law. The validity of 

the results given by such a dynamical law at jntermediate times, of 

course, remains untested. Such validity would be associated with a
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transport type (master) equation for the time evolution of 

tr̂ ., {<r[txt[r’>} at all times. From the point of view of observations 

done OH the corresponding subsystem, then, the process could be des- 

cribed as an "approach to equilibrium", and therefore endowed with 

mixing properties, as mentioned earlier. These mixing properties, how- 

ever, must be again assocxated not only to the dynaraical law for the 

entire system (i. e., to the hamiltonian H) but also to the particular 

decomposition of the system that one considers.

To the extent that the Schrodinger decomposition approaches the 

channel decomposition, the residual coherence present, say, in the 

relative states <r[u^> is trivial, in the sense that it is given just by 

the fom of the initial wave-packet Cassumed to be as narrow as needed 

in momentum space to elimínate distortion effects coming from the energy 

dependence of scattering amplitudes) and by energy conservation (apart 

from the scattering amplitude itself). At finite times, however, correla- 

tions would be nontrivial and related in particular to collective effects 

enegaged by the interaction V̂ .̂. One can also conceive of other Schrodin­

ger type decompositions (i.e., one that singles out some degree of 

freedom other than r, such as the orientation of the principal axes of 

the quadrupole tensor of the system) which could be relevant at finite 

times and fall under an observability criterion such as b) above, Pheno- 

menological regularities scketched at the beginning appear to indicate 

that the corresponding "effective" dynamics of such varied decompositions 

must be intimately interlocked. These coherent effects, conspicuous at 

finite times, are alien to the statistical transport theories. Their 

works, however, preside, albeit in ghostly form, the collision dynamics 

in approaches like TDHF or CSM.
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NI - This xs a comprehensiye refereace to coarse-grained descriptions,
intended to cover not only the approach developed by Ntíremberg (see 
R1 and references cited therein) but also that based on the use oí 
ensembles of random hamiltonians, as developed by Weidenmílller and 
collaborators. Such ensembles are used in statistical theories of 
spectra to describe average properties of stationary states of a 
complex system. In transport theories of nuclear collisions they 
are likewise related to average properties of the intrinsic states. 
Their use in transport theories implies thus some sort of "idea- 
lized" coarse graining, the idealization consisting in the re- 
placement of an actual "coarse sampling" by a judiciously defined 
"dynamical fuzzying". (see also N2).
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N2 - This refers to coarse-grained obsérvation of a system that is
allowed to time-evolve according to its full microscopic dynamical 
law. The "increasing mixing character" of coarse-grained proba- 
bility distributions for DIC under time evolution has been dis- 
cussed in R2 (MCN). This is related there to the bistochastic 
character of the matrix that represents the change in the distri­
butions. It should be noted, however, that bistochasticity does not 
imply dynamical approach to coarse-grained equilibrium without 
other assumptions. If p(t) is the coarse-grained distributions, 
then p(t^) = B(tĵ -tQ>p (t̂ ) and pCt^) = B(t2tg) (tp), both B(t^~ 
tg) and B(t2tQ) being bistochastic matrices defined by the micros­
copic, reversible dynamical law. For t2>t^>tg , however, the rela- 
tion between p and p(tĵ ) is more complicated, and in particular
(t̂ ) can be less mixed than p(t^). (while it is guaranteed that 
both are more mixed than p(tg). This possibility is explicitely 
ruled out by restricting the microscopic dynamical law in the 
appropriate way ("mixing" dynamical law) .



N3 - Part of these correlations manifest themselves in TDHF calculations, 
whicb make no assumption as to the factorizability of the final State 

inte parts correspoñding to each of the final fragments. TDHF 
calculations are however constrained by the overall determinantal 
ansatz, and the detailed effects of this constraint on the possible 
final correlations appears not to have been sufficiently explored.

N4 - Cf. the brief communication made by A.Einstein to the Brazilian Academy 
of Sciences, on the 7th of May of 1925, on experiments done by Geiger 
and BOthe on the idea of "statistical energy conservation" of Bohr, 
Kramers and Slater. A transcription of this communication appears in 
Suplemento Cultural de "O Estado de Sao Paulo", ^(1978)p.3, in an 
article by R.V.Caffarelli on Einstein's visit to Rio de Janeiro.

N5 - The mean field of TDHF is based on an entirely different sort of 
factorization (factorization of the many-body density into one-body 
density factors) whlch does not single out collective and intrinsic 
parts. Correlations between these parts are however allowed, provided 
they are tailored to fit the determinantal constraint (see also N3).

N6 - The need for detailed energy conservation affects also transp«Tt
descriptions, whenever they make use of a classical treatment of the 
degrees of freedom associated with the relative motion of fragments.

N7 - These treatments aim aminly at the calculation of scattering amplitudes 
to definite channels, unlike in the CSM treatment of DIC, which has an 
inclusive character. In the single channel problem, the question of 
energy conservation is taken care of automatically as shwon in detail 
e.g. in Pechukas, Ref. R7. Inclusive treatments as proposed in R5 and R6 
(which follow closely the path marked by Pechukas) involve precisely the 
mixture of classical and quantum mechanics that leads to problems 
regarding detailed energy conservation.

N8 - This can be extended to more complicated cases (e.g., involving
rearangement) at the expense of enough technical complications (e.g.: to 
treat the transference of a group of particles one can analyse the wave 
function in terms of three components associated with the transferred 
group and with initial and final "cores", respectively).
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A NEW TOOL IN NUCLEAR SPECTROSCOPY: PAIR EXCHANGE REACTIONS

In this seminar we explore the possibility of using the reaction between 

heavy ions that exchange a pair of protons by a pair of neutrons as a tool

for spectroscopic studies. The interest has been prompted by the recent
1) 40 14 14 40observation of the reaction Ca( C, O) Ar and the possible specificity

of this process for the excitation of some ellusive collective modes.

For a first estímate we make the simplifying assumption that the

transition operator Q can be written in terms of two partida transfer

operator P. Namely, if the pair transfer operator P is given by

" P , Z , ^ j , t , X U  (O

where X is the pair angular momentum and t labels the type of particle 

(proton or neutrón), the pair exchange operator Q is assumed to be

/lj> (2)

The weighting factors g are characteristic of the two nucleón transfer 

reaction process.

As a simple example of the effects of that process on a heavy nucleus we 

consider the case of a target with one proton pair more and one pair neutrón



less than the closed sheli. The possibie transitions for each kind of 

partióles are schetnatically depicted in figure 1 and correspond to a) [a')] 

the annihilation of a proton [neutrón] pair addition [removal] phonon;

b) [b')] the creation of a particle-hole phonon and c) [c')] the creaction 

of a proton [neutrón] pairing removal [addition] phonon.

The final gtates of the residual nucleus may be any combination of the 

transitions (a), (b) and (c) with (a'), (b') and (c'). It is therefore 

possibie to popúlate i) the ground state of the closed shell system 

((a)+(a')); ii) proton or neutrón pairing two-phonon states 

((c)+(a') or (a)+(c')); iii) proton and neutrón pairing four-phonon states 

((c)+(c')); iv) particle-hole phonon states ((a)+(b') and (b)H-(a')), and 

v) two particle-hole phonon states ((b)+(b')).
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The states around doubly magic nuclei are constructed using as building 

blocks TDA boson creation operators p"''(v,ol ,t ,X), The phonon type is labelled 

by alpha, corresponding a(r) to the addition (removal) pairing phonons and O



to the particle-hole phonon. By convention C =0 for particle-hole phonons. 

Any extra label that may be needed to specify the phonon (i.e. order of the 

TDA root) is indicated by V . The phonon creation operators are expressed 

in terms of fermion creation and annihilation operators.
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(3a)

(3b)

' (V, 0,0, X)  ̂ Z j 0,C,X^\c k) í <̂ Uc.Cv,c] (3c)

for pair addition, pair removal and particle-hole modes respectively. Single 

partióle states above (below) the Fermi energy are denoted by k(h).

We are interested in the two nucleón transfer amplitudes 

T( V, ok',«t, I-( c')>) for trarsitions populating the states lV,tA',c'>X^ from 

initial states |l,«,t.,0> . They can be calculated by means of the operators 

P of eq.(l) which are written in terms of the phonon creaction operators p"*”. 

In particular the transition matrix elements corresponding to the two body 

transfer processes of fig.l result.
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(o.'i T ( v , o . , o , f , A ' ) =  < v , a , t > , A l Z
k:»W

0>

í>.ií

(4a)

>
ía') = <v,r,vi,Xl Z  QÍ kX ■,'nA)

^ Z j X (v,r,n, X > k.Vt) a ( vl,X) (̂ b)
K>v; ^

(b') T(i),o,a, = <v,o,o,X\Z ^íkX,)>,X)
I4 Iv

í n T I Z  ----  X(’V,0,p^A;l¿IL)y 
^ 'IzVw

( Ic i)  T  (v , 0,> r,Y \,X ) = < v , o , o , X l Z  [ c \ ^ C Í ^ ]  \ í , r ' ¡n ,oy
WVl

''■1̂ nÍÜw I

Within the present approxlmation we can símilarly calcúlate the amplitudes 

for the palr exchange transitions. Aside from Q-effects in the two partióle 

transfer and effects due to angular momentum mismatch in the pair exchange 

the matrix elements of the operator can be simply related to the four 

two-body amplitudes (4). If the target nucleus A is represented by a proton 

addition and a neutrón removal phonon (as in fig.l) we obtain the following 

expression for the pair exchange amplitudes relative to the ground state.



Q x I A >  s  

<‘5-5.1 Q . 1 A >  TU.a.Oíb»)
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< QkI A> .
< ‘̂ s. \ Q , 1 A >

,1
<(i.,r,'Y\,o^[CV;Qi>v,A)(tJ,r.^(r)j (ip^,^o) I Q i l  A> a* 

<^.s. l Qo l A>

~T (V ;¿ X ,o ,Y ^ ,  T ( c u , r ,  o, 

TCi,if’.o,>i/o') T{L,a,o,f,o)

A> sr T(v.O;r.v^,Al
T(ljajü;f>/o) TíijY'.o, v),o)

(5)
.T

<  [ üj, o, (tMv, o.o>)\^] l Q x l A >  ^  
< ^ .s . |  C^JA>

£  (|+ -T(/,r,ü,n,o) TlL^o^.Ojp^o)

+ T(v.o,r,n,X)
T{\,a,o,ho) TC),^o,v),o) .

where Qq |A') = T(1 ,a,0,p,0)T(l ,r,0,n,0) .

We now apply the above formalism to the case of pair exchange reactlons
208 208 on a target of Pb leading to states in Pb.

The two particle transfer amplitudes are obtained from the ratios

and ~F(OjÔ )0{ _
'A

( 6 )



We use in (6) the cross sections observed in the región ’ and for protons 

we assume the same ratios as for neutrons. The corresponding valúes are given 

in Table 1.
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2 3)

Table 1

(t.p) (P.t)

T(l,a,o,v);o)

1,a,0,n,0 0.66 1 ,r,0,n,0 1.07

l,a,0,n,2 0.47 1,r,0,n,2 0.47

1,0,r,n,3 0.19 1,0,a,n,3 0.11

l,0,r,n,5 0.26 l,0,a,n,5 0.13

1,0,r,n,2 0.04 l,0,a,n,2 0.16

208The cross sections for populating states in Pb via pair exchange 

reactions (relative to g.s. cross section) are given in Table 2. They are 

obtained using eqs.(5) and Table 1.
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Table 2

Residual State (rs) Ers
(MeV)

dflr /dcr rs gs

(1.0,0,3) 2.61 0.6

(1.0,0,5) 3.20 1.8

(1.0,0,2) 4.08 0.3

(l,a,n,0)(l,r,n,0) 4.86 0.5

[(1,0,0,3)^]^ *5.20 .01
*(l,a,p,0)(l,r,p,0) 5.30 1.9

(l,a,n,2)(l,r,n,0) 5.55+5.80 1.1

[(1,0,0,3)(1,0,0,5)]® 5.81* .08

(l,a,p,2)(l,a,p,0) 6.37* 1.0

[(1,0,0,5)^]^° *6.40 .05
*(l,a,n,0)(l,r,n,0)(l,a,p,0)(l,r,p,0) 10.16 1.0

The asterisks denote estimated valúes of the excitation energy.

The present rough estímate confirms the possibility of populating the 

proton pairing vibrational states (5.30 MeV, 6.37 MeV) as well as the neutrón 

pairing states (4.86 MeV, 5.50 MeV). The situation is not so promising 

concerning the double octupole states (5.20 MeV), unless the angular momentum 

mismatch would favour by a large factor the population of a 1=6 state 

relative to lower I states. However, other particle-hole states with I;>5



which have been observed^^ in the vicinity of 5 MeV can provide a serious

background. Similarly, it is doubtful that the four-phonon State (10.16 MeV)
4)(which is similar to the alpha-vibration State) has more chances of being 

found with the pair exchange reactions than with the Hg^^^ (t,p) reaction^\ 

Both processes are equally favoured from the point of view of the parentage.
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DEPENDENCE OF ENERGY LOSS OF HEAVY lONS ON THE 

NUMBER OF THE STOPPING MEDITJ>I

M.N.Rao

Instituto de Física, Universidade de Sao Paulo 
Sao Paulo, Brasil

The periodic structure observed in the stopping cross sections for 

alpha-particles as a function of the nuclear charge of the stopping 

médium has been understood quantitatively by target atomic shell effects, 

which give rise to a variation of the mean ionization potential. Starting 

from Hartree-Fock-Slater atomic wave functions, the ionic charge distribu- 

tions are calculated taking into account the specific shell structure of 

the target atom. The stopping cross sections are obtained using Lindhard's 

statistical approach and agree fairly well with data.

The situation becomes much less clear for the stopping of heavier 

ions. While experimental data are largely limited to proyectiles with 

nuclear charge Z>40, theoretical descriptions of the stopping power for 

heavy ions are exceedingly complicated by the fact that the charge of 

the ions can continuously change during their passage through the target 

and the target electronic orbitals are strongly perturbed.

In measurements of nuclear gamma-ray lifetimes by the Doppler Shift 

Attennuation (DSA) technique, the amount of the shift depends both on 

the lifetime of the excited State and the rate of slowing down of the 

recoil. Thus a good knowledge of the stopping mechanism of heavy ions 

becomes important, as factors, such as the finite size of the target 

atoms and the appropriate effective charge, which influence the stopping 

mechanism can significantly affect the measured lifetimes.

We have measured the stopping powers of Ag ions at low velocities 

(g *v 1%) using a method described by Shane and Seaman^\ An ^^0 beam of
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30-55 MeV was used to produce Coulomb excited target nuclei in flight. 

The Doppler shifted energy of the gamma-rays emitted in the decay of the 

nuclear State is used to measure the ion velocity, after passing through 

the stopping material and losing a fraction of its initial recoil energy. 

Beam proyectiles scattered in the backward direction and detected in 

coincidence with the gamma-rays select target ions recoiling in a cone 

near O® (figure 1).
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EXPERIMENTAL ARRANGEMENT

BEAM

TANTALUM BEAM 
STOPPER

ANNULAR
DETECTOR

STOPPER 
FOIL

Ge(Li) DETECTOR

Figure 1

A number of precautions were taken to avoid systenjatic errors in 

the measurements. A small amount of Ag deposited by evaporation on a Ta 

stopper enables the observations of the stopped gamma-ray simultaneously 

with the shifted one, as also the calibration gamma-ray from the 

Coulomb excited Ta. We also introduce in the coincidence spectra gamma-



rays with energies in the región of intereat using standard radioactive 

sources.

A Computer program DELMAX xs used to calcúlate the tnaYirnnn shift 

possible corrected for the geometry and the target thickness. The results 

of this calculation were yerified by actual measurenjents of the maximun 

ahift by allowing the Ag to recoil into vacuum. This enables the initial 

velocity of the Ag ions to be found and thus the energy loss 4.E of the 

ions in passing through the stopper foil is calculatéd. The thickness of 

the foil is measured by i) veighing , ii) alpha-gauge measurements , 

and iii) Rutherford backacattering technique.

Since in the low recoil velocity región dE/dx may be highly non- 

linear with E, and the energy loss E is a large fraction of the initial 

recoil energy, we use the folloving procedure to extract dE(E)/dx from 

the measured

One writes, following the theoretical approach of Lindhard, Scharff 

and Schiott (LSS)^^

^ vo e? C.B) + 
a.x i

where S(E) is the nuclear stopping power. We vary (»y,p) cióse to the LSS 

valúes (1̂ =1; p=0,5) and determine k' such that the equation

A x  = (v̂  ó Ce')

is satisfied. We arrive at a valué for the dE(E)/dx at an energy E, by 

selecting dE(dx) at an energy such that different functions based on k' 

and (î ,p) give a minimum spread ( 1%) in valúes for dE/dx.

We have so far measured dE/dx of Ag ions in foils of V, Fe, Ni, Zr 

and Pd, each at 4 different initial recoil velocities. Typical E valúes 

are around 100 keV/amu. Figure 2 shows a typical measurement of Ag in 

Zr.
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In the absence of a knowledge of the effective charge of the recoi- 

ling ions theoretical calculations assume the ion to be fully stripped 

(the so-called high-energy limit) and the effective charge is defined by 

the relation

4̂-lieovy

3)In the theoretical approaches to the problem one defines a simplified 

stopping function ignoring any dynamic interaction of the target on the 

ion, as

where S is the stopping power and P is a function of the ion properties 

only ( O is the dynamic charge distributions of the ion and V its
^17
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velocity) and T is a function of the charge distributions and the

ion velocity. With this definition of the simplified stopping function, 

the stopping is primarily dependent on individual ion and target charge 

distributions and not on the dynamic details of the ion-target inter- 

action. If one can approximate the function P, the stopping of any ion 

can be predicted, if one knows the stopping of any other ion (protons, 

for example), in the same material, at the same velocity. By such a 

comparison one has:

& n t  - ^  > V )

6 ,  ' - P ( 2 Í , V )

3)Using Ziegler*s empirical analytic representation for the ratio on the 

right han side (obtained from 127 HI- target combinations) we obtain the 

solid curve in fig. 3 for the stopping of Ag ions as a function of Z2

The experimental data are also shown in the figure.



We propose to extend the measurements to other between 13 and

50 An experiment is planned using a similar technique to study the 

energy loss of a heavy ion in a target of the same element as the ion 

(Ag in Ag, for example). Such measurements may yield valuable information 

for the interpretation of thick target DSAM data on nuclear lifetimes.

This work was performed in collaboration with Mr. R.V.Ribas and Dr. 

W.A. Seale, and was partially supported by CNPq.
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SCHRODINGER DAMPING OF COLLECTIVE MOTION

S.Hernández
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In this talk I will review same aspects of general theory of time- 

evolution of open systems, discuss some applications to nuclear physics 

and report part of our research in collaboration with B.Remaud from Uni- 

versity of Nantes in France and C.Dorso from Universidad de Buenos 

Aires. We observe that the main featurea of heavy ion collisions in the 

deep inelastic regime consist of a) a large energy transfer from relative 

to intrinsic motion, probably via de excitation of some dorway states 

and b) the appearance of convection and transport processes, as evidenced 

by a moderate charge and mass exchange between the collision partners. 

From a many-body system point of view, the source for transport processes 

and relaxation towards thermal equilibrium is the two-body interaction 

V _, whose existence fixes the microscopio length and time scale. .

The characteristic scales for an interacting many body system are 

(Vp being an average velocity, like the Fermi velocity in the nuclear

matter case).

Microscopio

Micro-macro

Macroscopic

Length

Interaction range 

Mean free path
í -  //(Tk

Length of yariation 
of macroscopic 
magnitudes

Time

Collision time

Relaxation time

Hydrodinamic
time



One generally speaks of Markovian procegges whenever , and

the evolution is aaid to take place in a hidrodynamic reginje if .

Now, some collective modes in nuclear systems associated with charge 

transfer (giant dipole resonance in spherical nuclei and charge asymmetry 

relaxation in DIC) possess a typical wavelength. of the order of the 

nuclear radius, the hydrodynamic time (time that a particle travelling 

with the mean velocity needs to travel through the inhomogeneity) being 

of the order of . In addition, the period of such modes is comparable 

to Consequently a hydrodynamic description of the damping of these 

modes could be inadequate and one is tempted to go back to the micros­

copio origin of fluid equations, to search foa a better approach. We 

then consider the evolution of the density operator of a nucleus, as 

given by the SchrHdinger - von Neumann equation.
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( I )

with solution
-i Lt

(2)

with

L =  [w, 3 (3)

Assume now that one can decompose p as

(4)

where depends upon the coordinates of interest (the collective ones) 

and depends upon the irrelevant (intrinsic variables) and contains 

the coupling between the distinct degrees of freedom. The separation of 

irrelevant variables through projection techniques^ gives rise to a 

mastér equation or propagation equation for the vacuum ,



i iv „ L o f i* flóv term (free propagation)
a t ■ *

+ r ( de Cóllisión tena Cexhxbits the
Jp laemory effects)

+ Uoc. 9 (o) Própagatíon of thé iiiítial
correlations

In the markovian case (t^ «  t^), i.e; when a good separation of 

time scales is available, one could find an asymptotic regime for , 

valid for < t < , described by a kiiietíc equation.

i't'tiL- Lo ?oCa f d r  (t)

 ̂e  (ti
where the effective generator of evolution or kinetic operator 6 is 

nonhermitian and satisfies the nonlinear integral equation,
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0  s L o  + i j d e  ^ i t )  (6)
O

As an application of this general theory, a nuclear collective mode 

described by would evolve in time as indicated by the master or the 

kinetic equation, keeping its coherence, while the correlation density

describes the fluctuations upon the coherent motion associated with 

single particle (s.p.) diffusion. This picture could be valid for low 

frequency modes, like relative motion or mass transfer in DIC, but 

charge oscillation modes deserve a detailed treatment, since a kinetic 

model is of dubious application in view of the overlapping characteristic 

time scales. One could choose the following altemative ; 

a) do not look for a kinetic equation; solve instead the master equation 

and, b) look for a Schrodinger - type of evolution, i.e; consider

namely a puré State. This ought to be considered as a simplify-
0

ing assumption valid for rather low temperature as compared with the 

eigenfrequency of the mode under consideration for example, consider



that typical temperaturea reached in DIC do not exceed 2 to 3 >JeV, while 

a typical quantian of dipole excitation is about 15 MeV for médium to 

heavy nuclei.

Under hypothesis a) and b) we face the problem of propagation of

puré states in a dissipative field, an ancient subject in Quantum Mecha-
8)nics that so far has been approached from several viewpoints . We rule

9)
out those attempts of quantizing claasical damped motion as well as 

heuristic considerations for the invention of frictional Hamiltonians^^^ 

and summarize the state of the problem as follows, paying special consi- 

deration to the damped harmonic oscillator case, with unperturbed Hamil- 

tonian
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Z Zr/K. (7)

K0STIN-SCHRÓDIN6ER



The Kostin-Schrtídinger equation possess some of the features to be

desired from a dissipative equation, except for a serious drawback; it

does not damp almost any initial condition. Rather, it posseses at least

two basis of stationary-like solutions, namely the gauasons^^^ (similar
12)to the oscillator eigenfunctions) and the breathitig coherent states 

(similar to the Glauber coherent states). Our present approach consists 

of utilizing the projection technique for the derivation of the master 

equation for an open system, actually an oscillator coupled to a dis­

sipative environment, that represents a nuclear collective mode coupled 

to the intrinsic degrees of freedom. Considering a total Hamiltonian,

where S stands for system and R for reservoir, and a decomposition

p(t) = Pg(t)

where 9 is a reference state for the heat reservoir, one realizes that 
-*R,

the vacuum Pq Í̂ ) = Pr extracted out of p(t) with the

projection operator

P .  (10)

Letting Q = 1 - P and with the notation = PLP, = PLQ, etc., one 

can write for the SchrBdinger - von Neumann equation the two components,

Loo^^ + Loc?^ (lia)

i'ti é I p  ̂ L  p Je.
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Integration of (11b) and subtitution into (lia) gives
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-.IcctA (12)

with T p^(t) = p (t), we find a reduced master equation, 
K. U S

b -
(13)

with the collision operator,

i  H e (14)

We now look for solutions p^= |s><s| or pg = pg (puré states)

following the lines;

a) multiply by p on the left and on the right using the rules
pg A Pg = <A>Pg ; b) Add up and get

¿t e = ( L s * L „ )  eU

c) use P g =  p| ;

(15)

¿ k ^  . ( U < - L a s ) f ,
3 t

d) inquire whether

(16)

(17)

If this happens, the evolution equation is

¿ i i j  = (18)



or equivalently

¿ K  1, lS> - "X 16> (19)
3-b

with

(20)

a non hermitian operator.

The existence condition for W can be seen to be

q Ht :  Hx (21)

or P Ht Z o , indicating that the integration tinjes (of the order of the 

mean life of the collisión kernel, x̂ ) ought to be short compared to the 

characteristic time of P H. In this case,^ is the solution of a non- 

linear integral equation,

^  = U<. t  -
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(22)

In particular, the weak (H=Hg+Hĵ ) - plus-linear (Hĵ g=Arĵ (Xĵ )x) 

coupling approximation gives a frictional potential

W  o c l ^ I )  X.^ = <23)

where
oo  

1 >= ] d z  r  T Í O  <“ )
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1. Introduction

3 +Change-exchange reactions, such as (p,n), ( He,t), (jf etc., and

the corresponding charge conjúgate processes, are very interesting for 

various reasons:

i) They provide an excellent tool to probe the nucleus with respect to 

the isospin dependent terms of the nuclear residual interaction. In 

particular, it has served as a tool to study the role of Jj'- 

and f’-exchanges in generating spin-isospin dependent forces and on the 

importance of the isobar A  in low-energy nuclear processes.

11) From the theoretical point of view, they have many features is common 

with the beta-decay processes and the charge-exchange gairana-decays.

iii) There is a great variety of charge-exchange vibrational fields which 

can be experimentaly investigated in many nuclei.

iv) The nuclear photoresonances and the giant magnetic resonances can be 

seen in a wider perspective when they are recognized as a single 

component of an isovector mode, whose additional components represent 

the charge-exchange modes.



The quantum numbers it has always that are associated to the nuclear 

modas of excitation are determined by the symmetries of the fields that 

give rise to them. The collective vibrations are by non means and 

exception. These may be classified according to the properties of the 

spatial, spin and isospin parts of the specific operator
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2. Classification of the vibrational fields

A
(1)

where the spin and isospin dependence are contained, respectively, in

1 J»o (non-spin-flip) 

cr̂ l (spin-flip)

i i (isoscalar)

Z.J, r»! (isovector)

The quantum numbers X ,<r, A, t and stand; respectively, for the orbital 

angular momnetum, the spin, the total angular momentum (a=X+'’“) , the isospin 

and the third component of the isospin carried by the excitation. For 

example,^ =0 corresponds to isoscalar excitations; 2. =1 corresponds to 

isovector excitations; when 0“ =i there are spin-flip processes, etc. The 

parity of the vibrational quanta is determined by the orbital multipole 

order
yC

T í = C-)
The charge conserving excitations (j<x̂ =0) are usually classifed in the 

same way as the corresponding inverse gamma transitions, i.e. as electric 

or non-spin-f lip modes ( =0) and magnetic or spin-flip modes ((T̂ 0).



Accordingly, the charge-exchange fields labeled in the same

way as the corresponding inversa á“-decays, i.e., as allowed (i^O), first 

forbldden (X=l). second-forbidden (Xf2), etc.. Furthermore the allowed 

excitations may be of Fermi-type (5'=>=0) and of Gamow-Teller type (0'=̂ =1). 

There are four fIrst-forbidden collective fields; one being of vector or 

non-spin-flip type ((T̂ OjX̂ l) and three of axial-vector or spin-flip type (

cr=i.X=o,i.2) .
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2.1 Vibrations in nuclei with N=Z

In a nucleus with N=Z, the ground State isospin is Tq =0 and the
i

intrinsic motion is rotationally invariant in isospace, if we ignore the 

effects of the Coulomb field.

The charge conserving excitations can be written schematically as

= Jl (l 
>JT

iz

where p refers to a proton-particle State and p  ̂ to a proton-hole State.

The isoscalar modes are charge symmetric and involve neutrons and protons

moving in phase; the isovector modes with =0 are charge antisymmetric

and involve oscillations of neutrons and protons against each other

(neutron-proton polarization).The charge-exchange excitations produce

states in isobaric nuclei and are of the type j np and J pn for =1

andj*t~~l» respectively.

The number of particle-hole excitations, leading to nuclear states

with isospin T=t=l and the Z component M^=^^=+1,0, and -1, is controlled

only by the mode-selection-rules but do not depend on . The situation
40for a dipole mode (l(j=0) in Ca nucleus is illustrated in Figure 1; it is



supposed that the selection rule ^N=l, being N the principal oscillator 

quantum number, is strictly valid.
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\
w

:¿lPP’*nn'),T=0 

|n p ') ,T .1  ^ l p p ’-n n -'> ,T .l

y

N =3

N = 2

= -l

lp n '> ,T .l

j ■

Particle-hole , gí’.i'.i í .! r li iaCed with dipole
itiodes in the C;i niiclcMs (N=Z;1 =0). The hatched 
domalns represent í)k: partlcle o’rblts below the 
I'ermi ]evel and wj! i) ilio |>)''pcipal oscillator 
quantum number . A d i r>cle 1 ield promoves the 
parliicles from the orb iL;i];; wn th N=2 into the 
orbitals with N=3. The Coulomb fjeld which makes 
the proton potential to have fewer bound S t a t e  

than the neutrón potential, is ignored.

l'.xci tatioi! inode.s witli =0 snd 1 are shown in Figure 2. For a given 

inocie with =1, che collecfive scates v'ith different components belong to 

an isobaric triplet (analog status) and their energies are given by the 

simple reaction

t  ti) £  (C--1 A  Ecovt (2)



where Coulomb energy desplacement. Furthermore the transition

strengths
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s d . c A . o ' ) > B(J..T-0• li>*6í>,t.oiii <■»

5

for a field with the structure characteristic of the operator^(A»C=1 ,|<c,)» 

are independent ofJá .̂ Here, the matrix element is reduced both in spin and

in isospin. T=1

Figure 2:

Excitation of C =0 and t:=l vlbrational modes 
in a nucleues with T =0. The Symbol T stands 
for the isospin lowering operator which con- 
nects the iaobaric analog states. The ground 
states of the adjacent nuclei and their 
analog State in the target are indicated by 
dashed lines. No quantitative significance is 
to be atached to the relative position of the 
levels.

Clearly, in nuclei with N=Z, the study of charge-exchange excitations 

do not yield any additional Information, with respect to that obtained from 

the analysis of charge conserving modes, unless we are interested in



inquiring on the violation of isobaric symmetry through the Coulomb forces, 

magnetic forces, neutron-proton mass difference, small charge-dependent 

components in the strong interactions, etc.. All th«se effects are 

completely ignored in the present discussion.
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2.2 Vibration in nuclei with N Z

In nuclei which have non-zero isospin in the ground state the number 

of particle-hole excitations depends, both on the mode-selection-rules and 

on the neutrón excess; the Pauli principie leads to a reduction in the 

number of proton orbitals that can be excited into the neutrón orbitals and 

a corresonding increase, in the number of neutrons that can be promoved 

into the proton orbitals^The patérn of the dipole particle-hole 

excitations in a doubly-open shell nucleus is schematically illustrated in 

r i g u r e  3 .

An Isovector particle-hole operator with jl<<c=l acting on the ground 

sta. i' of ci nucltrus with lead uniquely to states with isospin T^+l and

third coinpoaenr This follows from the nature of the excitation

operator and tlie fací: that the isospin of a state cannot be smaller than 

its third component. in the case however where^^c. both states with 

isospin Tp anci 1'q+1 can be excited whilc flnally the -~í processes lead
*

to all possible isospin valúes viz. T^+l, and T^-1. The corresponding
2—4)í^intensitites for a multipole operator are now given by

(i)



I '
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where

■2- U?-) = ÍI1>»6(X,cfO III Ii=o,Ti.To>r
(XX7¡T(2TÍ75

(5)

are the transition probabllities reduced both in angular momentum and 

isospin. The total transition strength for a given orientation in isospace 

are defined as

(6)

P-J

a)

Vn
Vn

b)

V p

AEcoul
-I

c)

Vn

Figure 3:

Interplay between the synmetry potential Coulomb energy
desplacement A  ̂ nucleus with N>2 : i) when is
neglected, the average nuclear potentials in which the protons 
and neutrons move (V̂  and V^, respectively) are equal to Vĵ 
(fig.3a); ii) when is included the proton potential becomes 
deeper; whereas the opposite is true for the neutrons (fig.Sb); 
iii) when, finally, the Coulomb forces are included, the bottom 
of the proton potential is moved upwards; as a result there are 
fewer bound states for protons than for neutrons (fig.3c).



A simple way to estímate the unperturbed strengths based

on the use of the recipe of Macfarlane^^ and French^^ (monopole sum rule). 

After dividing convenientely the shell-model orbitals into the filled (f), 

the valence (v) and empty (e) orbitals, and in such a way that no 

transition of the type vj*v or f-̂ e is possible, one has

á ”' O,/.'). >>«' 2: ¡liíy íííí I  <Jv «IKihc") ni
V i 2Jytl e

ÍJ.+1 f ^

Here, the single-particle matrix elements are reduced with respect to 

both spin and isobaric *spin,<.N̂ (̂ ĵ )> is the expectation valué in the target 

State, of the number of active particle's for the excitation 

and<^N^(jAg)^ denotes the corresponding mean numbers of holes.

Knowing the total strengths S(^t)» the B(T) valúes and the partial 

stengthSy^(T,^e) are obtained from expression (4) and (6).Explicitly,
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^  s _ ’5 ( ^ * 0  (8b)
To+ í T o+»

^  (t » T o ^ _ I l _  b ( T ' T « )  (8c) 

T"«41 To + f



Jt~ __ , \ 'B(Tí'Ío+))
íiy \,T«To+i ̂ = -----------

 ̂ CZIo-ríHTo-í-0

= (8d) 
(2To-íO(To+0

J  (r» T o , ,  ___ 1___ ' b  CT=To\
T  o +  1

.  _ U  5 ( ^ 0 ) .  _ i _  6  (/<,..) (8-)
^ T o C T o + O  ^

^ ( T ’To3,^c = '0 = — . "b (T-To-O 
' iTo+t
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6C>c--0 (8f)
To , ToCíTo-»))

One should notice that due to the Pauli principie 

and consequently,

3 ( t . t . - i )  >  f e ( T - T . )  >  ( 1 0 )

This means that the strength-á(T=TQ+l ,^¿=0) is reduced with respect to the 

strength>^(T=TQ,jkj=0) not only by the geometrlcal suppresslon factor 1/Tq , 

but also by the dynamical suppression factor B(T=Tq+1)/B(T=Tp). A similar 

comment is pertinent for the three partial strengths. In the weak

coupling model of Fallieros et al \  the quantities S(jAf) are independent 

ofyn^. As a consequence, the B(T) are independent of T and the relative 

excitation strengths for different final states are given simply by the 

geometrical factors (Clebsch-Gordon coefficients) displayed in relation



t

(4). Such an approximation is, however, only valid when neither neutrón 

orbitals ñor proton orbitals from the neutrón excess región do not 

particpate in the excitation process (there is no coupling between and 

the vibrational motion); the corresponding phonon is considered to be a 

definite entity and rotates freely in isospin space.

The total uperturbed strengths are related as

% 5 5   ̂ + S  ^

On the other hand, the following relations hold

« n - 2  (12)

t

and
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5 ( / ^= -0  - = To <r*> (13)
ir

for the Gamow-Teller and first-forbidden excitations,
2respectively; r is the mean square radius in the neutrón excess

. 1,7) región

The neutrón excess implies, in addition, that the neutrón and protons 

are subject to somewhat different average nuclear potentials, namely

(14)

Comparing the last tenn with a similar term in the Weizsacker mass formula 

(symmetry energy) we obtain the estimate 100 MeV. The interplay of the 

Coulomb potential with the symmetry term on the proton and neutrón 

single-particle potentials is shown in Figure 3.



The stacic isovector potential acts on the isospin carried by the 

vibratiLonal motion in such a manner as to favour states with low total 

isospin. The coupling energy can be estimated from eq.(14).
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u' - _y»_ = V. (15)
2A

where X=T(T+1)-Tq (Tq+1)-2 . The particle-hole interaction also favour

states with low total isospin, as it will be seen from the discussion which

followK. The pattem of the isovector dipole non-spin-flip excitations 
. 90(X=1.1t'l in Zr nucleus is shown in Figure 4.

Figure 4:

Estimated excitation energies for
the non-spin-flip dipole resonan- 

90ces in Zr, within schematic
modal. The thickness of the lines
g^at begin in the ground State of 
Zr represent the transition

stregnths. The symbol T stands
for the isospin lowering operator
which connects the isobaric analog
states.

3. Qualitatlve features of the first-forbidden resonances.

3.1 Excitation energies and the transition strengths

ALthough we will limit our attention to the first-forbidden 

excitations, most of the results, which will be presented below, are also



valid with some minor changes, for other charge-exchange collective states 

(Gamow-Teller, second forbidden, etc.).

We assume a degenerate model for the single-particle energies and the 

radial wave funcitons are approxilnated by those of an harmonic oscillator. 

Furthermore, we introduce a very schematic forcé of the fonn

Ní<r)x Z  (16)

where and are, respectively, the vector and axial-vector

coupling constants and

multipole operator defined in eq.(l). The corresponding unperturbed 

energies are
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. £ 4  Jíl. X  - /-c A ' E c..«, (17)
# í  / ■  ̂ V»

2A

with

In the Tamm-Dancoff approximation (TDA) the transition strengths are 

not affected by the residual interaction (.'í/(T,J*̂) ̂  while the

perturbed excitation energies are given by^’̂ ^

where

U ^ = U „ - ' X ^ A 5 ¡  U „ _  V .T .  . A . -  (20)
A zT)"
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.(0)The unperturbed strengths (srA;Mt=0) are given by the relations7

,  4/3 J
O  jblj.eo') * A  -nwV «TJ*8ir

(21)

and

^  Ccr-J, A, * o  {(TsO^Xsí,^c-o) (i^ 0>) (22)

where

A ^
s,= 1. <o)Z «COO-fO |D>= 2Ó, = -2S,

¿>A l»)
(23)

with I 0"̂  denoting the target state^’̂ *̂. Moreover, the B^^^((T,X;T)-values 

are obtained from relations (8) with

(24)

which follows from eqs.(ll) and (13). It should be noted that the neutrón 

excess in units of the number of partióles in a major shell of the harmonic 

oscillator reads

-1
5 cí 0 .76 A  (N-^') (25)

V l,, = e  (Ts-To+) )  -  e  Ct- T o , ^ c" o')

(26a)
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:2ób)

(Cake a very simple term, in TDA, namely

:= IkílU
T t ,

(27a)

u
(27b)

In the random phase approximation (RPA) the unperturbed excitation 

energies for a given orientation i'a isospace^j_ are written as

or
.W

(28)

(29)

After introducing the residual interaction the corresponding energies and
1 4)transition stregths read ’ .

(30a)

(30b)

(30c)

where

(30e)



Usaailiy in RPA, the energies of the áominant transitions, ieading to the 

fully aiigned states M„=T', are approximated by the energies E(^^), i.e.

in which case the energy splittings D̂ . read

- 265 -

= U + K - Kq , (32a)

U - K + Kq . (32b)

If on the other hand it is assumed that *a relation similar to (28) also 

holds for the perturbed energies, namely that

Z  <-r„Tol^cVT,T„Tj.t>''e.CT;;A«)

one has

e  [T-io-n; i") « (33a)

€  (T-To ^ j£±l_ Ko -
7 o  T o

K-Ü (33b)

C T . T „ - l , j n , - . ) =  ( K - U l  -
(33c)

 ̂ ( U + \ < -'<«») (34a)
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*1) .  -

2To-\
(34b)

The partial transition strengths^(T,yUt) are obtained from the total 

transitlon streghts by making use of relations (8). The results for the 

Isovector dipole non-spin-flip excitations (C.=1,X=1/T=0,X=1) in 

nucleus, wlthin RPA and with Vĵ =100 MeV and 'Xq=0.20 MeV.fm are shown in 

Figure 4.

The change in the energy associated with the spin-orbit interaction in 

the single-particle field mainly implies a greater spread for the spin-flip 

modes of rank one and two than for the remaining two excitations. In order 

to illustrate this fact we resort again to a schematic model. We assume 

that there are two single-particle orbitals with the orbital quantum 

numbers C and £.'=6+1, W c h  of them being split into two states by the 

spin-orbit interaction. The former two states are assumed to be filled and 

the latter two empty and the effect of the neutrón excess is not 

considered. The reduced transition probabilities between the states are 

evaluated in the asymptotic limit (^»1) and the results are displayed in 

Figure 5.

47T •(ir=o,A=i| i.A = o) 47T b| í = i ,A= i ) 
J l< r> |^KOI*

Figure 5:

47T B(or=i,A=2) 
5 l< r  >|i*

The B(t,X) valúes in units of (2Xfl) l<r>| /4TI' between 
two single-particle orbitals with the quantum numbers 
and ¿,' = ¿+1, evaluated in the asymptotic limit 
The thickness of the vertical lines represent the 
transition strengths given in the circles.
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3.2 Estimates of the coupling strengths

Assuming that both the static and the vlbrational isovector fields are 

dominantly volume effects, Bohr and Mottelson^^ arrived to the following 

result for the vector coupling constant

Xy > •n- V. ; < Y-‘> = ^  (i.2. A’ f  f™ (35)
A<f>> ®

where is the parameter appearing in the symmetry potential (14). The 

average potential in the nucleus does not provide a similar relation for 

the axial-vector stregth X  ̂  as the density deformation withíTsl is odd 

under time reversal.
11) *Recently, Suzuki and Sagawa derived separable interactions 

equivalent, in the RPA, to zero-range density-dependent interactions of the 

form

(35)

where ^ (r) is the nuclear density in the ground state. The above 

expression is obtained by dropping the velocity dependent terms from the 

highly successful Skyrme-type force^^’̂ ^\ They were able to show that if 

one assumes a transition density for theC)“=0 mode with the following 

spacial dependence

A
< 0 l Z ’ (36)

/

which corresponda to volume vibrations, the interaction (35) can be 

replaced, in RPA calculations, by a separable forcé like the one appearing 

in eq„(16) with "Xy given by eq.(35) and
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V, = -[ (37)
If one introduces into this expression each one of the six different

12 13)accepted choices for the parameters of the Skyrme forcé ’ and takes 

(('(r)=0.17 nucleons/fm^, one obtaines for V, valúes that range from 140 MeVJO i
to 200 MeV.

For the (T" =1 modas the immediate generalizatlon of eq.(36) is

A /

where, now, a vector spherical harmonic appears. Following the scheme of 

ref.^^^ one finds^^ then '

V  ^  2trXoto?o
X-A - ^  (39)

Again, for different choices of the parameters one gets for the ratio 

valúes ranging from -0.17 to 1.5 . This indicates that the spin dependence 

of the Skyrme forcé is not reliable, which can be understood if one 

remebers that its parameters are fitted to ground state properties of 

even-even nuclei only^^\
i

3.3 Polarizability

It is a well known fact that the major modifications in an effective 

one-particle moment are induced by the frist order collective 

contributions, which involve the emission or absorption of a virtual phonon 

with the quantum numbers equal to those of the bare moment. The 

higher-order contributions i.e., the vertex correctionfe and the self-energy 

corrections have a tendency to cancel each other (the cancelation is exact



.15)-in the asymptotic . Consequently, the first-forbidden

charge-exchange vibrations will polarize dominantly the first-forbidden
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beta-decay moments. The renormalization of the single-particle moment is
I

illustrated by the diagrams in Figure 6.

PO LARIZATION E FFE C T

M

BARE MOMENT  

Figure 6:

Renormalization of single-particle & 
moment resulting from the 
corresponding charge exchange mode; 
all ithe quantum numbers of the 
polarization field are equal to the 
quantum numbers of the bare vertex.

Moreover, when one takes the advantage of the conservation of the vector 

current (CVC), which connects the vector current and the electro-
G1magnetic current ^  through the relationship

<£ J (40)

it follows that the jb moment < 1| í ^  X = 0  H ( t /é A =') =

= ) is related to the El gamma moment f II i f l  í A, i >

by

(ZT.V^ < f  U IA,1> (41)

where the state ( IA;i^=T \ î  /^2Ti is the isobaric analog (lA) of the

S t a t e  1 i ^  a n d  e  a n d  g ^  a r e ,  r e s p e c t i v e l y ,  t h e  e l e c t r i c  a n d  w e a k - v e c t o r
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coupling constants; the axial coupling constant will be denoted by g .̂ The

eq.(41) implies that the same polarization effects as for the beta decay

moments i - * í O  will take place fbr the charge-exchange El
141gamma decay from the XA state and the beta decay in Ce is shown in 

Figure 7.

i

y

Figure 7;

Schematic diagram of decay a 
the isobaric analog El gamma 
procesa.

TARGET NUCLEUS

The polarlzability P(w) induced by a field with the same symmetry as 

the beta moment in question is defined by

-1
(42)

where U) is the frecuency of the beta transition and is the response

of the independent-particle system. In the RPA reads

lo)

1)

t*l) ffew /
(43)

where the upper and lower signs correspond to^^=-l. For -hwa O, 

corresponding to transitions between nuclei cióse the beta-stability lina.



the renormalization ímplied by eq,(43) is the same for the moments with 

^^=-1. Moreover, if we neglect tiie difference hetween the vector and axial 

vector strengths (see eq.(22)) and, following Bohr and Mottelson^^ use the 

approximation
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(44)

the response l’̂ ^\cJ=0) takcs the íorm

(45)

with

(46)

Several studies of the polarization phenomena in frist-forbidden beta 

transition were performed, through the analysis of the experimental data. 

As an example, we mention the resulta for the 7/2 5/2^ transition in the
141„ - 16) Ce nucleus

(48)

where P3P(d-=0). Consequently,

^ 0 . 8 S  _ ,2¿i

.^S
26

'A,V*2.
1 Z; + 1.2

- .5
(49)

and
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+ N u !> -2' (■2s!.oe]■ ^ ^ M  f-,

X a .x .,  .  1 0  ̂ «eV ? « -‘

V ^ '  (.st-.t) io'

.-sy.
_VA (50)

yrOn the other hand, from the analysis of the gamma decay of the I 7/2
ir + 141isobaric analog resonances to the I =5/2 ground state in Pr, it was

found that^^^
-  0.74 ± O.OG>

or

„ o - i  (51)

It Is worth noting that from eq.(35) one has

V, ntVf^vT^ (52)

4. Experimental informatlon

The Fermi resonances are known since the discovery of a well-defined
18̂isobaric multiplet structure by Anderson and Wong . The first clear

evidence of the concentration of the Gamon-Telller (GT) strength was seen
19) 90 90by Doerdng et al. through the Zr(p,n) reaction at incident proton

energies of 35 and 45 MeV and 0 =0° (see figure 8). This GT resonance was
90 3 90latter confirmed by a subsequent Zr( He,t) Nb experiment at 130 MeV in 

Jülich^^^ and other at 80 MeV in Grenoble'^^^
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H , ! ' r " T  i 1 i I i i ! T— r— i -

2 0  2 5  3 0  3 5  

En (MeV]

Figure 8

Differential cross section versus
90 90neutrón energy for Zr(p,n) Nb at

E =45 MeV and 8 =0°. The straight P
line representa the background fit
to regions adjacent to the broad

19)peak and lAS (from ref. ).

The availability of intermedíate energy protons at the Indiana

University Cyclotron Facility (lUCF) has served as a stimulus for further
90 90investigations of the (p,n) reaction. In a study of the Zr(p,n) Nb

22)reaction at E =120 MeV, Bainum et al. measured neutrón angular P
distributicns and found, in addition to the XAS and a T=4 giant GT

90resonances, two additional peaks at 13.4 MeV and 17.9 MeV in Nb, which 

were interpreted, respectively, as the T=5 component of the GT resonance

and a T=4 first-forbidden oscillation (see figure 9). A similar K  =1
23) 208 208resonance was also observed by Horen et. al. in the Pb(p,n) Bi

reaction at 120 and 160 MeV. The cross section of this resonance at the

first máximum was found to be comparable to that of the giant GT resonance

at 0° and behaved similarly as a function of proton energy, since the GT
m

resonance is excited via the spin-isospin component of the residual



inceraction, it was argued*"  ̂ that 'ene excication oí resonance also

involves OT =1 and, henee, could nave 1*̂ =0 , 1  or 2 . They nave also
209observad two weak peaks at 22.9 MeV and 24.6 MeV in Bi and suggested to

208be the isobaric analogs of the MI states in Pb (i.e. the T==Tq=22 

components of the GT strength).
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Figure 9

90 90Time-of-flight neutrón spectra for Zr(p,n) Nb 
reaction at 6=0°, 5° and 10° laboratory angles. 
The peaks labeled d, e, f and g are assumed to 
be, respectively, the Fermi resonance, the T=4 
and T=5 GT states and a-^irst-f orbidden 
collective state (from ref. ).

24)Quite recently, Sterreburg et al. have measured neutrón spectra at

small angles resulting from the bombardent with 45 MeV protons on 17-target 
90 208from Zr to Pb. Common features to the spectra were:

i) a Sharp peak representing the isobaric analog state or the Fermi 

resonance.



ii) a broad peak (PWH>^3-4 MeV), interpretad as a GT State with isospin 

T=Tq-1, at a slightly higher but target dependent excitation energy, 

and,

iii) a slmilarly broad peak ̂  10 MeV above the first bump which was 

suggested to be the T=Tq-1 component of the giant vector-dipole 

resonance.
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Figure 10

XT . ‘ . 112,120,126,124„ , VNeutrón spectra for Sn(p,n)
measured at 7.5°. The base lines for

re í 
24)

120Sn,
X 2 2 X 2 ASn and Sn are shifted for display
purposes (from ref. ).

Figure 10 shows the neutrón time-of-flight spectra for four Sn 

isotopes. In addition to the lAS at about 31 MeV neutrón energy and the 

sharp gamma-ray peak leaking through the pulse-shape disciminator, two 

broad peaks are clearly visible in all four spectra. As one can see, both 

peaks shift towards the lAS as the neutrón excess increases. This effect is 

even more visible in figure 11 where the neutrón spectra are shifted in 

energy so l;hat the lAS peaks all fall on the same vertical line, thereby 

graphically corrected for the Coulomb displacement energies.
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E , ' " » "  (M eV)

Figure 11:
92 93 94 120 Neutrón spectra for Zr, Nb, Mo, Sn and

208Pb corrected for Coulomb displacement energies.
93The Nb spectrum was measured at 11°, the other at

7.5“. The upper four spectra are shifted for
display purposes. The bottom scale gives the

92neutrón energies for Zr only; the upper scale
gives the calibration for the excitation energies

24)in all the target nuclei, (from ref. ).

25)In a recent study at IVFC, with incident proton energies of 120, 

160 and 200 MeV and neutrón flight path of 60-70 m, were measured the

excitation energies of the GT and first-forbidden resonances for a number
.  ̂  ̂ ,90,92,94, 112,116,124^ 169^ , 208_.  ̂ ,of targets ( Zr, Sn, Tm and Pb). Neutrón time-of-

flight spectra for íj=45°, i.e., near a m a x i m u m ^ ^ i n  a the differential

cross section for ^=1 and at E =200 MeV are shown in figure 12.
26 27^Since the calculations have shown ’ that the strength of the

central spin-isospin component increases by more than a factor of two with



increasing proton energy between E^=100 and 200 MeV, it was suggested^^^

that thíi X =1 bump should correspond to a axial-vector resonance (or to a
2 5 )superposition of axial -vector resonances). Moreover, Horen et al. have 

argued that both bumps, when measured with respect to the XAS, could be 

represented by linear functions of (N-Z)/A,
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Egt - " 6.7-30 (N-Z)/A (MeV) .

\=1 ■ ^lAS =13 . 6 - 3 3  (N-Z)/A (MeV) ' .

(53)

160 fdO 200
(0 .n) TIME OF FLIGHT SPECTRA 

Ep» 200  MeV

l z A

,«X) >4
o,i 

600

Figure 12:

Time-of-flight spectra at 4.3° for the
(p,n) reaction at E =200 MeV for
target of 

208
90Zr, 112Sn, 169Tm, 124Sn

and Pb (from ref.^^^).



In a serles of papars  ̂ in the arly 1960's, Fukita, Ikeda and 

Fujii explorad the description of lAS in terms of proton particle-neutron 

hole pairs and subsequently hypothesized the existence of a collective GT 

resonance.
33)Gapanov and Lyvtotostanskii have used the theory of finite Fermi

systems and made microscopic calculations of the cxcitation energías and

strengths of the lAS and GT resonances for a number of nuclei from Ar to

La. Their predicted energy differences, E -E are in good agreement withO -1- -L Ao
the experimental results^^^ for ^^^Sn and ^^^Sn; however, those for 
90 92 94’ ’ Zr all on a parallel line about 2 MeV above than the measured 

valúes. k

Recently, the theory of finite Fermi systera has also been employed by 
34)Krmpotic et al to calcúlate the first borbidden oscillations (with and

208without spin flip) for Pb. It turned out that the transition strengths

for these excitations were concentrated in the energy región of 19-26 MeV,
208measured with respect to the ground state of Pb. They predicted the 

A=l.cr=0 resonance to be located about 2.9 MeV above the lAS, while the

second broad peak observed in' the (p,n) energy. For the spin flip
34) Vtransitions, they find the main strength of the X =0 resonance to be

concentrated about 6.6. MeV above the lAS, theX =1 about 6.0 MeV, and the

X =2 resonance to be more fragmentated with the largest component about 0.3

MeV above the lAS. Moreover, the greater concentration of strength

associated with the X =1 component would imply that the 1̂ =1 structure
25)should domínate. The position of the Ĵ =l peak, reported by Horen et al. 

is in qualitative agreement with this picture, but a detailed comparison 

will have to await final decomposition of the spectra and further analysis 

of the data.
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208 208The excitaticri enargies ar.c the ?b(p,n) Bi cross sections of the 

allowed and £irst-forbidden resonancesj were later calculated by Krewald et 

al.“’̂  ̂ and by Osterfeld et al.^^\ respectively. They used the generalizad 

Landau-Migdal interaction which includes in addition to the zero-range 

terms aiso the one-pion and one- -exchange potentials explicitely. In order 

to explain the excitation energies it was essential to use the Skyrme-III 

single partióle spectrum (■—  = 0.76) instead of the experimental one (-~ =
O ¿ \

1). Moreover, in the work of Osferfeld et al. it was shown that the
208 208experimertally observed x=l resonance in the Pb(p,n) Bi-reaction is a

superposition of all possible first-forbidden modes. The fact that the

theoretical spin-flip strengths overestimates the experimental valúes
37 )appreciably, was interpre'ted by Bohr and Mottelson and by Brown and

t38') ARho in terms of admixtures of A -particle-nucleon hole components in the

RPA wave functions.

The above mentioned microscopio calculations allow for a detailed

comparison of the theory with experiment. On the other hand, when the

collective states are observed throughout the periodic table, the

macroscoplc models and the schematic calculations may provide us with the

ineaning of the systematic which refleots the structure. Aooording to them,

we can understand the structure of collective modes in an intuitive and

intelligible way, and elucídate the difference between various kinds of

nuclear collective motion in terms of few collective parameters. In view of

these considerations, we discuss below the experimental results for the

charge-exchange resonances in the framework of the schematic model

presented in section 3 (see also r e f s .

In Table 1 we list the excitation energies of the first-forbidden

modes, relative to the excitation energy of the lAS (namely E((T,\

. The experimental data were taken from the works of Horen et
23) 24)al. and Sterrenburg et al. .The calculated valúes were obtained from

- 27 9 -



eqs.(30) with Vĵ =115 MeV and = 3/4. There was no other free

parameter in the calculation. The overall agreement between the 

experimental results and the theoretical estímate for the excltatlon 

energies of the vector mode is quite satisfactory. A similar statement Is 

valia for the posltion of the axial vector peak if one assumes that it is 

malnly build up from the x=l resonance.

Finally it might be worthwile to mention that in the context of the 

theoretical formalism presented here, the energies of the first-forbidden 

mode can be approximated in the form (in MeV)

-Vj
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XCo--o>i,ju^=-0 - Aícô e. -  +7.2 A‘
(54)

where the last equation refers to the aritmetic mean over "X and should be 

compared with the second expression in (53).

The work presented in this talk results mainly from a collaboration 

with Kanzo Nakayama and Alfredo Pió Graleao from the University of Sao 

Paulo, Brazil.
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TÁBLE 1

Excitation energies of the first-forbidden 
resonances relativa to the energy of the lAS,

EXPERIMENT THEORY
TARGET

(r=o V i cr. i,X-2 (T»i X=0 (T»l X* O (T*l X»1 cr.i X»2

90
91
92 
94 
96
93
94
96
97

Zr
Zr
Zr
Zr
Zr
Nb
Ko
ho
Mo
ko98,

112̂Sn
:i6,,

b n

120̂Sn
122 

; 124 
169 
208

Sn
Sn
Tm
Pb

14.5
14.6
14.5
14.2
14.0
14.4
14.7
13.7
13.8
13.4
13.2
13.1
11.8 

11.0

10.6

9.0
í

12.9

12.5
12.0

10.2

9.3

7.3 
7.6
6.4

14.9
14.7
14.6
14.2
13.9
14.6
14.6
14.3
14.1
14.0 
13.5
12.8

12.2 

12.2

12.0

10.9 
9.9

13.5
13.2 
12.9
12.5 
12.0

13.3
13.6 
13.1 
12.8

12.6

12.4 
11.0

9.9 
9.7 
9.6
7.9 
7.5

12.8

12.5
12.3
11.7
11.3
12.5
12.8

12.3 
12.0

11.7
11.7
10.5 
9.5 
9.2 
9.0
7.7
6.8

11.4 
11.1 

10.8 

10.2

9.6
11.0

11.1

10.5 
10.2

9.9
10.1

9.4
8.5
8.4 
8.2

7.4 
6.3

a) Sterrenburg et al
b) Horen et al.^^^

24)
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