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The single-site energy eigenvalues and field matríx elements o f  reggeon field theory 
are accurately calculated. Using the block-spin approximation with realistic parameters, 
the phase transition is studied in one and two dimensions using different methods. In one 
dimensión, the use o f  biocks with one site and one link gives a critical temperature in 
agreement with that predicted by the high-temperature expansión. In two dimensions, 
the methods with critical temperature around the high-temperature expansión result, 
give a critical pomeron intercept larger than 1.05 in the physical range.

1. Introduction

The phase transition which occurs in reggeon field theory [1] (R F T ) has been 
studied in several papers. Most o f  them [2 -5 ] take its lattice versión and build the 
single-site Hamiltonian and intersite interaction using expressions valid for the bare 
pomeron intercept Oq »  1, or, alternatively, for the bare slope d  and triple coupl- 
ing Tq very small. In this way the general features o f the phase transition were ob- 

tained.
Since the phenomenological applications o f  RFT [6 ] are based on the knowledge 

o f the valué o f  the critical intercept o f  the bare pomeron, «c> it is interesting to 
calcúlate this number accurately. Its evaluation depends on the lattice spacing b , 

related to the experimental momentum-transfer cutoff o f the triple-pomeron coupl- 

ing, and on the actual valúes o f  a and Vq. An attempt was then made [7 ] to start 
from a more realistic lattice Hamiltonian using single-site eigenvectors obtained from 
those [8] corresponding to «o  <  1 through a variational procedure. Though it was 
thus possible to calcúlate the intercept renormahzation in the subcritical región 
«o  <  «c  using the block-spin method o f  2-site cells in two dimensions o f ref. [3 ], the 
phase transition could not be reached for the most reahstic valúes o f b  due to the 
breakdown o f  the approximation for the single-site states. Therefore, the valué o f 
«c  could only be estimated by an extrapolaron.
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The purpose o f  the present work is to evalúate with greater accuracy. For this 

one must first calcúlate the realistic single-site matrices, and then test different block- 
spin procedures for taking the intersite interaction into account.

We were able to solve the single-site problem numerically, expanding the eigen- 
functions in power series and demanding the known asymptotic behaviour. The first 
and second excited eigenvalues and the matrix elements o f  the field in the subspace 

o f  the two lowest states turn out to agree with the perturbative valúes for Oq «  1 
and with the asymptotic expressions used in refs. [2- 5] for «o  »  1.

Regarding the intersite problem, we have compared different block-spin proce­

dures. For D  = 1 transverse dimensión it turns out that while the two-site cell meth- 
od o f  ref. [3] gives too high a critical temperature compared to the result o f the 
high-temperature expansión [4 ], the latter is perfectly reproduced by the trick o f 
omitting one o f the site contributions [9 ]. In Z) = 2 dimensions we have tried two- 
site cell procedures, omitting or not omitting one site contribution, and four-site 
cells, again excluding or not excluding one site term [10 ], The critical temperature 

obtained with the high-temperature expansión hes between the results o f  the last 
two methods. Finally, we have looked at the influence o f  leaving the direct terms 
arising from the approximation o f  the gradient as an intersite interaction. This 

produces a very shght variation o f  the valué o f a^. The critical intercept obtained 
with the more reasonable methods is >  1.05, a valué slightly higher than previous 
estimates [7 ].

In sect. 2 we describe the numerical solution o f  the single-site problem and give 
the results for the eigenvalues and matrix elements. In sect. 3 we analyze the differ­
ent block-spin calculations and we end with a few conclusions in sect. 4 .
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2. Single-site energy eigenvalues and field matrix elements

The single-site Hamiltonian o f  the R FT  is

+ ( 1)
where Aq = 1 -  oiq, A  = Aq + 2Da ¡b^ and? = In the above expression we
have included the term {2Da ¡b^ ) ^ \p which comes from the direct contribution 
produced by the approximation V\¡/ = (\pj+i -  ^ ¡)¡b . It is also possible to leave this 
term among the intersite interactions.

Using Bargmann’s representation [11]

0„ (z )  = <0 |e"^|«>, ( 2)

where a(a'^) is the annihilation (creation) operator and z is a complex variable, the 

eigenvalue equation Hi\n) = E „ \ri) can be written as



where we have introduced the relevant parameter p = 2A/? and expressed the eigen- 
values as = lE n fr.

To have normalizable states according to

< ° ° ,  (4 )

it is necessary that

constant . ( 5)

The condition on the negative imaginary axis eq. (5 ) allows us to find the energy 
eigenvalues. In fact, apart from the vacuum Xq = O corresponding to c¡)q = constant, 
the only possible expansión o f  is

oo

(t>n{z) = z T /  , ( 6)
m  = 0

with the recursion relation

+ i [ {m + \ ) p  -  
{m + 2 ) {m + \ )  ’

which can be derived from eq. (3 ). Given a valué for p, the corresponding eigenvalues 
X„ are obtained as those which through eqs. (7 ), ( 6) produce the asymptotic behav- 
iour o f eq. (5).

To  apply the spin approximation o f  RFT we need the matrix elements o f  \p and 
\¡j in the subspace o f the vacuum and first excited State. Normahzing the State 
according to

/dzdz* *
- ^ ^ e  01 (z  ) (^ i (z )=  1 , ( 8)

since the left eigenvector [ 11] is these matrix elements can be evaluated by
means o f
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-dzdz 

2iri

and

dz
= Cq. ( 10)

z = 0

I f  we leave the direct term coming from the gradient product among the inter- 
site interactions, it will also be necessary to compute the matrix element 

* j  ♦  j  

<l|i^i//|l>=y’- ^ e - ^ ^ * 0 i ( z * ) z — (/)i(z). ( 11)
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Table 1
Single-site results

<0|i|;|l> Í<l|ií/|l> <l|>//ií'|l>

5 5.3522885457 1.030 0.343 0.944
3 3.50717910 1.060 0.484 0.894
2 2.6354151 1.092 0.595 0.846
1 1.824763 1.149 0.753 0.769
0.5 1.45299 1.194 0.856 0.716
0 1.11128 1.257 0.982 0.649

-0 .5 0.8065 1.35 1.13 0.568
-1 0.5462 1.47 1.32 0.471
-2 .5 0.084 2.24 2.22 0.149
-5 - 1 0 -4 4.8 4.8 -1 0 -2

First-excited level Xj = 2ñ'¡Jr and matrix elements calculated with eqs. ( 9 ) - ( l l )  are shown for 
different valúes o f  p = 2A/r .

We have calculated 100 coefficients o f eq. ( 6)  observing that the corresponding 
series 0 „ (z ) tend to a constan! for z on the negative imaginary axis up to lz| = 4 
when the valúes o f are those shown in table 1 and fig. la. The upper Hmit on 

the number o f  coefficients is given by their smallness for m >  100. Changing the

Fig. 1, (a ) First and second excited levels o f  the single-site Hamütonian, eq. (3 ). (b ) Field matrix 
elements between vacuum, first and second excited single-site states, eqs. (9 ) - ( l  1).



valúes o f  Xi by one unit o f  the last significant figure o f  table 1, the resulting series 
shows a divergent behaviour for íz <  4. On the other hand the stabiUty o f  our results 

is given by the following examples. For p = 5 and keeping only 20 terms in the 

series, all 11 significant figures o f Xj do not changa. For p = —1 the stabiHty is 
smaller, since one needs at least 55 terms o f  the series to reproduce the 4 significant 
figures shown in table 1. With the function so defined, we have performed the 

integráis eqs. ( 8), (9 ), (11 ), obtaining the matrix elements shown in table 1 and 
fig. Ib. The upper limit o f  the complex integráis was |z| = 4 and the significant fig­
ures given in table 1 remain constant i f  this upper limit is decreased to |z| =3 .

Regarding the valúes around p = —5, which correspond to the very supercritical 
región, we see that the order o f magnitude o f Xj agrees with the exponential 
formula

^1 e x p ( - lp ^ ) ,

and that

K014/|1>I=^K1Ií ^|1>I^Ip I ,

as expected [2 ]. In this región X2 is still smaller than the limiting valué Ipl, though 
not so small as the valué estimated by the semiquantum method [12 ]. Though accu- 
rate, our calculations in the very supercritical región are not as precise as those for 

p > O because the coefficient decrease faster for small p — Xi.
In the very subcritical región, p — 5, our results can be compared with the 

perturbative ones which, taking as the perturbation the Hamiltonian + a’*’)  a 

(see eq. ( 1)),  are

X p = p + i ,  x^^) = 2p + — , ( 12)
P P

as second-order energies, and

<0|«//|1> = 1 , <l|i/^|l>=-í2/p , <0 lvI'|2> = ¡V 2/p ,

<1|i//|2> = V 2 , <2Ií;12>=-¡4/p , <l|i/;|2> = 0 ,

as first-order matrix elements. We can see from table 2 that this comparison is sat- 
isfactory and at the same dme that the agreement with the semiquantum results in 

this región [ 12] is good.
For p >  O and not too high the present results for Xi and for the matrix elements 

are in fair agreement with the less accurate valúes obtained in ref. [7 ].
From fig. la it can be seen that in the región p ~  O which, as will be seen in sect. 

3, corresponds to the critical zone, Xj -  Xq <  X2 -  Xj. In addition, from table 1 and 

for all the analyzed región o f p, it is verified that

< llí;^ ll> «l< o lV / | l> l^ - i< llí; ll> ¡^
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Table 2
Comparison with perturbation and semiquantum approximations

p = 5 Present calculation Perturbation Semiquantum

5.3522885457 5.4 5.3

^2 11.618395987 12. 11.4
<0|i//|l> 1.030 1.0
¡<1IÍ7|1> 0.343 0.40 0.35
-í<01i//|2> 0.255 0.28
;<2IÍ712> 0.60 0.80 0.54
a\\p\2) 1.48 1.41
<lli?|2> 0.03 0

First and second excited levels and field matrix elements between them and vacuum are com­
pared with second-order perturbative results, eqs. (12) and (13), and with the semiquantum 
method based on ref. (12 ],

showing that the matrix elements (ll if ln ) with n >  1 are small. However, from fig. Ib 
one sees that the coupHngs between the states |0> and |2>, and |1> and |2) given by 
<0 |i//|2> and <l|i//|2> are sizeable and increase for negative p.

Performing the non-unitary transformation

<Kx) = exp[|(j:^ + p f ]  4>(x), (14 )

where z = - ix ^ ,  the eigenvalue equation, (3 ), takes the famihar Schródinger form

( d^ 1 ;c  ̂ ]  -
+ T  ~  "  2X„0„ (x )  . (15 )

This equation has been analyzed by the semiquantum method in ref. [12] and with 
greater accuracy here, giving the results shown in table 2. The ground State o f  eq.
(15), which corresponds to the first excited level Xi has been also analyzed by a 
variational method based on the assumption o f  a 0 which has the correct behaviour 
for a: ^  O and x  and is centered around the minimum o f  the potential. Note 
that for p < - 3  this potential develops a second minimum but the ground State is 
still centered around the deepest well. The energy eigenvalues are in agreement with 
those o f table 1, e.g., for p = 1 this variational method gave Xj = 1.87.

3. Block-spin calculations

To implement a tractable renormalization group procedure for RFT on the 
lattice we shall keep only the two lowest levels in each site even though for p ~  O, 
which will correspond to the critical región, the second excited State is not too far 
from the first and the coupling between them is not weak. It has been shown in ref. 
[7] that, keeping three levels for the first step in the block-spin calculation, the two



lowest levels o f  the cells are not very much affected. On the other hand, to keep 
three levels systematically would imply handling too many parameters (the 3 X 3 
matrix for i// contains 5 non-zero elements as shown in fig. lb ) ; i t  is clear that the 
two-level approximation is one o f  the main sources o f  error in the calculation o f  the 
critical intercept.

Having decided to keep only two levels per site, one must determine whether all 
the term a 'V ^  • Vt// will be taken as the intersite interaction or only the non-diagonal 
part o f  its lattice versión. We shall consider the latter possibility, which is the usual 
choice, in subsect. 3.1 and the former alternative in subsect. 3.2.

3.1. Inclusión o f  the diagonal part o f ^ ^  ■ in the single-site Hamiltonian

The Hamiltonian for RFT on the lattice is

/o 1\ /n n\ 1
(16)
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where

and í denotes the nearest neighbours to site / along the positive orientation o f  the 
spatial axis.

We shall consider the simplest D  = 1 case and then the realistic D  = 2 situation.

3.1.1. D  = l .

As usual, we shall take two-site cells. The block-spin calculation including the 
energy o f both sites and the link term in the block Hamiltonian has been performed 
in ref. [3] giving the critical relation = e/K =1.15 for |t| = 1. I f  e¡K  >  T^, one is 
in the disordered phase and e fmite, K ^ O ,  while e/K <  corresponds to the 
ordered phase and e ^ O , K  fmite.

It has been shown in ref. [9] that for the Ising model with transverse field in one 
dimensión the correct critical ratio o f  parameters is obtained by including only one 
energy site and one link in the block Hamiltonian. This procedure has the virtue o f 
maintaining for the block the self-duality [13] property o f  the chain.

In R FT  it is not apparent that any self-duaUty symmetry holds. However, the 
method o f  ref. [9] can also be tested in this case, having at least the property o f  
taking for the block the same proportion o f  sites and links as in the whole chain. 
Therefore we write the block Hamiltonian as

i/b = ec2 - /i:[áia:2+ 0:20:1 ] , (1 7 )

where



Diagonalizing eq. (17 ) we obtain, apart from the zero eigenvalue which corresponds 

to |0>b = ltt>, the cubic equation

-  2(e + K t^) eg + [(e  + K r ^  -  K \ \  -  et + eK \\  -  r^) = O , (18)

its lowest root being o f interest to us. The normahzed eigenvector is

Il> b -------------------, (1 9 )

where

A ,  = { e ^ - { e  + K r ^ f \ + K \ \ \ ~ r ^ ) ,

= -/s:[eb -  (e + K t^)] , - iK 7 [e ^  -  (e  + K ) ]  ,

l A \ = ( l ^ A j )  .
e = i

The arrows in the kets indícate in an obvious way the spin up or down states o f 
each site. We remind that in the corresponding bras one must not conjúgate the com- 
plex coefficients.

The new energy gap is defined as
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e' = b(ll(i/b + e c i) |l>b = eb ■ (20 )

To evalúate the new coupUng constant we must calcúlate the matrix elements o f 

the field operators in the basis | 0 > b , |l>b giving

a, =

'O O
A i  Í T { A j + A 3 )  + A2A3

(21)

and the transposed matrix for a j. For the matrix elements o f  the field in site 2 one 

interchanges 1 and 2. In this way we obtain

(22)

and t ' as the ratio o f  the diagonal to  non-diagonal elements o f  the m atrix in eq. (21 ).

One must note that for |r| ^  1 the valué o f  t '  extracted with site 2 is shghtly dif- 
ferent from that obtained with site 1, showing that the form o f the Hamiltonian 
is not exactly conserved through the renormalization group procedure. Since the dif- 
ference between the two valúes o f t ' disappears for lr| 1 * and the valúes o f

*  e.g., for T = 0.5 and e/K = \ , r \ =  0.56 and t 2 = 0.64, whereas for t  = 0.9 and the same e¡K,
Tj = 0.92 and t 'j -  0.96.
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Fig. 2. Critical curves and intercepts (eq. (16 )). Dashed curve: D  = \ critical curve in r, e/A" plañe 
for one-site, one-link blocks; dot-dashed curve: D  = \ critical curve for two-site, one-link blocks; 
o-.D  = \ critical temperatura from ref. [ 5 ] .D  = 2 critical curves for different models are shown 
together with the extrapolation (two-dot-dashed curve) o f  the critical temperatura A. Fixed 
points are denoted by *. Physical lines for constant b are parametrized by the valúes o f  p given 
on the right.

interest for the realistic parameters are near this point, we have taken the average 
o f  t\ and t 'i  in each step.

The numerical calculation gives a curve o f  critical valúes o f r =  e/K as function o f 
T as shown in fig. 2 . It must be remarked that even though the valúes o f r are 
actually negative, only | t | is relevant for the renormaUzation group procedure, eqs. 
(20)^(22).

It is interesting to note that for |t | = 1 the lowest eigenvalue o f  eq. (1 8)  is exactly 
zero and

T ( T + 2 ) K

f T T
(23)

i.e., \t '\ = 1. This is at variance with the method o f  keeping both site energies in the 
block [3] where, starting from |r| = 1, it turns out that \t '\ 1, being necessary to 
enlarge the number o f  parameters. From eq. (23 ) it is clear that 7̂  = T iJ  + 2 )/ (r  + 1) 
so that the non-trivial fixed point is Te = ( —1 + VS)/2 = 0.618. This valué is in 
remarkable agreement with the one obtained from the high-temperature expansión 
[5] which is Te = 0.606.

3.1.2. D  = 2.
The easiest way to consider the reaHstic two-dimensional case is to take two-site 

blocks and couple them alternatively in either direction [3 ]. Since in the x  direction 
there is only one link between blocks whereas in the y  direction there are two links,
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Fig. 3. Different block prescriptions. Shaded squares denote omission o f  site energy.

the average prescription is to multiply the recursion relation defining K ' hy s/ l 
(see fig. 3a). When the block Hamiltonian includes both energy sites this constitutes 
model (a ) and for \t \ = 1 the critical ratio o f  parameters turns out to be [3 ] Te = 
2.87.

When one omits one energy site in the block Hamiltonian, the above method 
defines model (b ). Since now the two sites in each cell are not equivalent, we may 
consider the chains as in fig. 3b, so that all the Hnks are o f  the same mixed type, 
and again a factor \/2 must be introduced on the right-hand side o f  the expression 
for K ' in eq. (23). Alternatively, i f  the chains are thought as in fig. 3b' one has one 
mixed link in the x  direction and two direct-type links in the y  direction. This is 
taken into account by replacing eq. (22 ) by K ' = + Á 2 )¡\A\^. The out-
come is that for |rl = 1 7 ^  = 0.93 or Te = 1.08 for model (b ) or (b ')  respectively, and 
for different valúes o f  t  the critical curves are shown in fig. 2. Using the high-tem- 
perature expansión [5 ] the result for \t \ = 1 was Te = 2.43. The impression is, 
therefore, that the method o f  coupling two-site blocks in alternate directions gives 
too low  valúes o f when one starts from the correct valué for Z) = 1.

To avoid this procedure we may consider cells o f  four sites. We face again two 
possibilities [10 ], either to include the four site energies in the block Hamiltonian 
(model (c )),  or to include only three o f them (model (d )). These blocks are described 
in figs. 3c, d, respectively. Both possibilities respect the isotropy o f  the coupling 
between cells. It is interesting to remark that this isotropy would also be respected 
i f  we omitted the energy o f  both sites 1 and 3, which would give the correct ratio o f



site and link terms in one block. However, diagonalizing the block Hamiltonian for 
1t| = 1 and then adding the expectation valúes o f the energies o f  sites 1 and 3 in the 
two lowest levels, these states remain degenerate, it being impossible to define e' and 
continué the renormalization group procedure. We are therefore restricted to the 
two abovementioned possibilities.

In both cases we must write the 16 X 16 matrix o f  the block Hamiltonian. The 
inclusión or omission o f  the site-1 energy is denoted by a variable x  which takes the 
valúes 1 and O, respectively. Through the diagonalization o f  the block Hamiltonian 
we get, apart from the vacuum which corresponds to the four “ spins up”  state, a 
lowest energy, et,, State o f the form

O '* ’

When X = 1 the cell energy gap will be e' = 6b whereas f o r x  = O

e' = eb + e{b l + b l + b l  + b l + 3 + ¿ i s  + ¿ le )  • (25)

The new r is obviously defined by

R. Deza, L. Masperi / Critical pomeron intercept 183

Jl|a|l>b 

b < 0 1 a | I > b '

IT -

For site 1, e.g., we have

b<l la i  |l>b =  hibl + bl + bl + bl + bi2 +  ¿’ u  +  ¿’ i s  +  ¿ l e )

+ ¿2*7 + *4¿’ 14 + bgb^ + ¿12^8 + bi3bio + ¿15*11 + *15*3

= b<l l « i l l>b,  (27)

and

b<0|ai|l>b = ¿5 = b<l|ail0>b. (28)

The interaction between cells I and IV  is

A:(5i'q:4 + a j'tta  + 54» ! '  + a ^ a y ),

as one can see from figs. 3c, d. Note that taking the coupling between cells I and II, 
the same expression appears because o f the symmetry 2 4 in each block. Thus, the 
new coupling constant will be

K ' = K ( b s b ^  + b e b j ) .  (29)

The eigenvalue 6b and eigenvector |l>b have been obtained numerically and the
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Table 3
Critical temperature and critical intercept for D  = 2

D  = 2 model T ¿ t = 1)

6 = l G e V - ‘  6 = 3 G e V - '  6 = 5 G e V “ '

(a)

(b )

(b ')

(c )

(•  • ) 
(• • )
(• o) 
(o •) 
(o •) 
(o •) 

(• •) 
(• •) 
(o . )

. )

 ̂( i - i )
(e ) extrapolation 

o fr e f .  [5 ]

2.87 

0.93 

1.08 

3.10 

1.54

2.87 

2.43

1.21

1.80

1.74

1.07

1.55

1.19

1.30

1.07 

1.18 

1.16 

1.05 

1.13

1.08 

1.08

1.05 

1.10 

1.09 

1.04 

1.08

1.06 

1.06

Critical temperature T̂ . = e/K for t  = 1 and pomeron critical intercept are given for different 
block-spin prescriptions and valúes o f  intersite spacing b. Dots denote sites. Open circles indicate 
omitted energy sites according to refs. [9 ] and [10 ]. Parentheses show sites forming a block. 
Lines between sites correspond to the intersite interaction including diagonal terms o f  Vi// • Vi// 
as in eq. (30).

critical curves for both models (c ) and (d ) are shown in fig. 2. For model (c ) the 

valué o f T , eq. (26 ), is obviously the same for all sites. For model (d ) this is only 
true for \t \ = 1 when \t '\ = 1 for all sites. However, the variations in t '  calculated for 

different sites are slight (e.g., for |r| = 0.8 and e/K = 1.5, r'i = 0.89, T2 = 74 = 1.01,
T3 = 1.05) so that we have taken the average to preserve the form o f  the Hamiltonian. 

We remark that for ItI = 1 the eigenvalue ej, is again zero for model (d ), confirming that 
when the omission trick preserves exactly the form o f  the Hamiltonian, the two 
lowest states obtained by diagonalization o f  the block Hamiltonian are degenerate.

Using the relation between p and Oq, rQ, a and «o  “  1 ~  foPl^b + 4a and 
the single-site results for X ,, <0|i//ll> and <l|i//ll) contained in table 1, one is able to 
obtain the critical valué o f the pomeron intercept for the different methods. This 
corresponds to the intersection o f the critical curves with the physical one which 
gives e/K and t  for each p. We have kept fixed the valúes o f  Tq = 0.5 G eV “ * and 
a = 0.25 G eV“ ^. Several valúes o f  b have been considered: since the cu to ff in 
momentum transfer is í  — -n^lb^, the reahstic valué o f b should be in the range 1 -5  
G eV“ ^  The numerical valúes for ttc, together with the critical = {e !K )c  obtained 
for \t \ = 1 (see fig. 2), are shown in table 3. For Z) = 2 it appears that the 4-site 
blocks without omission give too high a T^, but with omission this valué is too low.



Since from fig. 2 one sees that all the critical curves are approximately parallel, 
we have drawn a line with average slope extrapolating the high-temperature expan­
sión point for T = 1, which we have also denotad as model (e ) in table 3 .

3.2. Inclusión o f  the diagonal part o f  V^/ • V\// in the intersite interaction

We shall consider the variation in aj, due to this modification using the two-site 
blocks for D  = 2 in the versión o f  model (a). The block Hamiltonian must be written 
as

Hb = e (c i + C2 )  + ¿ (c i  + C2 )  -  K {a ia2  + a 2« i ) . (30 )

where the energy gap e is determinad by the single-site problem equation, (3 ), with 
p = 2Ao/r K , á  and a are defmed as in eqs. (16 ) and (17 ), and the new coupling 
constant is L  = 4a'<l| î//|l>/Z? .̂

Though the sacond term o f eq. (30 ) may be obviously added to the first term, 
its inclusión in the intersite interaction might be sensible sinca the term ViJ • Vi// 
could be smallar than its non-diagonal part.

Diagonalizing eq. (30 ) one gets as new energy gap

e' = \ { 3 { e + L )  + 2 K T ^ ~ K -  [{e + L)^ + 4(e + L )  K t  ̂ + 2{e + L )  K

+ ( 2 K T ^ - K f ] ^ l ^ }  . (31 )

Coupling two horizontal cells ona defines again

K ' = A ^ K ,  T = ^ l ( A ^  + , (32)
A

R. Deza, L. Masperi / Critical ponieron intercept 185

where

^  - ( K  + e - e - L f ’ ^  K t

are the coafficiants o f the first excited cali State |l>b = - l - E x -  
prassions (31 ) and (32 ) are analogous to tha ones o f  raf. [3] with e + L  raplacing e. 
The new coupling constant for calis, L ',  is obtainad by building tha matrix o f  c in 
the subspace o f  states |0>i, and |l>t,. In this way

L ' = L { A ^ - B ^ ) .  (33 )

Eqs. (3 1 )—(33 ) constitute our new recursion relations since the two-cell Hamiltonian 
keeps the same form as tha two-site Hamiltonian, eq. (30). Since coupling two cells 
in the vertical diraction causas two intersite interactions to appear, we take an 

averaga, insarting\/2 in the right-hand side o f the definition o f K ' , eq. (32). This 
constitutes our modal (a '), its blocks being analogous to those o f  fig. 3a.

As we have seen befora in table 1, the matrix element <11 1//11) is very accurately 
saturated by inserting |0> and |1> as intermadiata states. With this approximation

^ _ { K  + e - e - L ) A
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Fig. 4. Inclusión o f  diagonal terms o f  Vi|í ■ Vi/; in the intersite interaction (eq. (30 )). Sections 
o f  the critical surface with constant L ¡K  planes are shown. The consistency curve comes from 
the physical constraint L ¡K  = 4(1 -  t^ ). Critical intercepts are obtained from the intersection 
o f  the consistency curve with physical Unes for each valué o f  b.

L  — 4(1 -  T^) K  SO that i f  |x| = \ , L  vanishes and our model (a ') coincides with 
model (a ) o f  ref. [3 ]; but starting from the realistic |r| ¥= 1, three relevant param- 
eters e¡K , r  and L jK  must be considerad, so that instead o f  a critical curve, a critical 
surface appears. Its interactions with constant L jK  planes are shown in fig. 4. The 
consistency curve for physical configurations is obtained by joining points where 
L jK  = 4(1 -  T^) holds. The intersection o f this consistency curve with the physical 
lines for each fixed b  allows one to calcúlate the corresponding critical intercepts 

according to tto = 1 — rQpjlb.
The valúes shown in table 3 indícate that the agreement with model (a ) is quite 

good. The slight differences may be a consequence o f  the more elabórate way o f 
obtaining «c  ¡n model (a ') due to the additional parameters. It seems, therefore, 
that both methods are equivalen!. Though in model (a ') the intersite interaction is 
smaller, the energy gap is also smaller, compensating the previous effect.

4. Conclusions

Our aim has been to obtain the critical intercept o f the pomeron starting from 

realistic valúes o f the R FT  parameters.
We have been able to calcúlate accurately the single-site properties o f the R FT  on 

a lattice. From these it is clear that the two-level approximation may introduce a 
non-neghgible error in the renormahzation group procedure even though it has been 
shown [7] that the inclusión o f a third level only slightly changes the lowest lying 

excitad energy in the first step.
Regarding the intersite interaction two problems have been examined; the pro­

cedure o f  building block-spins and the definition o f the interaction term.
F o r D  = 1 it appears that taking the one-site one-link contributions [9 ] as the 

block Hamiltonian, remarkable agreement is obtained between the critical T =  e/K 
for the limiting case |r| = 1 and the high-temperature expansión [5 ], On the con- 

trary, the normal two-site procedure [3] gave too high a T^.



For D  = 2, coupling two-site cells alternatively in the horizontal and vertical 
directions and using the omission trick, or using four-site cells omitting the energy o f 
one site, give valúes o f Te too low compared to the high-temperature expansión. 
Conversely, too high a valué o f results from a normal four-site block procedure.
A  slightly better result appears using the alternative coupling o f normal two-site 
cells [3 ], probably because o f  compensatingeffects. The critical intercept ob- 
tained in this way coincides with the one o f ref. [7] for ¿ = 1 but disagrees for b =
3 due to the fact that in ref. [7] the phase transition had been reached only for 
b = \ .

Looking at the possibility o f  including the diagonal part o f  V¡^ • Vt// in the inter- 

site interaction, which might be sensible since the fields are not expected to vary too 
much in the lowest energy states, the results for do not change. This method cannot 
be considered as better than the previous one because the energy gap decreases 
together with the intersite interaction.

In the realistic range o f  1 <  ¿ <  5 G eV“ ‘ the models which predict around 
the high-temperature expansión valué give «c  ^ 1.05. Therefore, a critical pomeron 
theory may be in agreement [6 ] with experimental data.

We wish to thank John Cardy, whose visit has been supported by OAS Multi- 
national Program o f  Physics, for interesting discussions and valuable comments.

N ote  added

After the completion o f  this paper we received a preprint [14] in which the 
single-site energies and the matrix elements {0 |\//|«> have been accurately computed 
by a method different to our own. The numerical valúes o f Xi quoted by these 
authors coincide with ours up to the last significant figure shown in table 1. Regard- 
ing the valúes o f  X2 and (Q\\p\n), which are given in the figures o f  ref. [14 ], the agree­
ment with our results is also excellent.
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