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Summary. —  W e use the Lagrangiau formulation of the Zx  gauge theory 
in four. cümensions and demónstrate • its cquivalen.ee' witli the partition 
function for a Coulomb gas of electric and magnetie- loops. Tliis inodel 
is sliown to be self-dual when expressed in the Villain. form. l t  is four.d, 
as a lówer bound, that for N <  4 there are only two pilases related by 
duslity, wlnle for N  >  4 three phases appear. The explicit calculation of 
tlio W iispa loop idcntifi.es tlicm as electric confining, nonoonñning and 
magnetie confining.

1. — Intxoduction.

It has becn argued (>) that the centre of the group SUN, i.e. tlie Zs  Abelian 
group, plays an important role in the confinement problem. It is, therefore, 
interesting to analyse the phasc diagram of the ZN gauge theory.

Wlien a Zx lattice gauge model is expressed in a Lagrangiau - formalism 
nsing the Wi-lson action (2), the introduetion of the Villain (3) approximation 
allows us to show the sclf-duality properties in four dimensions (4). This in-

(*) To speed up publication, the author of tlns paper has agreed to not receivo the 
proofs for corree tion.
(**) Comisión Nacional de Energía Atómica.
(***) Universidad Nacional 'de Cuyo.
(: ) tí. lí . llooFT: 2\ud. Bhi/s. B , 138, 1 (1978).
(8) K. \Yii,íox: Bb.yx. fter. D , 10. 2445 (1974).
(») «T. Yíí.í.ain : J. I'hiis. (París), 36. 581 (1975).
(4) A. Oaíii Kit: Xucl. Fluís. B , 151, 353 (1979).
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dicates that, if only two phases exist, the transition occurs at thc symmetry 
point.

Howevcr, it has been suggested (5) that for saflicicntly lrigli N  a third phase 
appears. The same conclusión has been rcached u.sing the Hamiltonian for­
mal ¡sm (°). Also tlie spin system in two dimensións (7) shows a third phase, 
wlnch is consistcnt with tiie four-dimensional gauge result (®).

The purpose of this work is to identify the three phases through the explicit 
analvsis oí the Wilson loop behaviour and to estabiish a lower bound for N  
in order that the third phase can exist.

In  sect. 2 we give a self-coníaincd description of thc Lagrangian formalism 
leading to a Coulomb gas of electric- and magnefcic-current loops and showing 
the self-duality property.

In sect. 3 we study the different limits of the coupling constant identifying 
an electric-eonfining, a magnetic-confining and a noneonfining phase. The 
electric-conflniug phase shows an área law for the Wilson loop in the direct 
lattice and a perimeter Jaw in the dual, lattice. The magnetic»coniimng phase 
lias just the dual behaviour, while the noneonfining phase presenta a perimeter 
behaviour in both latticcs.

Section 4 is devoted to establish a lower bound to the critica! 2T for the 
existence of the third phase using an cntropy argument (s), and to draw the 
phase diagram of the model.

Shórt conelusions are given in sect. 5.

2. — Coulomb gas analogy.

W e worlt with a Lagrangian versión of the Zy gaugé theory in a path- 
integral formulation.

The partition fvmction of the system is defined by

(1) Z =  X  exp — K  V  eos /T;;,Y¡
{nw} L piacuottcfi- \-̂  / J

where N „ v — with A„  firiite-difíerence operator. n „  are link vari­
ables 0 < n,: < N  — 1  and /t — 1 , d.

Til the Villain approximatiou (3) e.q. (1)' is rewritten as

(2) ^ = 2  I  exp
<*V)

K  „  ( ‘In  T \2

(*) S. E u t z d k , J. S iugem itsu  and R. P katísox: Princeton propvint (1970).
(°) M. W k in stkin , D. H okx and S. Y a n k ijílo w icz: To-l-Aviv preprint T A U F  723-70.
(7) J. L . Ca k d y : Saiú-a. Barbara prcjirint l'CSB T i l -30 (1978).
(«) A . A . MiGnAi.: 2 . M s p . Teor. Fh., 69, 810, 1457 (.1975),
(*) T. Banks, R. Mykhson and J. Koc;ux: Ahíel. Fhijs. B. 129. 493 (1977).
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r being tlie site of the lattice. This approximamoa keéps tlie samo periodieity 
of eq. (1) and clearly lias tíie same behavioor ior K  oo. It  is argued (,#) 
that the topological properties of eq. (2) are the same as those of eq. (1). In  
eq. (2) is a plaquette variable with mMV •■= -  m „  because mean*
just a reversal of the plaquette orientation.

A  gauge transformativa is given by n,t +  A tlg, where g is a scalar
variable at eacli site, 0 < q< N — 1.

Using Poisson’ s sum rule, we may write eq. (2) as

2 n *|

(3) Z c c fa ip »  2  2  exP — y  2  — '2nm^)\+ ^  J.V*<P»h

0

where

F „ v =  án<fv— Av<pu ■

Choosing a suitable gauge we teep  only 3 independent cpw. In  appendix A  
we show how it is possible to sum three to the independent y* to extend 
the range of integration to ±  oo. The remaining rn.m. may be written as

f Ttt̂ v =  CiívaP'Hai'M' * ^ ) 1 (J/ 1
(4 ) 1 - „. j 31 u z==r- Vuvoc¿Iv'WloG j

where M „  is a dual-linl¡ variable and na =  <5a l. Thus mlr -  0 and — 0. 
Finally we may write

co co
(5) Z  ce 1 Dgj/i 2  2  exP 

J JV- "
5  2  kFnv-Znm ^Y  +  iN  2 Pi‘<Pi‘ \-

TtH J2  r ,f¿ < v

In  the same way we may define the generating functional

co *1

Z[J] oc Í d 9?;í 2  i  exp [ -  y  2 — 2nm^ )2 +  i 2 P w A  
J L ¿ r,n<v w  J

Witll - P/e =  2?P¡< “I' J¡‘ ■

(10) M. Einiiorü and E. Savit: Phys. liev. D, 19, 1198 (1979).

29 -  II Nuovo Cimento A.
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ÜSTow we ar> ablo to perform the Gaussian íntegra,], (see appendix B ) and 
end up with the foilowiñg gcnerating functional (5) :

(7) Z[J] =  Z, 2  exp

exp

N

where

¿  2 J A r ) G i r , r ' ) M r )

~ ¿ - g P n { r ) G { r ,  r ' ) P n ( r ' )  -

p*(r)G(r, r')Jv(r') -\- 2jtNipli(r)G{r, r')A'amm{r') +  

+  2mJu{r)G{r, r^A ^m ^r')  — 2n-:E31e(r)G{r, r')Mo(r')

co

Zq ~  \ exp — ^  (An<pv Apipft)21 ¿(Aiitpii}. 
J L r ,f t< v  j

and G(r, r') is the Green’s funetion of the 4-dimensional Laplace operator 
ApA^Gir, »•') =  — óTy ,  i.e. G(r, »•') =  (l/47r)(l/|r — r'|2) -j- gauge-dependent terms. 

The WiJson loop can he caleulated as

(8)

with

r/ r t i

Z\J =  0]

J'Ár) =

1 , if the link r —>r -j- f i e F ,

— 1 , if the link r -f- /< —> r e r ,

0 , otherwise.

W e noto tliat AfiJtí — 0, because the W ilson loop is closed. 
In  appendix C we show that

(9)

where 2nB, is the pcrimctcr of the loop and a is.the lattice parameter,
W e may rccognize tho « changos » appeaa-ing in eq. (7) writing out the 

Euler-Langrange ©quatiojis from eq. (5):

Af,(Flir— 2nm,lv) — ip,,N .

Tiras -we identify p ,  as « electric » cnvrents and from  eq. (4) M „  as « magnetie » 
currents. This is bccanse eq. (4) corresponds to tho « d u a l» electromagnctic
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eqnation

órñliiv ~  M 1/ witll ñí'ftv — £/¡»'etrWlo(j •

Then, because of thc constraints ia eq. (7), ora* partition function describes 
current loops of electric and maguetic charges intoracting througli a Coulomb 
potential (s). It is kuown (4) that the Villain form  of the ZK gauge model is 
self-dual in four dimeñsions. W e can ask ourselves wbat does it mean in tumis 
of tliese charges. W e start fj-om Z[J  =  0] and perfora), a dual transformation

(10) exp

co

: j" ~Q's,¡p jexp 1 "p(Siív)'2 -}- isn,(F„v. 27iíre/«>)J|,

where v  is a plaquette variable. 
Then eq. (5) becomes

(11) Z  oc

QO co

—-co —co

2  ex P
vft*inup=>~co _r,u <  v

and, integrating over a particular <p„ .for a certain link, we obtain

CO.

(12) Jd<-p,i exp [icpni'SJ s„P +  Npnj] ce d[AvsMr +  Np„) ,
—co

where means a sum over plaquettes skaring the same link. 
Solving eq. (12), we hava

(1.3)
N

Suv =  A y  xpi—  n,,(n- A ^ P v )  +  jr-  £nveaAela ,
¿7t-

Yvhere tlie .oporator' (n ■ A )_1 has been definéd in appendix A , and 7,0 is a link 
variable defined on. the dual lattice (the link a is normal to the p laquette ¡ i — v). 
Thén inserting eq. (13) in eq. (11), we get

(14) Z o c jl)? ,, X  exp Y  j — ¿  L‘" ' ~  Nai,’ ^ n^ n ' A )~lpa) }  ’
—co

exp í 2  { ( — 2ji:iN('nn[‘)i'AY'ipv.— »*(»»• A )"* j>/t)'#&<«> — i l?e/weo^eZ«?%>>}J •

wíiorc Tjf.iv— /J/í?-!' Ayl'n•
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But, since (n „ (n -A )-1 p ,  — vh{n-A)-1 pt)m&  is an integer number, we are 
led to  the partition fiínetion.

CO

(15) Zocjjyiu  T  exp 2  (L/J>— Z w iw en ein -A y 'p o ) 2̂  •
—co

exp [ y  iMaSu

From  eqs. (5) and (15) we see that a duality transformation relates p„<r+ M,.- 
and K ¡ 2 <—> (lj2K )(FI2 jiy .  Since the exchange p„<-+ M t, is just electric-magn.et.ic 
duality, we learn that the partition function eq. (5) is exactly self-dual in térras 
of electric and magnetic variables changing K*-+ { llK ){N ¡2n )2.

It  is easy to prove that in thepresence o f externa! curronts the self-duality 
property is not valid.

3. — Limitirsg cases for tiie coupiing constaiit.

Now we wiil study the behaviour of eq. (7) in different limiting cases.

a ) Jim K  —> 0. In  this lirtiií only the magnetic loops are relevant to the 
partition function, since, te haré a nonvanishing contribntion, one must take 
p,¡ =  0. The contribution we must evalúate is

exp ¡2ni ’S 'J^ r )  G(r, r )  A'vm^(r')\ . 
f ,f'

Because A¡, J ¡t =  0, we may write

(16) Ja ~  Ba/ji’eAftQ¡¡n .

I f  we take the loop in the plañe 3-4 we m ay express Qve =  ?h-Lg, n be.ing a 
unit vector such that n r =  dv, and L e a vector (deñned on the dual lattice)

r  .
o * 9

• /
/

//
f

*
/•

/ o c 4

Fig. I. -  Definí tion of L e. L Q is a vector whoso valúes is 1, if it gocs tlirougli a plaquette 
oncloscd by tho ’iVilsou loop f .  and 0 othenvisc.
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normal to each plaquette in the plano 3-4 (see fig. 1} given by

1 , if the plaquette througb. which 
L e passes is enclosed by  the 

L e — <5c)2 =  Wil'son loop for o =  2,

0 ,  otherwise.

Using eqs. (4) and (16), we flnd (see appendix D)

(17) ^ \ ^ 7 i i ' 2 , J fí{ r )0 { r , r l)A [m lxv{r')\ — exp [ — 2ni J, (n-A)~l M e(r)Le(r) } .,

wliere Sr  means the surfaee enclosed by  the loop.
Bquation (17) has the following physical meaning. Because L e is a vector 

normal to each plaquette enclosed by  the loop, we must sum over magnetic 
loops that intersect normally the Wilson loop. I f  it is totally enclosed by Sr  
(i.e . all its intersections are within the surfaee of the gauge loop), its contribution 
to eq. (17) vanishes, while, if the loop is large enough such that it is not totally 
enclosed by Sr , it contributes to eq. (17) at those plaquettes which are inter- 
sected.

From  fig. 2a) we can cleariy see that small loops can only contribute to  a 
perimeter behaviour (u ) (because the Wilson loop is very large), while ng. 26) 
suggests that a condénsate of large loops will lead to an area behaviour.

Fig. 2. -  o) Small magnetic loops totally enclosed by tlie Wilson loop, b) Large m ag­
netic loops intersecting tlie surfaee of F  once.

b) lim N -¡2K  -> 0, K  oo. In  this case the magnetic loops are not 
relevant to tho partition function because one must take M e =  0. The term 
we must compute is

r r

L

a) b)

(n ) T. Y o n e y a : Nucí. Phys. B , 144, 195 (1978).
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From  eq. (16) and « integroting » by  parte, tho cxponent. becomes 

(181 - 5  2 Le(r')e0llrnnrpa{r)AltG ( r , r ' ) = . ^ e ltaia J„ A„G{r, r')j>a( r ) ,
K  r~í' J-L r,r'£¿Sr

wliere only r' is ctn 8¡ This expressiou can be rcwriíten in a more familiar 
way. Because p„ is an eleetnc-current loop, the continuum limit of eq. (18) is

N

K
8 f  electric

loop

and we recognize ^p0(r) á.r¡\r— r'|* as the vector potential of electromag- 
netism in 4 - f  1 dimensions,

, , f  Po(r)dr
- ' i " —  n

| r — r'¡*

being the eorresponding magnetic-field component. Thus ¡Buv&Suv is the total
Br

magnetie flux going through the surface Sr . The magnetic-field linos are closcd 
and are on the plañe perpendicular to the electric current generatin'g them.

From. this analysis we conclude tha.t the ■electric loops enclosed b y  the 
W ilson loop cannot contribute to an área behaviour, because the total flux 
which goes through the surface can only have contributions from  loops which 
are near the boundary of the gauge loop, as is shown in fig. 3. Figuro 3 strongly 
suggests the effect of electric loops, which are far and near, respectively, from. 
the boundary of the gauge loop. Thus it is clear that a condénsate of electric 
loops will at most contribute to a perimeter behaviour.

a) b)

Fig: 3. -  a) Small electric loop and its magnetic-field lines insidc 8r . b) Large electric 
loop near tlic boundary of Sr .

In appendix E a y o  calcúlate the effect of electric loops of definito charge 
insido the Wilson loop, its contribution being oforder ln (?Jíja). In  the situation 
in wliicli thero is a condénsate of these loops, largo loops will be present. Then 
we have to sum over all possiblo lenghts of loops inside F  finding a total con-



PJtASES OF ZN LATTICE GAUGE TJTEOEY 4 5 9

tribution 7tJi¡a -j- ¿  In (2Jifa) (soe ¡ippendix E). So that in this limit, wüero 
only clcctric loops aro relevant to the partition íunction, tlio W ilson loop be­
haves with a perimeter law. If veo sum a term exp ji jT to eq. (15), re-

garding G„, as a current deflned on the dual lattice (maguetic currents), and. 
associate with it a « dual W ilson loop » for magnetic charges, after following 
the steps wliícli led to eq. (7), one gets the same equation but witli the exchanges 
Mp*-*pp  and K *-* (l¡K)(Ji’l2n)3. Therefore, because of duality, in the limit 
N*/2K -> 0, K —> oo, the dual Wilson loop behaves with an area Jaw equivalent 
to magnetic conflnement. In the other limit, K  ->  0, the dual W ilson loop has 
a perimeter behaviour.

Summarizing, the behaviour of the theory in the limiting cases is the following. 
lim K  -> 0: magnetic loops are relevant, the W ilson loop decays with an area 
law and there is confinement of el.ectr.ic charges. lim N 2¡ 2 K  - >  0, K  - >  oo: the 
electric loops become important to Z[J]  and the W ilson loop behaves libe 
the perimeter. There is no confinement of electric charges, but there is confine­
ment of magnetic ones.

W e expect ánother behaviour in the middle of these two limiting cases.
lim K  co , lim i\"2/2Jí -> oo. In  this situation neither the electric loops 

ñor the magnetic ones contribute in a relevant wav to the piartition function. 
The main contribution to Z[J]  comes from the term exp (1/2K )  2  JiÁr) ' 
G(r, r')Ju(r')] and the. Wilson loop decays as the perimeter in both the direct 

and the dual lattice. There is no confinement either oí electric or of m agneto 
charges. W e suggest that this phase takes place for N  >  N r .

4. — Phase diagram.

W e will give a naive. argument (°) to roughly determine the Avalué of N Q 
and the coupling constant at which a phase transition talces place. W e liave 
a gas of electric- and magnetic-current loops interacting via a Coulomb potential 
in four dimensions. In the limit in which a class of them is condensed, we 
expect a great amount of loops of this kind to be of infinite length and the 
vacuum will be filled with th’em. Tliey look like a random walk and we may 
argüe that the forces between neighbouring links are cancelled on the average 
(both for links Lelonging to the same loop or to neighbouring loops). In  this 
crude approximation only the self-energy of each link survives, and a loop 
contributes as í? (0 ) i ,  L  beinsr its length. Then we have to compute, c.g., the, 
following term:

CO
(19) £  á (J „ü f/, ) e x p [ - 2 w íZG !( 0 ) £ i r ; ] .

31 e-----co

Tho sum is over elosed non-back-tracking (to avoid doublo counting) random
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walks. But, since thcy are not too weH known, t-'í will take them 'sim ply as 
random closed walks.

It  has been íound (12) that the number of possible configurations of closed 
.random walks of length L  is roughly

(20) P(L) =  / f f 1(L ),

ft(L) being a function such that lim \ÍAL)]1!L ->1  and (13) 2D, where D  is
X—> co • 1 ‘

the dimensionality of the system.
Then from eq. (19) the free energy of a single loop carrying a unit charge 

is given by

(21a) (2n *E G (0 )~  ln¿«) L ,

and the samo holds for the electric loops 

(21 b)

From  eq. (21a) we see that when E  is small enough (2n2EG(0) <  ln ¡j) 
large loops are more important to the partition function than the small ones. 
Considering eq..(21&) too, it is clear that when E  increases magnetic loops 
bccom e irrelevant and for N  small enough ((N'2I2E)G{()) <  ln ¡x)  electric loops 
are important. Thus we expect a phase transition for K c (N  <  N c) given by 
the duality relation

P 2 ) ir .  =  g .

For K  <  E c the vacuum is filled with magnetic loops which lead to electric 
confinement, and for E  >  K 0 (Ar <  N c) the electric loops condense giving 
magnetic confinement.

As was suggested above, we expect for N  >  jYc a phase with neither electric 
ñor magnetic confinement. From  eq. (21) this takes place when

2E  ln u ln ¡i
i ! > - é ( o f  ” ld E > w k ) - K -

Then a lower bound is given by

(23) N* >  íji2E ' z =  N : .

(ls) J. M. Hammersley: Proc. Cambridge Pililos. Soo., 53, 642 (1957); 57, 516 (1961); 
Añv. Chem. Phijs.. 15, 2-9  (1969).
(**) M. S to n e and P. Thom as: Phys. Rev. Lett., 41 , 351 (1978).
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To calcúlate K [  Ave use thc valué (*) of thc Green’s functiou reguiarizea 
at the origin 6(0) na 0.19 for the lattice in four climensions (*). Then

(24) J T '^ 0 .5 6 , N c ~  3 .6 .

For j\7 >  jVc ~  4 we expect three different phases: electric conñning íor 
K  <  E'c, magnetic conñning for K. >  N*¡in*K[ and an intermedíate non- 
confining phase wliich is cliaracterized by massless (w) photons and is analogous 
to that of QED. This suggests the phase diagram shown iñ fig. 4.

Fig. 4. -  Z¡¡ phase diagram. The phase. A  correspondí; to eiectríc confinement, 
pliase £  to magnetic. confinement and O to nonconfinement. Piases A  and B  are sepa- 
rated by N  =  2tt.K, A  and O b y  K = X ' C and B  and O by  JV =  'Iny/JLK'^.

5. — Concluding remarks.,

W e have analysed the behaviour of the W ilson loop fcr different regions 
of the coupling constant of the ZN lattice gauge theory in four dimensions.

As expeeted Ave íound three phases characterized. by  the area behaviour 
(confinement of static electric charges), perimeter behaviour (confinement of 
static-m agnetic charges) and perimeter law Avithcut any confinement.

Using an eniropy argument we found the phase diagram for this theory 
establishing a lower bound for the critica! N  neccssary to expect three phases.

(*) Tliis valué lias 1)0011 taken by comparing the nunicric.al coefficients of tlie last 
term in tlio exponent oí onr eq. (7) Avitli the sccond exponent oí eq. (17) of reí. (•), 
Tliis Avas also done in rcf. (&). Hevnrthclct», sincc there is an apparent diilerence of a 
factor of 2 betwecn both expressions, if tlio valuó G(0) =  0.38, as quoted in reí. (*) 
is introdneed in our fonuuiae, a too low bound jVc =  2 would be obtained.
(14) T . B a x k S and E. B a b in o v iCi : Princeton preprint (1979).
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This valué is consi,stenfc with the óne obfcained by comparing with the Í7i 
model (5) or an.alysing the spin system (’ ), and Jowei blian estimates coming 
from  the Hamiltonian versión of the theory (5-°). Despite this uncertaintv, 
we-'believe that tlie fcatares of tho phase diagram are correct.

Having chara cterized the three possible phases of tho ZN gauge theory, 
óne should apply more refmed methods, e.<¡. the renormalization group tech- 
niques, to determine the phase diagram with greater aecuraey.

* * *

The author is deeply indebted to L. M a sp e r i for eneonraging comments 
and for reading the manuscript. He also thanks J. Ca r d y , whose yisit was 
supported by the Organization of American States through the Multinational 
Program in Physics, for very useful suggestions- which stimulated this work,. 
and to the Partióle Group of La Plata University for interesting discussions.

A p p e n d i x  A

W e show the m ethod to ex-tend the-integration range from  eq. (3) to eq. (5). 
Poiissou iS s’jm  rules

■y“ ° / 2tt, \ n  “  r 
(A .I) 2  /  W  = 9 — 2  d9V exP [iVltPiiN] ,n„=0 \Jy /  j>„— <o J

o

we have arrived at eq. (3).
There are six independent mwv and three independen!/ 9?̂ .
W e sum three m„r to the independent fu , i.e. we sum m 12 m13, .m,4 to 

9 a  9h, <Pí, respeetively, and define 9;  ̂ =  cp„ — n M „ . Because

(A/t (py Ay<p¡¿ 2jl7}liip)~ =  E¡>ajlv(Á /l(pv --- TCTfluv) ,

in the term egon^A^', -}- n.AuMv — nmuv) we impose

, a o 1  , , ,  J O , if ,« =  1 ,2 , 3, 4 ,
(A .2) AfiMv m¡¡v — O-nv — < 0 „ ,

 ̂ y Ü f.1 —  ^  ti) -I; V —  Uj 41 •

The solution of eq. (A.2) is

(A.3) a/i¡i — £iíva¡i'Ua{'i~<' • A )“ * J\[p

with. n a un.it vector such that na.— <5al and (n -A )~x the inverse of the finite- 

difCerence operator (n-A)~'M/i — ¿  ;k2, a-3, ¡c4).



In fact. «is =  0,3 =  au =  O and

a23 =  tii(n- A)~l M t =  m23, 

a2i =  — n^n- A ) - 1 M 3 =  mu , 

a?, == n ^ n ■ A)~i M i =  mM,

so that

(A.4) M t =  A.m^ , M 3 =  - ■ A 1mu , J í2 =  A ym3 l, M x =  O .

Defining
J O , if ¿¿ — 1 , v =  2, 3, 4 ,

mí'v ~~ {  mWv, if ^ =  2, 3, 4 , v =  2, 3, 4 ,

we see that

í  1 ^ ¡iV Q O ^ v^ a Q  )

 ̂ 1 m — e ^ n ^ n  • A )_1 M t,,

and we finaily obtain eq. (5), dropping the piimes.
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A p p e n d i s  B '

W e perform the Gaussian integral to get eq. (7).
The exponent of eq. (6) is

( B . l )  E  — i P f i c p n  —  t t  2  ( A i i V v  —  A v cp n  2nmiiv)2 ■
¿  fi< V

Making the shift ip¡t ->  q>t< +  and imposing the gauge Ap<p„ =  O, A¡,Q„ =  O, 
we choose Q¡j süch that

( B . 2 )  i P ,i< p u  +  K x p u A v A v Q , ,  +  2 n K i p „ A , ) > i n v  —  O .

W e see that

(B.3) Q,  =  2  [ ¿  PÁr')  +  2 » ¿ ;m „ ,(r ') ]  G(r, r')

WÍtll ¿dp ) == r̂,r'* . _ . A A A __A
From AaQn =  O it- follows that AuVu =  O, beeausp A fiJ fl =  0 and á „ JrW*, — u.



The term which goes ont. of the integral, if one uses eq. (B.2), is

(B.4) iP uQ„ -  f  2  -  A „&« -  2w % ,) ! =  2  6 (r, r ')P „ (r ') +
4 ¿ í , , ,  -¿-U-

+  n¿P (̂r) 2  G{r, r ^ A ^ m ^ r ')  +  7iiAv?nuv(r) 2  <?(r, r') P„(r') -  rc'-KmJ, +
r ' **'

+  27t2K A r m„v{r) 2  ^aTO«a(,',) •
r'

Because of eq. (A.4')> the last two terms in. eq. (B.4) becom e 

(B.5) F  =  2K7i*eanveAi¡nv(n' A)~1M.e{r) 2  EaxpyA'an^(n- A)~' M v{r')
r:

and

(B.6) G =  — n*Ksneapnn(n ■ A )-> MpBMre<,ne(n • ¿J )_1 i f „ ,

respectively.
Using the formulae (u )

EltvQoSaflyo r== ¿ / i a  Ói’0 Óny S/ia bv y  Ónp $Q 7  “ I”  &iift$vy&Q<x ~f"

,-o rr\ "í-  l̂iy v̂aSgp diiyórpdga i

GlivapSltvQO === 2 ( 3 a o  Ojia 3 a o 3 p e )  j

and the fact that nrM v =  0 and A^M^ — 0, one obtains 

(B.8) F  =  2niE ^ [{n -A )-1M e(r)}2 — M 0(r) 2  <?(r, r ')ü fe(r ')] •

In  the same way

G =  271*K [{n -A )~ 'M e{r)Y ■

Finally the generating functional equation (7) is obtained.

4 6 4  »•  B O TA N O VSK T

A p p e n d i x  O

W e calcúlate the behaviour of the term 2  JÁr)G(r, r ')Ju{r’ ).
Tif'

Approximating the Wilson loop by a circular one (10) (fig. 5), in the con- 
tinuum lim it we liave

(C.l) ■JoSrJJn.írJrlrAri
¡r - - r J  ' 21

eos (01 — O'.JdOxdOo

(>*) P. Román: Theory of Elaneutary Partióles (Anistcrdam, 1960), p. 57. 
(10) E. Fjíadkin and. L. Süsskjnd: P h ys.-E ev. D , 17, 2G37 (1978).



having wi-itten J 0l(r,) =  exp [-ííJx], J0,b\) =  exp [— i02], r ,= R  exp [¿0,], i =  1,2, 
and |?'i — r2¡2 =  2R2(1 — eos (0r — 02)). In  order to preserve the convergcnce of 
the integral, we introduce a eut-offi a¡R.
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Fig. 5. -  Wilson loop and iniegration variables.

The range of integration of <9j is a/R <  0¡ <  62 — a/R, &nú'X£j2R <  $2< n  — ajR. 
In  this way angles and angular difí'erences are greater than a¡R, so that

t,o \ f c os(0! — 02)d0! a a ( a  02\ (a  \
m) = J -  Ctg2l + 1 + “‘H s - l j ' i i i - 9’)'

and
7t—OW

(C.2) 2 Í l(0 2)d02 ^  ——— -f- In —— .j  cw-vo a a
aliJt

Therefore eq. (9) holds.

A p p e n d i x  D

Here we want to show eq. (17).
From eqs. (4) and (1C) with L e =  < 5 we express

(D .l) exp [2^ ¿ '2  J„(r)fí(r,r')¿IÍTO^(r')] =  exp [2ni(e1 — e2 — e1 +  et +  c5 — «,)].,
r ,r ' ■»

where we have used eq. (B.7), and 

e-i =  2 , A,,nyL e{r) A',tnr(n ■ A ' y 1 M Q{r")G(r, r') =  — 2  L e{r){n- A ) - 1 M e{ r ) ,
r . r '

e2 — 2  A,tnvL e{r) Apiigin - A')*1 M yG(r, r') =  0 , by  L ene — 0 or n ,M r =  0 ,
r,r*

e, =  / )  = J J Í 1(r')/l1(?(r1r') =  0,
r»r ' f,r€Sj<
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because r ranst be on the plañe 3-4 so that r ') =  0

« 4 = 2  A „n vLt{r)A'enlt{ n - A ' r xM ¿ r ,)Q(r, r') =  0 , by  n ,M r =  0 =  M 1,

es =  2  »■') =  0 i by £<,«.<? =  0 ,

Therefore the only terrn whicli survives is e, and eq. (17) holds.

A p p e n d i x  E

W e calcúlate the term ^ ,p A r ')G(r, r')Ju{r) for current loops of a definite
r>r'

charge p.
The continuum limit becomes

W e remarle that the com ponent of p „  which contributes is the one parallel 
to the Wilson loop. W e calcúlate the effect of current loops in the case in 
which they are condensed and fill up the surfaee of the gauge loop. W e will 
suppose they are rings and calcúlate the effect of those which are inside F

(e ;i )
r

(fig. 6).

Fig. 6. -  Electric loop inside F  and integrat-ion variables.

Calling r =  B. exp [í0J, r ' — q exp [— ¿0,], J 0l ~  exp [¿0J, p 9, == p  exp [— ¿0a],
we have

(E.2)
/ ’ eleo
loop



rn A S E S  o f  ZN l a t t i c e  g a u c - e  t i i e o k y 4 6 7

where 11 is the Wilson Joop nidias and q the current loop one. -Keeping, as 
in appendix 0 , the integration range

a A O a— <  0 ]< 0 2 B , 2B
6 „< n  ■

(E.3) A  =  2 pL

a
B

2 df  íx
b ^4-rZTb~i

and, integrating for 6¡, E >  n, we have

=0,-o/Ji
d 0 ,

•alR

with d — B 2 +  e2 and b =  — 2qR. 
A  term we must com pute is

3I—0/.R

S/2.B

which does not diverge in the .integration interval. Figure 7 shows that the 
integrand is a finite function in the considered range, so that B  is roughly 
/ítc2/2 with \ <  k <  1 ■

rr
2

C\Ĵ

cT
CP4->
Oj
CP
oi„ó

nd2

Fig. 7. -  Arctg [G tg (02/2)] as a function of 02 in tlie interval O < 0 2< w , for difl'eront 
valúes of the constant O.

Then, as a rough estímate, the main contribution to A  comes from

(E.á) D do
R ‘ -
W Q-

2 arctg
■ M )

ln
2 R

in the lirait a/B -> 0.
From appendix C we know that, for a loop such that o =  R, the contri­

bution is «a i>(7tB.¡a) +  (pl ‘i) ln (2Bja), because to com pute 'a  loop p „  o f q =  B  
is the same as

P 2 M r ) 0 ( r ,  r ’ )M r ' )
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T h en  our conclusión h  that. current loops o í in te n sity  p  eneJosed b j  the. 
W ilso n  loop will contribute a t  n io st to (lie perim eter behaviour w ith logarith m ic  
correefci'ons even  w hen th ey  are condonsed, a p p ío xim ation  w hich has been  
taken in to  aceount in the o int-egratión.

@ R I A S S ü N T O  (*)

Si usa la formulazione lagrangiana dolía teoría di gauge ZN iu quattro dimensión! e 
si di.mostra la sua equivalenza con la funzione di partiziojie per un gas di Coulomb di 
cappi elettriei e magnetici. Si mostra' c'üe questo modcllo b autoduale quando lo si 
esprime nella forma di Villain. Si trova, come limite inforiore, che per jV < 4  ei sono 
solo due fasi che sono in relazione attraverso la dualitá mentre per N >  4 eompaiono 
tre fasi. 11 calcolo esplieito. del cappio di W ilson li identifica come fase a confín amon to 
elettrico, a non confinamento e a confinamento magnético.

(*) Traduzionc a cura della Bed-azione.

<í>a3bi ZN peuieTOHHOti FcajitiGpoBOHHOH reopiiH.

Pe3ior.se (*). —  M h  Hcnoi7b.3yeM JlarpaHmiairuyio ^opMyjrapoBicy ZN ¡ca.¡io6poBOHHoñ 
xeopHU b Merwpex M3MepeHH«.x. Ivíbi noK3.3bieaeM 3KBUBajieHTH0CTb 3Toro no.zixo.ua 
4>yHKUHH pa3^ejreHiiH m *  Ky.noHOBCKoro ra3a 3JiCKTpHiiecKHX n MarHHTimx neTeüt. 
HoKasbiBaeTCK, mto 3Ta MO#ejib HBJi>ieTC>t caM0¿iyajii>H0íí, Kor.ua 3aniici>rBacTCH b (jiopMC 
BíinjmaHa. 06Hapy*eHO, *íto na hhjkhcíí rpaKHiíe, Rim -A7 <  4, HMeeTCH TOJibKO ¿inc 
(j)a3M, CB»3aHHMe flyaJibHOCTbK), ror«a  KaK jxnn N  >  4 noaBJi>iK>TCH Tpn c[>a3bi. ílunoe 
BbWHCJieinie neTjua Biuibcoiia H¿¡.eHTii(}mnwpyeT hx, ícaK 3Jie¡íTpH’íecKce yn;ep>KaHHe, 
licy/icp'/KaKue h MarHHTHoe y^ep^aniie.

(*) üepeeedeHO pedamueii.


