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Sommary, ~— We use the Lagrangian foermulation of the Zy gauge theory
in four. Gimensions and demonstrate its equivalence with the partition
function for a Coulomb gas of cleciric and magnetic loops. This model
iz shown to be self-dual when expressed in the Villain form. It is found,
as.a lower bound, that for N < 4 there are only two phases related by
dnality, while for ¥ > 4 three phases appear. The explicit calculation of
the Wiison loop idenfifies them as electric cenfining, nonconfining and
magnetic confining.

1. — Introduection.

It has been argued (1) that the eentre of the group SUy, i.e. the Z » Abelian
group, plays an important role in the confinement problem. If ig, thercfore,
interesting to analyse the phase diagram of the Zy gauge theory.

YWhen a Zy lattice gauge model is expressed in a Lagrangian-formalism
using the Wilson action (%), the introduction of the Villain (%) approximation
allows us to show the sclf-duality properties in four dimensions (*). This in-

(*) To speed up publicetion, the author of this paper has agreed to not receive the
proofs foer correction. :

(**) Comisién Naecional de Energia Atémica.

(***) Universidad Nacional'de Cuyo.

() G. 1. Hoowr: Nuel. Phys. B, 138, 1 (197

(¢) K. Witsox: Phys. Rev. D, 10. ’H) (1974).

(M T Vieras: Jo Physo (Parisy, 36, 581 (1973).
M AL Casusr: Nuwel. Phys. B, 151, 353 (1979).

78).
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452 D. BOYANOVSKY

dicates that, if only two phases exist, the transition occeurs at the symmetry
point.

However, it has been snggested {5) that for sufficiently highh N a third phase
appears. The same conclusion bas been reached using the Hamiltonian for-
maiism (°). Also the spin system in two dimensions () shows a third phase,
which is consistent with thie four-dimensional gauge result (8).

The purpose of this work is to identily the three phases through the explicit
analysis of the Wilson loop behaviour and to estabiish a lower bound for ¥
in order that the third phase can exist.

In sect. 2 we give a self-contained description of the Lagrangian formalism
leading to a Coulomb gas of electric- and niagnetic-current loops and showing:
the self-duality property.

In sect. 3 we study $he different limits of the coupling constant identifying
an electric-confining, a magnetic-confining and a nonconfining phase. The
electric-confining phase shows an area law for the Wilsou loop in the direct
lattice and a perimeter law in the dnal lattice. The magneticrconfining phase
has just the dual behaviour, while the nonconfining phase presents a perimeter
behaviour in both lattices.

Section 4 is devoted to establish a lower bound to the eritical N for the
existence of the third phase using an entropy argument (*), and to draw the
phase diagram of fhe model.

o

Short conclusions are given in sect. 5.

2. — Coulom} gas analogy.

We work with a Lagrangian version of the Z, gauge theory in a path-
integral formulation.
The partition function of the syster is defined by

. 27 .\l
® Z= 3% exp [-~K > - cos (—; N u.v)J',
{na} plaguattea N
where Ny = Auny — Ayny with Ay finite-difference operator. m, are link vari-
ables 0, < N — 1 and p=1,.., 4.
Tn the Villain approximation (3) eq. (1) is rewritten as

< o (% E
W Ny o |

{ny} myy=—o ~ <y

(¢} 8. Enrzor, J. Smeemirsu and R. Pransox: Princeton preprint (1979).

(¢) M. Waansrrin, D. Honrx and 8. Yavkierowicz: Tel-Aviv preprint TAUP 723-79.
() J. L. Camoy: Santa Barbara preprint UCSB T30 (1978).

(® A, A Mwpav: Z. Elsp. Teor. Fiz, 69, 810, 1437 (1975).

(") T. Baxxs, R. Myewsoxy and J. Xocur: Nuel. Phys. 3. 129, 493 (1977).
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r being the site of the lattice. This approximasion keeps the same periodicity
of eq. (1) and clearly has the same vehaviowr for XK —- co. It is argued (*°)
that the topological properties of eq. (2) are the same as those of eq. (1). In
eq. (2) mu Is @ plaquette variable with mu = — My because u<>v» means
just a reversal of the plaquette orientation. :

A gauge transformation is given by nu — nu + Adug, Where g is a scalar
variable at each site, 0<;9<A’ — 1.

Using Poisson’s sum rule, we may write eq. (2) as

K ,
0} 2 (T — 2nmuw)? + iN PM]?u.‘

3
S 2P|

(3) ZmJ‘D(p,‘ i i exp{——

g M=

where

= Bugpy— Ao

Choosing a suitable gauge we kecp only 3 independent @u. In appendix A
we show how it is possible to sum three M to the independent ¢, to extend
the range of integration to 4 oo. The remaining my» May be written as

Muyy = Euva 677'0((%' /—1)_1 IyIﬂ )
(4} : .
‘L ‘7',1_,, = E;ntgaAzrmgo‘,
where M, is a dual-link vaviable and n, = d,,. Thus m,, = 0 and M, = 0.
Finally we may vrite

-]

5 2 K .
(5) Zc|Dpw > 2 exp[——2— S (Fuy — 2muw)® 4 N Z]Juqm].

Pu=TR M= B<v 1.4
-

In the same way we may define the generating functional
. -y © © K .
(6) Z[J] oc.[qu ¥ > exp [—— 5 S (Fuw— 27mus)* + 4 2, I.J"‘?’”]
P, r

=@ My WM<y N
—o

\Vith’P‘: = _ATP" + J[‘.

(%) ‘M. ExxnorN and R. Savrr: Phys. Rev. D, 19, 1108 (1979).

29 — Il Nuovo Cimenlo A,
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Now we ara able to perform the Gaussian integral (see appendix B) and
end up with the following generating functional (5):

L) 1 , .
M A =2 3 exp[—2—K Z;Mr>G<r,r'm('r-)]awum)a(Aum)-
1‘1‘7 "==‘-—(‘_'t - ur

oxp | D | — s 2ulr) G, ) pulr’) —
oK

rr',

N . ' /
— 57 Pulr)G(ry 1) u(r") - 2N ip (r) G (ry #') A amua (') +

K
+ 2o0idu(r) G 7y v') Aymm(r )-—27 KM ()G (ry ') Molr' -”
where
Z, =fD‘Pu beXP [— ’]éli , pz@ (dupr — Aﬂ‘ﬁu){! 0(Augpu).

and G(r,r') is the Green’s function of the 4- dimensional Laplace operator
A dp Gy v’y = — 0, ., 1. G(r,7') = (1/47)(1/|r — r'|?) -} gauge-dependent tclms
The Wilson loop can be calculated as

®) exp [P = 57 A
with
1, if the link » —»r - gel’,
Jur) =1 —1, if the link r 4 & —rel,
0, otherwise.

We note that A,J, =0, because the Wilson loop is closed.
In appendix € we show that

< . , alk 1. 2R
(9) r},, Ju(r)G(ry 7 )J,@ y g In—,

where 2aR is the perimeter of the loop and a is.the lattice parameter,
We may recognize the « changes» appearing in eq. (7) writing out the
Euler-Langrange equations from eq. (5):

/—I/((-F/w"' 2'7”?2-/41;) = ipp.N .

thus we identify py as « clectric » currents and from eq. (4) A, as « magnetic »
currents. This is because eq. (4) corresponds to tho « dual» clectromagnetic
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equation

Ar ";’I/uv == B ',;, \V“’Jh ﬁi:;w = 814)’95777/90 .

Then, because of the constraints in eq. (7), our partition function describes
current loops of electric and magnetic charges interacting through a Coulomb
potential (). It is known (*) that the Villain form of the Zy gauge model is
self-dual in four dimensions. e can ask ourselves what does it mean in terms
of these charges. We start from Z[J = 0] and perform a dual transformation

jid r R )
(10) exp [—— 5 (L — 27 p) }m r Disur {cxp l—— 57 8w)? + isu(Fw— unm,,,,)-li ,

where sy is 2 plaquette variabie.
Then eq. (b) becomes

(11) Z oC D(pu D-guy'
2 1
Z exp [ Z {‘”‘ ¥4 (sur)? + 180 (L — 20mys) - 'LNPﬂ(PL}]
Dy yy=—00 ru <y

-and, integrating over a particular g, for a certain link, we obtain
w©,
(12) fd(p,, exp [’ifpu(zf Swr + Npu)] oc 6(dvsur + Npu) s
—w

where 37 means a sum over plaquettes sharing the same link.
Solving eq. (12), we have

N
o guvps Aol
S Eureo dolo

(13) Sur = N(nu(n-A)1ps — n(n- A 2pyu) +
where the operator (m-4)~! has been definéd in appendix A, and I, is 2 link
variable defined on the dual laitice {the link ¢ is normal to the plaquette u — »).
Thén inserting eq. (13) in eq. (11), we get

[ e r 1 (N 2
(14) ZocJ.DZ“ > expi > { Y ( Ly — Neuvootio(nt- A)~ 11),,) }
Pus =R Fpj Xy

exp[ > {(——- 2N (nyeloe - Ay Py — N A) 1) My — 1N e o Iam,,,}J,

o <y

whore Tyw = Auls— dyslu.
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But, since {(nu(n-A)™ p,— w{n-4) " pymy is an integer number, we are
led to the partition function

e ¥y
(15) Z oC DZ,; ‘Z eXp [ z {—' élf (5%) (Lyﬂ _ 27178/,,;-9(;‘”,9('7?; . A )‘lpu) 2}] .
° Py Mhyy™"" 10 ru<y Ykl

exXp lz ‘iiVZgé'm-gaAg’m/w] .

From cgs. (5) and (15) we sce that a duality transformation relates py«> 3,
and K /2« (1/2K)(N[2x)2. Since the exchange p,« M, is jush electric-magnetic
duality, we learn that the partition function eq. (5) is exactly self-dual in terms
of electric and magnetbic variables changing K« (1/K)(V/25)2.

It is easy to prove that in the presence of external currents the self-duality
property is not valid. '

3. — Limiting cases for the coupling constait.

Now we will study the behaviour of eq. {7) in different limiting cases.

¢) lim K -> 0. In this limit only the maguetic loons are relevant to the

artition funecsion, since, t¢ have a nonvanishing contribution, one must take

P ) ’ g ’ 4
pu= 0. The contribution we must evaluate is

exp [Zm' 3 Julr) Gy 1) A:'m“(r')] .

Because Aud, =0, we may write
(16) Jo‘ - EourgA/;Q;u_a .

If we take the loop in the plane 3-4 we may express &, = Ly, # being a
unit vector such that n, = d,, and L, a vector (defined on the dual lattice)

34
r.
[ ] x/ 5{’/ L]
/, L] < 3

2

Fig. 1. -~ Definition of Iy, Iy, is a veetor whose values is 1, if it goes through a plaquette
enclosed by tho Wilsou loop Iy and 0 otherwise.
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normal to each plaquette in the planoc 3-4 (see fig. 1) given by

1, if the plaquette through which
L, passes is encloesed by the
L= 3}, = Wilson loop for ¢ = 2,

0, otherwise.
Using egs. (4) and (16), we find (see appendix D)

(17) exp [Zni Z'Jp(r) G(r, r') A:mm(r')] = exp [f— 27t Yy (n-A)~ Mo(r) Le(r)] s

resp

where S, means the surface enclosed by the loop.

Equation (17) has the following physical meaning. Because L, is a vector
normal to each plaquette enclosed by the loop, we must.sum over magnetic
loops that intersect normally the Wilson loop. If it is totally enclosed by S,
‘(¢.e. all its intersections are within the surface of the gauge loop), its contribution
to eq. (17) vanishes, while, if the loop is large enough such that it is not totally
enclosed by S, it contributes to eq. (17) at those plaquettes which are inter-
sected.

From fig. 2a) we can clearly see that small loops can only contribute to &
perimeter behaviour (1) (because the Wilson loop is very large), while ng. 2b)
suggests that a condensate of large loops will lead to an area hehaviour.

r r
e
b)

a)

Fig. 2. - a) Small magnetic loops totally enclosed by the Wilson loop. b) Large mag-
netic loops intersecting the surface of I' once.

b) lim N*/2K -0, K — oo. In this case the magnetic loops are nof
relevant to the partition function because one must take 2 ¢ = 0. The term
we must compute is

N .
exp — [,_ 2. Du(r)Glry 1) “("')]

d
K &

() T. YoNeya: Nucl. Phys. B, 144, 195 (1978).
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From eq. (16) and «integrating» by paris, the exponent becoines

. 7\,
(18) —% 213 (1" eopratePo(r) Ap Glory ') = 77 Euors }

Tyt r,r'ESp

A4,G(r, " )pe(r),

where only ' is on §; This expression can be rewritten in a more familiar.
way. Because ps is an electric-current loop, the continuum limit of eq. (18) is

Dol r)dr
1 2
K a7’ egu2 4} 56 P l
8p electric
: loop

and we recognize épy(r)dr/lr— r'|* as the vector potential of electromag-
netism in 4 - 1 dimensions,

. {(r)ds
By, = 8ap124;‘§ 'g__",',_z

|

being the corresponding magnetic-field component. Thus fBuydsu is the total
8r
magnetic flux going through the surface S.. The magnetic-field lines are closed

and are on the plane perpendicular to the clectric current generating them.

Trom this analysis we conclude that the -electric loops enclosed by the
Wilson loop cannot centribute tc an area behaviour, because the total flux
which goes through tho surface can only have contributions from loops which
are near the boundary of the gauge loop, as is shown in fig. 3. Figure 3 strongly
suggests the effect of electric loopq which are far and near, respectively, from
the boundary of the gauge loop. Thus it is clear that a condensate of electric
loops will at most confribute to a perimeter behaviour.

./ Q
H Z) __;‘ 3 / Y?S ~ Y.
' ¥,

a) b}

Yig: 3. — a) Small clectric loop and its magnetic-field lines inside Sp. b) Large electric
loop near the boundary of Sp.

In appendix B we caleculate the effect of electric loops of definite charge
inside the Wilson loop, its contribution being of order In (22°/«). In the situation
in which there is a condensate of these loops, Jarge loops will be present. Then
we have to sum over all possible lenghts of loops inside [I” finding a total eon-
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tribution ~ wRfa + 3 1n (2R/a) (sce dppendix T). So that in this limit, where

cnly cleetric loops are relevant to the partition function, the Wilsen loop be-
haves with a perimeter law. If we sum a term exp {7 ¥ Culyl to eq. (15), re-

T

garding C, as a current defined on the dual lattice (magnetic currents), and
associate with it a « dual Wilson loop » for magnetic charges, after following
the steps which led to eq. (7), one gets the same equation but with the exchanges
My pu and K> (1/K)(N/27)% Therefore, because of duality, in the limit
N22K — 0, K — oo, the dual Wilson loop behaves with an area law equivalent
to magnetic confinement. In the other limit, /L — 0, the dual Wilson loop has
a perimeter behavicur.

Summarizing, the behaviour of the theory in the limiting cases is the following.
lim K — 0: magnetic loops are relevant, the Wilson loop decays with an area
law and there is confinement of electric charges. lim N?/2K — 0, i — co: the
electric loops become important to Z[J] and the Wilson loop behaves like
the perimeter. There is no confinement of electric charges, but there is confine-
ment of magnetic ones.

We expect another behaviour in the middle of these two limiting cases.

lim K —> co, lim N?/2K — co. In this situation neither the electric loops
nor the magnetic ones contribute in a relevant way to the partition function.
The main contribution to Z[J] comes from the term exp [—4 (1/2K) > Julr)-

Gryr)J u(r’)] and the, Wilson loop decays as the perimeter in both the direct
and the dual lattice. There is no confinement either of electric or of magnetic
charges. We suggest that this phase takes place for ¥ > N,.

4. — Phase diagram.

We will give a naive. argunient (°) to roughly determine the value of N
and the coupling congtant at which a phase transition takes place. We have
a gas of electric- and magnetic-current loops interacting via a Coulomb potential
in four dimensions. In the limit in which a class of them is condensed, we
expect a great amount of loops of this kind to be of infinite length and the
vacuum will be filled with them. They look like a random walk and we may
argue that the forces between neighbouring links are cancelled on the average
(both for links Lelonging to the same loop or to neighbouring loops). In this
erude approximation only the self-energy of each link survives, and a loop
contributes as G(0) L, L being its length. Then we have to compute, e.g., the,
following term:

(19) 8= 3 8(duM,) exp[— 272 KG(0) L.

A =—c0

The sum is over closed non-back-tracking (to avoid double counting) random
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walks. But, since thoy are not too well known, w2 will take them simply as
random closed walks.

It has been found (*2) that the number of possible configurations of closed
random walks of length L is roughly

(20) P(L) = p* f(L) ,

JUL) being a function such that Lim [ (L)P* -1 and (**) u~2D, where D is
the dimensionality of the system.

Then from eq. (19) the free ¢nergy of a single loop carrying a unit charge
is given by

(21a) P~ (2nEGO0)—Inp) L,

and the same holds for the electric loops

2
(21d) P, ~ (;_VI? G(0) —lnM)L .

From eq. (21a) we see that when K is small enough (2722K@(0) <In )
large loops are more important to the partition function than the small ones.
Considering eq.. (21b) too, it is clear that when X -increases magnetic loops
Lecome irrelevant and for N small enough ((N2/2K)@(0) < In u) electric loops
are important. Thus we expect a phase transition for K (N < N ) given by
the duality relation

(22) K, ==.

For K < K_ the vacuum is filled with magnetic loops which lead to electric
confinement, and for K > K, (N < N_) the electric loops condense giving
magnetic confinement.

As was suggested above, we expect for N > N, a phase with neither electric
nor magnetic confinement. From eq. (21) this takes place when

20 In and K>—£li— = K..

¥> =50 37 G{0)

Then a lower bound is given by

(23) N> dn'K? = N;.

(**) J. M. HamMERSLEY: Proe. Cambridge Philos. Soc., 53, 642 (1957); 57, 516 (196));
Adv. Chem. Phys., 15, 229 (1969).
¢*) M. Sroxe and P. Tuoxss: Phys. Rev. Lett., 41, 351 (1978).



PHASES OF Zy LATTICE GAUGE THEORY 461

To calculate Kc'_ we use the valae (°) of the Green’s funetion regularized
at the origin G(0) ~ 0.19 for the lastice in four dimensions (*). Then
(24) K.~055, N, ~36.

For N > N_~4 we expect three different phases: electric confining for
K < K., magnetic confining for K > N?/4n*K, and an intermediate non-

confining phase which is characterized by massless (*4) photons and is analogous.
to that of QED. This suggests the phase diagram shown in fig. 4.

N

e /

1

0 0.4

x b
o
o
-
~N
L=3)
x

Fig. 4. — Zy phase diagram. ‘The phase A4 corresponds to electric confinement,
phage B to magnetic. confineinent and € to nonconfinement. Phascs 4 and B are gepa-
rated by N=2zK, 4 and ¢ by K=K, and B and O by N =2avKEK].

5. ~ Concluding remarks.

‘We have analysed the behaviour of the Wilsen loop for different regions
of the coupling constant of the Z, lattice gauge theory in four dimensions.

As expected we found three phases characterized by the area behaviour
(confinement of static electric charges), perimeter behaviour (confinement of
static .magnetic charges) and perimeter law withcut any confinement.

Using an en:ropy argument we found the phase diagram for this theory
establishing a lower bound for the critical N neccssary to expect three phases.

(°) This value has been taken by comparing the numerical - coefficients of the last
term in the exponent of our eq. (7) with the sceond exponent of eq. (17) of ref. (%),
This was also done in vef. (¥). Nevertheless, since there is an apparent difference of a
factor of 2 between both expressions, if tlie value G'(0) = 0.38, as quoted in ref. (?)
is introduced in our formulae, a too low bound ¥.= 2 would be obtained.

() T. Baxxkd and E. Rasinovicr: Princeton preprint (1979).
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This value is consistent with the one obtained by comparing with the U,
model (°) or ana@yupg the spin system (*), and Jower bhan estimates coming
from the Hamiltonian wversion of the theory (5¢). Despite this uncertainty,
we belicve that the features of the phase diagram are correct.
Having characterized the three possible phases of the Z, gauge theory,
ne should apply more refined methods, ¢.¢. the rensrmalization group tech-
niques, to defermine the phase diagram with greater accuracy.

The author is deeply indebted to L. MASPERI for encouraging comments
and for reading the manuseript. He also thanks J. CARrDY, whose visit was
supported by the Organization of American States through the Multinational .
Program in Physics, for very useful suggestions which stimulated this work,.
and to the Particle Group of La Plata University for int teresting discussions.

APPENDIX A

We show the method to extend the-intiegration range from eq. (3) to eq. {3).
Lbhlg Poisson'’s swmn rules

25
#eo
(A.1) 40 ( id nu) = 9/ z d(P/A exp [ipupu N} flpL) ,
1y~ D=

we have arrived at eq. (R).

There are six independent my, and three independent g,.

We sum three m, to the independent ¢, 4.c. We sum m,, My, %y, 0
@y @3y P4, respectively, and define ¢, = ¢, — nM,. Because

(Auq)r —_ Ar(}?u — 27Myp)? = Egd.m{(/iquv — TMyr)
in the term geou{dup, + wdu My — smw) we impose

0, Hu=1234,

A2 A3y — 1y == ey = _
( ) 4 ! s Gur { ’"Tr/w, lf IU, = Z, 5, 4, P = 2, 3, 4 .

The solution of eq. (A.2) is
(A.3) Qur == Ewaptal(n- )1 My

with # a unit vector such that n, = 0, and (n-4)~1 the inverse of the finite-

Ty
difference operator (n-A)'M, = 2 Malay, vy, a3, @,).
&y ==-0%
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In fact, @y, = @y = @y, = 0 and

Uy = My A)V M, = Mo,y
Qpq = — M- AV My = Moy,

ar, = (- A) My = My,

so that
(A.4) M, = Aymyy, My=- dima, M, = Amy, M;=0.
Defining
, 0, it u=1,v=23,4,
" = if =234, v=2,3,4,

we see that

M, = &40, M0
(A.4") { s nve e

'm';w = 8[lu0tﬂ,n’g(’rzl ¢ A )—1 ﬂ'[ﬂ s

and we finally obtain eq. (5), dropping the primes.

APPENDIX B’

We perform the Gaussian integral to get eq. (7).
The exponent of eq. (6) is

(B.1) B = iPupu —g S (Mg — Aopu— 2m0)? -

u<v

Making the shift ¢, — ¢u + @ and imposing the gauge Augu=10, 4,Qs=0,
we choose @, stich that

(B-2) 'i.Pu(Pu + I((pu AvAyQu + ZﬂI((,P” {j;v Npy =— 0.
We sce that

1

(B.3) Qu= 12, [1— Pu(r') + 27tA,'.m,u.(7")] G(r,r")

with dv ArG('r,y 7',) = - (Sf»l'"
From A,Q, = 0 it follows that Aupu= 0, because Audu=0 and Audymy=0.
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The term which goes out of the integral, if one uses eq. (B.2), is

Bd)  Puu— 3 (40— BsQu—27muy = =2 S 60, )P +

+ 2iPu(r) 3 G{ry 1) Armua(r')  midomus(r) 3 G(ry 1) Pu(r’) —ntEm?, +

+ 2752KA9 7nup(r) z’ Aam;ux(rl') .

Because of eq. (A.4'), the last two terms in cq. (B.4) become
(B.5) I = 2K n?esuwe Aunv(n-A)- 1Me\)) 4,(,&,,-,,11 g(n A) My(r')
and

(B.6) G = — ﬂ-szE;‘u'aﬁna;(n" A)_l ]L/[fg‘syvgfjne('n‘ A)_l .Zu-a s

respectively.
Using the formulae (%)

Emvootapys = OualssCoy — OualsyOop — Oupbradey + OupOsydoa +

(B.7) + Ouybvadop— Suy0raloas
ewapewes = 2(dao bpo — CaoOe)

and the fact that n, M, = 0 and A,,,M « == 0, one obtains

(B.8) = nzK{L(n A) M) — Malr) 3 60r,7) Mol )}

In the same way
G = 22 K[(n- A" Mo(r)]?.

Finally the generating functional equation (7) is obtained.

APPENDIX O

We calculate the beh'm iour of the term VJ‘,(T)GO r YL (r').

Approximating the Wilson loop by a cnou]m one (1%) (fig. H), in the con-
tinuum limit we have

o, (1) g, (1) Ar drz . 4;‘(# cos (),—0)(1(1‘1(1()o
(©1) §§; Pl——, ! 4 sinz ((6,—0,)[2) ’

(%) P. Romax: Theory of Klementary Particles (Amsterdam, 1960), p. 57.
(*%) E. Fravpxixy and L. Sgssxaxp: Phys. Rev. D, 17, 2637 (1978).
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having written Jy,(r;) == exp [i0,], Jo,(12) = exp [ i0,], r;= R exp [i0,],i = 1,2,

and |r; —1,|2 = 2R*(1 — cos (0, —0,)}. In order to preserve the convergence of
the integral, we introduce a cut-off a/R.

r
& |

N
\v

Fig. 5. — Wilson loop and integi'ation variables.

The range of integration of 9, is a/R < 6, <0, — a/R, and @2k < 0; <a— a/R.
In this way angles and angular differences are greater than a/R, so that

and '
n—eln

(C.2) 2 f 1(6,) ‘wzc,ﬁo# 4+ .2_5_3,
a/2R

Therefore eq. (9) holds.

ArPpENDIX D

Here we want to show eq. (17).
From eqs. (4) and (16) with L, = 6}, we express

(D.1) exp [Zm'fz Ju(1)G (7, r’)/.’l,’,my,(a")] = exp [2mi(ey— e, — &3 + ¢, + ¢;— )],

rir'

where we have used eq. (B.7), and
ey = 2 A Ly(r) dyni(n- )T M(r')Glry #') = -— F Lo(r) (- 4)7* M),
es = o A, Ly(r) dgng(n- Ay M,G(r, vy =0, by Lene=0 or n,M, =0,

€y = Z’A,“)‘l“‘.LO(T)A:An,ﬂ('n,-A')"l UG ") = z A" ) A, Gy ")y = 0,

rar rrESp
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because » must be on the plane 3-4 so that 4,G(r,r") =0,
es = 3 Ay, Lo(r) dgn(n- 4 My(r")G(ry v') = 0, by mMy=0=M,,

o5 = 2 A,m, Lo(r) dimg(n- A7 M (") G o, )y =0, by Lem,=0,

6 = z A, Ly(r) dgny(n- A7)~ ‘M (r)G(r ') =0, by M,=0and 4,M,=0.

ror’

Therefore the only term whicii survives is ¢; and eq. (17) holds.

APPENDIX E

We calculate the term Zp,, G(r, r')Ju(r) for current loops of a definite
charge p. "
The continuum limit becomes
. ydr! d
(B1) A (#J‘p,,(r r'dr
(r—1r')

We remark that the component of p, which contributes is the one parallel
to the Wilson loop. We calculate the effect of current loops in the case in
which they are condensed and fill up the surfaee of the gauge loop. We will
suppose they are rings and calculate the effect of those which are inside I’

(fig. 6).

6,

)

JaPaY
N

Tig. 6. — Electric loop inside I" and integration variables.

Calling r = R exp [i0,], 7' = p exp [—ib.], Jo, = exp [i0,), po, = p exp [—i0.],
we have

cos (0, —0,)d0,d0,
nl 2 _ ==
(E.2) PRf" d”ﬂcfﬁ R* 4 g* — 2Rp cos (0, —0,)°

I'eleo
loop
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where R is the Wilson loop rading and p the evyrent loop one. Keeping, as
in appendix C, the integration range

a a a a
TE< 6’<02—R’ 5% < 0,7 ~% and, integrating for 6,, B> g, we have
s 2d VAT =2 z\|eteoer
B.3 A =2 ng dof i+ ——— arct fr( tr—)}' ag,
(55 PEjede) 5 Ve = A+ b 2 eean
with d = R? 4+ 5% and b = — 2p&.
A term we must compute is
a—alR R
+o. (Uz @
— § aretn — — ——
B _f(mlc\g {R s tg 5 ZR)} d0,,
2{2FR

which does not diverge in the integration interval. Figure 7 shows that the
integrand is a finite function in the considered range, so that B is roughly
/«n2/2 with <k <1.

A
I
2 //:// //’ e
0 - - s
Ve - ’
= / g s
o /a0t L7 //
~ .
& s ./,10’ 4
2 ,l// 7 //100
9 / ,
o [ e
[ A
d / 7
7
. b
”92

Fig. 7. — Arctg (G tg (05/2)] as a function of 6, in the interval 0<0,<m, fo_r different
values of the constant G. '

Then, 2s a rough estimate, the main contribution to A comes from

o=R—a
- R+ o* g 2R
(E.4) D= [da P t——«g ~ 2 arctg (1 — {E) R ln——a—
e=a

in the limit a/R — 0.
From appendix C we know that, for a loop such that o = R, the contri-

bution is ~ p(alfa) 4+ (p/4) In (2F/a), because to compute a loop pucio=DnR
is the same as

3 Julr) Glr, 7))

rr'
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Then our conclusion js that eurrent loops of intensity p enclosed hy the
Wilson loor will contribute at most to the perimeter behaviour with logarithmice
corrections even when they are condensed, approximation which has been
taken into account in the & integration.

® RIASSUNTO ()

Si usa la formulazione lagrangiana della teoria di gauge Zy in quattro dimensioni e
si dimostra la sua equivalenza son la funzione di partizione per un gas di Coulomb di
cappi elettrici e magnetici. $i mostra che questo modello ¢ autoduale quando lo si
esprime nella forma di Villain. $i trova, come limite inferiore, che per N <4 ci sono
solo due fasi che gono in relazione attraverso la dualitd mentre per N >4 compaiono
tre fasi. 1! calcolo esplicito del cappio di Wilson li identifica come fase a confinamento
elettrico, a non confinamento e a confiramento magnetico.

(*) Traduzione a cura della Redazione.

®aspl Z, pemterounoli kainbPOBOUROR TCOPUH.

Pearorse (*). — Me! yicnonn3yer JIaIpamxinamHyio GopMyTiHpORKY Zy kzito0poBoyHOM
TEOPHH B HETHIPEX M3MEPEHMAX. Mbl 10KA3BIBAEM IKBUBANCHTHOCTh 3ITOTO NMOAXOARA
OYHKDMM PA3C/ICHUs s KyNOHOBCKOTO Ta3d JICKTPHUCCKHMX M MAarHHMTHBIX NETEIb.
Tloxa3piBaeTCs, ¥TO 3Ta MOIE/Db ABIIETCS CAMOAYANbHOMH, KOT/IA 3AITHCHIBACTCA B HOPMC
Bunnuana. OBHapYKeHO, 4TD HA HWXHeH rpadule, ans N < 4, nmeeTcs TONbKO Ane
da3znl, CBA3AHHDbIE AYAIBLHOCTHIO, TOTMA KaK AJA N = 4 nosensiiotes Tpu daspl. SAsHoe
BhIYHCJICHE II€T/IK BHABCOHA HACHTUMMIMDYET HX, Kax 3INEKTPHYCCKCOC YACpPKaHUE,
HeyHCPXKAKUC ¥ MarHHTHCE YIEpXKaHHe.

() Ilepssedeno pedariueil.



