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A bstract: Pair-exchange o r  double-charge-exchange reactions are studied from the poin l of view of one- 
step processes. Two possible m echanism s are analyzed, involving either the sim ultaneous exchange 
of a d ineu tron  and a d ip ro ton  between the target and the projectile o r the sim ultaneous 
transform ation  of the charge o f the dinucleon in each system. A lthough the formalism is explicitly 
developed for the ('*C , ‘‘‘O ) reaction, its extensión to o ther projectiles is straightforw ard. The 
possibility of popu la ting  collective states which otherw ise are very diíTicult to  a tta in  is stressed. 
A pplication is m ade to  the cases of the ^'’*P o(‘‘*C, ‘■*0)^“'*Pb a n d '‘*°Ca(‘'*C, “‘0 ) ‘‘°A r reactions.

1. Introduction

So far. the nuclear stru c tu re  know ledge which has been ob ta ined  from  peripheral 
heavy ion reactions has been com paratively  m eagre, in reia tion  to  the vast am o u n t 
p roduced  by the light ion reactions. N evertheless, there are a num ber of processes 
in w hich heavy ions could  yield ra th e r un ique in fo rm ation , such as m últip le 
C ou lom b  excita tion  an d  the transfer of particles from  excited states, m últiple pair 
transfer processes (nuclear Jo sephson  effect), etc. A m ong these processes we m ay 
include the present type of reactions, w hich involve either the sim ultaneous 
exchange of a d in eu tro n  an d  a d ip ro to n  o r the exchange of tw o units of charge 
between ta rg e t and  projectile. Such processes should  be sensitive to  the nucleon- 
nucieon residual co rrela tions. They can also  be considered to  be a com plem ent of 
the ) [ref. *)] p ión  double-charge-exchange reactions.

These reactions m ay specifically p o p ú la te  certain  collective states som e of which 
have been difficult to  a tta in  by o th e r experim ental m eans.

W e shall restric t o u r  presen t study  to  the  (‘‘‘C, *'*0) reaction , a lthough  the 
form alism  can be stra igh tfo rw ard ly  m odified for its app lica tion  to  different 
projectiles. This reaction  (''^C, has presently  been perform ed on “’̂ ^Ca with 
sizeable cross sections ^).
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A general deriva tion  of the form alism  is given in sect. 2, an d  in sect. 3 som e 
m acroscopic and  m icroscopic features o f the results are discussed. T he calcu lations 
are m ainly perform ed for the case o f the reaction  ^‘’® Po('‘‘C, a t the
lab o ra to ry  energy of 250 M eV. This reaction  w as chosen because of the in terest of 
the  nuclear s truc tu re  in the lead región, a lthough  o th e r ta rge ts can be sim ilarly 
considered. In  particu la r, in subsect. 3.5 a ca lcu la tion  for the reaction  on '̂ ‘’C a at 
£,¡,1, =  51 M eV  is p resentad , aim ed a t a com parison  w ith the experim ental 
observations.
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2. Discussion of the reaction mechanism

2.1. G E N E R A L  A SSU M PT IO N S

If the process is supposed  to  tak e  place in a single step  it can be p roduced  by 
term s of W igner and  H eisenberg  type of the residual effective in te raction . F o r the 
first type, there is a  sim ultaneous d ip ro to n  p ick-up  and  a d in eu tro n  stripping. 
N am ely, a d ip ro to n  belonging to  the ta rge t A is transferred  to  the ejectile b while 
a t the sam e tim e a d in eu tro n  from  the  projectile a is cap tu red  by the residual 
system  B (see fig. la). In the H eisenberg  type, the effective in te rac tion  transfo rm s a 
d ip ro to n  in to  a d in eu tro n  in the ta rge t, while sim ultaneously  a d ineu tron  becom es 
a d ip ro to n  in the projectile (see fig. Ib).

In the usual charge-exchange reactions, w here a  p ro to n  o f the pro jectile  is 
transfo rm ed  in to  a n eu tró n  in the ejectile, m ore a tten tio n  is paid  to  the H eisenberg  
process. T his is partly  due to  the ^ f f  collective enhancem ent in nuclei w ith a 
n eu tró n  excess T.  W e do  n o t expect these collective effects to  ap p ear in ( ‘'^C, '"‘O ) 
reactions, since the ta rge t d ip ro to n  should  transfer in to  occupied  n eu tró n  states. 
N o t only the re  is no  relative enhancem ent, b u t m oreover, we do  n o t have an 
ind ica tion  of the relative size and  sign of the “ W igner” an d  “ H eisenberg” term s in 
th e  effective four-body forcé w hich is responsible for the d irect pair exchange ^ 
Therefore, in the following, bo th  types o f processes will be trea ted  separately , 
a lth o u g h  the co rrespond ing  am plitudes shou ld  ad d  coherently . Som e predicted  
results a re  com m on to  b o th  m echanism s an d  th u s  are expected to  rem ain  valid 
w hen the p ro p er linear com b in atio n  of the tw o am plitudes will be added . In the 
presen t p ap e r we do  n o t a ttem p t to  find ou t w hich is th is linear com bination .

’ T he relative m otion of the tw o dinucleons m ay be described by wave functions having a sizeable 
overlap  between initial and final states. Therefore, the W igner term  of a tw o-body in teraction  yields a 
nonvanishing m atrix  elem ent between states diíTering in the wave function of the c.m. of the dinucleons. 
O n  the con trary , the H eisenberg term  of a tw o-body interaction  gives vanishing m atrix  elements, since 
at m ost the isospin projection o f a single neu trón  and a single p ro ton  m ay be sim ultaneously changed. 
(We are grateful to Prof. F. Brieva for a clarifymg discussion on the point.) However, the effective 
in teraction  takes in to  account the effects o f  o ther channels (like those involving tw o successive processes) 
which m ay appear as due to an effective four-body H eisenberg term  within a one-step description.
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Fig. 1. Schem atic representation  of the reaction and  coord ínate  systems. (a) W igner and (b) Heisenberg 
process. T he entrance channel has a target form ed by a core C plus a d ip ro ton  and a projectile form ed by 
a core c plus a d ineutron . D ot-dashed  lines circle each colliding nuclear system. In the W igner case 
dashed lines circle the systems in the exit channel. In the Heisenberg case they are spatially the same

as in the en trance channel.

W ithin  the  D W B A  the reaction  am p litude  is given by

7 =  B|K |a, (1)

w here Xhk ^^d  stand  for the d is to rted  w ave so lu tions of the incom ing and 
ou tgo ing  op tical m odel po ten tia l.

A num ber of assum ptions will be m ade in o rd er to  derive expressions for the 
form  factors <bB |K |aA >:

(a) T he in te rac tion  w hich is responsib le for the reaction  takes place betw een the 
centre o f m ass (c.m.) of the transferred  o r transfo rm ed  d inucleons, i.e. 
^  =  ^{ \ r„ -rp \ )  in the W igner process o r K =  K (|r-r-í-,|)  in the H eisenberg  process.

(b) T he d istance R betw een the c.m. of the heavier core C  an d  the c.m. of the 
Hghter co re c is the rad ia l variab le en tering  in the  form  factor, an d  in the incident 
an d  ou tgo ing  d is to rted  waves. This is equ ivalen t to  a no-recoil app rox im ation .

(c) T he in te rac tion  acts only  a long  a narro w  cylinder a ro u n d  the axis R  passing 
th ro u g h  the  cen tre  o f m ass of the tw o cores C  an d  c. i.e.

= ' ' ñ ^r ~ ^V { \ r „ - r  \ )ó(í2„-Q,^}ó{í2p-Ü,^}  o r  the equivalen t expression



for the H eisenberg  process. This assum ption  provides a sim ple fram ew ork in o rder 
to evalúate an o therw ise difficult in te g ra l: n o t only is it a  six-dim ensional integral, 
bu t also  the wave functions co rrespond ing  to  the c.m. of the d inucleons in the lighter 
system s are centered  a t a different orig in  from  those of the heavier system s ^

(d) T he in te raction  has zero range, i.e. V(r) = Vod{r).
W e m ust no te th a t these assum ptions are com m on to  m any heavy ion 

ca lculations. W ith o u t loss of generality , we consider only  even-even ta rge ts A.

2.2. W IG N E R  PR O C ESSES

In  the  case of W igner processes, the follow ing form  factor is ob ta ined  (see 
appendix  A )a p p ly in g  assum ptions (a) to  (d):

<b =  ‘^ 0 (g .s .) ; B (JM )||/( i-„ -rp ) |A (g .s .) ; a =  ‘^C(g.s.)>

=  c —
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X
z = n. p

X < L ,S ,00 |J ,0> < n ;S > ,S ,> í7 (n„  S „ /V„ L „  L „  S „ y^). (2)

T he in tegral /  is given by

J
d r -  R\).

(3)

T he rad ia l wave functions and describe the m o tio n  of the c.m. of
the d inucleon  in the residual and  ta rge t system s, respectively. S im ilarly 

and  *í'í¡'"‘̂ * (lr-K |)  are the  rad ia l wave functions of the c.m. of 
the d inucleon  in the projectile an d  ejectile, respectively.

Therefore, m ethods such as the one developed in ref. should be applied in principie.
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T he nuclear stru c tu re  in fo rm ation  is con ta ined  in the factors

/n’ '̂ n> J Vc)

317

=  ( - f "  Z  y (2 y ,„ + l) ( 2 7 2 „ + l) < V „ >  N„L„, L„>

h „  i

Í2 „ /2 „  i  í< B , j M i [ [ c ; , „ c ; , „ r " / y n - ' ^ M p > ] M

^(«p> /p- ^^p, í^p, -Lp, Sp, Jp, Ve) 

( - f p
I  V (2 7 .,  +  1 )(272, +  1)<«p/p, NpLp Lpl«i^/,^, Lp> 

V -^ J p + l

^ip i  

li„ í  

U p  Lp S p .

< A |[ [ C ,:^ ,C ; ,J ‘‘/ y i + ó . , 2 l7c^p>]o- (5)

H ere (n., T j are  the q u an tu m  num bers of the relative m otion  in the d inucleon  z, 
while (N^, L^)  label the  m o tion  of the c.m. L^, an d  are the o rb ita l, spin and 
to ta l an g u la r m om entum  of the d inucleon, respectively. T he f s  identify the 
individual ferm ion sta tes {n^., an d  (ye J^)  label the sta tes of the large core C.
T he th ird  factors in (4) an d  (5) are harm on ic  osc illa to r (H O ) transfo rm ation  
brackets.

T he overlap  in tegráis (n'J^\nJ.}  over the relative d inucleon  variables are 
calcu lated  using pu ré  harm on ic  oscilla to r wave functions. D ue to  the difTerent size 
o f the large and  the sm all system s, these overlaps do  n o t vanish  for n' ^  n. F o r 
each final S ta te  an d  each k ind  of particle, the possible relative a n d  c.m. q u an tu m  
num bers (n, T, N ,  L )  a re  (n. O, N ,  J),  {n, l, N ,  J + l )  an d  (n, l,  N ,  J - l ) ,  w here if n is 
given, then  N  is fixed th ro u g h  conservation  o f energy considerations. T he large 
n um ber^  o f in tegráis (3) is considerab ly  reduced  if we enforce an  add itiona l 
assum ption  to  those in tro d u ced  in subsect. 2.1:

(e) W e ignore the difference in size in the ca lcu lation  of the overlap  o f the wave

'  F o r a  reaction  in the Pb región the m áxim um  valué o f n is 5 -6 ; thus there are abou t 400 integráis 
(3) to be perform ed for each final State. U sing (6 ) this num ber is reduced to  less than  16.



functions depending  on the relative co o rd in a tes :

( n ' J M J . y  =  (6)

In this case the possible^ valúes of (n, /, N,  L)  are  (O, O, N,  J),  (1, O, iV -  1, J),  (O, 
1, N - l ,  J + 1 )  and  (O, 1, 7 V -1 , J - l ) ,  due to  the p roperties o f the (p^)^ 
configuration  in the light system s (see appendix  A).

2.3. H E ISE N B E R G  PR O C ESSES

U n d er sim ilar app lica tion  of assum ptions (a )-(d ) one o b ta in s  the form  factors 
co rrespond ing  to  H eisenberg  process [see eqs. (A .13)-(A .18)];

( h  = ‘“O íg .s.); K (f,-rT )T ,-T T |A (g .s.); a s  ‘^C(g.s.)>

4 n ^ ^ 2 J + l

X X  /(N „, S , ; ( l - n , - S . ) ,  S.)
n,S,N„L„

N A
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X
z = n ,p

n  (2L, +  1 )V (2 J ,  +  l)(2 L , +  lM n-r, It , L „  L ,, S-r, y d  (7)

w here the o p e ra to r  t , transform s a d in eu tro n  in to  a d ip ro to n  in the light system  
an d  Tt does the opposite  in the heavy system. T he in tegral /  is given by eq. (3). In 
the H eisenberg  case, there is no  ap p ro x im atio n  ana lo g o u s to  assum ption  (e), since 
each dinucleon  stays in the sam e system.

3. Numerical results

3.1. IN G R E D IE N T S  A N D  FEA T U R E S O F  T H E  DW BA

M ost of the presen t s tudy  is based on the com p ariso n  of ang le-in tegra ted  cross

 ̂ See foo tno te  on previous page.
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Fig. 2. Typical angular d istribu tions obtained  with the Heisenberg form  factors and  the optical m odel 
param eters of table 1. T he set II is used for the “‘0)^°'*Pb reaction.

sections. Typical an g u lar d is trib u tio n s are show n in fig. 2 for the reactions 
208po(i4Q  i4Q j208p |j ‘̂‘0 ) ‘*'’Ar. They were ca lcu lated  w ith the

code D W U C K 4 '^). Som e im p o rta n t features o f the results can be u n derstood  by 
analyzing the ingred ien ts in the reaction  am plitude T  (eq. (1)), nam ely the 
d is to rted  wave functions x  an d  the form  factor <bB|KlaA>.

T he functions are  o b ta in ed  by solving an  optical m odel ham ilto n ian  w ith the 
param eters given in tab le  1. F o r  the reaction  tw o different
sets are used w ith  results d isagreeing by only  a few percents. T he extended n a tu re  
of the projectile (ejectile) is taken  in to  accoun t by using effective rad ii for the ta rge t 
(residual) nucleus. D epending  on  the projectile energy, up  to  150 p artia l waves are 
considered.

These reactions im ply a sizable angu lar m om entum  m ism atch  (especially for 
heavy ta rg e t nuclei) m ainly due to  the diíTerence in the C o u lom b  barriers 
betw een the incom ing an d  ou tg o in g  channels. T able 2 lists the difference in the 
grazing angu lar m om en tum  for different inciden t energies and  ta rg e t nuclei. Use
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T able 1

O ptica! m odel and  bound-state  param eters

Reaction V
(MeV)

■̂ov
(fm)

aov
(fm)

W
(MeV)

 ̂ow 
(fm) (fm)

''oc
(fm)

Ref.

' “ P o + ' X  set 1 40 I .3 P ) 0.45 15 1.31») 0.45 1.3») ^)
^'> '*Po+ ''‘0 ,  set II 51.09 “ b) ') 51.46 “•”) 1.3“) '■)
‘‘“C a + ‘*C 1 ,5 .2 1.4 “) 0.493 61.4 1.2 “) 0.3 1.4“) ’ )
““Ar +  '^ O !
^'''^Pb +  2 nucleons ') 1.28 0.76 1.3
^®Ar +  2nucleons ') 1.20 0.65 1.3
'^C  + 2 nucleons ') 1.25 0.65 1.3

) =  ro J / l l '^  +  / i P ) ( ; c =  K o r  W).
) '•ô ■ =  =  l .6 5 3 -0 .0 4 7 1 £ ,.b  +  0.0000109£f,b.
) floK =  0 .651-0 .0 1 5 4 6 £ ,.^ -0 .0 0 0 0 4 2 5 £ f,^ .
) üo„ =  0.629 +  0 .0 1 4 1 6 £ „ t-0 .0 0 0 0 3 6 9 £ f ,b .
) A djusted to give the binding energies, see eqs. (13). 
) Adjusted to  give the binding energies, see eqs. (12).

has been m ade of the expression '

K. =  0.22 R e (8)

w here fx is the reduced mass, the energy in the c.m. system  and

Re =  0 .5 + 1 .3 6 ( / l |+ A |) .  (9b)

In o rd er to  indícate the ex ten t to  w hich th e  an g u la r m om entum  m ism atch 
influences the cross-section  m agnitudes, ca lcu iations w ere perform ed assum ing  the 
sam e form  factor, incident an d  ou tgo ing  energies b u t different transferred  angu lar 
m o m en ta  J.  T he sam ple case co rresponds to  the reaction
(fig. 3). W e no te  th a t the curve show s a m áxim um  for valúes o f the transferred  
angu lar m om en tum  J  a  7 w hich is the pred ic ted  for th is case (table 2).

T a b l e  2

E ntrance-exit differences in the grazing angu lar m om entum

R eaction 48tí(14c  140) 5'’F e(‘^ 0 , “ 'C ) “‘'‘S n (“ ' 0 , ‘*C) ^ "« P o C ^ Q '^ O )

£].b(M eV ) 51 120 
8 3

50 100 150 
15 6 5

150 180 
8 7

80 100 150 180 
16 9 5 4

100 150 200 
19 11 7
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Fig. 3. The angle-integrated cross section as a function of the transferred angular m om entum .

Fig. 4. The angle-integrated cross section as a  function of the excitation energy. The same form factor
as for the case of fig. 3 has been used.



Sim ilarly fig. 4 shows Q-effects in the to ta l cross section. T he consequences of the 
in terp lay  of th is effect an d  the an g u la r m om entum  m ism atch on  the p o p u la tio n  of 
actual states are dR cussed in subsect. 3.2.

T he form  factors <bB|K |aA> are calcu lated  using the form ulae (2) o r (7). They 
co n ta in  the in tegráis (3) construc ted  th ro u g h  a convo lu tion  betw een a p ro d u c t of 
the c.m. of a d ip ro to n  an d  a d ineu tron  wave function  ^ ^ l i r )  in ta rge t and  residual 
nucleus, respectively, an d  the co rrespond ing  p ro d u ct o f the d inucleon wave 
functions —K|) in the projectile an d  ejectile.

Each p roduct, co rrespond ing  to  the light an d  heavy system s, respectively, has an 
exponentia l-like asym pto tic  behavior. T he asym pto tic  valúes of the form  factors (2) 
o r (7) are then d om ina ted  by the exponen tia l decay of th a t p ro d u c t which 
decreases m ore slowly. In the cases listed in tab le  2 th is is alw ays the p roduct of 
wave functions co rrespond ing  to  the light system . Thus, all form  factors decay 
asym pto tically  w ith sim ilar slopes:

exp ( -  k<“ C)R -  -  ;,(“ 0 '/>72/c('‘0 )R), (10)

where

% 1.04 fm ~ ‘, K<"0) % 0.73 fm ^ ‘ (11)

and  is the Som m erfeld p a ram ete r for a d ip ro to n  in the electric field.
F o r the ac tua l calcu lation  of the in tegráis (3), first the four wave functions 
¡y L L ob ta ined  by solving S axon-W oods po ten tia ls th a t yield

em pirical d inucleon  separa tion  energies. F o r the A = 14 p ro jectile (ejectile) system , 
it co rresponds to  the energy needed to  separate  a d in eu tro n  (d ip ro ton ) from  the 
i4 c ( i4 o )  nucleus to  o b ta in  a ‘^C g ro u n d -sta te  co re :

E(ñJ„)  =  B E ( ''^ C )-B E (* 2 C ) =  13.12 M eV, (12a)

£(ñp/p) =  B E ( '‘‘0 ) - B E ( ’2C) =  6.57 M eV. (12b)

F o r  the heavier ta rge t (residual) system  the functions en tering  in the integráis 
(3) depend on  the State |yc-^c> of the core C  th a t co n trib u tes  for the final State  

|B, J>  under consideration  [see eqs. (2) and  (7)],

£ ( N „ L J  =  BE(B, J ) - B E { y c J c \  (13a)

£(NpLp) =  BE(A, g .s .)-B E (y c^c )- (13b)

O nce the functions T  have been o b ta in ed  for valúes of r rang ing  from  0.1 fm to 
22.0 fm in steps of 0.1 fm, the convo lu tions of eq. (3) are perform ed for given valúes 
of the d istance R  betw een the cores C and  c. T hen, the form  factors <bB| K|aA> as
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»Pb. TheFig. 5. Heisenberg form  factors corresponding to the population  of four 0"̂  states in . 
populated  states are the ground State, 4.86 MeV (neutrón pairing vibration), 5.30 MeV (pro tón  pairing 

v ib ration) and  10.16 MeV (“alpha-v ibration” ).

a function  of R  results from  the  add ition  of in tegráis (3) m ultip lied  by nuclear 
stru c tu re  {rj) and  an g u la r m om entum  coefTicients [fo rm ulae (2) o r (7)]. Since in 
general this im plies the sum m ation  of several hundred  term s for each final sta te 
and  d istance R,  the ca lcu la tion  is only  perform ed for valúes s ta rtin g  a t =  7 fm 
an d  going up to  15 fm in steps of 0.5 fm. F inally  the form  factors are in te rpo la ted  
w ithin the said in terval an d  ex trap o la ted  to  = 18 fm in steps o f 0.1 fm and  in 
th is m an n er are read in to  the code D W U C K 4.

E xam ples of form  factors are given in fig. 5 for the p o p u la tio n  of different 0^  
states in As d iscussed before, all of them  presen t the sam e asym pto tic
behavior. T he useful región o f in teg ra tion  s ta rts  ap p rox im ate ly  a t the channel 
radius, w hich in these exam ples is 9.75 fm. At th is d istance the asym pto tic  regim e is 
far from  valid. T he up p er end of the useful región is p artly  determ ined  by the 
exponentia l decay, an d  partly  by the behav io r o f the d is to rted  waves. D ue to  the 
angu lar m om entum  m ism atch, for instance, the first m áxim um  of the grazing 
partia l w ave in the incom ing channel {1̂ , =  124) is a t »  11.8 fm, while for the sam e 
partia l wave, the m áxim um  is a t % 12.6 fm in the exit channel for the g.s. 
transition . T ab le  3 lists valúes of g.s. cross sections as a function  o f a low er cut-off 
in the form  factors. F ro m  th is tab le  one concludes th a t the relevant región of 
in teg ra tion  lies betw een 9.5 fm an d  13 fm thus justify ing the choice of R^,„ = 1 fm.



324 D. R. Bes el al. / The ^ ‘“C, '* 0 )  reaction 

T abll 3

Effect of the lower cut-off radius

«mi„ (fm) 7.0 7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0 12.5 13.0 13.5 14.0 14.5

(T,,,, 1961 1961 1961 1962 1966 1981 2035 2469 2894 1894 670 171 51 3 0.1 0.01

■Angle-integrated cross section (arb itrary  units) as a function of the lower cut-off of the form 
factor for the reaction ^““P o í'^ C , “‘0 ) ^ “®Pb (g.s.). The form factor is given m fig. 5 and the incident energy 
is 250 MeV.

3.2. M IC R O S C O P IC  F E M U R E S

An ap p ro x im ate  bu t physically  sim ple estím ate of the relative cross sections in 
the reaction  ^°**Po(‘'^C, can be ob ta in ed  using experim ental results of
tw o-neu tron  transfer reactions (p, t) and  (t, p). B oth of these tw o reactions 
collectively p o p ú la te  the g.s., particle-ho le sta tes an d  tw o-partic le  -  tw o-holes states 
(pairing v ib rations) in ^°®Pb. This sim ple estim ate suggests the possibility  of 
relatively s tro n g  cross sections p o p u la tin g  sta tes up  to  four-partic les-four-ho les. 
Results calcu lated  in the fram ew ork of the above ap p ro x im atio n  have been 
presented  in re f and  are sum m arized  in the fou rth  colum n of tab le  4. The m ain

T.ablh 4

C ross sections for ^««PoC 'C , '^O j^o^Pb

(MeV)
r Configuration Estim ate

of
re f* )

W igner
pro-

cesses

Heisen-
berg
pro-

cesses

0 “) 0* g.s. 1 1 1
2.61 “) 3 - (p h ,3) 0.66 0.29 0.16
3.20 “) 5 - (ph, 5) 1.5 1.1 0.03
4.86 “) 0 * (r, n, 0 )(a, n, 0 ) 0.44 2.4 0.60
5.22 b* (ph, 3)" 0.01 0.002 0.00001
5.30 0* (r, p ,0 )(a, p ,0 ) 2.3 0.15 0.32
5.65 '’) 2 + ( r ,n ,0 )(a ,n ,2 ) 1.1 0.13 0.04
5.81 8 " (ph, 3)(ph, 5) 0.05 0.005 0.0002
6.37 2 * (r, p, 2 )(a. p, 0 ) 1.8 0.13 0.01
6.40 10" (ph, 5)^ 0.04 0.004 0.003
10.16 0 + (r, n, 0 )(a, n, 0 )(r, p, 0 )(a, p, 0 ) 1.0 0.22 0.03

Estim ated angle-integrated cross section (relative to g.s.) for the reaction ^‘’®Po(“‘C, “‘0 ) ^ “*Pb at the 
incident energy of 250 MeV. In the case o f sta tes with two or four phonons, the listed energy is the sum 
of the energies corresponding to the single-phonon states. The th ird  colum n displays the phonon 
configurations of each fmal state. The fourth  colum n displays the rough estim ate ob tained in re f.’ ) 
th rough  tw o-neutron stripping and pick-up experim ents with light ions.

“) S tate experim entally known.
*’) S tate experim enta.ly know n to  be split a t 5.55 MeV and 5.80 MeV.



draw backs of this ca lcu lation  a re : (i) the use of two n eu tron -transfer results in 
place of the tw o -p ro to n  o n es ; (ii) the transfer o f the two d inucleons only in S =  O 
sta tes (as they are in o r  ^H e); (iii) the fact th a t effects due to  angu lar 
m om entum  m ism atch an d  Q-effects (figs. 3 an d  4) are ignored.

In the present pap e r we a ttem p t to  m ake a better estím ate of these relative cross 
sections avoid ing  the previous shortcom ings.

F rom  the m icroscopic po in t o f view, the fact tha t the pair o f n eu tro n s in the 
t r i t ó n  is m a i n l y  in a s i n g l e t  S ta te  an d  t h a t  t h e  nucleons a r e  a t  r e l a t i v e l y  s h o r t  

distances from  each o ther, m ake the (t, p) reaction  a good  p robe of the co rre la tion  
between pairs o f neu trons in the ñnai system. Since th a t reaction  strongly  
popú la les s ta tes in w hich the n eu tro n s are  closer to  each o ther, for these states all 
am plitudes in the construc tion  of the form  factors co rrespond ing  to  different 
configurations are in phase. H ow ever in the present case, the singlet and  trip iet 
S ta tes  have sim ilar p ro b ab ility  in the [(p^)^] configuration  of the d inucleon  in the 
light system s. The above-m entioned  coherence is no longer present in the trip iet 
con tribu tions. H ow ever, and  a lth o u g h  system atically  som ew hat sm aller, these are 
generally of the sam e o rd er o f m agn itude as the singlet con tribu tions.

The influence of these and  o th e r facts in the ca lcu la tion  of the form  factors will 
be now  discussed in detail, beginning with the 0^ sta tes (g.s., tw o-phonon  pairing  
v ib rations at 4.86 M eV an d  5.30 M eV  and  the fou r-phonon  10.16 M eV state). To 
th is end in tab le 5 we label the stru c tu re  factors [eqs. (4) and  (5)] by the type of 
nucleons (z =  n o r p) an d  by the num ber of pairing  ad d itio n  o r rem oval phonons 

=  num ber of phonons, see appendix  B). In H eisenberg  processes bo th  k ind of 
partióles are either in the singlet o r in the trip ie t state. O n  the con tra ry , in W igner 
processes, there can  be in terference efTects due to  neu tron-sing let, p ro to n -trip le t 
co ritribu tions (and vice versa). In  the p o p u la tio n  of the g.s. (factors o an d  tjp o in 
tab le 5), there is a cance lla tion  due to  this interference term s. In the p o p u la tio n  of 
the neu trón  v ib rational sta te  a t 4.86 M eV, the n eu tró n  factors 2 an d  the p ro to n  
factors f/p o are  used. In  this case, the neu tro n -trip le t p ro ton -s ing le t co n trib u tio n  
has the sam e phase as the singlet-singlet an d  tr ip le t-trip le t term s. Henee, we 
u nderstand  the larger p o p u la tio n  o f the 4.86 M eV  0^  relative to  the g.s. popu la tion  
in W igner processes, an d  the fact th a t this enhancem ent is no t p resent for 
H eisenberg processes.

T he p o p u la tio n  of the  pred ic ted  p ro to n  sta te  a t 5.30 M eV has sim ilar features to  
the p o p u la tio n  of the g.s. In th is case, the neu trón  factors Q and  the p ro to n  
factors >/p 2 a re  used. F o r  W igner processes, there is a significant neutron-sing let 
p ro to n -trip le t co n trib u tio n  w hich tends to  cancel the singlet-singlet an d  trip let- 
trip le t con tribu tions.

In  Ihe p o p u la tio n  of th e  10.16 M eV 0^ state , the factors r\„ 2 an d  r\  ̂ 2 a re  used. 
In W igner processes the crossed co n trib u tio n s (neu tron -trip le t p ro ton-sing le t and  
n eu tron-sing le t p ro to n -trip le t)  tend  to  cancel each o th e r; this is also true  for the 
singlet-singlet and  tr ip le t-trip le t co n trib u tio n s in bo th  H eisenberg  an d  W igner 
processes.
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H ow ever, it is clear th a t argum en ts taken  from  stru c tu re  considera tions alone 
can n o t explain  the to ta l cross sections. F o r  instance, an o th e r  efíect w hich influences 
the relative p o p u la tio n  of n eu tró n  an d  p ro to n  pairing  excita tions is the fact th a t 
the n eu tró n  p a ir is s tripped  to  the shell above, in to  states w ith less b ind ing  energy 
and  possib le larger c.m. rad ia l q u an tu m  num bers N.  O n  the co n tra ry , the p ro to n s 
are cap tu red  from  sta tes w ith m ore b ind ing  th a n  m  the g.s., belong ing  to  the shell 
below. Therefore, the overlap  w ith the co rrespond ing  d inucleon  in the projectile 
becom es m ore favourab le in the first case th an  in the second.

The g-effects are  also  im p o rtan t. Fig. 4 indica tes th a t we m ay expect a factor 
of 30 decreasing the p o p u la tio n  o f the 10.16 M eV sta te  relatively to  the g.s.

The tw o 2"̂  s ta tes listed in  tab les 4 belong also to  the pairing  family. They are 
pred ic ted  to  be p o p u la ted  w ith  sm all bu t significant probabilities. T he neu trón  
doub le -p h o n o n  sta te  p red ic ted  a t 5.66 M eV  is know n to  be split in to  two 
states a t 5.59 M eV  an d  5.80 M eV, respectively.

T he p o p u la tio n  of the particle-ho le sta tes in ^°®Pb is m ade via tw o paths. In the 
first one, the n eu tró n  s truc tu re  factors are ob ta in ed  th ro u g h  m atrix  elem ents 
involving b o th  a pairing  rem oval an d  a particle-ho le p h o n o n  am plitude /. [see eq. 
(B.8)], while the p ro to n  factors are  as in rj  ̂ q o f tab le  5. In the second path , the 
n eu tró n  factors a re  the rj  ̂ g o f tab le  5, while the p ro to n  ones involve the p ro to n  
ad d itio n  an d  the particle-ho le p ro to n -p h o n o n  am plitudes as in (B.9). The 
im p o rta n t co n trib u tio n s to  the n eu tró n  factors in the first p a th  an d  to  the p ro to n  
factors in the second p a th  are given in tables 6 and  7 for the p o p u la tio n  of the 2.61 
M eV 3 '  an d  3.20 M eV  5 “ states, respectively.

In b o th  tables the p ro to n  factors are considerab le sm aller, refiecting less 
p a rtic ip a tio n  of the  p ro to n s  th a n  o f the neu tro n s in the partic le-hole states. 
T herefore the  first p a th  yields the  d o m in a n t con tribu tion .

In the  p o p u la tio n  o f the 3 '  s ta te  via the first path , the requ irem en t of a large 
com p o n en t in the n eu tró n  rem oval p h o n o n  favours the configuration , and
th u s the  tw o particle-ho le co n trib u tio n s (g ^ p l^ )^ ” an d  (d ^p ^^ )^" . T he first one 
shou ld  be larger since the reduced single-particle m atrix  elem ent < g ^ ||Í3 ||p^> does 
n o t involve a spin-fiip, while (d^UVallPi) does. A ccordingly, there is a dom ina ting  
n eu tró n  co n trib u tio n  in tab le  6. C oncern ing  the com parison  between W igner and 
H eisenberg  processes, one sees th a t there are tw o large, m utua lly  cancelling, trip le t 
n eu tró n  factors (table 6) and  a sm all trip le t p ro to n  fac to r rj  ̂ ^ (table 5). Therefore, 
the singlet-sihglet co n trib u tio n s  are expected to  do m ín a te  in bo th  W igner and  
H eisenberg. T hus, the relative p o p u la tio n  o f the 3~ sta te  is sim ilar in bo th  
processes.

T here is a significant difference betw een the W igner an d  the H eisenberg  cross 
sections to  th e  5 “ state . In  th is case it is difficult to  p ro d u ce  a qualita tive  
exp lan a tio n  since b o th  are the resu lt o f m any  ca n ce lla tio n s : the tw o singlet 
c o n trib u tio n s have opposite  signs, as well as the tw o largest trip le t co n tribu tions 
(table 7).
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T able 6

C on tribu tions to  the structu re factors (3 State)

L 3 3 2 2 4 4
z L 3 3 3 2 3 4

n 0 1 0 0 0 0
s 0 0 1 1 1 1

neutrons N 4 3 4 4 3 3

ds-2 P l ,2 -  3 1 -  1 1 0 0

S7;2 P l/2 21 16 - 1 3 0 - 1 0 - 1 1

^1/2 5̂/2 -  1 0 0 0 1 0

g7/2 h il -  1 1 0 1 0 1
1 0 0 0 0 - 1

t¡{nsN LLsi, g.s.) 17 16 - 1 4 2 -  9 - 1 1

pro tons N 3 2 3 3 2 2

-  2 0 1 0 1 0

h<),2^3/2 0 1 0 0 0 0

h .2 ^3/2 -  1 1 0 1 0 2

P3/2d3,2 -  3 1 0 1 1 0

n { n sN lL s3 ,3 ^ ) -  6 1 1 2 2 2

C ontribu tions to  the structu re  factors t¡ [eqs. (4) and (5)] for the population  of the 2.61 MeV, 3 
State in T he valúes are given in units of 10“ ,̂ and  only co n tribu to rs with a t least one
contribu tion  larger than  10 are listed.

T he pred ic ted  pop u la tio n  of tw o- (particle-hole) p h o n o n  sta tes is alw ays weak. 
F ro m  the p o in t of view of stru c tu re  considerations, this can be explained because 
the  p ro to n  factors o f tab les 6 an d  7 en ter in all possib le p a th s  an d  are alw ays small 
[see also  eqs. (B.13) an d  (B.15)]. F ro m  the  p o in t o f view of the reaction  
m echanism , the g-eíTects decrease the p o p u la tio n  o f sta tes a t h igher energies (fig. 4) 
th u s cancelling the possible effect o f the an g u la r m om en tum  m ism atch, w hich 
w ould  favor the h ighest angu lar m om entum  State of the m ultip le t (fig. 3). 
Therefore, th e  long search  for the doub le  octupo le  p h o n o n  S ta te  is n o t likely to  be 
settled  th ro u g h  pair-exchange reactions.

3.3. T H E  V A LID ITY  O F  A S S U M P T IO N  (e)

T he results o f a ca lcu lation  rem oving assum ption  (e) (i.e. tak in g  in to  accoun t the 
effects o f the difference in the size of the light an d  heavy ions in the ca lcu la tion  of 
the overlap  in the relative d inucleon  m o tion ) a re  presen ted  in tab le  8 for 0"  ̂ states.



D. R. Bes e t al. / The ‘“OJ reaction 329

T able 7

C ontribu tions to the structu re factors (5 State)

I 5 5 4 4 6 6
z L 5 5 5 4 5 6

n 0 1 0 0 0 0
s 0 0 1 1 1 1

neutrons N 3 2 3 3 2 2

&9/2P 1/2 - 6 0 - 3 2 — 2 0

■u/2 P l/2 3 6 - 3 0 - 3 - 2

- 1 - 2 0 0 0 1

^SI2 fs;2 - 5 1 0 1 2 0

S l I l h i Z 2 2 0 - 1 0 - 4

P3/2 - 4 0 0 0 1 0

n -1 1 7 - 6 2 - 2 - 5

protons N 2 1 2 2 1 1

^9/2 S t/2 0 1 0 0 0 - 1

^9/2 <̂ 5/2 - 1 - 1 1 0 1 -  1

h9/2d3,2 ~ 1 0 0 0 ■y¿.

^9/2 1̂12 2 2 - 2 0 - 2 0
f?/2 h n 1 0 0 1 0 0

3 -  1 1 - 1 0 0
2 0 0 0 0 0

n 7 0 0 0 - 2 0

C ontribu tions to the structu re  factors rj [eqs. (4) and (5)] for the population  of the 3.20 MeV, 5 “ 
State in T he valúes are given ¡n units of 10“ ,̂ and only co n tribu to rs with at least one
con tribu tion  larger than  10^^ are listed.

O n e  n o tices  th a t  th e  re la tive  p o p u la t io n  o f  th e  n e u t r ó n  p a i r in g  v ib ra t io n a l  State is 
reduced .

In o rd e r  to  u n d erstan d  th is eíTect, the factors <[n's\ns}r]{n, s, N ,  s, s, O, g.s.) are 
Usted for the g.s. n eu tró n  tran sitio n s in the ^°®Po(‘'‘C, reaction  in tab le
9. F o r each co lum n, assu m p tio n  (e) w ould yield the single co n trib u tio n  th a t is 
displayed betw een paren thesis  in the line labelled by the co rrespond ing  valué of N.  
A lthough  assu m p tio n  (e) is well su p p o rted  by the results listed in co lum ns one 
an d  th ree  (in the sense th a t the re  is a  p red o m in an t co n trib u tio n ) the 
ap p ro x im atio n  looks less a p p ro p ria te  in the case of the second colum n.

E ach o f the 17 n eu tró n  co n trib u tio n s appearing  in tab le  9 m ust be m ultiplied by 
the  co rrespond ing  p ro to n  con tribu tions. Subsequently  these p ro d u cts  are w eighted
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T ablk 8

Effect on the cross sections of rem oving assum ption (e)

C onfiguration W ith W ithout
(MeV) ass.(e) ass.(e)

0 g.s. 1 1
4.86 [ ( r ,n ,0 )(a, n ,0 ) f 2.4 1.4
5.30 [(r, p ,0 )(a, p ,0 )]" 0.16 0.23

Results of relative population  of O* states in including assum ption  (e) (colum n 3) and
rem oving it (colum n 4). The sam e incident energy and optical m odel param eters as for table 4 are 
used.

by geom etrical factors an d  in tegráis (3) and  then finally added . T he validity of 
assum ption  (e) is fu rther sup p o rted  by the fact th a t the in tegráis involving larger 
valúes o f N„, have m ore w eight th an  the ones w ith sm all c.m. rad ia l q u an tu m  
num ber. S hould  the final sum  be incoheren t, we m ay conclude th a t assum ption
(e) is acceptable. H ow ever, since the sum  is coheren t, we m ust no te th a t all the 
co n trib u tio n s co rrespond ing  to  zero  spin have the sam e sign, b u t for the n' =  1, 
N  = 5 case (see colum n one and  tw o of tab le 9). O n the co n tra ry , the  spin-one 
co n trib u tio n s show  m ore fiuctuations in sign (colum n three). F rom  o u r analysis o f 
subsect. 3.2 it ap peared  as a cancella tion  betw een S =  O an d  S =  1 co n trib u tio n s in 
the g.s. tran sitio n , and  as an enhancem 'ent in the case of the n eu tró n  pairing  
v ib rational State a t 4.86 MeV. T herefore, we und erstan d  why rem oval of

T able  9

Effect on the neutrón  structu re factor of rem oving assum ption  (e)

N («'.S) =  (0, 0 ) ( 1, 0 ) (0 , 1)

5 - 3 5 ( - 4 1 ) 18
4 - 1 1 - l 2 ( - 2 4 ) 6(7)
3 -  6 - 1 5 - 1
2 -  2 - 1 1 0
1 -  1 -  6 0
0 -  1 . -  6 1

- 5 6 - 3 2 6

The valué of the products <n's|n.5> r¡{n, s, N , s, s, s, O, g.s.) for the g round-state  transition  in the 
208po(i4c, reaction (in units of 10“ ^). n is fixed by the condition  on the H O  transform ation
bracl<ets n = 5 -A i. A lthough the sum s of each colum n listed in the last line have no direct physical 
m eaning (see text) they give an indication of a relative increase in the con tribu tions with zero spin to 
those with spin one. The num bers in parentheses are the ones obtained  using eq. (6 ) and the last line of 
table 5.



assum ption  (e) goes in the d irec tion  of reducing the relative p o p u la tio n  of the 
n eu tró n  pairing  v ib ration  (states at 4.86 M eV an d  10.16 MeV).

T he pred ic ted  reduction  m ay be in te rp re tad  as follow s: the sh o rt-ran g e  residual 
in te raction  of the pairing  type tends to  b ring  the partióles closer to  each o ther and 
thus to  p roduce  a larger overlap  of the relative m otion  in the heavy system  and  in 
the light system . This effect appears usually in the spin-zero  con tribu tions. w here 
there is no  spatia l Pau li repu lsión ; thus, the sensibility of the results to  the relative 
weight o f spin-0 and  spin-1 con tribu tions.

3.4. P O IN T  A P P R O X IM A T IO N

In the H eisenberg  type of processes. a fu rther ap p ro x im atio n  can  be m ade: one 
m ay assum e th a t neither the projectile ño r the ejectile have structure . Therefore, 
the light system  is a p o in t particle  w ith co o rd ín a te  R  and  isospin one. T he o p era to r 
T, transfo rm s the projectile in to  the ejectile. In this case, the form  factor 
becom es identical to  the one ap p earin g  in the single-charge-exchange processes 
w ith very light ions. F rom  eq. (A .18) we ob ta in

< '^ 0 (g .s .)¡  B (JM )|F (|/? -/-rl)T ,'T T |A (g .s .) ; ‘^C(g.s.)>

+ M ^  { - y . + L ,  + iT + s ^2 S r + l )

NrLN„L„L„
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X X  {2L^+\)ri{nr,  N , ,  L ,, L ,, J, ,  '¡c)

d»-T V(\R -  r,| ) [ < < ü  (14)

U pon  app lica tion  of the B u ttle -G old farb  app ro x im atio n  the in tegral in the 
previous eq u á tio n  reduces to  a  one-d im ensional in te g ra l:

+ _ _
<L„LpOO|JO> V ( 2 L „ + l ) ( 2 L p + l)  Yj*^{Q„)

2k í ^ 2 J + 1

drrV{\R -  (15)X
J



T here are at least tw o objections associated  w ith the po in t app rox im ation , 
n a m e ly ;

(i) A ccording to  the d iscussion on the m acroscopic aspects o f the reaction , the 
form  factor decays asym pto tically  as the p ro d u ct o f the wave functions of the c.m, 
of the d inucleon  in the projectile (ejectile). H ow ever, the form  factor in the po in t 
ap p ro x im atio n  decays as the p ro d u c t o f the co rrespond ing  wave functions in the 
ta rge t (residual) system , w hich is faster. T he ra tio  betw een the “p o in t” and  the 
H eisenberg  decay param ete rs k  en tering  in the asym pto tic  exponen tia l e ” '̂̂  is ab o u t
1.4 [co m p are  with eqs. (10) and  (11)].

(ii) T he relevant región of in teg ration  in the D W B A  has a low er cut-ofT of abou t
9.5 fm (subsect. 3,1) co rrespond ing  to  the sum  of the ta rg e t (Ry) and  projectile 
rad ius (i?,), At this distance, the exponential decay has induced  a decrease e""'* 
from  the valué of the form  factor at the ta rge t rad ius R j  w hich is of th ree o rders of 
m agn itude (K, =  2.9 fm), O n the co n tra ry , the  construc tion  of the form  factors by 
tak ing  in te  acco u n t the (extended) (p^)^ d inucleon  configuration  allow s for a better 
overlap  betw een the d inucleons in the heavy and  light systems.

In spite o f these ob jections we have carried  o u t the (sim pler) ca lcu lations w ith 
the po in t app rox im ation . T he results a re  co m p ared  w ith the H eisenberg  calcu lation  
(from w hich it derives) in tab le  10. A lthough  th e re  are  som e qualita tive  agreem ents, 
there are q u an tita tiv e  differences w hich m ay im pose cau tion  in the app lica tion  of 
the po in t app rox im ation .
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T able 10

EfTect on the cross sections of the poin t approx im ation

E,
(MeV)

r Heisenberg
process

Point
approxim ation

0 0* 1 1
2.61 3" 0.16 0.59
3.20 5^ 0.03 0.07
4.86 0 " 0.60 3.29
5.22 6 " 0.00001 0.00001
5.30 0 * 0.32 0.23
5.65 2 + 0.04 0.46
5.81 8 * 0.0002 0.005
6.37 2 " 0 .0 ! ■ 0.17
6.40 10" 0.003 0.003

A ngle-integrated cross sections (relativa to  the g.s.) for the reaction ^‘’®Po(’“C. calculated
with the poin t approx im ation  (colum n 4) com pared with the H eisenberg prediction (colum n 3). The 
calculation is perform ed for the sam e incident energy and optical m odel param eters as for table 4.
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R [fm]

Fig. 6. F orm  factors (W igner process) a t large radii show ing that the asym ptotic exponential behavior is 
independent of the heavier system (A =  40 o r 208) and is determ ined by the binding energies o f the

dinucleons in the A = \4  systems.

3.5. T H E  R E A C T IO N  ■‘"C a(“ ‘C, ‘“o r A r

As discussed in the  case of the  P o  ta rge t, the  asym pto tic  behav io r of the form  
factor depends only  on the b ind ing  energies o f the d inucleons in the hghter 
fragm ents. This is confirm ed in fig. 6 w here the form  factors a t large d istances are 
displayed for the  g.s. p o p u la tio n  of bo th  ^°®Pb an d  “̂“Ar system s (W igner 
processes).

T he pair-exchange reaction  on  has been perfo rm ed ^ ) a t an incom ing  
energy o f 51 MeV. At this energy n o t only  there is a sizeable an g u la r m om entum  
m ism atch (tabie 2) b u t the projectile barely  overcom es the C ou lom b  repulsión, 
T he g.s. and  an excited 2'*̂  s ta te  a t 1.46 M eV  are pop u la ted  with sim ilar intensities.

T he ca lcu la tions a re  m ade assum ing  a puré  d in eu tro n  partióle configuration  
[ (f j)^ ]° ’  ̂ an d  a pu ré  d ip ro to n  hole configuration  [ (p s )” ^]®'^ in “̂“Ar. T he wave 
functions are

r°A r(g .s.)>  =  } [C ÍC Í]° [C ,C ,] '> r° C a (g .s .)> ,

r “A r ( 2 ^  1.4 M e V »  =  0.375 [C,+ C Í ] '[ C . C ^ ] ‘> rC a(g .s .)>

- 0 .2 5 0  [ C t C t f [ C ^ C ^ y r C a { g . s . ) y .  (16)

T he relative am plitudes of the tw o com ponen ts in the 2^ sta te  represen t a



T able  11

C o ntribu tions to the structure factors in ‘“’Ar

Z  N eutrons P rotons

N  3 2 2 2 2 2
I  0 0 1 0 0 1
L 0 0 1 0 0 1
n 0 1 0  0 1 0
5 0 0 1 0 0 1

tj 0.17 - 0 .4 5  - 0 .1 0  0.26 -0 .4 7  0.18

N  2 1 2  1 1 0  1 1
L 2 2 1 3 2 2 1 3
L  2 2 1 3 2 2 1 3
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n 0 1 0 0 0 1 0  0

.9 0 0 1 1 0  0 1 1

« 0.34 -0 .0 8  0.07 - 0 .0 2  -0 .0 3  0.05 0.03 0.06

C ontribu tions to the structu re factors tj [eqs. (4) and (5)] for the population  of the ground  and 
1.46 M eV states in ‘“ ’Ar.

reasonab le  b u t certain ly  no t proved  valué [see ref. ^^)]. T he stru c tu re  factors are 
listed in tab le  11. T he chosen puré  configurations exelude the build  up o f any 
collectivity in the S =  O channels (as was the case in Pb). C onsisten tly  the final 
results are very sensitive to  the selected configurations an d  to  the type of process 
(W igner o r  H eisenberg) th a t has been assum ed (see tab le  12).

Two-step processes.  F o r  the reaction  on  -^®Ca a rough  estím ate of the 
relative co n trib u tio n  of tw o-step  m echanism s has been m ade. Tw o different p a th s  ha ve 
been chosen, n am ely * °C a(‘X  ' ‘’0 )^ « A r(“ ’0 ,  ‘^ o r  A ra n d ^ ° C a ( ‘X  ‘ 'C )^ 2 C a (‘^C, 
1 4 q  j. jh e s e  (vvo nucleons sequential transfers are supposed  to  be the largest higher- 
o rd er processes co n trib u tin g  to  the ‘* °C a ('‘‘C, reaction . T he streng th s o f the
tw o-nucleon  transfer am p litudes ha ve been o b ta in ed  by fitting the experim ental results 
for "^°Ca( ‘ ‘̂ C, “ ’O  Ar an d  assum ing  them  to  be thé  sam e for all the processes. In fig. 7 we 
show  this fitting to  the tw o-nucleon  transfer (b) an d  the result for the pair-exchange 
reaction  (a). This result ind icates th a t sequential tw o-nucleon  transfer processes could  
acco u n t for half the m agn itude of the experim ental differential cross section.
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T able  12

C ross sections for ‘‘°C a (“‘C, ‘“O f^ A r  reaction

W igner Heisenberg W igner
plus

Heisenberg

Experim ent

r
(MeV)

a  í7„i a  (T„| áa/áQ

0 ^ 0.0 1.8 1 0.0044 1 1.8 1 6.5 1
2* 1.46 0.0050 0.0027 1.9 426 1.9 1.06 5.0 0.77

Absolute and relative to the g.s. cross sections for the reaction ‘“’C a (“‘C, *“0 ) ‘‘“Ar a t the incident 
energy of 51 MeV. C olum ns 3 to 8 con tain  calculated angle-integrated cross sections. The experim ental 
valúes are exctracted from  fig. 2 of ref. for 0 ^ ^  ~  15°. The valúes o f colum ns 3, 5 and 7 are m 
arb itrary  units while those of colum n 9 are in /jb/sr. The cross sections of colum n 7 are obtained 
assum ing th a t the W igner and Heisenberg processes add incoherently with equal strengths.

Fig. 7. (a) Differential cross sections calculated assum ing tw o-step m echanism s (solid line) o r  direct 
arb itrarily  norm alized (dashed line). (b) Differential cross sections of the d ip ro to n  transfer used to 
ob ta in  the strengths o f the processes entering the tw o-step description. Solid line: the calculation 
of the present w ork ; dashed line: the calculation of ref. ^). The exf>erimental poin ts in (a) and (b) are

extracted from  fig. 2 o f ref. ^).



4. Conclusions

In the p resen t pap e r we have analyzed the pair-exchange reaction  ' ‘‘O )
w ith in  the fram ew ork of direct, one-step  m echanism s. A lthough  coheren t in 
principie, we have separate ly  stud ied  tw o different processes, th a t we have called 
“W igner” and  “ H eisenberg”, because they proceed  th ro u g h  isospin independen! 
and  dependen t term s, respectively, o f the effective residual nuclear in teraction .

In general, the results ap p ear to  be qu ite  sensitive to  nuclear s truc tu re  
considerations, a p a r t from  the an g u la r m om entum  m ism atches an d  Q -value effects. 
In particu la r, the  in terference betw een S =  O an d  S =  1 channels is ra th e r 
im p o rta n t for b o th  processes. T herefore, for instance, the use of a configuration  
better th a n  (p^)^ for the d inucleons in the light system  m ay lead to  different and  
im pro  ved predictions. This will be specially tru e  in the C a case, w here the 2 '^/0^ 
relative ra tio s  co rrespond ing  to  W igner an d  H eisenberg  processes are very 
different. O n  th e  co n tra ry , the results o f the relative cross sections are qualitatively  
sim ilar in the case of Po ta rge t for b o th  processes. F o r this región there appears a 
d istinct possib ility  to  find states, like the tw o -p ro to n  pairing  v ib ration  o r the a- 
v ib ration  th a t have been sough t for som e tim e. A lthough, in principie, the 
reaction  should  also popú la te  tw o-(particle-hole) states, the co rrespond ing  
pred ic ted  cross sections a re  very smaJl in bo th  processes.
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Appendix A

W e derive the expressions (2) an d  (7) for the form  factors, tak in g  in to  account 
the assum ptions (a)-(d).

A .l. W IG N E R  F O R M  FA C TO R

A . I . I .  Mot ion  o f  the transferred dineutron in the residual target system B and in 
the projectile a. T he sta tes o f the residual heavy system  are  expressed in term s of 
the d in eu tro n  and  the sta tes of the  core C. These last ones a re  deno ted  by the 
q u an tu m  num bers («(., Mp), w here J¡, is the an g u lar m om entum , its 
p ro jec tion  an d  n ’̂  every ad d itio n a l one needed ;

IB ; /í, y , M> =  X; ; A -/p > ]m

Jln

X ( A . l )

T he label represen ts the q u an tu m  num bers of the single-particle sta tes (except



for their m agnetic pro jection). The d inucleon  states 0'i72„>-^n) can also be 
expressed in a rep resen ta tion  w ith good  spin S„ and  to ta l o rb ita l angu lar 
m om entum  L„. F inally, this last p a r t is expressed in term s of the q u an tu m  num bers 
{n„, /„), describ ing the relative m otion , an d  the c.m. q u an tu m  num bers (N„, L„), 
using a s ta n d a rd  H O  transfo rm ation . After som e recouplings one ob ta in s

\B - p , J M } =  X  (2L„ +  1 )V (2S „ +  1 ){2T„ +  1 )(2J„ +  1 )(2/„ +  T) ( -  + +

n„N„ L„ L „SjJJ„
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X

X [[|5n>l«„, /n>]'"[l^n, £„>l«0 (A-2)

w here the “ in te rn a l” d in eu tro n  coo rd ina tes  are concen tra ted  in the two term s th a t 
are coupled  to  T„. The fac to r rj includes the nuclear structu re  Inform ation an d  is 
defined in eqs. (4) an d  (5).

T he descrip tion  of the  projectile  ̂ |a> is sim pler, since to  a good app rox im ation , 
it can be rep resen ted  as a [(p^)^]*' configuration  tim es the core |c> (which is the 
g.s. o f ‘ ^C). M oreover, the H O  tran sfo rm atio n  b rackets co rrespond ing  to  tw o Op 
particles coupled  to  S „ (=  O, 1) have the valúes

« , r ; ; N '„ r : ; S J ( O p ) ^ S „ >  =  • (^-3)

U sing these valúes, the pro jectile  |a> is given by 

|a> =  |(0 p .)^ 0 > |c >

n’„N„S'„ V J n  U  2 2

X  [ l \S’„ } K ,  s ;>  ]S^|( S'J,  s ;> ]« |c > , (A.4)

 ̂ T he  [(P j)^ ]“ d inucleon State in the light systems is an assum ption  not well supported  by the 
calculations of C ohén and K u ra th  The use o f a better wave function w ould  am oun t to  in troducing 
excited states o f the core |c> (and keeping track o f them  in the in tegration  in the in ternal variables of ‘^C) 
and  the com ponent (O, 2) o f the c.m. wave function (iV, L) (in addition  to (O, 0), (1, 0) and (O, 1)). 
A lthough this is quite possible to  perform , we feel that the [(Pj)^]® sim plication is sufTiciently good 
within the scope of the present study, since it provides a reasonable radial c.m. wave function in order 
to  construct the form  factor. Sim ilar considerations are m ade for the ejectile.



w here as in (A.2) the in te rnal d in eu tro n  degrees of freedom  are  coupled  first and 
the State Sñ> represen ts the m o tion  of the cen tre o f mass. E ither n'„
and  S'„ can  be zero o r one, and  the rad ia l q u an tu m  num ber ( 1— mus t  be 
non-negative.

A.  1.2. ¡ntegration over the internal dineutron coordinates.
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i l i s j  ÍS„

I H  i j K - / n C n i k - /  K

^  '^n’ ^ n >  ^n> -^n’ ^ c )

<c|[<(l S„\[\N„, L „> K , (A.5)X

A. 1.3. ¡ntegration over the internal diproton coordinates.  T he co rrespond ing  
expression is sim ilar to  (A.5) w ith J  =  O and  J^ = J'^ = J

< b | A > - V 2 l  I
nrJp npAípfip ‘̂ P

^ ^p» -^p’ ^p’ ^c)

X  < d [< (l - n ; - S p ) ,  5 p |[ [ N p V M p > ] '^ > ] “- (A-6)

/I.7 .4 . ¡ntegration over the internal coordinates o f  the core C and the core c. 

(c\i(N'„,  5 J [ | N „ ,  L „ y K ,  J ' ^ y y q a  < c | [ < n ; ,  L , } K ,

-  { í p S p t }

H ere we have explicitly in tro d u ced  the wave functions of the c.m. d in eu tro n  an d  
d ip ro to n  coord inates. T he fram e of reference is cen tered a t the c.m. o f the large 
core C. T he co o rd ín a te  of core c is deno ted  by R  (assum ption  (b)).



A . 1.5. Integration over the c.m. coordinates o f  the diproton and dineutron.  Finally, 
the form  factor is ob ta ined  from  the expression (assum ption  (a)):
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=  2 ( - r  I  I  s  I  \ ] j  j  I
n c J „ , J  n „ N „ n A L „ L J „  J ( . - ' p h

d r „ d r ^ V ( K  -  »-pl)[<í>,i - « - s j . s j '- n  -  « ¡ [ ‘í',. s,(»-p ^  « )

[ V i  ('■n)^/v r(» 'p )]M '"]-M

X n  I . r . ' +  +

z = n ,p  > / 2  —  S j

X  í  I ! M Í ^  I  r j i n , ,  S „  i V „  L „  L „  S „  n ^ )
(.2 2 2 J Jz  j

X < n ;,S Jn „ S ,> . (A.8)

T he in tegral in (A.8) is eva lua ted  using an  ap p ro x im atio n  of the B u ttie -G old farb  
type, since the m ore exact ca lcu la tion  is no t justified a t this stage of the study  of 
the pair-exchange processes (assum ption  (c)).

This assum ption  is based on  the fact th a t any  wave function <í>„, of (A.8) carries, 
ap a rt from  polynom ials depend ing  on n and  /, a factor decaying exponentia lly  w ith 
the d istance betw een the d inucleon  and  the cores C o r  c. T herefore the p ro d u cts  
^ ( r ) ( p { r~ R )  a tta in  the ir largest valué w hen bo th  r  and  r - R  lie along  the line 
jo in in g  the tw o cores (i.e. along  R, fig. la). T he assum ption  is then  m ade th a t only 
these extrem al valúes co n trib u te  to  the in tegral o f (A.8), a resu lt th a t can  be o b ta in ed  by 
w riting

V i \ r „ - r J )
y ( K - y , \ )  - -  (A.9)

' n ' p

w here £3„, an d  Í2p ind ícate the d irection  (0 „ , cp„), (0p , <pp) and  ( 0 r, <Pr ) 
respectively. T he in tegral of (A.8) becom es

[ >'s„(í2k)[ í ŝ/ í2«)[ >£„(í3«) > i^(fi«)]'p ]'^ ]í 

d r„d rp l/( |r„ -rp |)f '^^ ,£ jrJ 'P ^^ ,£^ (rp )< /> „_„ ,_ s„ ,,s„ (|r-K |) '/ '„_„^_s^ ,,,^ ( |rp -K |),

(A.IO)



w hich can also be w ritten  as
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Yj . - m Í ^ r ) ( 2 L „ + l ) { 2 L , +  l){2S„ + l ) ( 2 S ^ +\ )
(An)^ ‘ " V 2 / „ + l

X <JS„00|/„0></pSpOO|/„0><L„LpOO|/pO>

T he rep lacem ent o f (A .l l)  in (A.8) and  the app lica tion  of s ta n d a rd  sum  rules for 
the 6-j Symbol, yield

< b |< B ; / i ,  J , M |I / ( K - g ) |A > |a >  =  ^ ^ ‘̂ d £ ^  X  <i„^pOO|yO>
^  n /2 J + 1  _

n „N  „n '„S „L „L „

X d r > p F ( |r „ - g ) ¥ 'V V £ ' '" ’V n )n ^ . t^ ( r p ) 'í 'í r 5 )„ _ s j .s j l '- „ - « l ) 'í 'i r ° '^ ^
J

X n  + / (2S . + l ) ^ ( 2L . +  n
z = n .p  V

^  { !  1  i  j  j  N „  L „  L , ,  S , ,  « c ) .  ( A .  1 2 )

T he app lica tion  of assum ption  (d) concern ing  the sh o rt-ran g e  n a tu re  of the 
in te raction , yields expression (2).

A.2. H E ISE N B E R G  FO R M  FA C TO R

A . 2.1. ln ida l and f inal  states.  T he sta tes of the residual nucleus and  of the 
pro jectile  a re  expressed as in (A.2) an d  (A.4), respectively. S im ilar expressions hold 
for the  ta rg e t an d  projectile. H ow ever, we m ade a slight change in the no ta tio n , 
since in H eisenberg processes the re  is a d inucleon  T  associa ted  w ith the target 
(residual) system  and  an o th e r  d inucleon  t associa ted  w ith the projectile (ejectile). 
Therefore,

V 2 - S ,  [J2 2

X [[1S.>K, S .> ] s , | ( l - „ - S . ) ,  S ,> ]« |±> |c> , (A.13)
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¡„ J .|A> =  X  ( - ) '^  + ̂  + M 2 L p + l ) y 2 5 7 + T
IkJ l̂iySjij l ^ p  *̂ T

X r]{nj, Ij, Aíp, Lp, Lp, Sj ,  J^, «c)

X [[|S t> I« t, l j>y^í \Nr ,  E p > |« ,Jp > ]^ ]0 |-> ,

|B> =  I  ( -  )'r + í-„ + /.+^p + V(2L^ +  1) y ( 2 s ^  +  1 )(2/p +  1 )(2J„ +  1 ) (2/„ +  1)

 ̂ { ¿  Ir S t } { /p  j " 1"}

X [[ |S t>I«T, ^> ]'"[ |N n , Cn>l«0 V H m I+>- (A -H )

The | +  X | —>) isospin sym bol deno tes a d in eu tro n  (d ipro ton).
A . 2.2. Integration over the internal coordínales oj the dinucleon t and the core c,and  
o í  the dinucleon T  and the core C.

<b|T.|a> =  2  Z  { !  ! f
ntS'i V ( . 2 2 2

2

(2L„ +  1 )(2Lp +  1 )(2St +  1) V (2 J „  +  l ) ( 2 J p + l )  

J ^ S r L M K  ' t  K ]

H ere we have used

X ^ J  J  K

X  t ] ( n r ,  Ij, N„, L„, Sj ,  J„, yc)tl{nj, Ir, Np, Lp, S j ,  Jp, y^)

X (»-t ) ] Í m- (A.16)

< - K I  +  > =  < +  | T r | - > =  1. (A.17)



A . 2.3. Integrat ion fo r  the c.m. coordínate o f  the dinucleon T  and t.
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=  - 2 { - y - ^  X  I  ( - K ^  + ̂ ^+'^ + M 2 S-r +  l )
«c^n^p S,n,Sjn-,l-, ^

/V,L,L„iV„L„t„

Í 1 S t L „ U L „  / ^ l „

l i H  I  K j

J

X n  ( 2 L ^ + m n y , l j , N , , L , , L , , S j , J , , n c )
2 = n ,p

X/m ( ^ r )
47r^ (2J + l )

2 S .+  1 j l  IS ,

HlSi

2

X I  / ^  + Ip<L,LpOO|JO>

X
J

L . L , J n J ,njSjljrif-
X

= n .p
n  (2L, +  1 ) ^ ( 2 J ,  +  1 )(2L, +  1) n(nj,  lr ,N„ L„  L „  S^, « c )• (A.18)

T he last expression is ob ta in ed  th ro u g h  app lica tio n  of the B uttle-G oldfarb  
ap p ro x im atio n . T he final expression (7) is ob ta in ed  by m ak ing  the sh o rt-range  
ap p ro x im atio n  for the in teraction .

Appendix B

T H E  D E SC R IP T IO N  O F  STATES A R O U N D  ^““Pb

T he concept of elem entary  exc ita tions or elem en tary  bu ild ing  blocks has proven 
to  be especially successful in the descrip tion  of sta tes a ro u n d  ^°®Pb. In th is paper 
we use these excitations, w hich are represen ted  by pairing  an d  particle-ho le bosons. 
They carry  the q u an tu m  num bers (a, z, J, M,  n) w here th e  transfer num ber a



equals a for an  ad d itio n  pairing  p honon , r for a rem oval pairing  p h o n o n  an d  O for 
a particle-ho le p honon . T he sym bol z( =  n, p ) denotes a n eu tró n  o r a p ro to n  
com p o n en t an d  J  an d  M  a re  angu lar m om entum  labels. T he num ber n 
distinguishes betw een p h o n o n s carry ing  the sam e o th e r q u an tu m  num bers an d  is 
om itted  hereafter. As an  exam ple, th e  2.16 M eV, J  =  3 State in ^°®Pb is 
ob ta in ed  acting  w ith the boson  creation  on  the g ro u n d  sta te  ¡O):

P °« P b ; 2.61 MeV> =  |(ph), J  =  3, M> =  ^  z, 3, M )|0>. (B .l)
2 = n .p

T he ta rg e t |A> (i.e. the g.s. o f ^°®Pb) is form ed w ith tw o pairing  p h o n o n s:

1A> =  r*{T,  n, O, 0 ) r ^ ( a ,  p, O, 0)|0>. (B.2)

In the T D A , th e  boson  o p e ra to rs  F  are  transc ribed  as linear com binations 
of a p a ir  o f ferm ion o p e ra to rs :
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r ^ ( a ,  z, J , M ) =  Y.  Ma,  Z, j -  /c,„

r + ( r ,  z, J , M ) =  X  / ( r ,  z, J ; i,,,

r "  (O, z, j , M ) =  X  J i J í c L C i J i , -  (B-3)

H ere k deno tes all the single-particle labels for em pty  s ta te s ; sim ilarly  i, for 
occupied states. F o r  the pairing  o p era to rs , the inverse re la tions to  (B.3) rela te  the 
pair creation  to  the boso n  o p era to rs

=  A(a, z, J ;  k „  k , ) F ^ ( a ,  z, J,  M )  (k,  ^  k^).

[ C i i C i t i y y r + i j  =  m t , z, j -, u , í2)f (t, z , j , - m ) o-, ^  (b.4)

T he o p era to rs  [ C ^ C ^ Y  are  expressed in term s of tw o -p h o n o n  o p e ra to rs :

[C :C  + ]m = -y2A(r,T,0;/,í)i(0,z,J;/c,0-7=L=r+(0,z,J,M)r(r,z,0,0)
V  +  1 1

í y - M
+  V 2A (a, z , 0 - k ,  k)Á(0, z , J - , k , i ) \ ’ ...  F(0,  z, J,  - M ) F ^ { a , z , 0 , 0 ) ,  (B.5)

^ 2 k  +  l

w here it has been assum ed th a t the pairing  bosons ca rry  zero  an g u la r m om entum .



U sing expressions (B.2) for the ta rge t |A> an d  (B.4) an d  (B.5) for the p a ir  creation  
opera to rs , we easily calcú late  the m atrix  elem ents en tering  in the stru c tu re  factors 
t], (4) an d  (5). W e o rd er the states to  be p o p u la ted  in th e  residual system  accord ing  
to  the num ber of partic le-ho le excitations.

(i) Ground-state transition.  T he d in eu tro n  filis the tw o holes in the closed shell 
while sim ultaneously  the  tw o p ro to n s  are rem oved from  the u p p er shell. Therefore, 
the only  in te rm ed ía te  core sta te  is the  g.s. o f ^°®Pb, |r, n, 0> and  the m atrix  
elem ents en tering  in the stru c tu re  factors are the am plitudes / :

<01 y í [ Q ^ C  + ]° |r , n, 0> =  -  A(r, n, 0 ; i, i), (B.6)

<A| V i [ C C ; ] | r ,  n ,0>  =  /(a ,p ,0 ;/c ,/c ) .  (B.7)

(ii) Particle-hole states.  T he p o p u la tio n  of sta tes |0, z, J>  can  be m ade via tw o 
p a th s : in the first one, p ro to n s  are picked up  as in the reac tion  pop u la tin g  the g.s., 
thus yielding the sam e in te rm ed ía te  sta tes |r, n, 0> an d  the sam e m atrix  elem ents 
(B.7). S im ultaneously , one of the n eu tro n s filis a hole w hile the second one 
occupies a partic le  s ta te :
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<(ph), J i[C  + C + ]^|r, n, 0> =  - y 2 / ( r ,  n, 0 ; i, i)X(0, n, J ;  k, (B.8)

In  the second path , th e  tw o neu tro n -h o le  states a re  filled as in the p o p u la tio n  of 
the g.s. (m atrix  elem ent (B.6)) and  the cap tu red  d ip ro to n  leaves a particle-ho le 
p ro to n  pair. T hus, the in te rm edía te  sta te  is a p ro to n  particle-hole exc ita tion  in 
2 0 6 p b ;

< A |[ [Q " Q " y |( r ,  n, 0)(0, p, J ) ) f
7 2 J + 1

=  y 2 A (a , p, 0 ; k, k)Á[0, p , J ' , k ,  i ) / . j 2 k  +  l. (B.9)

T he processes along  the tw o p a th s  ad d  coherently .
(íií) Two  particle-hole states.  T he possib ility  o f reach ing  these states th ro u g h  

relatively enhanced  cross sections constitu tes an  a ttrac tiv e  feature of pair-exchange 
reactions. T w o different sta tes o f th is type are considered , nam ely :

(a) States belonging to the family  o f  pairing vibrations. If  a  n e u t r ó n  tw o - p h o n o n  
State is excited, th e  p r o t o n s  a r é  c a p tu r e d  as fo r  th e  p o p u la t i o n  o f  th e  g.s. (B.7). 
S im u lta n e o u s ly  th e  tw o  n e u t r o n s  a re  p u t  in  the  e m p ty  s ta tes ,  as  in  ^ ^ °P b :

<(r, n, 0)(a, n, J ) | | r ,  n, 0> =  A(a, n, J \  /c,, /cj)- (B-10)
Vl + ^ 1 , 2



Sim ilarly for the p o p u la tio n  of a p ro to n  tw o-phonon  state. In th is case, the 
in te rm ed ia te  sta te  is the p ro to n  tw o-phonon  pairing  sta te  in ^°*Pb:

< A | J í k £ y | ' | ( r ,  n, 0)(a, p, 0)(r, p, J ) )  =  - l ( r ,  p, J ;  í „  ( B. l l )
V l + ^ 1 , 2

while the n eu tró n  m atrix  elem ent is alw ays (B.6).

(b) T w o  one- (particle-hole) phonon states [\{ph), J i ) \ (ph) ,  Í 2>]^. Again, tw o 
possible p a th s  are present. In  the first one, the substraction  of a d ip ro to n  creates a 
particle-ho le sta te  in ^°®Pb carry ing  an g u la r m om entum  J 2 : the add ition  of a 
d in eu tro n  creates a second particle-ho le pa ir w ith angu lar m om entum  J , ;

< [ ( p h U i,(p h ) J 2y i[ [ c ;^ C ¡ + y .|( r ,  n, 0)(0, p,
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=  y / 2 - S ^ 2  n, 0 ; i„, n, J 2 ; k„, í J /n /2 /7 + T , (B.12) 

I
< A |[[Q ;C ,:]^ . |( r , n, 0)(0, p, J , )> ] °

v / 2 ^  +  1

=  y 2  ;.(a, p, 0 ; /Cp, k^)k(Q, p, i ^ ) / j 2 k ^ + \ .  (B.13)

In the second p a th , the n eu tró n  particle-ho le excita tion  carries angu lar 
m om entum  J j ,  while the p ro to n  co re carries angu lar m om entum  J ,  :

< [(p h )7 „  (p h )J 2]" l[[C „C ,:]^ H (r, n, 0)(0, p, J ,  )>]^

=  - \ / 2 - á i , 2 ( - ) ' ' '+ ' ^ ^  ^Mr,  n, O; i„, i jMO,  n , J ^ \  k„, i j / y / 2 i „  -H 1, (B.14) 

< A |[[C ^ Q :]- '- |( r , n ,0 )(0 , p, J J > ] °  ‘
V 2 J ,  +  1

=  y 2 A (a , p, 0 ; /Cp, k^)A{0, p, ; k^, i ^ ) / ^ 2 k ^ + l .  (B.15)

(c) Three particle-hole states \r, n, 0> [ja, n, Ji } \ (p,  h), J z y Y -  F o r  instance, the 
stripped  d in eu tro n  is p u t in sta tes above the F erm i sea while the cap tu re  d ip ro to n  
creates a  partic le-ho le excita tion. T hus the p ro to n  m atrix  elem ent is given by (B.13) 
while th e  n eu tró n  one by (B .l l )  w ith  J  = J¡.

(d) Four  particle-hole states \r, n, 0}\a, p, 0>[|a, n, J„y\r, p, Jp )]- '. T he stripped  
d in e u tro n  occupies em pty  s ta te s ; the  cap tu red  d ip ro to n  leaves tw o holes in the 
closed shells. The n eu tró n  m atrix  elem ent is given by (B.IO), while the p ro to n  
m atrix  elem ents, by (B .ll) .

Therefore, the ca lcu la tion  o f the m atrix  elem ents en tering  the stru c tu re  factors
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T a b le  13

The single-particle energies í ¡ (in MeV)

N eutrons P ro tons N eutrons P ro tons

¿3,-2 4.24 P3-2 -2 .6 1 5.24

S?/2 4.20 Í|3'2 -3 .3 3 3.73
Sl/2 3.74 i ia - 4 .0 4 3.02

d5,2 5.27 1̂ 9/2 - 5 .1 7 2.13

Jl5/2 3.13 S|.2 -2 .1 3

*1 1/2 2.48 d3,2 -2 .4 8

§9/2 1.70 hn ;2 -3 .4 7

Pl/2 - 1 .7 0 5.75 d5,2 -3 .8 0
f5,2 - 2 .2 7 4.94 g7<2 -5 .6 1

r] [eqs. (5) an d  (6)] is perform ed th ro u g h  a system atic use of the am plitudes of the 
elem entary  excita tions [eq. (B.3)]. T here  are m any  ca lcu lations of these am plitudes, 
using difTerent residual in teractions. All o f them  yield ra th e r sim ilar valúes of A, at 
least for the collective states. T hus, we use the results of a surface delta  in teraction  
in a T D A  ca lcu lation  ^ ;

/(a ,  2 , J - J i J i )  = (B.16)

H ere a>j is the experim ental p h o n o n  energy an d  N j  is a no rm aliza tion  constan t. 
T he single-particle energies Ej and  the  p h o n o n  energies are given in tables 13 and 
14, respectively.

T a b le  14 

T h e  p h o n o n  frequencies W j

a J Wj

(MeV)

r n 0 - 2 .7 6
a n 0 2.16
a n 2 2.96
r P 0 -0 ,3 2 1
r P 2 - 4 .2 2
a P 0 2.60
0 n ,p 3 2.61
0 n ,p 5 3,20

’ T h e  p h ase  reflects th e  c o n v en tio n  o n  th e  rad ia l w ave fu n c tio n  w h ich  has th e  sign  ( - ) "  as
r 00.



In  o r d e r  to  simplify  th e  c a lc u la t io n  o f  th e  fac to rs  rj, th e  State o f  dilTerent p a r i ty  in 
each  shell h a s  been  rep laced  by  th e  m issing  State in the  sa m e  shell. F o r  ins tance ,  

th e  State in th e  n e u t r ó n  filled shell is rep lac ed  by th e  h ^ .  T h u s  all s ta te s  o f  the  
s a m e  shell c o r r e s p o n d  to  th e  s a m e  h a rm o n ic  o sc i l la to r  sTiell a n d  th e  q u a n t u m  
n u m b e r

Ñ  =  2 « i + / , + 2 « 2  +  /2 (B. 17)

is co n stan t for any  p a th  discussed above. H ow ever, only the { j u j j y  com binations 
allow ed by the orig inal parity  selection rules are adm itted  in (B. 16).
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