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Using the block spin procedure, the negative renormalization of the pomeron inter- 
cept near the critical point is estimated to  be 0.03 ^  0.05, in agreement with previous 
evaluations based on the one-loop approxim ation of the renormalization group functions.

1. Introduction

Reggeon field theory [1] (R FT) with imaginary triple coupling predicts a nega­
tive renormalization o f  the pom eron intercept. The bare pom eron intercept cuq which 
is the object relevant for phenom enology up to ISR rapidities is brought down to its 
renormalized valué « r  at higher rapidities through the pom eron interactions. Theore- 
tically [2], for Oq below a critical qiq (i.e. «q subcritical) the system is in a disor- 
dered phase and « r  <  1; as Oq increases to «q- “ R reaches unity  and remains at this 
valué beyond the critical point when the system enters its ordered phase (i.e. Uq 
supercritical). The numerical determ ination o f the intercept renormalization Oq — O r 
is clearly im portant in clarifying whether the subcritical, critical or supercritical RFT 
is the relevant theory when compared to  experimental data.

Previous non-perturbative calculations o f  «g were perform ed using RFT with a 
mom entum  transfer cut-off [3] or a rapidity threshold [4]. Both, however, had a 
possible weak point in their reliance on the one-loop approxim ation for the evalua-
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tion o f the renormalization group functions. As an alternative, the use o f RFT on a 
transverso latlice [2,5,6] can. at least in principie, account for all powers of the 
triple-pomeron coupling provided the solution of the single-site Hamiltonian is known. 
This Hamiltonian contains a potential [7] which can be in one o f two configurations, 
depending on the valúes o f the parameters o f the theory: the intersite distance b 
(which can be related to the momentum transfer cut-ofO. the bare pomeron inter- 
cept «o- slope aó and triple coupling/-q. Recent works [2,5] on the analogue spin 
model o f RFT have investigated the theory corresponding to the two-well configu- 
ration o f the potential (ground and first excited energy levels much lower than the 
rest) and have achieved much in elucidating the nature o f the phase transition which 
does not depend on the actual valúes o f the parameters. However, in these papers 
the renormalization o f the pom eron intercept and cíq, which are non-universal quan- 
tities dependent on the “microscopic details” o f the theory, have not been evalu- 
ated.

In the present work we show that the one-well potential configuration o f the 
single-site Hamiltonian (gap between second and first excited levels not much largar 
than gap between the latter and the ground State) is the appropriate starting point 
for realistic valúes o f the parameters. Keeping only the two lower levels and fol- 
lowing the block spin procedure we obtain a phase transition with critical expo- 
nents in agreement with those o f ref. [5], which is to be expected because o f their 
universal character. In addition, the intercept renormalization near the critical point 
is now within reach and is com puted giving numerical results consistent with those 
obtained from the one-loop approxim ation o f  the renormalization group functions 
[3,4].

The gain in the high accuracy with which we can evalúate the influence o f Tq in 
the single-site energy levels was obtained at a cost in the abrupt cut-off correspon- 
ding to the lattice spacing. Furtherm ore, in the block spin realization o f  the renor­
malization group transform ations, we were forced to  retain only two states o f  the 
Hamiltonian for the starting point o f each interaction to  avoid great calculation com- 
plexities. Regarding the approxim ation due to the crude cutoff, it will be seen that 
the lowest-order cortection to  the pomeron propagator will turn out to be numeri- 
cally similar to that obtained from more reasonable exponential cut-offs [3,4]. For 
the spin approxim ation, we shall show that the inclusión o f the second excited single- 
site level introduces only small variations in the energy o f  the first excited two-site 
cell State. The error caused by truncating the spectrum in the subsequent steps o f the 
renormalization group technique is expected not to alter the correct order o f mag- 
nitude o f «q — 1. This is suggested by the comparison o f the block-spin calculation 
for the one-dimensional Ising model in an external field [8] with the exact result 
[9] and also by confronting the critical tem perature o f spin RFT obtained with the 
block spin m ethod [5] and with the high-temperature expansión [10].

Sect. 2 outlines the single-site limit o f  the Hamiltonian form o f RFT on a trans- 
verse lattice. Sect. 3 follows with an account o f the inclusión o f the intersite inter- 
actions and the block spin renormalization group procedure. The results are pre-
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sented in sect. 4 and finally in sect. 5 the influence o f the truncation o f the single- 
site spectrum and other approxim ations are assessed and discussed.

2. SingJe-site solutions of the Hamiltonian

The Hamiltonian for RFT with triple-pomeron coupling in the two-dimensional 
impact param eter lattice, with spacing b,  Is given by [2,5,6]

/ /  = S  |a o  «/z/i/// + i ^  \p¡(\pf + \l/¡) \¡Jj 

?  ( '/ ' /+ / -  Í 7 X'/'/+/■ -  '/'/) . (1)

where Aq = 1 -  «o ^nd \lij and \p/ are the pomeron fields at the site denoted by the 
two-dimensional lattice vector/ ; /  is a two-dimensional unit vector which connects 
each site /  with its two nearest neighbours along the positive directions. In terms of 
the representations [7]

the Hamiltonian, eq, (1), can be written

H =  T j H , -  T j H, í  ,
¡ ’ H

where the single-site and intersite terms are

Í/ -  A' 1-2 ^ + '’o ^ \

respectively, with

= Aq + 4a Q , = aó/Z>  ̂ .

Through a non-unitary similarity transform ation [7]

(2)

(3)

with

F  = x j ^ e \ p

(4)

! J O T H C ^



the single-site problem reduces to  a Schrodinger equation with a potential

w h ose  low est eigenvalue corresponds to  the first ex cited  level o f / /y  since the ground  

State o f  the latter is just the vacuum  [11].
A study o f the potential, eq. (5), reveáis that it can assume one of two configura- 

tions depending on the ratio o f -AÓ to r^jb.  For -AÓ >  1.65 r^jb (AÓ negative) 
the potential adopts a two-well structure, its lower eigenvalue hes near the vacuum 
(zero energy) and in this case the single-site solutions build, approxim ately, the 
m atrix representations o f \pj and i¡/¡ used in refs. [2,5,6]. However, w ith valúes o f 
the parameters extracted from present data (a¿ = 0.25 GeV“ ^, ro = 0.5 GeV~^ 
and b obtained from the mom entum  transfer cut-off - í  «= =» 1 GeV^) the 
above inequality is not satisfied unless Oq ^  1.5. which is much higher than the 
expected therefore, near the critical point the potential takes the one-well con- 
figuration and the first excited level o f Hj is much above the vacuum.

Since the general properties o f  the phase transition are universal and are not affec- 
ted by the numérica! valúes o f  the parameters, the choice o f arbitrarily small and 

has allowed the calculation o f the critical exponents starting from the two-well 
potential [5]. On the other hand, the intercept renormalization and o-q do depend 
on the actual valúes o f the parameters and their com putation is inaccessible from 
the two-well configuration. To explore the valúes o f Oq in the vicinity of the critical 
point we must start therefore from the one-well configuration, whose eigenvalues 
and eigenvectors, unfortunately, cannot be determined analytically.

The basis which diagonalizes the single-site Hamiltonian in the limit AÓ »  r^lb 
(AÓ positive) is [7]

|0 > = 1 ,  <0| = 5 (x ) .
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b { x ) ¡ R ) n > \  , (6)

where R  = r J I b á ’Q, are the generalized Laguerre polynomials [12] and the left 
and right state vectors are different due to the non-herm iticity o f  In this basis 
it is straightforward to obtain the following m atrix representations, valid for any 
valué o f  the parameters;

(mí/f,ln> = R ' ’- " ’A o { n l l  + R \ 3 n  -  1)]

- ( «  -  1)(3« -  - « ( «  + 1).R ^5^,„+ ,

+ ( « - 1 X « - 2 ) / ? ^ 6 ^ . „ _ 2 }  (7)
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lor both m,n  >  O, and equals zero otherwise;

<.m\x^\n)= ~{n + + , -  (« -  ,

a

r d{x])
n )=  - R n—m — l

(8)

(9)

for n >  rn, and equal zero otherwise.
Since we are primarily interested in the first excited leveis because of their rele- 

vance at high rapidities, we choose to diagonalize the matrix, eq. (7), retaining only 
the first N  vectors o f  the basis eq. (6). It is im portant to note that for a given N,  
corrections o f  order up to  are included in this way. Consequently the pre-
sent m ethod will be reliable as long as /? <  1, so that for reasonable valúes of 6 <  4 
G e V '  (and realistic «ó and rg) the región o f negative Aq satisfying Aq >  (0.25 -  
l /b) /b  can be studied. ll is clear that for small valué o f  b one may hope to  reach the 
critical point whereas for b near 4 this región may not be attained because the basis, 
eq. (6), is not a good starting point. This will prove to  be the case, as will be discus- 
sed in sect. 4.

3. Intersite interactions and block spin renormalization group procedure

Returning to the to ta l Hamiltonian, eq. (3), to  include the intersite interactions 
but keeping only the two lowest states at each site we arrive at an analogue quantum 
spin model (with nearest-neighbour interactions) for RFT. This approxim ation is 
quite accurate only in the very supercritical región where the second excited State 
is much higher than the first. In the case we wish to  analyze (subcritical and slightly 
supercritical regions) the second energy gap is not much bigger than the first. How- 
ever, we keep also here only tw o levels since the systematic inclusión o f  the next 
one presents very hard com putational difficulties. Moreover, we will show in sect. 5 
that the second excited level o f  the single-site Hamiltonian produces only a slight 
shift in the first excited level o f  the two-site cell, indicating that the spin approxi­
mation is fairly good also around the critical point.

Let the jV XA  ̂m atrix which diagonalizes the single-site Hamiltonian be denoted 
by T; it will be o f the type

T  =

1 0 0 ... 0
0 h 2 h 3 . . .  Í2N
0 h 2 Í33 — h N

O tN2 ^N3 — ^NN

(10)
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m n) =  - R n - m - l

(8)

(9)

l'or both m,n >  O, and equals zero otherwise;

- ( «  + 1 )5 ^ ,„  + , - ( / !  -  ,

a
d( x j )

for n >  rn, and equal zero otherwise.
Since we are primarily interested in the first excited levels because of their rele- 

vance at high rapidities, we choose to diagonalize the matrix, eq. (7), retaining only 
the first N  vectors o f  the basis eq. (6). It is im portant to note that for a given N,  
corrections o f  order up to  are included in this way. Consequently the pre-
sent m ethod will be rehable as long as /? <  1, so that for reasonable valúes of 6 <  4 
GeV“ ‘ (and realistic aó and r^)  the región o f negative Ag satisfying Aq >  (0.25 -  
\¡b)lb can be studied. It is clear that for small valué o f  b one may hope to  reach the 
critical point whereas for b near 4 this región may not be attained because the basis, 
eq. (6), is not a good starting point. This will prove to  be the case, as will be discus- 
sed in sect. 4.

3. Intersite interactions and block spin renormalization group procedure

Returning to the to ta l Hamiltonian, eq. (3), to  include the intersite interactions 
but keeping only the two lowest states at each site we arrive at an analogue quantum 
spin model (with nearest-neighbour interactions) for RFT. This approxim ation is 
quite accurate only in the very supercritical región where the second excited State 

is much higher than the first. In the case we wish to  analyze (subcritical and slightly 
supercritical regions) the second energy gap is not much bigger than the first. How- 
ever, we keep also here only two levels since the systematic inclusión o f  the next 
one presents very hard com putational difficulties. Moreover, we will show in sect. 5 
that the second excited level o f  the single-site Hamiltonian produces only a slight 
shift in the first excited level o f  the two-site cell, indicating that the spin approxi­
mation is fairly good also around the critical point.

Let the N \ N  m atrix which diagonalizes the single-site Hamiltonian Hj  be denoted 
by T; it will be o f the type

7’ =

' l 0 0 ...  0
0 Í22 Í23 . . .  Í2 N

0 t32 h 3 . . .  t-¡N

O ¡NI t m  — ^NN

(10)
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Fig. 1. Two-dimensional lattice with two-sito cells. ” denotes single site, ” single cell and ” single 
second step cell.

For the total Hamiltonian the corresponding similarity transform ation must then 
be applied to  and . Since we are interested in the two lowest leváis o f  the 
Hamiltonian we retain only the top left 2 X 2  submatrices which are o f the forms

The matrices T  and T~^  can be evaluated in terms o f the diagonal elements Í22.
Í33. — ^NN  which are arbitrary. With the condition Tj = T2 = t ,  useful for the next 
steps, the valué o f ¡2 2  is fixed, vk'hereas the others may be still arbitrarily chosen. 

Defining

p, = (aÓMiA<2)‘^  ̂ . /3 u = P iT , (12)

the Hamiltonian o f  an isolated two-site cell containing sites 1 and 2 may be written 
(see fig. 1)

f í i ' = e ( c i  + C 2 ) - [ ( p i o ' l  +ipuCiXPi02  + 'P i i O ) + ( l  > (J3 )

where e is the energy gap between the two lowest single-site levels and 

<
with the primed Index acting as a cell label. In eq. (13) we have obtained an effec- 
tive quantum  spin analogue o f RFT which is identical to  that o f  ref. [5] apart from 
the im portant differences in the relations o f e, p¡, pi¡ with the “m icroscopic” param- 
eters rg, «ó, b.

The block spin construction and iterations proceed therefore exactly as in ref.
[5] (see fig. 1), keeping only the two lowest levels o f  each cell for the next itera- 
tion and demanding the intercell Hamiltonian to be o f  the same form as the inter- 
site one. We recall tha t the recursion relations between the parameters are

e' = i{ 3 e  + 2 p J i - p j -  [e^ + 2 e ( 2 p ^ + p ^ +  ( 2 p ¿ } , (15)

p ; = 2 ‘ / " / lp i ,  p ’a = 2 ^ l ^ [ ( A ^ - B ^ ) P i i ^ A B p i ] ,  (16)



where

PiPii
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A  =

______ e h ± _ z _ L _ _ _  r i7)

As in ref. [5], the transform ations, eqs. (15) and (16). have two types o f  stable 
fixed points: one for Aq <  (disordered phase) with

e ^  A finite , p i, pn  O ,

and the other for «o >  «q (ordered phase) with

e ^ O ,  p i = p , i ^ 0 .

When a critical point oíq is approached from below (oq <  Oq), A ^  O with the power 
behaviour

A - i a l - o c o Y .  (18)

In the ordered phase pj = pm  = p is not a fixed valué due to  the factor 2'^^ on the 
right-hand side o f eq. (16). Therefore a = (|)'^ '"*p. where A/ is the number o f itera- 
tions, has a power behaviour as üq approaches from above

o ^ C a o - a o ) * ^ -  (19)

a and A are then the order and disorder parameters o f  the theory giving the critical 
e.xponents ¡¡ and u which, being independent o f the “microscopic details” o f the 
system, are not sensitive to the choice o f  the potential for the single-site Hamilto- 
nian.

At variance with ref. [5], because o f our relations o f  e, p i, pu  with realistic valúes 
o f  ̂ 0 , ÜQ, b,  the negative renormalization ag — may now be calculated, with O r 
= 1 — A being the renormaHzed intercept o f the pom eron. Starting from the dis­
ordered phase, as «q increases ií sweeps past «q where A becomes zero giving us the 
signal that the critical point is reached.

4. Numerical results

A representative sample o f  the results are summarized in table 1, where Tq = 0.5 
GeV“ '  and aó = 0.25 GeV~^. For each numerical run the intersite distance b and 
the bare intercept «q are kept constant. Diagonalizing the single-site Hamiltonian, 
eq. (7), the first excited level e¡n is evaluated. Through the procedure sketched in 
eqs. (10), (11) and (12), and Piiin are also calculated. These parameters, which 
are the input for the renormalization group technique, depend on the finite dim en­
sión N  o f the single-site Hamiltonian, but it turns out that they are already prac-



Table 1
Summary of results
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(GeV-‘ )
«O fin Plin PIlin ^  °  “ O “  “ R

0.7 1.38 0.51
0.8 1.29 0.51
0.9 1.20 0.52
1.0 1.10 0.52
1.1 1.01 0.52
1.2 0.92 0.53 
1.23 0.89 0.53 
1.25 0.87 0.53 
1.29 0.83 0.53 
1.33 0.80 0.53 
1.37 0.76 0.53 
1.41 0.72 0.54

0.7 0.60 0.26
0.8 0.50 0.26
0.9 0.41 0.26
1.0 0.33 0.27

-0 .1 9 0.50 0 0.20
-0 .21 0.41 0 0,21
-0 .2 2 0.31 0 0.21
-0 .2 4 0.21 0 0.21
-0 .2 7 0.12 0 0.22
-0 .2 9 0.03 0 0.23
-0 .2 9 0 0 0.23
-0 .3 0 0 0.008
-0 .3 0 0 0.026
-0 .3 1 0 0.048
-0 .3 0 0 0.072
-0 .2 9 0 0.102

-0 .1 1 0.37 0 0.07
-0 .1 3 0.28 0 0.08
-0 .1 5 0.18 0 0.08
-0 .1 7 0.09 0 0.09

-0 .0 7 0.34 0 0.04
-0 .0 9 0.25 0 0.05
-0 .1 0 0.15 0 0.05

-0 .0 4 0.33 0 0.03
-0 .0 6 0.23 0 0.03
-0 .0 8 0.13 0 0.03

1.2315

1.09

0.7 0.44 0.17
3 0.8 0.35 0.17 -0 .0 9  0.25 O 0.05 1.05 

0.9 0.25 0.18

0.7 0.38 0.13
4 0.8 0.29 0.13 -0 .0 6  0.23 O 0.03 1.03 

0.9 0.19 0.13

b is the intersitc distance; oq the bare intercept; ej,, the first excitcd single-site level; pn„  and p inn 
the intersitc couplings; A the fiist excited level for the total lattice and a its order parameter;
“ O ~  “ R intercept renormalization and aQ the critica! intercept.

ticaliy unchanged in passing from = 4 to  = 5 for the región o f  validity o f the 
m ethod; therefore, the results quoted in table 1 correspond to the case for = 5.
The fixed-point parameters A and a which are evaluated after a finite nutnber o f 
iterations, allow us to  determine the intercept renormaUzation Oq -  and the cri- 
tícal bare pom eron intercept a^ .

From table 1, the critical exponents are obtained giving =» 1.03 and |3 =« 1.10 
in agreement with ref. [5]. The other critical exponents y  and z  are not calculated 
since they depend on an unstable fixed point and their determ inations do not seem 
reliable with the present m ethod as observed in ref. [5]. The critical exponents 
obviously do not depend on as can be explicitly checked from table 1 in the case 
o f  u. The universal character o f  the critical exponents implies that one can choose 
arbitrarily small valúes o f  rg and aó (to  make the two-well potential scheme valid)



for their determ ination. Thus it can be clearly understood why we obtain good 
agreement with ref. [5], In contrast, the critical intercept depends on the “micro- 
scopic details” and could not be calculated in ref. [5] because the relevant formu- 
lae did not hold for realistic valúes o f  the parameters. As a consequence, from the 
critical tem perature obtained there T¡. = 2.87 = e¡p^, where
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it can be clearly seen that the extraction o f  the critical valué o f Aq is impossible.
The valué o f  aQ depends on b and is larger for smaller b. For 6 = 1 the ordered 

phase is w ithin reach and «q is determ ined with accuracy, while unfortunately for 
6 >  2 the approxim ation o f  working with only a finite number o f single-site vec- 
tors o f  the basis in eq. (6) becomes inadequate near the critical point (since the con­
di tion 2 Aq >  ro /6  is no longer fulfilled) so that the reported valúes o f Oq have been 
estimated from the am ount o f  renormalization in the subcritical región.

Since a reasonable valué for the m om entum  transfer cut-off is at - í  1 G eV^, 
the corresponding valué for b is 3 - 4  GeV“ * and the resulting critical intercept is 
Oq ^  1 .03 -1 .05 . This result is in agreement with the valúes obtained through the 
one-loop approxim ation o f  the renormalization group functions [3,4].

5. Discussion o f  approxim ations

The main approxim ation in the present calculation lies in our keeping only two 
states at each iteration. On the other hand, its principal virtue is in the high accuracy 
obtainable for the evaiuation o f the one-site levels using a finite A^-dimensional basis 
provided /? <  1.

We shall assess the accuracy o f  the spin model relative to an 0 ( ^ ^ )  calculation 
by comparing the valúes o f  the two lowest levels for the one-site Hamiltonian ( t \ .  
E l )  and the next two steps {E[, E'2 ), { E " , E^ )  obtained following sect. 3 , w ith the 
corresponding valúes resulting from the 0 ( ^ ^ )  com putation.

The first and second excited lavéis o f the one-site Hamiltonian, eq. (7), keeping 
only terms up to  0 (/?^), are

£ i (2) = a ; ( 1 - h Z R 2 ), £ 2 (2 )  = 2 A ¿ ( 1 ^20)

Considering now the two-site cell Hamiltonian, eq. (13), in the same approxim a­
tion

• " » ■ ( :  : , « ) • ( : ,  i ) ,  c

(21)
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its lüwest excited eigenvalues are

£ ¡ (2 )  = £ , ( 2 ) - í ó  . £-i(2) = £ , ( 2 )  + yo .

In the same way, diagonalizing the two-cell Hamiltonian

(22 )

O

£ ’i(2 )

- a

one obtains

'1 ^ 2 '
) + . 3 ^ 4

(23)

(24)E'U2)  = E [ ( 2 ) - a ' o  , E^(2} = E[(2)+ a'o .

The results o f the 0 ( / í^ )  approxim ation and those o f the block-spin model are 
tabulated in table 2. It is seen that the block spin calculation gives higher first exci­
ted levels after two iterations, signifying that the intercept renormahzation is larger 
than that predicted by the second-order calculation in /?. Moreover, the difference 
is more pronounced for Uq near the critical point.

We now turn to the weak point o f the calculation. In contrast to  the very super- 
critical región where the first excited State is almost degenerate with the vacuum 
and the second and higher excited states are much higher lying, such is not the state 
o f  affairs in our case and the truncation o f the one-site spectrum to give the spin

Table 2
Approxim ations and corrections

ft(GeV“ ‘ ) 1 3

“ 0 0.7 1.23 0.7 0.9

íth  excitation Ist 2nd Ist 2nd Ist 2nd Ist 2nd
level S

Ei 1.38 3.00 0.89 2.10 0.44 0.96 0.25 0.65
Ei 1.13 1.64 0.65 1.17 0.41 0.47 0.22 0.28
£"1 0.95 1.31 0.47 0.83 0.39 0.43 0.20 0.24
E,i2) 1.39 3.08 0.93 2.33 0.44 0.99 0.28 0.75
E 'p .) 1.14 1.64 0.68 1.18 0.41 0.47 0.25 0.31

0.89 1.39 0.43 0.93 0.38 0.44 0.19 0.25
E \i^) 1.14 1.66 0.68 1.22 0.41 0.47 0.25 0.31

(E l, E-¡), {E [ , E 2 ) and {E'{, E'^) are the two lowest excited levels for the single-site, single cell 
and single second-step cell, respectively. (£ '((2), E 2 H )), (E \(2 ), £ '2 (2 )) and (E ¡(2), are
the corresponding levels when only terms up to O(r^) are kept. ( f j O ) )  are the two lowest 
excited levels for the two-site cell up to order 0 (r^ )  when three levels are included in the one- 
site Hamiltonian.



|í| ~  1 GeV^ o f  the triple-pomeron coupling, the abrupt cut-off iniplied by the lat- 
tice approxim atiün modifies the theory for /"o = O with respect to  a simple Regge 
pole. However, it is easy to verify that this modification is not im portant as long 
as —/  «  Furtherm ore the 0 ( r l )  correction to the pomeron propagator
evaluated with the abrupt cut-off

J o _  J ijU pL z I M ]
\6m 'o \  -E/loc'o J ’

w ith £  = 1 —7,  and that obtained from a more realistic exponential cut-off [3]
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IÓTíOq • \  üq;

where E] is the exponential integral function,give similar contributions for 4 
G eV ~*. Therefore a valué o f b cióse to this is a reasonable one to  use.

In conclusión, the present paper shows that a phase transition similar to the one 
studied in ref. [5] occurs in RFT starting from realistic parameters even though 
the single-site Hamiltonian does not correspond to a two-well potential. In addi- 
tion, the order o f  magnitude o f — 1 is evaluated, its precise valué being unreli- 
able because o f all the approxim ations involved. From a phenomenological point 
o f  view it therefore seems unlikely that the valué [13] ^  1.12 needed if a secon- 
dary vacuum singularity P' is present may correspond to  a critical pom eron. On 
the contrary [14], if  no P' exists, a critical pomeron with üq 1.04 has a chance 
to  reproduce experimental data.
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