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Abstract: The field treatment as applied to the monopole pamng and monopole pamcle-hole mter- 
actmns in a two-level model All the vemces of realast~c interactions appear, and the problems 
treated here have most of the complexat~es of real nuclea Yet, the model remains sufficiently 
simple, so that a close comparison w~th the results of a (conventmnal) treatment m which 
only the fermJon degrees of  freedom are consadered ~s possible. The apphcabfllty to actual 
physical satuatmns appears to be feasable, both for schematic or reahstlc forces The advantage 
of including the exchange components of the anteractmn an the constructmn of the phonon 
is d~scussed. 

1. Introduction 

I n  this  pape r ,  we app ly  the  field t r t  t r e a t m e n t  1) o f  t he  res idual  nuc l ea r  i n t e r a c t i o n  to  

the  case  o f  par t ic les  m o v i n g  in two  levels  a n d  c o u p l e d  by  m o n o p o l e  pa i r i ng  a n d  par t i c le -  

ho le  forces .  W e  cons ide r  cases in wh tch  these  In t e rac t ions  gene ra t e  co l lec t ive  exc i ta t ions ,  

b u t  d o  n o t  p r o d u c e  e i the r  a s table  " s h a p e "  d e f o r m a t m n  or  a s u p e r c o n d u c t i n g  gap.  

T h e  d e s c r i p t i o n  o f  t he  sys tem is p e r f o r m e d  by  t r e a t m g  the  s lngle-par t tc le  a n d  the  

co l l ec t ive  va r i ab les  o n  an  e q u a l  foo t ing .  T h e r e f o r e ,  the  bas ic  set o f  s ta tes  is the  

p r o d u c t  o f  the  e lgen func t Ions  c o r r e s p o n d i n g  to  these t w o  degrees  o f  f r e e d o m .  T h e  

f ield t r e a t m e n t  p r o v i d e s  a sy s t ema t i c  w a y  to  co r r ec t  the  e r ro r s  i n h e r e n t  to  th~s bas is :  

Fellow of the Consejo Naclonal de Investlgaclones Clentificas y T6cmcas, Argentina 
~t Madmg address: Departamento de Ftsaca Nuclear, CNEA. Avda. del L~bertador 8250, 

Buenos Aires, (S. 29), Argentina. 
t i t  The ublqmtous appearence of  the problem of collective and quaslpartlcle degrees of freedom 

m nuclear physics has stimulated a great variety of theoretacal approaches The best known among 
them are based on boson expansxons, the Landau theory of Fermi hqulds and the self-consastent 
equations of  motion. For a recent review of the field see ref s), and references quoted thereto The 
connection between the present field treatment and other pamcle-phonon anteractmn treatments as 
briefly dascussed in the mtroductmn of ref 2), where previous references are also gaven 
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violations of  the Pauh principle, overcompleteness, effects of  the residual Interaction 
which are not  taken into account  m the construct ion o f  the phonons ,  etc 

The main difference between the present paper  and ref 3) IS that here we treat 
problems with more  reallst~c features t and which, correspondingly, do not  permit 

a closed algebraic solution, neither within the field treatment, nor  using the usual 
fermion treatments. The most  simple of  these problems arises in the case o f  a 
pairing interaction with both  the R P A  vertices given in figs 1.1 and 1.2. This first 
problem is used to Illustrate the application of  the rules for the diagrammatic  expan- 
sion o f  the field Hamil ton:an  We also discuss in this case the meaning of  the basic 
set o f  states, the lnterpretatmn of  the diagrams, etc. 

For  the monopole  partlcle-hole force, we complicate the problem by including 
in addit ion to the R P A  vertices shown m figs. 11.1 and 11 2, (l) the "scat ter ing" 

vertices o f  figs. 11.3 and 11.4, (u) the particle-particle and hole-hole vertices (figs. 
11 6 and 11.7) and 011) the exchange components  o f  the interaction (fig. 11.5) These 
last vemces  may  (or may  not)  be taken into account  in the definition of  the phonon  
A dlscusslon of  the relative advantages o f  these two procedures is presented 
All the usual complexities o f  real nuclei are included in thls second problem. The 
large number  o f  diagrams to be taken Into account  gives us a preview on the 
feasibility o f  the order to which the field calculations may be performed in realistic cases. 

On the other hand, the model  remains sufficiently sHnple, so that  it is possible to 
closely compare  the results o f  the field diagrammatic  expansion with those of  a pure 
fermlon treatment o f  the residual interaction Ft. We compare  magmtudes  which are 
algebraically obtained. In  spite o f  the nonexistence o f  a closed solut,.on, th~s is still 
posslble m the present case, since there only are two d.menslonless parameters in 
the model,  and any physical quanti ty Y can be obtained as a double series m powcrs 
o f  these parameters We choose them to be (i) l/f2, where 2f2 is the degeneracy of  
each smgle-pamcle level and (iI) the ratio x = r/f2/e where ~/is propor t ional  to the 
strength o f  the residual interact,on and e is the distance between tile two levels 

Y = Z a . , . , ( x " l - e ' ) .  (1 1) 
n , m  

A perturbat~ve fermlon treatment  corresponds to an expansion in powers o f  x 
Thus, each column in the matrix lepresentlng the coefficients a .... o f  (1.1) is ob- 
tained with increasing difficulty as n increases. However,  all the elements in the 
same colunm are s,multaneously obta:ned In  the field diagrammatic  expansion, each 
graph  contributes to a certain order in f~-~, and  thus an increase in the order o f  
per turba tmn represents an increase in the power of  g?- ~ which IS taken into account  
Thus, the field t reatment  yields the succeswe rows of  coefficients an, m with Increasing 
difficulty, but  all the eIements in the same row w~th equal facIhty In  particular, 

t The problem of pamcles coupled through a paumg and monopole forces hawng only the 
TDA vertices is treated in ref 3) 

tt We have avoided using the numerical s~mdanty between two curves as an argument for the 
verification of the equivalence between the two treatments The vahd~ty of these wsual arguments 
is hand~capped by thmr dependence on the scale, range of parameters, etc 
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the RPA is the exact solution m the limit of infinite degeneracy, and thus it gives 
all the coefficients a,,, o (n arbitrary) 

In consequence, the usefulness of  the two perturbatlve treatments becomes com- 
plementary to each other. In the present paper, we obtain the first columns of  some 
matrices (a,,m) through the fermlon perturbation, and the first rows of the same 
matrices through the field treatment. We verify that the two treatments give identical 
coefficients for the corresponding regions of overlap 

The present paper has also a pedagogical aim: to perform an application as clear 
as possible of the diagrammatic rules i) of the field treatment of a two-body inter- 
acnon Ht b. As previously mentioned, one uses the product space of the wave 
functions representing independent particle and independent phonons as the basic 
set of states Consequently, we take into account both fermion and boson terms m 
the field Hamdtoman and other field operators. The fermlon terms include a single- 
particle Hamlltonian Hs p (which contains the Hartree-Fock contributions from 
Ht b) and the original interaction Ht b (minus the Hartree-Fock contribut,ons). 
The boson parameters must be consistent V, lth the initial two-body interaction The 
most practical way to derive these parameters is through an RPA calculation Thus, 
we obtain the frequencies of  the phonons and the amphtudes 2,/ t  [eqs. (2 14), (3 18), 
(3.40) and (3 43)] which determine the value of the particle-vibratlon vertices [eqs 
(2 16), (3.20), (3 47) and (3 48)] and the phonon terms in the transition operators 
[eqs. (2.33) and (3 26)] The total field namAtonian [eqs. (2 20) and (3.23)] and 
field operators are treated with.~n a graphical perturbahon expansion Th,s is neces- 
sary, since one must disregard all diagrams m which a palr of parhcles (holes) 
interact twice with each other, through the same two-body vertices (figs. 1.1 and 
1.2) entering in the RPA calculation and/or through particle-vibration vertices 
(figs 2 1 and 2 2) Of course, if any of the two lines interact in between with a third 
hne, the diagram should be maintained. A similar rule holds for diagrams including 
interactions between particle-hole hnes, in the case of particle-hole collective modes 
The remaining graphs have to be evaluated according to the usual rules for the 
calculation of diagrams In particular, all time ordermgs of the vertices have to 
be included. 

Initial and final states must be proper states, i e ,  states which include particle, 
phonons or both, but not any particle configuration which may be replaced by a 
combination of phonons. Th~s restriction does not apply to intermediate states. 

If  m a given dmgram there ~s a fermlon hne and a particle-hole boson hne in 
parallel [such as m graph (19.1)], we must subtract another diagram in which the 
phonon is replaced by a pair of (non-interacting) particle-hole lines [graph (19 2)], 
(subsect. 3 2.2) However, this rule does not apply when only the direct terms are 
used m the RPA equations which determine the properties of the phonons [for 
instance, in the case of a separable interaction (subsect 3.2.1)]. 
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2. The pairing force Hamiltonian in the two-level model 

2 1 F E R M I O N  C A L C U L A T I O N  

in  this subsection, we discuss the pairing residual interaction. In  the first place, 
we ensure that  thts mteract lon does no t  contribute to the Har t ree-Fock  excltaUon 
energies In  addttlon, we per form a conventional  per turbat ion calculaUon of  the 
pairing force. The results o f  thts calculation are given m table 1, for  various physical 
magnitudes. The p a m n g  interaction is treated within the field formalism in subsect 2 2. 

We start with a fe rmmn Hamil tonian  H whtch Includes a smgle-pamcle term 
H, p and  a two-body tnteractlon t Hp, 

H = H~ p + H p ,  (2.1) 

Hs v = ½eo(N~ + Ni) ,  (2.2) 

Up = - -  ½G(P + n + n n  +), (2.3) 
where 

P+ = A + + A i, (2.4) 

a l  + Z + + + = Cml. C,'nl ' /%/'1 = E Cml Cral " 

.>o (2 s) 
+ 

A-~ = Z cmi c,,~ " N i  = 2 c,ff c,,i " 
m>O m 

The operator  c+~ creates a particle in the state (m, a). The subindex o- = 1 or  
a = - 1 = ]- denotes the upper  and lower level, respectwely Each  level has degen- 
eracy 2f2 and the semi-integer number  m (Iml < f 2 - ½)  labels the degenerate states 
The state (m, a)  = ( - m ,  a)  is the time reversal state o f  (m, o-). The quanti ty e 0 ~ 
the distance between the two levels and G, the strength o f  the pairing interaction 

The interaction (2 3) satisfies the Har t ree-Fock  condit ion for  the closed-shell 
system, namely the vanishing of  the matrix elements of  H between the vacuum 
state and particle-hole states. Therefore, no change is required for  the wavefunct ion 

+ IHF> and single-hole states CmiIHF>. o f  the single-particle states c,,1 
However,  there is a contr ibut ion of  Hp (2.3) to the Har t ree-Fock energies z~, 

which are defined th rough  the llnearlzatlon equations 

[U, c+z]IHF> = ~, cmt+ IHF>, 
(2 6) 

[H, cmi]IHF> = - e i  CmiIHF> 

Here IHF> is the closed shell Har t ree -Fock  vacuum *, 

Cml[HF> = c=+ilSF> = 0. (2.7) 
t The difference between (2 3) and the more  conventional form Hp = - - G P + P  is a term ~hlcla 

is proport ional  to the number  of  particles and which therefore simply displaces by equal amounts  
all the levels belonging to the same system 

* Note  that there are several ground or  vacuum states used in the text, and a clear distraction 
between them has to be made Here [I-IF> is the closed shell ground state in whtch all levels with 

a = "1 are occupied and those with a = 1 are empty, (cml[HF> = c+~i IHF> = 0), IV> Is the RPA 
ground state (F.]V> = 0 where/~, is the phonon anmhllatmn operator); ]0> is the vacuum state 
in the field treatment (cm[0> = c+,.iI0> = -P.10> = 0); [g.s > is the exact ground state, which is 
obtained by treating the interaction m all order of perturbaUons; and Iv> is the vacuum state for 
all particles 
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Introducing (2.1) in  (2.6), we obtain 

~1 = - 8 i  = ½(co+G). (2.8) 

Therefore, the particle-hole, Hartree-Fock excitation energy ~ is gtven as 

= e x - ~ i  = ~ o + G .  ( 2 . 9 )  

We redistribute the terms (2.2) and (2.3) m (2.1) so as to include m H~'p the 
Hartree-Fock contributions of  H v, 

H = n~v + H '  p~ 

= ½ (N, + & ) ,  (2.1o) 

= - ½ 6 ( p + p  + p p +  + N, + 

The same vertnces (fig. 1) correspond to the residual interactions Hp and Hp 
In a Feynman perturbation expansion corresponding to H~, diagrams containing 

Hartree-Fock insertions vamsh. The same verttces (fig. 1) correspond to the residual 
interaction Hp and Hp. The values of these vertices are t 

( m 3 0 " 3 ,  m 4 a 4 l H ' p l m 2 t r 2 ;  m l  t r l )  = -G~m4.m3~ . . . .  ,Om,,mz~a,,,rz (/'/12, m 3 > O) 

(2 11) 

1 2 

Fig 1 The  vertices cor responding  to the  two-body p m r m g  interact ion In  each g raph  there are 
two pairs  o f  fe rmlon  hnes  The  fermlons  be longing to the  same  pair  meet  the  vertex at the  s a m e  
point  The  value o f  these vertices is - - G  i f  m each pmr  o f  particle hnes ,  the  one cor responding  to 
the  s tate  rn > 0 appears  to the  left offfz < 0, and  1fro each paxr o f  hole  hnes ,  the  hne  co r r e spond ing  
to ~ < 0 is placed to the  left o f  m > 0 (as m the figure). A minus  sign appears  for each in te rchange  

o f  this  order.  

If tra = o" 2 = 1, the vertex (2 11) corresponds to fig. 1.1; l f a3  = -0"2, to fig 1 2. 
The most general matrix elements of  H~ are constructed in appen&x A. Use ~s 

made of  the quasispm formahsm, m a representation carrying N1 and Ni  as good 
t The  bar  on top  o f  Hp" [eq (2 11)] indicates a n t l s y m m e t n z e d  two-body ma t r ix  elements,  

(matra, rn4a4I~rp'[ m2a2, nqcq )  = - - ( m a a a ;  m4cr41/~p'[rn~al ; m2a2), a l though  the graphica l  represen- 
ta t ion o f  fig 1 is tha t  usual ly  employed  for the  direct c o m p o n e n t  o f  the  interaction 
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TABLE 

The fermton calculation of the coefficients a,.,, for several energies 

n E0P)--E(g.s.) E(F)--E(g s)  E(I)--EOP)--E(F) 
ano an 1 an2 anO a .  1 an2 ano an I an "- 

0 128 64 
1 --64 
2 --16 32 16 16 --32 
3 -- 8 32 --16 12 -- 4 12 --44 
4 -- 5 36 --48 10 --12 

quan tum numbers.  These matrix elements are used m per turbat ion theory, m order 

to obtain energies and transit ion matrix elements. The results are straightforward 
but  tedious to obtain They are cast into the form (1 1) w~th 

x = 2 G ~ / ~  (2 .12)  

The resultant matrix elements am,n are given m table 1 for  six cases o f  interest. 
Three o f  them correspond to excitation energies The fourth,  to the energy of  the 
closed shell system, and the last two are the matrix elements o f  the operators A ~-, A ~, 
which create two particles in the upper  and lower single-particle states, respectwely. 
The symbols* (g.s.) and (P) label the lowest state o f  the closed shell system and of  
the system with two more  particles, respectively In the odd nucleus, with one 
particle more  than the closed shell, (F) denotes the lowest state whde (1) indicate5 
the first excited state Both (F) and (1) have a degeneracy of  order  2f2. 

2 2 NUCLEAR FIELD CALCULATION OF THE PAIRING INTERACTION 

2.2.1 Construction o f  the pairing field Hamdtonian. As is shown m reL 2), the 
p h o n o n  terms m the field H a m d t o m a n  are convemently  (but not  necessardy) defined 
th rough  the R P A  equations In  the p a m n g  case, there are two wbra tmnal  modes, 
the addit ion (a = 1) and the removal  (o" = 1-) modes Since the interaction is 
separable, the p h o n o n  frequencies are given as roots  o f  a simple dispersion equation 
There is a single roo t  m = 091 = m i different f rom e, because o f  the particular 
degeneracies o f  our  problem, 

o9 = e ( l - x )  ~, (2.13) 

where x is given in (2.12). The R P A  also yields the matrix elements 

< O , I A ~ I 4 ' >  = <4qlA~14J> = a~. = ½(~+o9)(~/co9)  ~, 
(2.14) 

<4,11A~1¢) = ( q J i l a ~ l ¢ )  = f~/~ = ½(e-co)( f2 /~co)  +, 

where I~',) represents the R P A  state with one a -phonon  present and [~b) is the 

R P A  ground  state. 
Eqs (2 13) and (2.14) constitute all the results that  we must  obtain th rough  the 

(P )  ~ C~)  , ( F )  ~- C~) , 

(1)  ~ (+ ~ 4 ) , ( 5 )  ~ C~) 
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and matrix elements, in units of  ~ (pamng mteractmn) 

33 

E ( g s  ) <PlAt+lg  s > (P [A_t lg  s > 
ano ant an2 ano ant an2 ano ant an2 

128 
--64 32 
--16 4 --8 16 
- -  8 4 - - 8  11 
- -  5 4 - - 2  

--14 8 

RPA in order to construct the collective field Hamdtontan. 
The term of  the field Hamiltonian representmg the set of  independent phonons ~s 

U b = o~(r~r~ + r f r 0 .  (2.15) 

where F~ is the creatmn operator for a o--phonon. 
The particle-vibration interaction vertices are given in ref. 2). For  the addmon 

mode, 

A~(m~ 1; m2 1) (n~ l lHp .  + + = = cm~l cm2t[0) 

= • (ml 1, m2 llH~lma; m'a)(~blc . , .c . , . l~l)  
m>ra" 

t7 

m > O  
tT 

= - A 6 , , . ~ ,  (fig 2.1), 
(2.16) 

A l ( m  I "i'; m 2 l )  = (0 [Hp  v cm2i Cml~lrtl = 1) 

X ( m l l ;  - --' = m 2 lJHp mtr, m'a)(~blc. ,  c..[~kl) 
m > m '  

a 

= - A 3 . : .  r~, ( f ig  2 .2 ) ,  

A l ( m  I l ;  m 2 1) = <01Cmt I Hp v c,,~dnt = 1) 

- -  - - r  t = ~ (,n, 1; m 2 l [nplm~, m tr)(~blc., ~c,~.lt#l) 
m > m '  

~r 

= 0 (fig 2.3). 

Use has been made of  (2.11). Here, 10) is the vacuum state m the field treatment 
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and  ]n~) is the  s ta te  wi th  n .  a -phonons .  The  cons tan t  A m (2.16) has  the value 

A = - ~ (m~ ax ;m~ # l lHp]m# ,  ma)(~klc~, Craa[~I1) 
r a > 0  

= ½8x(e/col2) ~. (2.17) 

We proceed  s lmdar ly  for  the  remova l  p h o n o n  

Ai (ml  1; mz 1) (0lHp + + = , . c~ , l c~ t ln i  = 1) = -A6m2,~ 1, 

Ai(mx i ;  m 2 i )  = ( n i  = l l n p  ~ c=2ic=~il0 ) = -A6m~,~ ,  (2.18) 

Ai (ml  1; m 2 i )  ( 0 [ c + i  + = Hp.~.C,,lln i = 1)  = O. 

The  sign on the r igh t -hand  side o f  eqs. (2.16) and  (2 18) cor responds  to  the  case 

m l > 0 .  
Al l  the  Interact ion vertices for  the  ad&txon and  remova l  p h o n o n s  have the same 

value,  - A ,  and  the select~on rule, 6m~,~6~,~ 2. This select~on rule implies  tha t  the 

two- fe rmion  hnes jo in ing  a gwen vertex, should  co r re spond  ei ther  to  two par t ic les  

cm l 
2 

,71 

3 

Fig 2. Vemces corresponding to the pamcle-wbrat~on mteractaon. The value of the vertices 2 1 
and 2.2 is - -A ff the particle hne corresponding to m > 0 appears to the left of the particle line 
r~ < 0, or the hole hne corresponding to r~ < 0 is placed to the left of the hole hne corresponding 
to m > 0 A minus sxgn appears for an interchange of thin order S~mdar vertices exist for the 

removal phonons 

or  two  holes. In  consequence,  only  the vertices 2 1 and  2 2 have the value - A ,  whtle 

2 3 vamshes  (fig. 2) 

The par t lc le-wbrat~on mte rac t lon  Hp v. is wri t ten  

npv  = - A ( ( F  + + r i ) ( a x  +A+)+(F1 +r-~)(a + +Ai)) .  (2.19) 

No te  that ,  m general ,  (2 15) and  (2.19) include as many  &fferent  phonons  as 

roo ts  o f  the  R P A  equat ions .  In  the  present  case, however,  the  roo ts  o ther  than  co 
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(2.13) are irrelevant,  since the corresponding part ic le-vibrat ion vertices (2.17) 
vamsh  and, therefore,  there is no coupl ing (2 19) between these phonons  and  the 
r e m a m m g  system. 

The total  field H a m d t o m a n  Hf  is made  o f  (2.10), (2.15) and (2.19) 
¢ 

Hf = H" p + Hp + H b -I- Hp v • (2 20) 

Th~s H a m d t o n l a n  must  be t reated w~thm a dmgramat tc  per tu rba t ion  expansion.  
All d iagrams m which two particles (or  two holes) appea r  a t  the same vertex and,  
wi thout  interacting m between, together  d isappear  at a second vertex (bubbles)  
must  be disregarded.  

2.2.2 Calculation of  the energies using the fieM Hamdtonian The zero-order  field 
H a m d t o n l a n  ~s 

n o  = + r i b .  (2 .21)  

Thus, for  the one -phonon  state alone, or  for  the one -phonon  state in the presence 
o f  a hole, the zero-order  excitat ion energies are gwen by  the R P A  frequency ¢o 
[eq (2 13)] 

E t ° ) (P ) -E(° ) (g  s.) E t° ) (1) -E(° ) (F)  = co ~(1 l , " . .  = = 3-T x .) 
(2.22) 

Fo r  the single-particle state, the zero-order  energy is [eq. (2.8)] 

E t ° ) (F) -E(° ) (g  s.) = {e (2 23) 

The zero-order  energy of  the v a c u u m  state has the R P A  value (see appendix  B) 

E(O)(g.s ) = x ~  _ -½x~(1 +¼"c+~-"  + 6-~x 3 + . .  ). (2 24) 
8q-co 

The values (2.22), (2.23) and (2.24) coincide wtth those obta ined  m the fermlon 
calculat ion m the hmi t  ~ ~ oo (see table 1) Thus,  the coefficients a,,  o are correctly 
given by the zero-order  Haml l ton lan  (2.21). Since the graphical  correct ions are of  
higher order  in O-~ ,  we have verified the fact  that  the R P A  yields the exact results 
m the hmi t  f2 ~ ~ (if  x remains  smaller  than  uni ty +) 

The other coefficients a,, m (m -# 0) are gwen by  the dmgrammat l c  pe r tu rba t ion  
expans ,on  In  the present  case, a g~ven d iagram contr ibutes to  a single power  of  
(2-~, which ~s determined as follows" each factor  A ~s p ropor t iona l  to ~-~-; each 
independent  summat ion  over  intermediate  smgle-part~cle states yxelds a factor  2Q 
(degeneracy of  the levels) and each four-point  vertex, a factor  G = xe/2Q = 0(~2- ~) 
[eq (2 12)] 

Every  d iagram is calculated according to the usual rules 4, 3) 
A d m g r a m  m which the mltml  (or  final) state is not  an mte rmedmte  state will be 

denoted  as a BW diagram t, .  I f  either the imtml or final state ~s an intermediate  state, 

t The condition that co is real xmphes v "< 1 [eq (2 13)] We also assume that the difference 
between e and co as of the same order of e 

~* BW stands for Brflloum-Wlgner 
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it is a renormallzatton diagram. In the Brdloum-Wlgner graphical perturbation 
expansion [see appendix B of ref. a)] no renormahzatlon &agrams occur. These 
diagrams are taken implicitly into account by using the exact energies of the initial 
or final states in the denominators of  BW diagrams. In the present paper  we expand 
these energy denominators m powers of  f2- ~. The zero-order term of this expansion 
yields the denominator of the Rayleigh-SchrddInger perturbation theory for BW 
diagrams. The higher-order terms correspond to Raylelgh-Schrbdinger contributions 

f rom renormahzatlon dmgrams. 
We apply these rules to the calculation of the four energies listed m table 1. In  all 

these cases, there is only one graphlcal correction of order f2- ~, which as represented 
m figs. 3.1, 4.1, 5.1 and 6.1, respectively. 

Note that, m this paper, each drawn diagram represents also all the other diagrams 
whach may be obtained f rom the first one through 0) a permutation of the time order 
of  the vertices, and (u) a change m the sense of  the arrows corresponding to mter- 
medmte states. 

As an dlustratlon of  the procedure which is used in the evaluation of dmgrams, 
we calculate m detad the graph 3 1. 

g 

2 

7 

9 

F~g 3. Diagrams contributing to the energy of the one-phonon state 

! 

12 
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If  we allow for all the time permutation of the vertices, we obtain 4! = 24 

diagrams. From these, sixteen dmgrams have scattering vertices which vamsh. Thus, 
the eight diagrams given in fig. 7 remain to be evaluated. 

Each diagram contributes with a factor A 4 (since there are four particle-wbratlon 
vernces). The summation over all intermediate particle states m introduces another 
factor 2f2 Thus, these diagrams contribute to the order (f2-*) 4 f2 = f2-1. 

/ 

F~g 4 

1 

5 

Diagrams contributing to the energy of a one-particle state. 

The sign of each vertex is obtained according to the rules stated in the caphons of  
figs. 1 and 2 and is given explicitly in fig. 7. Thus, four diagrams of  the first row and 
the last diagram of the second row have two positive and two negative vertices. 
There ~s an additional minus sign due to the crossing between the two fermion 
hnes In the three first diagrams of the second row, there are three negative and one 
positive vertices However, they yield contributions of  the same sign as the previous 
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Fig 5 Diagrams contributing to the energy of the part~cle-phonon state 

2 

F~g. 6. Diagrams contributing to the energy of the ground state. 

five, since there are no  ferm~on crossings. Moreover, the product of  the three 
denominators is negatwe, and thus all eight diagrams give a positive contribution. 

The energy differences between initml and intermedmte states are explicitly written 
in fig. 7. The energy of  the imtml state is denoted by E. Thus, the summed contrlbu- 
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-_'-2~ £ 
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"'~_~'E-2~C 

8 

The t ime p e r m u t a t m n s  cor responding  to d m g r a m  3.1. The  stgn o f  each vertex Is exphca ly  
indicated 

tlons o f  the ezght d, agrams in fig. 7 is 

1 -A42a ((E_g)2(E_c0_2g) + 

1 + 
( E - t o -  2e)(E- 2to-e) 2 

2 
( E  - e ) ( E  - co  - 28)(E - 2 c o -  e) 

+ (E-2co -  e )~E-  3to-2e i ) 
_ - a ' 8 ~  ( ( E - ~ - t o )  2 + 1 (2.25) 

(E-~-2to) 2 ~ ( E ~ - 2 ~ - ~ )  2 (E-~-3to?" 

If we replace E by the unperturbed value to, the contribution of the diagrams of 
fig 7 is 1) 

EO)(P)-E°)(  g's ) = A44f2 _toz)2 + e 2 (e+to) 3 (2.26) 

Using (2.17) and (2 22) in (2.26) we obtain 

x% 1 1  1 \ 
E" ) (P) -E( ' ) (g ' s ' ) -  4920 :x  ) t~.. + (1 + v-"/~ --x) 3) = "" - 1 + x 4 ~ 2  ( +~x2+ "" ")" 

(2 27) 



40 D. R BI~S et al 

Similarly, the other cases (cf. figs 4, 5 and  6) yield, 

E ( I ) (F ) -E( I ) (g  s ) - 
A 2 

- " V ( l + ¼ x + { x 2 +  . . . ) ,  (2.28) 
e+o9 8 0  - 

g ( 1 ) ( 1 )  - E ( I ) ( F  ) - -  E(I )(p) - -  
A 2 X2~ 

- (1 + ¼x + ~-x 2 + . .) ,  ( 2  29) 
e+o9 8 0  

A ' 4 0  x% 
E ( ' ) ( g s ) -  - - -  + . .  (2.30) 

(g  -~- fD) 3 320  

To ob tam the expansions (2.27)-(2.30), we utlhzed the series for ~o in (2.22). 

In  all cases (2.27)-(2.30), a smgle graph gives all powers of x and  a single power 

of  0 -1. We verify that  the a . . . .  1 coefficients m (2.27)-(2.30) reproduce those 

obta ined in  the fermlon calculat ion for n < 4 (table 1). 

The corrections of  order 0 - 2  are g~ven by the remamlng  graphs of figs. 3, 4, 5 

and  6. Only  those graphs con t r ibu t ing  with powers of x w a h  n < 4 are given in  

figs. 3, 4 and  6 and  with n < 3 in fig. 5. The last d iagram in  figs. 3 and  4 shows the 

miha l  state as ln terme&ate  state In  this case the cont r ibut ions  to the coefficients a,, m 

listed in  table 2 correspond to the t ime permuta t ions  yielding BW diagrams. 

The renormahza t lon  diagrams corresponding to the t ime permuta t ions  of  graphs 

3.12, are obta ined f rom the eight diagrams of fig. 7. Since we are calculating con-  

t r ibut ions  of  order 0 -2,  and  the factor A4Q of these diagrams m (2.25) is already 

TABLE 2 

The values of the coeffioents an, 2 correspondmg to the dmgrams of figs. 3, 4, 5 and 6 (m umts 
of~-) 

Graph E(P)  - - E ( g  s.) E(F)  - - E ( g  s.)  E ( I ) - - E ( P )  - -E(F )  E(g.s . )  aW(E)]aE 
a32 a42 a22 a32 a32 ~42 a32 a42 a22 a32 

2 --8 --14 --4 --32 -- 8 --2 --48 --48 
3 - -8  - -12  - -3  - -  4 - -48  - -56  
4 - -  6 - - 4  - - 4  --  8 --24 
5 -- 4 --2 -- 8 --16 
6 --8 -- 8 --32 --32 --32 
7 --8 -- 8 --32 --32 
8 - -  8 8 --32 
9 -- 8 8 --16 

10 -- 4 --16 
11 --16 --24 --128 --144 
12 -- 4 --32 

Renor. 32 52 1 192 256 

Sum --16 --48 --4 --12 --32 --44 0 --2 --96 --192 

The contributions to OW(E)/OE of fig 3 are also g~ven m the same umts. 
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of order f2-~, we are mterested in the value of the bracket on the right-hand side of 
(2 25) up to order O-~. This is obtained replacing E in the energy denominators 
by the sum of  (2.22) and (2 27), and expanding to first order in f2 -1. The result :s 

~3x  e(~ + co) !  ~ ~ o x  / 

ax 3 13 ex 4 
- + -  O---i + . . . .  (2 .31)  

4f2 z 32 

We proceed s~mdarly in order to evaluate the graphs of figs. 4 5, 5 8 and 5.9. The 
resulting contnbutmns are given m the row labelled Renor. of table 2 (renormal- 
~zatmn dmgrams) In the three cases, they have opposite signs to the contnbutmns 
of BW dmgrams hsted m the same table. There are no renormahzatlon contnbutmns 
m the case of the ground state, since they would imply unhnked graphs. 

2.2.3 Calculatton of matrix elements usin# the field Hamdtoman According to 
ref. 2) we have to include both fermmn and phonon terms in the field calculatmn 
of two-body transfer processes. To a fermlon operator .'~+ creating two pamcles, 
there corresponds a field operator ~ - ,  

= , -  I ~  I v ) ~ i c ~ , ~ +  Y~ ( m l ,  ' + + + 
re>m" re>m" 

(2.32) 
,~,~ = < q ~ x l ~ + l ~ > F ~  + < ~ l ~ + 1 0 i > F i + ~  +. 

Here Ima, m'o.> denotes the (ant~symmetnzed) two-pamcle states. The RPA 
matrix elements of (2 32) are 

<0~1:~+10> = )-" (too., m'o.l~+lv)<O,lc+~c,x,A~,> = ~ (ma; ~ a l ~ + ] v )  
i n > m "  

¢r 
m > O  

c 

x <0~ Icing c~lO>, (2 33) 
<~1~+10~> ~ (too.; ,n'o.l~ + + + = IV)<~Ic~Cm'~I~> 

m > m  
o 

= Z ( m o . ; -  ~ + + + mo.l~ Iv)<~lc,,~ cmA~'i>. (2.34) 
i n > 0  

~r 

Let us constder the two creation operators A + and A i .  In these cases 

(,no'; ,n'#lA~-lv) = 6, , ,  6,,,,~6,,0, m/lml, (2.35) 

(ma; m'a'lAilv) = 6~,i fim, ~f,.,,m/Iml 

Using (2 32)-(2.35) we obtain 

(A+)f = A++<O,IA~+IO>F~ + +< ,lAtlO >r  = A: +,r0, (2 36) 

(&)r  = &+<OdAf lO>r?+<Ol&lO~>r~ = +xro, (2.37) 

where the coefficients 2 and g are given in (2.14). 
The operator (2.36) corresponds to the creatmn of two pamcles in the level above 

the Ferrm level, while the operator (2.37) creates two parUcles m the level below. 
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Cr"n ,1 ) _ ~  (~s 1) 

(r6{) (m 1) 

4 

x . . . .  

2 

J 
5 

3 

6 
Fig 8 The vertices corresponding to the transfer operators At + (vertices 1, 2, 3) and Ai (vertices 

3,4,5) 

x__~ 13 x__~ it. 

2 × _ _ ~  

15 x_.~16 17 

Fig 9 Dxagrams contributing to the two-body transfer processes 

x - - - ~  12 

x_~18 
Apphcatlon of (2.37) to the unperturbed ground state J0> gives non-vamshing 
contributions only because of the extstence of RPA ground-state correlattons (see 
subsect. 2.2.4). The first and second terms in (2.36) would be the only ones in a 
TDA caleulahon 3). There are three vertices for each operator A~-, A i (fig. 8). Note 
that each pair of  verttees (8.2, 8.6) and (8.3, 8.5) have the same graplucal represen- 
tation. Their value depends on whether we are calculating matrix elements corre- 
sponding to (2.36) or (2.37). 
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According to appen&x B of ref. 3), a matrix element of an operator T ~s gwen 
by the product of the effective matrix element (P[TIg s.)e (which depends on the 
operator T Itself) times the normalization of the initial and final states. 

To leading order, the factor (PlTIg.s >e, corresponding to the transfer operators 
(2.36) and (2.37), is given by the value of the vertices 8 2 and 8 6, respectively, 

<PlA+lg.s.)~ °) = ½(e+co)(fI/e(o) ~ = ~'t-(1 q - A x 2 - + - l ~ - x 3 +  . ), (2.38) 

(PIAilg.s.)~ °) = ½(e-- o~)(t2/e(o) ~ = fl¢(¼x + lsx2 + 1~8X 3 + - .  ) (2.39) 

In both cases, there are two &fferent &agrams which yield contributions of 
order t2-1 (wtth respect to the main term of order t2 t)  The value corresponding 
to fig. 9.1 ~s 

<PiA~-ig.s.>~o _½xQ-~(l ! , 21 2 . = + 4x ~- T~x + • ),  ( 2 . 4 0 )  

( P l A i l g . s . > ~ ] )  _ ~ x 3 Q - ~ ( l + .  ). ( 2 .41 )  

Only those hme permutations of fig. 9.1 m which the vertex 8.1 ts present, con- 
tnbute to (2.40). Only those m which 8.3 appears, contribute to (2 41). 

The diagram 9 2 yields the following values 

(PlA+lg s.>~ 1) = 1- iL~x3Q-½(I+ . ), (2.42) 

(PlAilg s.>~ ~) = --]x2f2-~(1 + ~x + . . . ) .  (2.43) 

The diagrams 9.3-9.18 contribute to the order 12-2. Table 3 lists the corresponding 
values for n < 3. Only those tnne permutations of figs 9 14-9.18 representing BW 
diagrams are included. 

TABLE 3 

The  con t r ibu t ions  o f  order  .(2-2 o f  the dmgrams  m fig 9 to the mat r ix  e lements  o f  the t ransfer  

opera tors  A1 + and  A i On umts  o f  1 I g  ) 

G r a p h  (PIAI + [g-s .>e (2) ( P [ A i  Ig s >=<2) 

a22 a32 432 

3 16 24 
4 16 20 
5 12 
6 8 
7 16 12 
8 16 12 
9 16 

10 8 
11 8 
12 32 40 
13 8 
14 
15 
16 
17 
18 

S um 96 168 

4 
4 
4 
4 
8 

32 
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Another contributmn to the order O-Z is obtained by replacing the unperturbed 
energy of  the final state by the expansmn of  the exact energy up to first order, in the 
energy denominators corresponding to the graphs 9.1 and 9.2 If  the corresponding 
expressmns are again expanded m powers of  O -a,  graph 9. I yields for the second- 
order contnbutxons 

(P[A;Ig  s.)(~ 2) = - t x 2 0 - k ( 1  + - ~ - x +  . .  ), (2.44) 

(Pla~lg.s.>~ 2) = O(x 4) (2 45) 

S~mllarty, we obtain for the case of diagram 9.2, 

(PIA+Ig s )~2) = (O(x4), (2.46) 

(plAi[g.s >(2) 1 3 -]- = -~-x O (1+ ) (2.47) 

Both the perturbed energies of  the m~tlal and final states must be used in the 
energy denonunators However m (2.44)-(2.47) only the expansmn for the energy 
of the final state has been used, while the unperturbed energy ls used for the lnitml 
~tate This 18 becauselfthe inltml (or final) state ~s the vacuum state, any renormahzatmn 
&agram (m which the vacuum is an intermediate state) is an unhnked diagram and 
thus must be &sregarded 

The effectwe matrix elements (P IA~lgs )~  and (PlAilgs . )o  (up to the order 
0 - 2 )  are the summatmn of the contnbutmns (2.38)-(2.47) plus those of table 3" 

x2 5x 3 < p l A ? l g s )  = O ~  l+¢~_xZ+~_zx3_ x 3x 2 2 5 x 3 +  + - -  
20  80 640 ~ 802 

"F O(X4, O-3)) ,  (2.48) 

<PlAilg.s.). = O~ ( lx+~x:+-~sx  3-  x2- + --x3 + x3 + O(x 4, 0 -3)) 
80 4-(2 802 (2.49) 

In order to obtain the matrix elements of  the operators A +, Ai,  we multiply 
(2 48) and (2 49) by the amplitudes of the lmtlal and final states. According to 
appendix B of ref. 3), the square of the amphtude of an unperturbed state is given 
by the same diagrammatic expansmn as the energy of this state. The d~fference hes 
m the calculation of the denommators, since there xs now a partml differentiation 
which introduces an addmonal energy difference. 

Let us calculate in detml the contnbutmn from the dmgram 7.1 to the square 
root of the amplitude of the "bare"  phonon state m the "dressed" state IP)- Only 
the time permutatmn gwcn explicitly in the dmgram is considered. In this case, 

c3W(E)_ - A 4 2 0  { 2 1 

t 
+ (2.50) 

e E  - E - - Z  e,-L-o P, 
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Introducing the first two terms in the expansion of E [i.e., co+E(t)], we obtain 
the partml derivative (2 50) up to O(f2-2), 

( (4 W(E) - A412 2 _ ~ _2A4E~I)f2 - - -  

a - E -  - 

x 4 3x2 + 5x3 + 3x2 7x3 4"O(~ -3, x4) • 

= O  - 8--~ 16----~ 2 ~ + 4 - - 0  -i 

1 + 1 ) 3) 
2e 2 2e(o~-e) + O(f2- 

(2.51) 

Slmdarly we obtain the contnbuttons of all diagrams of fig. 3 (table 2). The total 
value is 

OW(E) _ x + 5x__. 2 -~ 5x 3 3x z 3x3 -}-O(~¢~ -3, X4"). (2 52) 
OE f2 80 80 402 2f22 

The anaphtude of the unperturbed phonon state in the final wave functions is 

( OW(E)~ -~ 5x 3 9x 3 
1 - ~  / = 1 + 2---~x + 16~5x2 + 16~2" 32f2 z + O(O- 3, x4). (2.53) 

The amphtude of the lnttml state xs taken to be umty again because any d~fference 
w~th unity corresponds to unhnked dmgrams for the vacuum state. 

The product of (2 48) or (2 49) with (2 53) yields the coefficients a.,m hsted m 
table 1, for the matrix elements (PIA + 10) and (PIAi[0), respectwely. 

2 2.4 Interpretation o f  the dtagrams We center the dtscusslon on the nature of 
the vacuum state 10). 

W~thm the field treatment, the vacuum state is the real vacuum both for particles 
and phonons. 

c,,+il0) = cmll0) = 0, (2.54) 

r . l o )  = o. (2.55) 

We also note that the only second-order dmgrams 10.1 and 10.2 do not exist, 
~mce they contain bubbles Yet we know that the closed shell state [where (2 54) xs 
~ahd] has first-order admixtures of two-parncle, two-hole states. Therefore, the 
vacuum ~tself must contain all the ground-state RPA correlaUons, which agrees with 
(2 55) but is in contradlcnon to (2.54). This is further confirmed by the expression for 
the unperturbed energy of the vacuum state [eq. (2 24)] The graphtcal field treatment 
corrects this discrepancy m succeslve orders of perturbation as follows: 

In a Feynman diagrammatic expansion of the residual nuclear interaction, inter- 
medtate states may wolate the Pauh principle However, for a given dmgram m 
whlch two fermlon lines are s~multaneously in the same smgle-parucle state, there is 
another dmgram in which the corresponding end-points are interchanged This 
second dmgram cancels the first one. For instance, m fig. 10.3, one of the possible 
intermediate states has (m, 1) = (m o, 1) Th~s intermediate state cannot exist in the 
presence of an odd nucleon m the single-particle state (too, 1). There is another 
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diagram (fig 10 4) in which the two fermton lines (m, 1, too, 1) are exchanged. The 
crossing of thcse two lines Introduces a minus sign which cancels the component  
m = m o  of the diagram 10 3, which violates the Pauh principle 

The dmgrams 10 3 and 10 4 are members of  a subset of  graphs which are replaced 
by diagram 10 5 and 10.6, respectively, w~thln the field treatment of  the residual 
interaction The cancellation of the spurious component  also exists here (s:nce we 
obtain the correct final results). The effect of  the process represented in fig. 10 6 
amounts to subtracting a component  which should not be present ~n the mttml 
state (fig. 10.5). Note that the fermton dmgram 10.3 is included (among others) m 
10.5, since the vacuum state used in graph 10.3 is the Hartree-Fock vacuum IHF) ,  
while the vacuum state corresponding to fig. 10 5 is the field ground state 10). 

I 

¢ 

(m.3) 

/ m.,1) 

! 

(m.,1) 

(m.,O 

5 

F~g 10 Diagrams illustrating the interpretation of the vacuum state 10) m the field treatment 

3. The monopole particle-hole force in the two-level model 

3 1 FERMION CALCULATION 

Due to the presence of  scattering terms m the monopole interaction, the mltml 
Hamdtonian (3 .1 )does  not satisfy the Hartree-Fock mimmization conditions. 
Consequently, a transformation between single-particle states is carried out m the 
first part  of  this subsection. One obtains the new Hamiltontan (3.14), which may be 
treated within the field diagrammatic expansion. 

In the second part  of  this subsection, a conventlonalperturbatlon calculation of 
(3.14) is outlined for various physical magnitudes. 
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The imt'.al Hamlltonian Is again divided m two parts, 

H = Hs .p .+nq ,  (3.1) 

H, p = ½eo(N I.o + NL o), (3.2) 

Hq = - ½ V o Q  2, (3.3) 

Q = A S  + A o + q , , o N , , o - q i , o  NLo,  (3.4) 
where 

N,,o = Z b+t b,~,, NLo = Z b,,~ b+i,  A+ = Z b+, bmi (3.5) 
i n  m m 

Here, b,+,~ is the particle creatxon operator and q~. o (qi, o) are the single-particle 
(single-hole) monopole moments The opposite signs m front of  the last two terms 
m (3.4) reflects the opposite signs between the stahc multlpole moments corre- 
sponding to particles and holes. 

The Hamiltonian (3.1)has non-vanishing matrix elements between the closed 
shell state and particle-hole states. Therefore, one must perform a Hartree-Fock 
transformation between single-particle states 

Cm l = z b . , 1 -  yb,,,i , c,,,i = yb,,,l + zbmi , z 2 + y  2 = I. (3.6) 

Using the inverse transformation to (3 6), we express the monopole operator (3.4) 
m terms of  the new creatmn and anmhflatmn operators + Cmet and Cr.~- The corre- 
sponding expression is analogous to (3.4), 

Q = q ( A + + A + q t  N x - q i  N i + q o ) ,  (3.4') 

where A ÷ and N.  are defined by analogy with (3.5) and (2 5). 

N ,  = Z C+mt c.,, , N~ = E Cmi C~+i. A+ = Z cs +' c . i .  (3.5') 
m m 

and the constants q. have the values 

ql = ( q t , o z 2 + q i ,  oy2- -2Yz ) /q ,  

qo = 212y(2z + y(q , ,  o -- q i, o))/q, 

qi = ( q i . o  7-2 + q l , o Y  2 +2yz ) /q ,  

q = z 2 - - y 2 + y z ( q l , o - - q i . o  ) 

Inserting (3.4') m (3.3), the monopole mteractton can be wrttten as 

H a = - ½ V ( A  + + A + q l  N l - q i N i + q o )  2 

= - ½ V ( ( A + )  z + A  2) 

- v(a+(q, N, NO+(q, U, N )A + + 2qo)) 

-V(a+a+½(q, U l - - q i  Ni + qo)2 + I 2 - ½ N 1 - ½ N i ) ,  

where 

V = Voq 2. 

(3.7) 

(3.8) 

(3.9) 
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TABLE 

The fermLon calculation of  the coefficients a~, ,~ for t~xo energies and for a 

n (ql + q i )  2 (ql - -q i )2  ql 2 - - q i  2 

ano anl ¢8n2 anl an2 £1nl an2 anl an2 

) 

0 128 

1 - - 6 4  8 - - 8  

2 --16 32 --12 --32 16 

3 --8 32 --32 I --2 --73 111 

0 

1 32 --16 --16 

2 16 --20 4 --32 52 --32 

3 12 --38 11 --42 203 --42 

0 128 /N 

1 32 --16 

2 20 --24 7 --2 1 14 --7 

40 

142 

The single-particle term takes the form 

Hs v = ~o(yz(A + + A)+½(z 2 - y z ) ( N ,  + IVi)+2f2y2). (3.10) 

From eqs. (3.8) and (3 10) we obtain the Hartree-Fock condmon concerning the 
vamshmg of the matrix elements between the ground state and the particle-hole 
states 

~oyz = ½ V ( q , - q i  +2qo). (3 l l )  

Introducing (3.8) and (3 10) m (2.6), the Hartree-Fock energies e. are 

e, = ½(eo(zZ-yZ)+ V - V q ~ - 2 V q l  qo), 
(3.12) 

ei = -½(e0(z 2 - y 2 ) +  V -  Vq~ + 2Vq~ qo) 

Therefore, the particle-hole Hartree-Fock excltatton energtes e are 

= el - e i  = eo(zZ-Y2)+ V(I _½(q2 + q ~ ) - q o ( q l  - q i ) ) .  (3.13) 

It is convement to transfer the Hartree-Fock contributions given m the second 
term of (3.13) from (3.8) to (3.10). Thus, we redistribute the terms in the total 
Hamlltonian (3.1) and obtain 

H = H~ p +H'q+ U, 

HEp = e l N l - e i N i ,  
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4 
transltmn matrix element, in units of x lz 8 (monopole parttcle-hole interaction) 
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( q l - - q i )  4 ( q l 2 - - q i 2 )  2 (ql..+-qi)3(ql--q'i) ( q l + q i ) ( q l - - q i )  3 

£1n2 an2 Qn2 an2 

--10 2 

--20 --4 2 --26 

-½V( (A+)  z + 2 A + A + A 2 )  - V ( A + ( q ,  N , - q i  N i ) + ( q x  N 1 - q i  Ni )A)  

- ½ V ( ( q ,  N1 - q i  Ni)  2 _ q 2  NI _ q 2  Ni) ,  

U = ef2y z - V f2 -½Vq20  • 

(3 14) 

The Haml l ton lan  (3.14) has a statable fo rm for  apphcat lon  o f  the field fo rmahsm 

since the single-particle term contains all the Har t ree -Fock  contr ibut ions and H i 
satisfies the Har t ree -Fock  con&tions  for  the state [HF) .  The relation between the 
constants  V, q¢ and  the imtlal ones Vo, q¢, o and, more  generally, the solutions o f  
(3.11) are not  relevant to our  problem t. F r o m  now on, we operate with (3.14) 

The non-vamshing  matrix elements o f  H (3.14) are also constructed in appendix 
A, using again the quas ispm formalism. The resultant  matnces  are &agonal lzed in 
per turbat ion  theory. Each  resultant  energy (or matr ix element) has different terms, 
cor responding  to  different combinat ions  o f  q~, q i .  In  a d d m o n ,  each term contains 
a factor  o f  the fo rm (1.1), where x Is now defined as 

x = 4 V O l e .  (3.15) 

The lower coefficients o f  these double  series are listed in table 4. The labels 

* The a~m ot sect. 3 ~s to treat a Hamfltonmn which presents all the vemces of fig. 1 1 and which 
satisfies the HF con&tlons (such as (3 14)), independent of the derivation of thJs Hamdtoman. 
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(g.s.) and (S) denote the ground and first excited state of  the closed shell system, 
while (2) denotes the first excited state of  the odd system ) 

3 2 NUCLEAR FIELD CALCULATION OF THE MONOPOLE INTERACTION 

For the monopole interaction (3.14) we have the posslbdlty to include only direct 
vertices 11.1 and 11 2 [eq. (3.16)] in the defimtion of  the phonon, or to include both 
the direct and the exchange vertices 11.1, 11.2 and 11.5 [eq. (3.33)] In the first 
case, the construction of  the phonon is s]mpllfied, but at the expense of  having to 
consider more graphs than in the second case. 

3 3 THE FIELD TREATMENT OF THE MONOPOLE INTERACTION 

3.3.1. Incluswn of  the dtrect component o f  the interactton in the construction o f  the 
phonon. The matrix element of the monopole interaction between non-antisym- 
metrized states can be written as 

(m, a~ ; m2 tr2[H~lm', a'~; m2 #2) -- - (V /qZ) (m,  aziQlm'~ a',)(m2 a2lQl'n2 0"~), 
(3.16a) 

(m#lQIm'a') = 6=m,(6~_~, + J,~, aq~). 

The direct and exchange matrix elements are separately represented m fig 11. The 
corresponding values are 

(m a 1 ; m2 iln~lm4 i;  m 11) = - V6=,m,_ 6,,~,., 

(m 3 I ,  m 2 iIH~lm 41, m 11) = -- V6 . . . .  6,.~,~4 

( m  2 i ;  m 3 llH~lml 1; m41) = - Vq~ 6,,,,,26=~m, 

(me i ;  m 3 iln~lm I 1 ; m4 i)  = Vqi  6m,mz bm3m, 

(m2 I; m 3 lln~lm4 i ;  m, 1) = Vq, qit~ralmaf~n,2m , 

(m21; m311n~lm41; m11) 2 = - V q l  ~5,.~=~ 6=~.4 

(m3] ; m2ilH'qlml i ;  mgi)  2 - = -- Vqi  Omlraa (~m2ra4 

The vemces of figs. 11 1 and 11.2 correspond to a separable mteractmn, for which 
the RPA solutmns are easdy obtained. Because of the symmetries of the problem, 
there is again a single collectwe frequency co. As for the pamng case, 

co = e ( 1 - x )  ~, (3 17) 

where x ]s defined m (3.15). We also obtain the amphtudes 

(~,1 c+, Cm'il~') = 26.,.,, = ½(~+co)(2eogO)-*a,..,,, 
(3.18) 

+ <¢, Ic...~ Cm, I~'> = l'a=~' = ½(~-- ~,)(2~coa)-~a~m,, 

(fig. 11.1), 

(fig. 11.2), 

(fig. 11 3), 

(fig. 11.4), (3.16b) 

(fig. 11.5), 

(fig. ]].6), 

(fig. 11.7). 

) (2)  ~- (~ ~) 
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(r%,1) ~m4,~) 

(m3,1) (%,~) 

/ 
1m1+11 ,5  

r%1) en2,i) (rn3,'s) (nl,~) 

(m 3 j l  ) (rn z j l) 

it . . . .  

I 

(m 1 jl) 6 

[m 3 jl) Ill 
3 ¢'~") /-+ 

> . I  ..... t ' 

/'mzet} 7 

F~g. 11. The matrix element corresponding to the dlrect and exchange components of the monopole 
lnteractmn. We use the conventmn that  the particle-hole pa~r which approaches a vertex from the 
same rode, has the particle always to the left. I f  the hole hne appears to the left, a minus stgn should 

be added. 

(rn,1)~(m+f) 
1 

i 

m,1 ) 

(m,,/ \ 

(mA)~ re'T) 
2 

3 4 

F~g. 12. The vertices corresponding to the partlcle-vibratmn interaction The ferm~on lines are 
ordered as m fig 11. 

H e r e  [ ~ 1 )  is t h e  R P A  s t a t e  w i t h  o n e  p h o n o n .  W e  d e n o t e  b y  F + t h e  p h o n o n  

c r e a t i o n  o p e r a t o r .  T h u s ,  t h e  p u r e  b o s o n  t e r m  in  t h e  f ie ld H a m i l t o n i a n  r e a d s  

H b = t g F + F .  (3 19) 
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The partmle-vlbratlon lnterachon vertmes are gtven in ref. 2). 

A(m I 1; m2 i) = (01FHp v c.,1 + CmdlO) 

= E (m~ 1; m'ilH'qlm 2 i ;  ml)(~kdc+mc,..il$) 
re,m" 

+ E (m, 1; mllH'qlm= i ;  m'i)@dc+,ic , , , l¢)  
m~ m'  

= a . . . .  2 £ ((m, 1; mi lH;Im,  i ,  ml)2W(m, 1, mllH'qlm, i ,  ml)la) 
m 

= - A a  ....... 2 O g .  12 1), 

A(m.. i ;  1nl 1) = (0[Hp, V+Cml + 1Cm2il0> 

= Y~ ((m2 i ;  m'iln'qlm , 1, ml)@alc~** c,.,.1¢) 
re,m" 

' i  + +(m z i ;  mllH'qlnh 1, m )(~q[cm,i c, . , l¢)) 

= 5m,,.~ E ((nq i;milH'ql,nl 1 ; ,nl);.+(,n~ i ,  ml[H'qlm~ 1. mi)/,) 
m 

= -A3m,,,. (fig. 12 2), 

+ V+l O) A(m~ 1, m2 1) = (OIc,,,,~ Hp ,, Cm~m 

= E ( ( 1 t l l  1 ;  m'ilH~lm21, ml)@l lc+t  c,..il~b) 
m, m" 

i t + +(in 1 1 ; mllHqlm 2 1; m i)@tlc.. .  ~ c,.ll~) 

= d=,m~ Y. ((m~ 1; milH'~lm ~ 1; , .1):.+(,,q 1; ,,,llH'~lm~ 1; mi) ,  0 
in 

= - A q ,  b,,,m (fig. 123), 

A(nh i" m2 i) + r+lO) , = (01c,.2i Hp ~ Cmd 

(3 20) 

= Z ( ( ' , i , m ' -  ' - "  l lHJm 2 1. ml)@,[c,,,1 c.+,ql¢) 
ttl, m" 

+(m~ i ;  mllH'alm 2 i ,  m'i)(¢,lc+x c~lqj)) 
t = 6 . . . .  2E((m~ i;  milH;Im I i .  m l ) 2 + ( m ,  i ,  mllHqlml i ,  mi)/0 

m 

= Aqib  ... . .  (fig 12.4). 
Here, 

A = V2Q(2 + l,) = ½x~(e/2f2o,) -~. (3.21) 

The four vertices (3.20) are represented in fig 12. Note  that there are two more 
vemces  here (the two scattering vertmes) than for the pamng case (fig 2) 

The particle-vlbrahon interaction corresponding to fig 12 and eq. (3 20) is 

n ~ ,  = - A ( F  + +F)(A + + A + q t  N , - q i  NS). (3.22) 
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The total field Hamlltonlan is obtained from (3.14), (3.19) and (3.22) 

t 
Hf = Hsp + H q + H b + H  ~ v + g .  (3 23) 

One must add to (3 23) the (diagrammatic) rule that no successive vemces as the 
ones appearing in figs 11 and 12 occur between the same pair of  particle-hole lines 

The zero-order excitation energy of the one-phonon state is given again by to, 

E(°)(S)-E(°)(g.s.)  = to = ( 1 - ½ x - ~ x 2 - ~ - ~ x  3 -  . .), (3 24) 

which agrees with the f2 ° results of  the fermton calculation (table 4) 
The diagrams contributing to the order 12 -1 and f2 -2 are gwen in figs. 13 and 14 

(respectively) for the one-phonon case The corresponding values are listed in tables 
5 and 6. As usual, only the values originated f rom BW diagrams are gtven. Those 
f2-2 contributions derived from renormahzation dlagram~ are again obtained using 
the f2 - 1 terms in the expansion of the exact energy in the denominators (as illustrated 
in detail for the pairing case). These contributions are given in the last to one row 
(labelled Renor ) of  table 6 All the values listed in tables 5 and 6 are of  similar 
order of  magnitude, which makes ~t difficult to select a subset of  graphs of particular 
relevance. We also notice that partial summations are dangerous: for instance, if we 
exactly solve the equatmn for the energy in the Brillouln-Wlgner perturbation 
expansion, we obtain renormahzation contributions. These contributmns are sys- 
tematically of  opposite sign as those arising f rom BW diagrams. In particular, in the 
case of tab!e 6, they cancel most of  the fourth-order contributmns in q l ,  q i .  

i\ 
tb 

/ ! 
!)) 

Fig 13 D iag ram s  cor responding  to the  order  .(2-1 in the  energy o f  the  o n e - p h o n o n  state. 
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1 2 

13 14 

a7 as 

/-.3 1, ~,4 

+ 
9t 
/5 

27 ~~ 
33 

45 

0 
10 

,6 t I~ 

22 ~~ 
28 

~0~~ 
46 

5 

11 12 

18 

24 

30 

42 

Fig 14 Diagrams corresponding to the order-Q-2 m the energy of the one-phonon state 

The pa r t i c l e -phonon  case is s tudied  m append ix  C 

The large number  o f  d iagrams  in figs 14 and  21, rules out  the a p p h c a t l o n  

o f  the field a p p r o a c h  to physical  s i tuat ions m which powers  h~gher than  f2- 2 become 
necessary 

Wi th in  the  field t rea tment ,  the m o n o p o l e  ope ra to r  Qf co r respond ing  to Q [eq. 



MONOPOLE INTERACTIONS 

TABLE 5 

The contrlbutmns of the diagrams Ill fig. 13 to the coefficients an. ~ (m units of T~a)  

55 

Graph (qt +q i )  2 (ql --qi)  2 
xa/t2 x3/O x/t2 xZ/O x3/t? x/t2 xZ/t2 x3/f2 

1 16 16 - -8  - -8  --16 
2 8 8 --8 -- 8 
3 16 8 8 1 --8 -- 1 
4 --16 -- 4 
5 --34 
6 --10 

Sum 32 32 8 0 1 --8 --32 --73 

(3.4 ')]  has bo th  the fe rmion t e rm (3.4')  plus a boson  te rm Qb, 

Qf =- Q -t- Q.b, (3 25) 

Qb = (O,IQIq~)F + + ( O l Q I 0 1 ) F  = q((OII(A++A)IO)I "+ +(OI (A  + +A)I~Ol)F) 

= q 2 O ( ; t + / 0 ( r  + + r )  = q(2f~./o0~'(r + + r ) ,  (3 26) 

where use has been made  of  (3.18) Thus,  the opera to r  (3,25) has the vertices 
represented m fig. 15. As for  the energy, the mat r ix  elements of  (3.25) have to be 
d iagrammat ica l ly  obtained.  The  graphs  involving successive interactions between the 
same part icle-hole hnes have to be disregarded as usual. 

We  study, in par t icular ,  the mat r ix  element  of  (3.25) between the g round  and the 
first excited state for  the d o s e d  shell system. 

The  zero-order  cont r ibut ion  to the effective matr ix  element is gwen by  the p h o n o n  
vertex in eq. (3 26), namely  

(SIQIg s )~0) = q(2f2e/o))½ = (2f2),~q(1 +¼x+~_zx 2_1_ . .). (3 27) 

The  graphs  o f  fig. 16 yield the first-order contr ibut ions  to the effective mat r ix  
element.  The  cor responding  values are listed in the columns labelled xV/~2 (v = O, 
I, 2) m table 7. The  values tha t  are gwen in rows 7-10 of  these columns cor respond  
to the possible t ime pe rmuta t ions  of  the graphs  16 7-16 10, involving only BW 
diagrams.  

The  columns labelled x"E (~)/~2 of  table 7 yield the f2-2 cont r lbu tmns  of  diagrams 
16 when the exact energy E(S)  is app rox ima ted  by  the linear expression 

~( s )  ~ ~ o + e  (l~, (3 28) 

where E (1~ is given m table 5, and  the reverse o f  the denomina tors  is expanded in 
powers  of  f2-1 The  euergy of  the initial (vacuum)  state is always kept  equal  to zero, 
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Fig 15 

(m~1)~(m,T) 

2 

~__/(m,1) 

_ _/ .  m,T) 

l lmfi) 
6 

The vertlces corresponding to the monopole operator Q 

x .... ) 
I 

f 

X 
6 

x 3 

x 

8 

¢, x . . . .  $ 

9 10 

Fig 16 Diagrams contributing to the order ~ - 1  in the m a m x  element of  the operator Q corre- 
sponding to the tranmtmn between the ground state and the one-phonon state 

since the corresponding renonnahzatmn dmgrams are necessarily unhnked &agrams, 
and therefore can be disregarded. 

Other second-order contributions to the effective matrix element are g~ven by the 
time permutations of  graphs 17 giving BW diagrams. The corresponding values are 

listed m table 8 
The remaining contributions of  order ~2-2 are given by the diagrams which may 

be obtained f rom those of fig. 14 if we substitute the mitlal or final phonon by the 
vertices 15 2 and 15.5 as indicated m fig. 18. Thus, the corresponding values are 
obtained by multiplying by -q/A the results given In table 6 These last contrl- 
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TABLE 8 

The contnbutmns to the coefficmnts a., 2 corresponding to the transatmn matrix element of the 
operator Q between the ground state and the one-phonon state, m umts of ~ (dmgrams of fig. 17) 

Graph x 2 / 0 2  (ql + q i )  2 ( q l - - q i )  2 (ql + q i ) *  (ql2--qi2)  2 ( q l - - q i ) *  
X 2/,~62 2 X2/,Q 2 x/~Q 2 x2/ .Q 2 x/ ,Q 2 x2]ff2 2 A/_Q 2 x2/,.Q 2 

1 4 - -4  - - 4  
2 2 ~ _ a  ½ ~ --1 --~ } :1: 
3 1 - 1  - {  ½ 
4 1 --1 --~ ½ 
5 4 --4 
6 ~ --1 ½ 
7 ½ --1 ½ 

9 1 --1 ---~ ½ 

12 --1 1 
13 --1 1 
14 } --1 ½ 

16 --1 1 
17 --1 1 

Sum 6 8 --16 1 ½ --2 --9 1 a~_ 

butlons yield 

. c  = (T~-+ ~X)+ x(q, + q i ) 2  (A+ 

x ( q l - q i )  2 is aa9_~. (ql + q i ) * ( l _ ½ x + ~ x 2  ) 
02 ( ~  + 128x)-t- 3 2 0 ~  

(qZ _qlZ)2 (1 +7x+  2321x2)+ (ql--qi)  4 (1 ~--~x + -' ° 9 °  2,] 
1602 3202 , 02 -x )] (3 29) 

The total effective matrix element is obtained (up to order f2 -2) adding (3.27), 
(3 29) and the results of tables 7 and 8 

_ _  X 2 (S]Q]g.S.)e=(ZQ)~q l+¼x+~2x2_ x lVxZ_L 3x + - -  
40 320 '1602  202 

( 1  7X 2 5X2 t --(ql+qi)2 ~ + +(ql - -qi )  2 
2560 12802] 

1 x + 295x 2 x 223x2~ 
x 8-~ + 2~ 2560 402 12802] +(ql +qi)  ~ -  

X 2 

102402 

+ ( q t _ q i ) 4  161X2 ( q 2 _ q 2 ) 2  17X2 ) 
102402 ~ + O ( x  3, 0 -  3) . (3.30) 



MONOPOLE INTERACTIONS 61 

,< 
1 

I r 

X 

7 

x Il 

13 

2 3 

9 

× _ ~  
14 15 

4 

10 

16 

5 6 

11 12 

17 
Fig 17 Dmgrams contributing to the order $2 -2 m the matrix element of the operator Q corre- 

sponding to the transmon between the ground state and the one-phonon state (see text) 

' \ i  1 

x . . . .  !v  / 

× . . . .  

F~g 18 An example of how to obtain the ~ - 2  contnbutlons to the matrix element of the operator 
Q corresponding to the vertices from the energy diagrams of the same order 

The amplitude of the unperturbed state in the final state is obtained from the 
partial derivative 

OW(E) _ 3x (1 + ~ x ) +  (ql  + q i )  2 ( 1 - ¼ x )  (ql  - q i )  2 (1 +3~-x+-Z~-x2) 
dE 492 40 40 

3x (1 + 9 x )  x(ql + q i ) 2  (1 + ~ x ) +  x (q l -q i )2  (9 t-h-~-9-x) 
802 1602 1602 

(ql +qi)4( l_½x_l_~x2)  (q , - -q i )4 t . - -  ls .  -- , s l . 2 ,  
- -  6402 ~4Q---/ t l~--~-.~-F ~--B-.~ ) 

+ (q2_q~)2  (1 + T x +  ~1°x2). (3 31) 
320  2 



62 D R Bt~Setal 

Thus, the amphtude is 

1 -~- / = 1+ ( l + 2 x ) +  (qx+qi)2(1--¼x)80 (q' 8f2--qi)2(l+34S-X+-Zg9-X2) 

7x 2 x 3x ( l + 9 x )  + 6 ~ ( q l + q i  ) ( l + ~ 4 x ) +  ~ ( q l _ q i ) 2 ( 9 + ± ~ x )  
1602 

+ ( q l + q i ) 4 ( l _ ½ x + ~ x 2 ) +  ( q l - - q i ) 4 ( l  - 15 - - 1 5 5  2x 
6402 6402 ±-g-x ±--s--x ) 

(q~_q2)2 (1 +5¢x+~Z-x2)+O(xS, O-3). (3 32) 
" 

The product of  (3.30) and (3.32) yields the final matrix element (SIQIg s.) which 

It is convenient to 
quantum number M 

2 
= --Vqi((~mlm3~mzm4--~rn,mz~mam4) (fig. 11.7). 

classify the particle-hole states C+:m,i[O) by the magnehc 

M = m -  m', (3.34) 

has the same coefficients a .... (q~, qi)  as the ones obtained m the fermion calculation 
(table 4), at least for n _< 2 and 17l _= 2 

3.3.2. Inclusion of  the antisymmetnzed vertices m the constructwn of  the phonon. 
The graphtcal representation of these vemces is obtained from fig 11 by collapsing 
the dashed lines into a single point Thus fig 11 5 dlsappear5 The corresponding 
values of  the vertices are 

( m a l ; m 2 i l ~ l m 4 I .  m t l )  + , , + Cm2ilHF) , = (HF[cn,4icm31HqCml 1 

= - V ( f ~ m : n z ~ r a 3 m 4 - - q i q t 6 m ~ m 3  ~ .. . . . .  ) (fig 11.1), 

(m 3 i" nl 2 i l ~ l m ~  1; ,n~ 1) ' + + , = (HFIHqcm,1Cm2i Cm4t Cm~ilHF) 

= - -  V( (~m 11712 I~,n3m4 - -  ~ . . . .  3 (~m2tn4) (fig 11 2), 

( m 3 1 ; m 2 i l H ~ l m 4 1 ; m l l )  ' + + = (HFIc,,~I Hq Cm, t C,,1~ Cm~ilHF> 

= --Vql(gm,mz(~m3m4-(~mam3(~m=m4) (fig 11 3), 

- - '  . 1 )  + ' + (m3 i ;  m 2 lIHqlm4 I ,  mt = (HFlcm, lHqc,.~ic,.:Cm~ilHF) 

: Vq~( (~mlm2~ra3m4- - (~mlma(~m2m4)  ( f i g  1 1 . 4 ) ,  

- '  " 1) = (HFIcm:  Cm~l Hq % :  (m21, m311nqlm41, ml ' + c,,+,dHF) 

2 
= - - V q l ( ~ m l m 3 ( ~ m 2 m 4 - - f ~ m l m 2 f ~ m 3 m 4 )  ( f i g .  1 1 . 6 ) ,  

- - '  -" i) = + + ' cmi lHF > (m e i ;  rn 3 llHqlm4 1, m~ <HFIcm, ~ c,.~ I Hq Cm3 [ 
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since the RPA equations separate for each value of  M: 

, . (M)±  M I I _ ~ I m - M I ;  ' (u) (e-09m.v)&,,,,,T ~ ( m l ;  m ' -  m 1);t~,=, 
m' 

+ ~, (ml;  m'llH'plm-MI; m ' + M i ) / ~ 2 ,  = 0, (3.35) 
m e 

(~ + 09M.OIt~.M,, )+ Z (ml ;  m ' - M l t g ; l m - M i ;  ,n'l)#~,u~ ), 
rn' 

+ Z ( m l ;  ,n'llH~lm-MI; m' i ~u) + M  ))`,.,n, = 0 .  
Ttl s 

The RPA bosons are given by the hnear combinatmns 

+ = ~ [ ~ ( M )  . , +  , , ( M )  ~ +  
FM, v /..a k'~v,m ~m+M1 Cml --~v,m t'm+Mi Cml)" (3.36) 

m 

If M = 0, there are two RPA roots 09o,v The first one, 09, corresponds to the 
admbatlc phonon (v = 1), and lS obtained by taking the amphtudes ~t0) and , to) 

" ~ l , m  ~ l , m  

to be independent of m. Thus, (3.35) reads 

where 

( d - 0 9 -  V(2f2- 1))2- V(2f2- 1)~ = O, 

- -  V ( 2 a -  J ))` + (~' + 0 9 -  V ( 2 a -  1))~ = O, 
(3.37) 

Eq. (3 37) y,elds the energy 

~' = e+ Vql q i -  V. (3.38) 

X X2 2 )½ 
09 = ~  1 - - x + - ~ ( 2 q l q - l + x - x q l q i  ) -  l ~ ( 1 - q 2 q i )  

1 (XsxZ+~_~6x3)_ 1 = e 1-½x-~x2-1-~x3+ f2 -~  (s~xz+6-~xa) 

+ qlqi (¼x + ~--~x3)-- qlqi x~--~) f2 ~2 +O(x4,~-3)  • (3.39) 

The amphtudes are 

2 = ).(0) ( x 2 
1,m = ½(2f2)-~((d/09)~+(09/d) ½) = (2t2) -~ 1+~2x  2 -  32f2 - -  + O(x a, r~- 3)),  

u = ' c ° )  ½( )-~((/09) (09/,))  ~,1,= = 2 0  d ~ -  ½ (3.40) 

qlqi  + O ( x  3, f2-3)) . 1 (~_x+~6x2) qlqi  x2 _ _  x2 
= (2f2)-~ ¼x+~x2- ~ 12 16 + f22 32 

The other 2 f 2 - I  solutions for the case M = 0, and all solutions for M # 0 
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(non-adiabat ic  phonons )  yield the f requency co u th lough  the equat ions 

, ( M )  = 0 ,  (~ --a~M+ V)2~,, .+ V .  (n) r*¥~ m 

V.g.~m~ + (~' + O~f + V~" <M) , , .,tZ,,m = O, ( 3 . 4 1 )  

where e' is gwen m (3.38). Thus,  

( x2 q~ q~- x2i~ 
c ° M = e  1--  - -  + ql  q----A x + ~,'~2 

16Y2 2 ~ 2 - -  1-61 

( :  ) = e  1 - - - +  qlq---! ~ +O(x  3 , ~ - 3 )  . (3.42) 
32f~ 2 ~ 4 

.(M) (n) and/~v,m of  the non-adiaba t tc  bosons may  be writ ten The  amph tudes  -,v, m 

~.(u) - (n) . (M) ' "(~) (3.43) - ~  A M a v ,  m t~ tv ,m  ~ I ~ M ~ v , m ,  ° v ,  m 

where the coefficients ,,~n) satisfy the c o n d m o n s  w y j  

Z,g°)=o (v>l), 
m 

(n) (M 0), (3.44) a~,m = 6~,,n :/: 

E a(M) 2 1. 
m 

The coefficients 2M a n d / ~  are gwen by 

1 o,% = 1 + + o ( o - ~ ) ,  
:'~ = 2 -,co~- , ~' - / 1 2 ~  ~ 

E q s .  ( 3 . 3 9 )  a n d  ( 3 . 4 5 )  contain all the R P A  results that  we need in order  to 
construct  the field Harml ton ian  The  pure  boson  te rm is 

n b = COF+F.-FfOM~,(1--6M OOv + , , ) r~ .~  r , . v .  ( 3 . 4 6 )  
M , v  

where the submd~ces M = 0, v -- 1 are d ropped  f rom the adiabat~c phonon .  
The  two-body  matr ix  elements (3 16) are replaced m eq (3 20) by the anUsym- 

m e t nzed  ones (3.33), in order  to obta in  the new pamcle -v lb ra t ion  interaction verUces 
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For the adiabatic phonon 

A(m'a', me) = - A ( a ' ,  tr)bm.m., 

A(1, i) = V(20-  q l q i)2 + V(20-1)# 

= e(20) -} ( } x + { x  2 -  
X 2 q l q i  x 

k 80  4f2 

A(i, 1) = V(20-1)2+ V ( 2 0 - q ,  qi)/t 

= ~(20)-~ ( ½ x + 4 g x 2 - - 1 ( ¼ x + A x  a) 

- -  +O(x 3, 0-2)) 

q~ q~ x 2 

O 16 

(vertex 12.1), 

(3.47) 

+ O(x ~, o- 2)) 

(vertex 12.2), 

The particle-vibration vertmes corresponding to non-adiabatic phonons are smaller 
than (3 47) by an order of magnitude m f2 - t ,  namely, 

A~t, , , (m+Ml,  mi) V(q 1 (M) = q i 2 ~  + laM)a ~,., 

= ~ - - - - ( M ) ( X X 2 - ' ~ ' O ( x 3 , ~ - ~ - 2 ) ) -  (vertex 12.1), 
0 u ' ' "  q t q i 4  320 

A,t ,v(m+ Mi,  ml) = V(2~t+q, qipm)a~, )~ 

~ o,, (¼x_ x 2 ) = ~ ",,m 3 ~  ql q~+O( x3, O-2) (vertex 12.2), 

- (M)  A,t, ~(m + M1. ml) = q~ V(2M+I.tM)a,, m (3.48) 

= f i ~ ( M ' ( o  " , ,mqI  &4 X -  - -  "{- O(x3, O - - 2 ) ) X 2  (vertex 12 3), 
320 

A. ,  ,(m + MI, mi) = - q i/q~ Au,.(rn + M1, ml) (vertex 12.4) 

We construct the particle-vibration interaction term m the field Hamfltonmn w~th 
the vertices (3 47) and (3 48) 

Hp, = -(A(1, i)A + +A(i,  1)A+A(1, 1)N~ +A(i,  i ) s~ ) r  

+ X (l - fro, o 6,, t)a.~,, .(m + Mtr, ma')C+m+ ~t. c.,,,, rM, , ( 1  - ~ °  + o,, _ 2) 
M, , ~r , ¢¢" 

+ E (1 - 6~t, o 6,. 1)A~t, ,(m + Mi, mi)c,.~ Cm++ M~ FM,, + h c. (3 49) 
M, 

65 

A(1, 1) = VqL(20-1)(2+p) 

( 1 ,  ~ ) --~q,(20) -~ ½x+ 8x" 801 x- + O(x 3, •-2) (vertex 12.3), 

A(i, i) = - A ( I ,  1)(qi/ql) (vertex 124) 
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The total field Harmltoman Hr (3.24) is obtained from (3.14), (3.46) and (3.49). 
The forbidden "bubbles" are now more general than before, since they can also be 
generated by vertex 11.5. Consequently, fewer diagrams appear m the graphical 
expansion. For instance, the diagram 13.3 is now forbidden. Its contribution (table 5) 
is already included m the energy o9 of the adiabatic phonon (eq. (3.39)). We also 
disregard diagrams 14.11, 14.16 and 14.21: if we add their three values (table 6) 
plus the renormahzatlon contributions corresponding to graph 14.21, we obtain the 
-0-2 terms in eq. (3.39). 

Similarly, diagram 13.2 yields the value 

_ A2(1, i)A(1, 1)A(I, i )40  _ A(1, I)A(i, 1)(A2(1, 1)+AZ(I, i))4-0 
2 

A2(1, I)A2(i, 1)4.0 ( X 3 X 3 (q, + q i )  2 x 2 
e( e2 -  c°2) + O(x')  = e \1--~ 16f2 ~ + .0 --16 

+ 

( q l + q i )  2 
1 2 1 3 (q1- -q l )2 (1 .~X2 . .~_ l~X3)  

+ ~2 (-fax +T-c~x ) -  .0 

(q, ~ q l~2  (Xx  + O(x', (3 .50)  
+ f22 

if the intermediate phonon is the adiabatic one. The value (3.50) ~s obtained adding 
the contributions of subsect 3 3.1 corresponding to dmgrams 13.2, 14.7, 14.10, 
14 22, 14.36 and 14.38 (tables 5 and 6) plus the renormallzatlon permutatmns 
corresponding to graph 14.36. The 46 diagrams of fig. 14 are reduced to 16 diagrams 
when the antisymmemzed vertices (3.33) are used in the construction of the phonon. 

Diagram 19.1 presents a fermion hne in parallel w~th a boson line Thus, the last 
rule hsted in sect. 1 for the field theory must be applied. If  graph 19.1 ~s evaluated 
w~th the particle-vibration mteractmn (3.49), the addmonal diagram 19.2 must be 
subtracted m order not to count twice the corresponding process. This is due to the 
existence of two equivalent lines m graph 19.2. The contribution of fig. 19, where 

1 2 

Fig 19. An example of a graph with a particle and a phonon hne m parallel (1) and the corre- 
sponding graph to be subtracted (2) 
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the lnterinedlate boson is either adiabatic or non-adiabatic, accounts for the dia- 
grams 13 l, 14.1, 14 9, 14.13, 14 17, 14.18, 14.20 and 14 23 of the previous subsection 

The total contribution of the non-adiabatic phonons in the case of  graph 19.1 is 
as large as the contribution of the adiabatic phonon Unhke in subsect. 3 3.1, the 
non-adiabatic phonons now appear  because the frequency o~ u ~s different f rom c, 
and thus the coupling constants (3 48) do not vanish 

The obvious advantage of Including ant isymmemzed vertices in the construction 
of the phonon, is to decrease the number of  existing diagrams in a given graphical 
expansion However, the procedure of  subsect 3 3.1 may be preferred when the 
interaction becomes separable for the direct components because 0) the RPA equa- 
tions are sunpler to solve, (n) if we include the exchange vertices in the definition 
of the boson, both parameters a~ and A are given by an expansion in powers of  ~ -  1 

the leading order terms being Qo and Q-+  respectively. Thus, each graph does not 
correspond to a single power of  ~ -  1, (m) there is no need to subtract an additional 
graph whenever there is a diagram in which a fermton line and a phonon line 
appear  and disappear at the same vertices (such as m fig 19) 

4.  C o n c l u s i o n s  

We have performed the field treatment of  res~duat nuclear interactions in simple 
but non-trivial models, which include most of the complexities of  real nuclei. Cal- 
culations concerning energies and transition matrix elements have been presented 

In zero order, both the Independent particle and the collective aspects of  the 
nucleon motion are included on the same footing The errors introduced by con- 
sidermg too many  degrees of  freedom are corrected in successive orders of  pertur- 
bation The (diagrammatic) field treatment corresponds to an expansion in powers 
of  ~ - 1 ,  where (2 measures the number of  pamcle-hole or particle-particle com- 
ponents m the phonons A calculation which includes all the Y2 -1 corrections 
appears to be feasible m actual nuclet, both for schematic and realistic forces. Indeed, 
we have treated in subsect. 3 3 2 the problem of a non-separable interaction, by 
including the exchange components of  the force in the construction of the phonon 

Note that diagrams such as 20 3 and 20.4 have not been taken into account in the 
partlcle-vibiation calculations that have been published so far. Thus none of these 
calculations appear to be sufficiently accurate (even up to the order ~ - ~ )  

The shell-model degeneracies are such that corrections of  order f2-1 will be in 
general sufficient Both the number  and the complexity of  the chagrams involved in 
a calculation of  order Q-2  become very large and such calculations can only be 
performed for very specific cases 

Discussions with A. Bohr, P. F. BortIgnon, E E Maqueda, T. Marumori ,  B 
Mottelson, R. P J. Perazzo and A. Toledo Plza are gratefully acknowledged. 
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Appendix A 
THE MATRIX ELEMENTS OF THE FERMION HAMILTONIANS (2 10) AND (3 14) 

The constructxon of these matrices is greatly simplified because the relevant 
operators obey the commutation relations of a SU(2) algebra in both cases. In the 
pairing case, we notice 

[A +, Ao] = N o - O ,  

[½(No-O), A, + ] = A +. (A.1) 

Therefore, the operators A +, Ao and ½(N, -O)  obey the same commutatton 
relations as I+,  I_ and I: .  Using the quas~spm formahsm, ~t ~s easy to construct 
the matrix elements of A + m the representation which carries No(I:) as good 
quantum number. Since 0 < N < 20, the largest representatton have I = ½f2 (even 
system) and I = ½(0 -1 )  (odd system): 

t + 
(No IA o IN:)  = (I + 3(0  - N,))~(I + ½(No - 0 )  + 1)+fiN,. N, + 2 

t ( ( 2 0 -  No)(N,+2))~ (No, even) (A 2) 
= ½6~'°'N~+2 x [ ( ( 2 0 - N o - 1 ) ( N o + l ) )  ~ (N o, odd). 

Usmg (A.2), we construct the matrix element 

, + + 120No + 2 0 -  N 2 (No, even) (A 3) 
<Hol(AoAo+AoAo)lNo> = ½6,,=,NoX [ 2 0 N o _ l _ N  2 (No, odd). 

Eqs. (A.2) and (A.3) yield the non-vanishing matrix elements of H~ (eq. (2.10) m 
a representation m which both N a and N i are good quantum numbers We assume 
No to be even in (A.4) whde N 0 may be even or odd, 

<No, NolH'vlNo, No> 

= - ½G<No, NoI (AtA ,  + A, A~ + a-~ai  + A-~ a~ + N1 + Ni)INo N~> 

(No, even) ¼6(x  + x )-½a(O+ l)(mo+ (A.4)  ,,t2o-1) (No, odd). 

(No+2 ,  N~+ 21H'v]N o, N~) = - G (  N~+ 2, N~+ 2[A+A + [No, No) 

= _¼G((20_No)(No+2))g_ t((20-N~)(N0+2))½ (Ne, even) (A.5) 
x t ( ( 2 0 _ N ~ _ l ) ( N o + l ) )  ~ (N~, odd). 

We proceed similarly with the monopole force a) The commutation relations 
between the operators A +, A and ½(Nx + N i -  20) [eq. (3 5)] are now the same as 
those of I+,  I_ and I~, 

[A+, A] = N~ + N i - 2 f 2  , [ ½ ( N , + N i - 2 0 ) ,  A + ] = A +. (A.6) 
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Fig. 20 

\ /  
J~ 

/ \  

r 

I 
i 

i 

\ 

Dmgrams corresponding to the order g2- t m the energy of a partlcle-phonon state. 

As m (A.2) or  in ref  3), we can evaluate  the matr ix  elements of  A +, 

( N'IA+[ N)  = fiN', N+ 1( 2 f 2 -  N)~( N + 1) ~v, 

< m ' a ' ;  N'la+lma; N )  = f i , . .m,6. , , , , fu , .u+~(2f2-N-1)½(N+l)  ~, (A.7)  

where N is the number  o f  part icle-hole pairs and mcr are the q u a n t u m  numbers  o f  the  

odd particle or  hole 
Using (A.7) it is easy to calculate the non-van tshmg matr ix  elements o f  (3.14) 

when N~ = N i,  

< N + XlH'~IN> = - ½ V ( ( 2 ~ -  N) (2O-  N - 1 ) ( N  + I)(N + 2)) ~, (A.8) 

( N + 1 I H'~IN ) = - V(q~ - q ~ ) X(2 t2  - N)*(N + 1 )¢, (A.9) 

<NIH'~IN> = - V ( N ( 2 O -  N +  1 ) + ½ N ( N -  1)(q , -q-O ~ -  Nq,  q~). ( A . 1 0  
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15 

2'3 

16 

9 ~0 

l " ~  22 

29 

24 

I 3o 
37 

~ 2 5  

38 

45 

I 32 

Fig 21. Dmgrams corresponding to the order .Q-z in the energy of a partmle-phonon state 

If  N x = N i+__ 1, we obtain 

(rag; N+2lH'~lma; N) = -½V((2Y~-N-1)(2O-N-2)(N+ I)(N+2)) ~, (A.11) 

(ma; N + l[H'qlma; N )  = - V(N(q~-qi)+aq¢,)((2~2- N - 1 ) ( N  + l)) ½, (A.12) 

(ma; NlH'q[ma; N )  = - V(2Nf2-  N 2 +½N:(ql - q i )  2-½N(q, + qi) 2 + Nq2). (A.13) 
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 191 
53 

~" ~ - ~ 6 0  

6,1i  

54 

Ftg. 21 (continued) 

TABLE 9 

The contributions of  the dmgrams m fig. 20 to the coefficients an. 1 (m umts of  1~8) 
(ql + q i )  2 ql 2_q~2 (ql _q] .)2 

X X 2 X 3 X X 2 X 3 X X 2 X 3 X X 2 X 3 

1 8 6 4 4 8 8 4 4 
2 32 8 6 --4 --4 -- 8 -- 8 -- 4 --  4 
3 --16 --16 --10 --16 --16 --10 
4 --16 --32 --16 --32 

Sum 32 16 12 0 0 0 --16 --32 --42 --16 --32 --42 
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The  cont r ibut ions  o f  the  d iagrams  m fig. 21 

X X 2 X 3 

( q t ' + q i )  2 q~--q{ ( q l - - q i )  2 

~f X 2 ,~3 X X 2 X 3 ~ X 2 X 3 

6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
2O 
21 
22 
23 
24 
25 
26 
27 
28 
29 
3O 
31 
32 
33 
34 
35 
36 
37 
38 
39 
4O 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 

- -16  
- -8  
- -8  

- -4  

- -8  
- -4  

- -8  

- -16  

- -16  

- -2  
- -4  
- - 4  
- -4  

- - 4  
- - 4  
- -8  
- - 4  

- -2  
- -4  

- 4  
- - 4  

- -8  
- - 4  

- -8  
- - 4  

- -12  

- -6  

- -2  

4 

- -8  

- -8  

- -4  
4 

2 
- -8  

4 
4 

- -4  
8 

- -2  
2 

- -8  

8 

- -2  

- -2  

½ 

--1 

2 
6 

- -4  

- -8  
4 

12 
- -2  

2 

--1 

16 

8 8 
- -8  

8 

- -4  

8 
8 

12 
8 

8 
8 

12 

4 

16 

4 

5 4 8 
- -8  - - 4  - -~ 

8 8 4 
- -2  - - I  

2 4 
8 8 12 
6 4 7 

14 4 11 
10 12 10 
4 8 4 

2 
4 4 2 
4 8 4 
8 8 8 
2 16 12 6 

- -4  2 - - }  
4 8 - -2  

4 2 
8 16 6 

10 10 
4 

11 4 11 

12 12 
8 8 

8 
4 4 

12 12 
2 

8 6 
- -4  

4 8 16 
1 

2 
2 2 

11 4 11 
4 4 

28 16 28 
3 17 

--3 17 

5 5 

7 4 11 
8 8 

Q 
2 2 

4 4 
4 4 



I II
 

b
.}

 

1
1

1
1

1
1

 

I F
o

 I 
L 

I 

I 

I 

I 
I 

t 
II 

I 

• I
~

 
~'

~ 
i~

 
.I

~
 

~'
~ 

G
', 

-I
 ~ 

~ 

I 
t 

I 
1 

I 
I 

l 
I 

I 
I 

L 
f 

I 
I 

I 
I 

I 
I 

r 
I 

I 
I 

I 
I 

8 0 

j 
1 

l 
j 

b 
I 

I 
I 

k 
1 

I 
I 

I 
I 

I 
I 

I 
t 

l 
I 

I 
I 

I 
I 

I 
I 

I 
I 



TABLE 10 

(ql  + q i  )2 1 2 q 2 - - q i  (ql - - q i  )2 

X X 2 X 3 X X 2 X 3 X X 2 X 3 X ~2 X 3 

53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
88 
89 
90 
91 
92 
93 
94 
95 
96 
97 
98 

Sum(p) 

Ren 

Sum 

- - 4  2 
- -2  

- -2  
- -4  4 

2 
2 

4 4 
4 4 

2 
4 4 
4 4 
8 8 

8 8 8 8 
8 8 

17 
5 
5 
4 

16 

8 8 
3 3 

8 12 8 12 
4 4 

32 
12 
4 

8 8 

2 2 

--16 --72 -100 --12 ~ s9  24 120 299 36 182 18 97 "-4-- 4 
16 52 62 12 2 _ 1 5  --24 --80 -157 --36 - - 1 3 0 - - z ° 8 5  T 4 
0 --20 --38 0 4 I1 0 40 142 0 52 203 

The row label led by Sum(p)  is the sum o f  rows 1-98. The last  row is the sum of  the two prev ious  

label led by Renor  



(cont inued)  

2 2 2  
(ql + q i  )4  (ql + q i )  3 (ql - - q i  ) (ql - - q i  ) (ql + q i ) ( q l  - - q i  )3 (ql - - q i  )4 

X X 2 X 3 X X 2 X 3 X X 2 X 3 X X 2 X 3 X X 2 X 

1 
--1 

4 2 ½ 

- -2  - -6  - -6  - -2  
2 - -2  --1 

- -2  - -2  - -2  --1 
1 1 --1 --1 

- -8  - -5  - -8  - -5  
4 2 ½ - -4  - -2  --½ - -4  - -2  --~ 

- -4  - -4  
3 3 - -3  - -3  

q - -8  - 1 2  - -9  - -4  - -6  --9, - -4  - -6  --., 

- -3  - -3  - -3  - -3  
- -3  - -6  - -3  

2 4 2 
- -2  - - 4  - -2  

- -8  - -8  
] - ~  - ~  

4 6 4 6 - -4  - -6  - - 4  - -6  
1 ~ 1 ) --1 --~ --1 - - I  

- - 4  - -2  - -4  - -2  - -4  - -10  - -4  - -10  
4 2 4 2 - -4  - -6  - -4  - -6  

- -8  - 2 0  - -16  - -40  - -8  - -20  
--1 - - ]  - -2  - -9  --1 --~ 

4 
- -4  

1 
--1 

1 

- 5  - 5  - ~  
- - _  5 

5,, - - 4  - - 4 -  
- -2  - -2  
- -4  - -8  - -4  
- -2  - -4  - -2  

4 - - 4  - -4  
- -4  - - 4  - -4  

1 --1 --1 
--1 --1 --1 

1 --1 --1 
- -8  - -6  - -8  - -6  

- -8  - -8  
- -2  - -2  

- -17 --17 
- -5  - -5  

0 1 ]- 8 12 61 0 - -20  _ 2 6 1  - -24  - -104 _ 1 1 9 " /  - -16  --73 _ 8 8 1  
' ~ -  4 4 --~--  

0 --1 --~ - -8  - -12  _5__3 0 20 245  24 104 l O 9 3  16 73 so  l 
4 4 4 4 

0 0 0 0 0 2 0 0 - - 4  0 0 - -26  0 0 - 2 0  

rows. Thus ,  it also includes the con t r l buhons  f rom renormahzat~on graphs,  which are g~ven m the row 
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Appendix B 

EVALUATION OF THE GROUND-STATE ENERGY WITHIN THE RPA APPROXIMATION 

Within the RPA approxamation, the Hamdtoman (2.10) can be written 

Hap, = ~(A+Ai +A+AI)-½G(A~ +AI)(AI +A{)-½G(A{ +AI)(Ai+A+). (B.1) 

In order to calculate the ground-state energy, we use the reverse RPA trans- 
formatmn 

a? = , /6( i tr?+,ro,  A~- = x/~(itr~ +/zV,), (B.2) 

where the coeffiments 2 and It are gwen m (2 14). Replacing (B.2) in (B.1) leads to 

HRPA = (2it/~e-- GI2(it +/t)2)(F; F~- + F,  Fi )  + (e(it2 +/ t2)_ Gfi(it +/t)2)(F + r ,  + r rO 

+2e/t2-Gf2(it+~) 2. (B.3) 

The coefficaent of the first term m (B 3) vanishes for the RPA values (2 14). The 
second term is the frequency o~ (2.13) and the thwd one, the ground-state energy 
Thls can also be written as 

xg 2 
-- 1 -4-- (~91HRPA[ @) = 2Z#(/*-- it) -- gXI3(1 , iX -]-  ~X 2 "J- 5as.X3 q- ). (B.4) 

g + f o  

Appendix C 

THE PARTICLE-PHONON STATE 

The state which has a pamcle and a phonon has played a crucxal role in the 
tustory of the pamcle-vibratmn interaction Thus, we treat th~s case m detad, using 
the methods of subsect 3 3.1. 

The zero-order exmtatmn energy as again the frequency o~ (eq. (3 24)), whtch 
agrees wath the f2 ° terms of table 4. The first-order contributions are given an fig 20 
and table 9 and the second-order terms, m fig 21 and table 10 These results 
reproduce those of the fermlon calculation (table 4) 
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