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Abstract: The field treatment 1s applied to the monopole pairing and monopole particle-hole inter-
actions 1n a two-level model All the vertices of realistic interactions appear, and the problems
treated here have most of the complexities of real nucler Yet, the model remains sufficiently
simple, so that a close comparison with the results of a (conventional) treatment in which
only the fermuon degrees of freedom are considered 1s possible. The applicability to actual
physical situations appears to be feasible, both for schematic or realistic forces The advantage
of including the exchange components of the interaction m the construction of the phonon
1s discussed.

1. Introduction

In this paper, we apply the field'™ treatment ') of the residual nuclear interaction to
the case of particles moving in two levels and coupled by monopole pairing and particle-
hole forces. We consider cases in which these interactions generate collectiveexcitations,
but do not produce either a stable “shape” deformation or a superconducting gap.
The description of the system 1s performed by treating the single-particle and the
collective variables on an equal footing. Therefore, the basic set of states 1s the
product of the eigenfunctions corresponding to these two degrees of freedom. The
field treatment provides a systematic way to correct the errors inherent to this basis:

T Fellow of the Consejo Nacional de Investigaciones Cientificas y Técnicas, Argentina
Tt Mailing address: Departamento de Fisica Nuclear, CNEA. Avda. del Libertador 8250,
Buenos Aures, (S. 29), Argentina.

Tt The ubiquitous appearence of the problem of collective and quasiparticle degrees of freedom
n nuclear physics has sttmulated a great variety of theoretical approaches The best known among
them are based on boson expansions, the Landau theory of Fermi hquds and the self-consistent
equations of motion. For a recent review of the field see ref 5), and references quoted therem The
connection between the present field treatment and other particle-phonon Interaction treatments 1s
briefly discussed 1n the mntroduction of ref 2), where previous references are also given
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violations of the Pauli principle, overcompleteness, effects of the residual interaction
which are not taken into account 1n the construction of the phonons, ete

The main difference between the present paper and ref 3) 1s that here we treat
problems with more realstic features! and which, correspondingly, do not permuit
a closed algebraic solution, neither within the field treatment, nor using the usual
fermion treatments. The most sumple of these problems arises in the case of a
pairing 1nteraction with both the RPA vertices given n figs 1.1 and 1.2. This first
problem s used to illustrate the application of the rules for the diagrammatic expan-
sion of the field Hamiltontan We also discuss in this case the meaning of the basic
set of states, the mterpretation of the diagrams, etc.

For the monopole particle-hole force, we complicate the problem by mcluding
in addition to the RPA vertices shown 1n figs. 11.1 and 112, (1) the “scattering’”
vertices of figs. 11.3 and 11.4, (u) the particle-particle and hole-hole vertices (figs.
116 and 11.7) and (1) the exchange components of the mteraction (fig. 11.5) These
last vertices may (or may not) be taken mto account in the definition of the phonon
A discusston of the relative advantages of these two procedures 1s presented
All the usual complexities of real nucler are mcluded n this second problem. The
large number of diagrams to be taken into account gives us a preview on the
feasibility of the order to which the field calculations may be performed in realisuc cases.

On the other hand, the model remains sufficiently simple, so that it 1s possible to
closely compare the results of the field diagrammatic expansion with those of a pure
fermion treatment of the residual interaction ', We compare magn:tudes which are
algebraically obtained. In spite of the nonexistence of a closed solution, this 1s still
possible m the present case, since there only are two dimensionless parameters 1n
the model, and any physical quantity ¥ can be obtained as a double series in powers
of these parameters We choose them to be (1) 1/Q, where 2Q 1s the degeneracy of
each single-particle level and (1) the ratio x = yQ/e where 7 1s proportional to the
strength of the restdual interaction and ¢ s the distance between the two levels

Y =3 a,n(x"|Q"). (11)

A perturbative fermion treatmeni corresponds to an expansion in powers of x
Thus, each column in the matrix representing the coefficients a,,,,, of (1.1) is ob-
tamed with increasing difficulty as » increases. However, all the elements in the
same column are s;multancously obta:ned In the field diagrammatic expansion, each
graph contributes to a certain order in @71, and thus an increase 1 the order of
perturbation represents an increase in the power of 2~ ! whuch 1s taken into account
Thus, the field treatment yields the succesive rows of coefficients a, , with mcreasing
d:fficulty, but all the elements m the same row with equal facility In particular,

t The problem of particles coupled through a panmg and monopole forces having only the
TDA vertices 1s treated n ref 3)

tt We have avoided using the numerical similarity between two curves as an argument for the

verification of the equivalence between the two treatments The validity of these visual arguments
s handicapped by their dependence on the scale, range of parameters, etc
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the RPA 1s the exact solution in the Iimtt of infinite degeneracy, and thus it gives
all the coefficients a, , (n arbitrary)

In consequence, the usefulness of the two perturbative treatments becomes com-
plementary to each other. In the present paper, we obtatn the first columns of some
matrices (a,,,,) through the fermion perturbation, and the first rows of the same
matrices through the field treatment. We verify that the two treatments give 1dentical
coeflicients for the corresponding regtons of overlap

The present paper has also a pedagogical aim: to perform an application as clear
as possible of the diagrammatic rules ') of the field treatment of a two-body nter-
action H,, . As previously mentioned, one uses the product space of the wave
functions representing independent particle and independent phonons as the basic
set of states Consequently, we take into account both fermion and boson terms in
the field Hamiltonian and other field operators. The fermion terms include a single-
particle Hamiltoman H,, (which contains the Hartree-Fock contributions from
H,, ) and the orignal mteraction H,, (minus the Hartree-Fock contributions).
The boson parameters must be consistent with the initial two-body mmteraction The
most practical way to derive these parameters 1s through an RPA calculation Thus,
we obtain the frequencies of the phonons and the amplitudes 4, u [egs. (2 14), (3 18),
(3.40) and (3 43)] which determine the value of the particle-vibration vertices feqs
(2 16), (3.20), (3 47) and (3 48)] and the phonon terms in the transition operators
[egs. (2.33) and (326)] The total field Ham.ltonian [egs. (2 20) and (3.23)] and
field operators are treated with.n a graphical perturbation expansion Th:s 15 neces-
sary, since one must disregard all diagrams in which a pair of particles (holes)
mnteract twice with each other, through the same two-body vertices (figs. 1.1 and
1.2) entering in the RPA calculation and/or through particle-vibration vertices
(figs 21 and 2 2) Of course, 1f any of the two lines nteract 1n between with a third
line, the diagram should be maintamed. A similar rule holds for diagrams including
mteractions between particle-hole lines, mn the case of particle-hole collective modes
The remaining graphs have to be evaluated according to the usual rules for the
calculation of diagrams In particular, all time ordenings of the vertices have to
be included.

Initial and final states must be proper states, 1 ¢, states which include particie,
phonons or both, but not any particle configuration which may be replaced by a
combination of phonons. This restriction does not apply to intermediate states.

If in a given diagram there 1s a fermion line and a particle-hole boson line 1n
parallel [such as in graph (19.1)], we must subtract another diagram 1n which the
phonon 1s replaced by a pair of (non-interacting) particle-hole lines [graph (19 2)],
(subsect. 32.2) However, this rule does not apply when only the direct terms are
used 1n the RPA equations which determine the properties of the phonons [for
nstance, 1n the case of a separable interaction (subsect 3.2.1)].
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2. The pairing force Hamiltenian in the two-level model
21 FERMION CALCULATION

In this subsection, we discuss the pairing residual interaction. In the first place,
we ensure that this interaction does not contribute to the Hartree-Fock excitation
energies In addition, we perform a conventional perturbation calculation of the
pairing force. The results of this calculation are given 1n table 1, for various physical
magnitudes. The pairing interaction 1s treated within the field formalism in subsect 2 2.

We start with a fermion Hamiltonian H which includes a single-particle term
H,, and a two-body interaction ' H,,,

H=HSP+H,,. (2.1)
H,, = deo(N,+Ng), (2.2)
H, = —1G(P*P+PP"), (2.3)
where

Pt = Af+AI~ (2.4)

A; = Z cp::l 0;1 > N, = z Ct Cont »
. m>0 ) m . (2 5)

AI = Zocﬁi cmi’ NT = z cmi cmi .

m> m

The operator c,, creates a particle in the state (m, o). The subindex ¢ = 1 or
¢ = —1 = 1 denotes the upper and lower level, respectively Each level has degen-
eracy 2Q and the semi-integer number m (|m| £ Q—1) labels the degenerate states
The state (1, ) = (—m, o) 1s the time reversal state of (#, 6). The quantity g, 13
the distance between the two levels and G, the strength of the pairing interaction

The interaction (2 3) satisfies the Hartree-Fock condition for the closed-shell
system, namely the vanishing of the matrix elements of H between the vacuum
state and particle-hole states. Therefore, no change is required for the wavefunction
of the single-particle states c,;;|HF) and single-hole states c,,;|/HF).

However, there is a contribution of H, (2.3) to the Hartrec-Fock energies &,.
whech are defined through the hinearization equations

[H, 6'1:1 IHF> = ¢, C;1|HF>,

(26)
[H’ ch][HF> = —¢&f chIHF>
Here |[HF) 1s the closed shell Hartree-Fock vacuum i
e |HFY = ¢}5|HF) = 0. (2.7)
t The difference between (2 3) and the more conventional form H, = —GP*P 1s a term which

1s proportional to the number of particles and which therefore simply displaces by equal amounts
all the levels belonging to the same system

t Note that there are several ground or vacuum states used in the text, and a clear distinction
between them has to be made Here |HF) 1s the closed shell ground state in which all levels with
6 = 1 are occupied and those with ¢ = 1 are empty, (¢ |[HF) = ¢*,7|HF> = 0), [y> 15 the RPA
ground state (I,Jy> = O where I, 1s the phonon annihilatton operator); |0> 1s the vacuum state
in the field treatment (c,|0> = ¢*m1|0> = I,|0> = 0); |g.s > 1s the exact ground state, which 1s
obtained by treating the interaction in all order of perturbations; and [v) i1s the vacuum state for
all particles
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Introducing (2.1) 1n (2.6), we obtamn

g, = —&5 = (g0 +G). (2.8)
Therefore, the particle-hole, Hartree-Fock excitation energy ¢ is given as
e =¢g —&f = g+G. (2.9)

We redistribute the terms (2.2) and (2.3) n (2.1) so as to include m H,, the
Hartree-Fock contributions of H,,

H=H,, +H,,
H, = }&(N,+Ny), (2.10)
H, = —3G(P*P+PP* + N, +Nj).

The same vertices (fig. 1) correspond to the residual interactions H, and H,

In a Feynman perturbation expansion corresponding to H,, diagrams containing
Hartree-Fock 1nsertions vanish. The same vertices (fig. 1) correspond to the residual
interaction H, and H;. The values of these vertices are '

(m303, myos|Hylmyay; m 6,) = =GB,y 75,044, 03 Ome, i1, Oy, 0 (my, my > 0)
@ 11)

(' 1) (m)

(m1) (1)

Fig 1 The vertices corresponding to the two-body pairing interaction In each graph there are

two pairs of fermion lines The fermions belonging to the same pair meet the vertex at the same

point The value of these vertices 1s —G 1f 1n each pair of particle lines, the one corresponding to

the state m > 0 appears to the left of /2 < 0, and 1f 1n each pair of hole hnes, the line corresponding

to % <C 01s placed to the left of m > 0 (as n the figure). A munus sign appears for each mterchange
of this order.

If 63 = 0, = 1, the vertex (2 11) corresponds to fig. 1.1; if 6, = —o,, to fig 12.
The most general matrix elements of H, are constructed in appendix A. Use 1s
made of the quasispin formalism, 1n a representation carrying N, and Nj as good

¥ The bar on top of H,” [eq (211)] mndicates antisymmetrized two-body matrix elements,
(m363, Moy B, | mao,, moy) = —(ms0s; mao4|H ) |myay; myo,), although the graphical represen-
tation of fig 1 1s that usually employed for the direct component of the interaction
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The fermion calculation of the coefficients a,, , for several energies

n EP)—E(gs.) E(F)—E(gs) E(1)— E(P)— E(F)
Qno an1 Qn2 ano Qyy Qn2 Ano any Gy

0 128 64

i —64

2 —16 32 16 16 —32

3 - 8 32 —16 12 — 4 12 —44

4 -5 36 —48 10 —12

quantum numbers. These matrnx elements are used in perturbation theory, 1n order
to obtain energies and transition matnx elements. The results are straightforward
but tedious to obtain They are cast mnto the form (1 1) with
x = 2GQ/e (2.12)
The resultant matrix elements a,, , are given 1n table 1 for six cases of interest.
Three of them correspond to excitation energies The fourth, to the energy of the
closed shell system, and the last two are the matrix elements of the operators 4, , 4,
whuch create two particles in the upper and lower single-particle states, respectively.
The symbols* (g.s.) and (P) label the lowest state of the closed shell system and of
the system with two more particles, respectively In the odd nucleus, with one
particle more than the closed shell, (F) denotes the lowest state while (1) indicates
the first excited state Both (F) and (1) have a degeneracy of order 2Q.

22 NUCLEAR FIELD CALCULATION OF THE PAIRING INTERACTION

2.2.1 Construction of the pairing field Hamiltonian. As is shown n ref. ?), the
phonon terms in the field Hamiltonian are conveniently (but not necessarily) defined
through the RPA equations In the pairing case, there are two vibrational modes,
the addition (¢ = 1) and the removal (¢ = 1) modes Since the interaction 1s
separable, the phonon frequencies are given as roots of a simple dispersion equation
There 1s a single root w = w; = wj different from ¢, because of the particular
degeneracies of our problem,

o = g(l—x), (2.13)
where x 1s given in (2.12). The RPA also yields the matrix elements

lAT YD = ilAT ) = QA = e+ 0)(Qew)?,
lAly = Pild ) = Qu = $(e— 0)(Qlew)?,

where |y,> represents the RPA state with one o-phonon present and [} 1s the
RPA ground state.
Eqs (213) and (2.14) constitute all the results that we must obtain through the

em=ub B =,

1

(1) = (v 1), (S) = (8)

(2.14)
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1

and matrix elements, in units of —1 _ (pairing interaction)

33

128
E(gs) <P|A1+|gs> <P!A—1|g5 >
o Qny an2 ano any Qn2 Qno Qnt An2
128

—64 32

—16 4 —8 16

— 8 4 —8 11 —14 8
-5 4 -2

RPA 1n order to construct the collective field Hamiltoman.

The term of the field Hamiltonian representing the set of independent phonons 1s

H, = o([{ I, +T'{I75).

where I’y 1s the creation operator for a o-phonon.

(2.15)

The particle-vibration interaction vertices are given in ref. 2). For the addition

mode,

A(my L myl) = ny = UH,, ¢y Coytl0D

= Z (’nl 19 rnZ llﬁ{,lma, m'a‘)(tﬂ[c,,,;ac,,,,](ﬁo

m>m’
4

m>0
o

= —Adp, m, (fig 2.1),

Al(’nl T: n12 I) == <0IHpv cmzi cmlilnl = 1>

6"’2.'“1 Z ('nl 1’ m1 ”H;'ma’ ma)(wlcﬁacmal'l’1>

= z (’nl I, mz—l-lﬁ;) ma, m16)<'llllcmo'cmallll1>

m>m’
o

—Ad

(fig 2.2),

m2, i

A(my1;my 1) = Olep Hyy Cpyiln, = 1D

i

m>m’
4

=0 (fg23)

S (my L my Hme, m'6)Y|cm o Cmalt1>

(2.16)

Use has been made of (2.11). Here, |0} is the vacuum state 1n the field treatment
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and |n,) 1s the state with n, o-phonons. The constant 4 1n (2.16) has the value

4=- Zo(ml 015 m1 G'IIH;IMG'; mo’)<¢lcﬁa cmaw’1>
m>

GY1A; W 1> +<YIAT Y1)
= G/Q(1+p) = G(Qe[w)?
= }ex(ewQ)*. (2.17)
We proceed similarly for the removal phonon
Ag(my 15 my1) = OlH, y s Cpalny = 1) = — A0y, ;5
Ai(m 1, my 1) = (ny = 1{H, | Cpyi Cm3l0D> = —Abpy i, 5 (2.18)

Ai(my 15 my I) = (Olca,1 Hpy Cuyilns = 1) = 0.
The sign on the right-hand side of eqgs. (2.16) and (2 18) corresponds to the case
my > 0.
All the interaction vertices for the addition and removal phonons have the same
value, — 4, and the selection rule, 6, #,0,,,,,- This selection rule implies that the
two-fermion lines joining a given vertex, should correspond either to two particles

{m,1)

) (m7)

1 2 3

Fig 2. Vertices corresponding to the particle-vibration interaction. The value of the vertices 2 1

and 2.2 1s —A 1f the particle line corresponding to m > 0 appears to the left of the particle line

M < 0, or the hole line corresponding to % < 0 1s placed to the left of the hole line corresponding

to m> 0 A munus sign appears for an interchange of this order Similar vertices exist for the
removal phonons

or two holes. In consequence, only the vertices 2 1 and 2 2 have the value — 4, while
2 3 vanushes (fig. 2)
The particle-vibration mteraction H, , 1s written

H,, = —A((['{ +T1)(A; + A7)+ +TT)(AT + 47)). (2.19)

pv
Note that, in general, (215) and (2.19) include as many different phonons as
roots of the RPA equations. In the present case, however, the roots other than @
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(2.13) are irrelevant, since the corresponding particle-vibration vertices (2.17)
vanish and, therefore, there is no coupling (2 19) between these phonons and the
remaning system.

The total field Hamiltonian H; 1s made of (2.10), (2.15) and (2.19)

Hy=H,,+H,+H,+H,,. (220)

This Hamiltonian must be treated withun a diagramatic perturbation expansion.
All diagrams 1 which two particles (or two holes) appear at the same vertex and,
without interacting in between, together disappear at a second vertex (bubbles)
must be disregarded.

2.2.2 Calculation of the energies using the field Hamiltonian The zero-order field
Hamiltoman 1s

Hy=H;, +H,. (2.21)

Thus, for the one-phonon state alone, or for the one-phonon state in the presence
of a hole, the zero-order excitation energies are given by the RPA frequency @

e (213)]
EOP)~E®(gs) = EO1)~EOF) = o = s(1 —§v—§x" = x’ —r3px* = .. )

(2.22)
For the single-particle state, the zero-order energy 1s [eq. (2.8)]

EF)—E®(gs.) = ¢ (223)
The zero-order energy of the vacuum state has the RPA value (see appendix B)

EOgs) = — 22 = —dxe(l+iv+dd 83+ L) (224)
et

The values (2.22), (2.23) and (2.24) coincide with those obtamed in the fermion
calculation in the imit 2 — oo (see table 1) Thus, the coefficients a,, o are correctly
given by the zero-order Hamiltoman (2.21). Since the graphical corrections are of
higher order 1n 271, we have verified the fact that the RPA yields the exact results
tn the limit @ - oo (if x remains smaller than unity ')

The other coefficients a, ,, (m # 0) are given by the diagrammatic perturbation
expans.on In the present case, a given diagram contributes to a single power of
Q7 ', which 1s determined as follows* each factor A is proportional to Q7 %; each
imdependent summation over intermediate single-particle states yields a factor 2Q
(degeneracy of the levels) and each four-point vertex. a factor G = xg/2Q = O(Q™1)
leq (212)]

Every diagram 1s calculated according to the usual rules *3)

A diagram 1n which the mitial (or final) state 1s not an termediate state will be
denoted as a BW diagram . If either the initial or final state is an intermediate state,

T The condition that  1s real mmplies ¥ < 1 [eq (2 13)] We also assume that the difference
between ¢ and w 1s of the same order of ¢
*t BW stands for Brilloun-Wigner
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1t 1s a renormalization diagram. In the Brillouin-Wigner graphical perturbation
expansion [see appendix B of ref. )] no renormalization diagrams occur. These
diagrams are taken implicitly into account by using the exact energies of the mitial
or final states 1n the denominators of BW diagrams. In the present paper we expand
these energy denominators 1n powers of Q7. The zero-order term of this expansion
yields the denominator of the Rayleigh-Schrodinger perturbation theory for BW
diagrams. The higher-order terms correspond to Rayleigh-Schrodinger contributions
from renormahization diagrams.

We apply these rules to the calculation of the four energies listed 1n table 1. In all
these cases, there 1s only one graphical correction of order 2!, which 1s represented
m figs. 3.1, 4.1, 5.1 and 6.1, respectively.

Note that, in this paper, each drawn diagram represents also all the other diagrams
which may be obtained from the first one through (1) a permutation of the time order
of the vertices, and (1) a change 1n the sense of the arrows corresponding to inter-
mediate states.

As an illustration of the procedure which 1s used 1n the evaluation of diagrams,
we calculate in detail the graph 3 1.

K

s P —popmz

f _
,/—

8

o
9

L
3
3

Fig 3. Diagrams contributing to the energy of the one-phonon state

9 10
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If we allow for all the time permutation of the vertices, we obtain 4! = 24
diagrams. From these, sixteen diagrams have scattering vertices which vanish. Thus,
the eight diagrams given 1n fig. 7 remain to be evaluated.

Each diagram contributes with a factor A* (since there are four particle-vibration
vertices). The summation over all intermediate particle states m introduces another
factor 2Q Thus, these diagrams contribute to the order (27 *)* Q = Q7.

\
\
/)q. :

i
E
13

Fig 4 Diagrams contributing to the energy of a one-particle state.

The sign of each vertex 1s obtamed according to the rules stated in the captions of
figs. 1 and 2 and 1s given explicitly in fig. 7. Thus, four diagrams of the first row and
the last diagram of the second row have two positive and two negative vertices.
There 1s an additional minus sign due to the crossing between the two fermion
lines In the three first diagrams of the second row, there are three negative and one
positive vertices However, they yield contributions of the same sign as the previous
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i ]
I
2RI

Fig 5 Diagrams contributing to the energy of the particle-phonon state

1 2

Fig. 6. Diagrams contributing to the energy of the ground state.

five, since there are no fermion crossings. Moreover, the product of the three
denominators 1s negatrve, and thus all eight diagrams give a positive contribution.

The energy differences between initial and intermediate states are explicitly written
n fig. 7. The energy of the initial state 1s denoted by E. Thus, the summed contribu-
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- e Dy = ) E- A
-, E€ E-2u-€ . > € WM\e20e
- m " E-w-2¢ - .
™ E-w -2€ E-w-2€ A P m nE€
mifm’ 20~ m\l/ E-2u-g
m . ) E-€ ¢ E-24-€ \
E-€
1 2 3 4

Fig 7 The time permutations corresponding to diagram 3.1. The sign of each vertex 1s explicitly
mndicated

tions of the eight diagrams in fig. 7 1s

—A%2Q ( ! + 2
(E—e)(E~w—-2¢) (E—e)E—0—2¢)(E—2w—¢)

1 4 )
+ +
(E—0—2e)(E—20—2¢)* (E—20—¢)*(E—3w—2e)
__ —A%8Q ( (E—e—w)? 1
(E-e—20)* (E-w—2¢)(E—e)® (E—2&—3w)

) . (2.29)

If we replace E by the unperturbed value w, the contribution of the diagrams of
fig 71s

oo D(gs) = A* & 1
EDP)—ED(gs ) = A*4Q ((ez_wz)z + (s+w)3) : (2.26)
Using (2.17) and (2 22) in (2.26) we obtain
4 1 1 x%e
EWPY—EWD(gs) = ¢ (_.,. ___)=__ T+x4+3x2+..0).
(B)=E"(es) 49(1-x) \x*  (1+1-x)*) 4@ ( ® )

(227)
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Simularly, the other cases (cf. figs 4, 5 and 6) yield,

A2 x2e
EMDF)-EMNgs) = —— = — (1+3x+5x"+...), (2.28)
g 80
(1) (1 (1) A? x% 5.2
EVM)-EV(F)-ET(P) = == (1+3x+5x"+. ), (229)
c+w 8Q
A*40 x*e
EMgs) = =" 2.30
(8s) (e+w)® 320 (2:30)

To obtamn the expansions (2.27)-(2.30), we utilized the series for @ m (2.22).
In all cases (2.27)-(2.30), a single graph gives all powers of x and a single power
of @71, We verfy that the a, ., coefficients i (2.27)-(2.30) reproduce those
obtained 1n the fermion calculation for » < 4 (table 1).

The corrections of order Q™ are given by the remaming graphs of figs. 3, 4, 5
and 6. Only those graphs contributing with powers of x with n < 4 are given 1n
figs. 3, 4 and 6 and with #» < 3 in fig. 5. The last diagram in figs. 3 and 4 shows the
initial state as intermediate state In this case the contributions to the coefficients a,, ,,
listed 1n table 2 correspond to the time permutations yielding BW diagrams.

The renormalization diagrams corresponding to the time permutations of graphs
3.12, are obtained from the eight diagrams of fig. 7. Since we are calculating con-
tributions of order 272, and the factor A*Q of these diagrams in (2.25) is already

TABLE 2
The values of the coefficients a, , corresponding to the diagrams of figs. 3, 4, 5 and 6 (in units
1
of 13%)
Graph EP)—E(gs.) E(F)—E(gs.) EQ)—E®P)—E(F) E(gs.) oW(E)/oE
aszz as2 asz aq2 azz asz asz as2 az2 aszz
2 —8 —14 —4 —32 — 8 -2 —48 —48
3 —8 —12 -3 — 4 —48 —56
4 — 6 —4 —4 — 8 —24
5 — 4 -2 - 8 —16
6 —8 — 8 —32 —32 —32
7 —8 — 8 —32 —32
8 — 8 8 —32
9 — 8 8 —16
10 -~ 4 -16
11 —16 —24 —128 —144
12 -— 4 -32
Renor. 32 52 1 192 256
Sum —16 —48 —4 —12 —32 —44 0 —2 —96 —192

The contributions to dW(E)/oE of fig 3 are also given 1n the same units.
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of order Q7 !, we are interested in the value of the bracket on the right-hand side of
(2 25) up to order Q~*. This 1s obtaned replacing E 1n the energy denomunators
by the sum of (2.22) and (2 27), and expanding to first order in Q™. The result 1s

E®(P)-EP(gs) = A% (1 + M) (1 —3(1—4x) (fs"w—‘:)z)

e’x &(e+w)
3 4
£X 13 gx
=4+ = 4 2.31
4Q° 32 @ (2:31)

We proceed similarly in order to evaluate the graphs of figs. 4 5, 58 and 5.9. The
resulting contributtons are given in the row labelled Renor. of table 2 (renormal-
1zation diagrams) In the three cases, they have opposite signs to the contributions
of BW diagrams listed in the same table. There are no renormalization contributions
i the case of the ground state, since they would imply unlinked graphs.

2.2.3 Calculation of matrix elements using the field Hanmultoman According to
ref. 2) we have to include both fermion and phonon terms in the field calculation
of two-body transfer processes. To a fermion operator #* creating two particles,
there corresponds a field operator %,

PT =% (mI, Y| 2 N)eaemit+ Y (ml, m'UPT Ve e s

m>m’ m>m’

P{ = WP WO + Y2 W1+ 27

Here |mo, m's) denotes the (antisymmetrized) two-particle states. The RPA
matrix elements of (2 32) are

Py = 3 (ma, m'e| 27 [V)ileqs cuol¥> = Y. (ma; |27 |v)

(2.32)

m>m’ m>0
X <l//1|c:|-a c;ah/’): (2 33)
WP > = T (mos m'al P VKPlet, ¢ 0
= % (o3 mal " V) le, crol1)- (2.34)

g

Let us consider the two creation operators 4, and 4. In these cases
NI _ oz s ,
(l‘l’lO’, mao IAI IV) - Oa', 1 om',mao’,o' m“nll’ (235)
(mo; m'e’'|A5|V) = 6, 10, w0, o m/Im]
Using (2 32)-(2.35) we obtain

(A1) = AT + Y IATWOT] + QAT [WidT s = AT + Q@AY +ul7),  (236)
(A7) = Az + <l AsYOTT +PlAslY T = A +Q(ul'y +ATg), (2.37)

where the coefficients A and p are given in (2.14).

The operator (2.36) corresponds to the creation of two particles in the fevel above
the Fermi level, while the operator (2.37) creates two particles 1n the level below.
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Fig 8 The vertices corresponding to the transfer operators A, * (vertices 1, 2, 3) and A7 (vertices
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Fig 9 Diagrams contributing to the two-body transfer processes
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Application of (2.37) to the unperturbed ground state |0) gives non-vamshing
contributions only because of the existence of RPA ground-state correlations (see
subsect. 2.2.4). The first and second terms 1n (2.36) would be the only ones in a
TDA calculation 3). There are three vertices for each operator A, 41 (fig. 8). Note
that each pair of vertices (8.2, 8.6) and (8.3, 8.5) have the same graphical represen-
tation. Their value depends on whether we are calculating matrix elements corre-
sponding to (2.36) or (2.37).
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According to appendix B of ref. ), a matrix element of an operator T 1s given
by the product of the effective matnix element (P|T|gs.). (Which depends on the
operator T 1itself) times the normahzation of the itial and final states.

To leading order, the factor {(P|T|g.s )., corresponding to the transfer operators
(2.36) and (2.37), 1s given by the value of the vertices 8 2 and 8 6, respectively,

(PlA}125.0® = e+ 0)(Qfew)t = QFA+Lx" +5x>+. ), (2.38)
(PlA;]25.)® = (e~ 0)(Qlew) = Q(Ax+3x"+x>+ .. ) (2.39)
In both cases, there are two different diagrams which yield contributions of
order Q71 (with respect to the main term of order Q%) The value corresponding
to fig. 9.1 15
(PlAT|gsd = —1xQ ¥ (1 +3x+Hx*+ .. ), (2.40)
(PlAzlgs ) = —&x3Q7H1+ . ). (2.41)
Only those time permutations of fig. 9.1 in which the vertex 8.1 1s present, con-
tribute to (2.40). Only those in which 8.3 appears, contribute to (2 41).
The diagram 9 2 yields the following values
(PlAf|gsH = fx*Q7H 1+ . ), (2.42)
(PlAjlgsd? = —3x2Q ¥ 1 +3x+ .. ). (2.43)
The diagrams 9.3-9.18 contribute to the order Q2. Table 3 lists the corresponding

values for n < 3. Only those time permutations of figs 9 14-9.18 representing BW
diagrams are included.
TaABLE 3

The contributions of order 22 of the diagrams m fig 9 to the matrix elements of the transfer
operators 4; * and 47 (in units of 1)

Graph (P4, *]g.5.>.2 (PlA7|gs de?
azz as2 dszz
3 16 24
4 16 20
5 12
6 8
7 16 12
8 16 12
9 16
10 8 8
11 8
12 32 40
13 8
14 4
15 4
16 4
17 4
18 8

Sum 96 168 32
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Another contribution to the order Q72 1s obtamed by replacing the unperturbed
energy of the final state by the expanston of the exact energy up to first order, in the
energy denomunators corresponding to the graphs 9.1 and 9.2 If the corresponding
expressions are again expanded m powers of @71, graph 9.1 yields for the second-
order contributions

(Pl4f1gs. )P = —1x2Q7 1+ x4+ .. ), (2.44)

(Pl4slgs.>® = O(x*) (245)
Similarly, we obtain for the case of diagram 9.2,

(PlA]Igs YD = (O(x*), (2.46)

(PlAzlgs P = =I*Q 71+ ) (2.47)

Both the perturbed energies of the imitial and final states must be used 1n the
energy denominators However n (2.44)-(2.47) only the expansion for the energy
of the final state has been used, while the unperturbed energy 1s used for the initial
state Thisisbecauseif the imitial (or final)state1s the vacuum state, any renormalization
diagram (in which the vacuum 1s an intermediate state) 1s an unlinked diagram and
thus must be disregarded

The effective matrix elements (P|4;|gs ). and (P]d;]gs.De (up to the order
Q7 ?) are the summation of the contributions (2.38)-(2.47) plus those of table 3-

x  3x* 25x*  x* 5%

PlA]|gs c=Q*f(1+—1—x2+—1-x3————~——-—~—— ——+
CPldilgs > R 20 8Q 640  4Q* 8Q?

+0(x*, 9‘3)) . (2.48)

(P|Azlg.s.>, = QF (Lx+lx2+Ax3- x + x + 0 +O(x* 9‘3)) . (249)
‘ ORI 80 40 8Q? ’ '

In order to obtain the matrix elements of the operators 4, 43, we multiply
(248) and (249) by the amplitudes of the imitial and final states. According to
appendix B of ref. ?), the square of the amplitude of an unperturbed state 1s given
by the same diagrammatic expansion as the energy of this state. The difference lies
in the calculation of the denonmunators, since there 1s now a partial differentiation
which introduces an additional energy difference.

Let us calculate 1in detail the contribution from the diagram 7.1 to the square
root of the amphtude of the ‘““bare” phonon state in the “dressed” state [P). Only
the time permutation gtven explicitly i the diagram is considered. In this case,

IW(E) _ - A*%20 (2 N 1 ) (2.50)
0E  (E—e)’(E-2—0) \E—¢ E-2—o/ '




MONOPOLE INTERACTIONS 45

Introducing the first two terms 1n the expansion of E [re., o+ E®], we obtan
the partial derivative (2 50) up to O(Q7?2),

-~ 4
OW(E) _ A‘j ( 2 _ i) —24*EDQ (—————4 . — LI ) +0(Q7%)
) (w—e)c \w—e 2 (w—¢)* 2¢& 2¢(w—e)
x 3x* 05X 3xP 7}
—_—  —

Simularly we obtain the contributions of all diagrams of fig. 3 (table 2). The total

value 1s
2 3 2 3
WE) _x  Sx ox W N o, 1. (252)
OE Q 380 8Q 4Q 20Q

The amplitude of the unperturbed phonon state in the final wave functions is

( aW(E))"% x 5% 5 9x?
- ——=) =1+ — 4 — + — — 5
) 20 T 16 16Q 320

+0(Q73,x*).  (2.53)

The amplitude of the initial state is taken to be unity again because any difference
with unity corresponds to unlinked diagrams for the vacuum state.

The product of (2 48) or (249) with (2 53) yields the coefficients a, , listed n
table 1, for the matrix elements (P|4;|0) and (P|41|0), respectively.

2 2.4 Interpretation of the diagrams We center the discussion on the nature of
the vacuum state |0).

Within the field treatment, the vacuum state is the real vacuum both for particles
and phonons.

catl0> = ¢ul0> = 0, (2.54)
r,|0> = 0. (2.55)

We also note that the only second-order diagrams 10.1 and 10.2 do not exist,
since they contain bubbles Yet we know that the closed shell state [where (2 54) 1s
vahd] has first-order admixtures of two-particle, two-hole states. Therefore, the
vacuum 1tself must contain all the ground-state RPA correlations, which agrees with
(2 55) but 1s 1n contradiction to (2.54). Thus 1s further confirmed by the expression for
the unperturbed energy of the vacuum state [eq. (2 24)] The graphical field treatment
corrects this discrepancy in succesive orders of perturbation as follows:

In a Feynman diagrammatic expansion of the residual nuclear mnteraction, inter-
mediate states may violate the Pauli principle However, for a given diagram 1n
which two fermion lines are simultaneously in the same single-particle state, there is
another diagram 1n which the corresponding end-points are interchanged This
second diagram cancels the first one. For instance, 1n fig. 10.3, one of the possible
intermediate states has (m, 1) = (m,, 1) This intermediate state cannot exist in the
presence of an odd nucleon 1n the single-particle state (m,, 1). There 1s another



46 D R BES ¢t al

diagram (fig 10 4) in which the two fermion hnes (m, 1, mq, 1) are exchanged. The
crossing of these two lines introduces a minus sign which cancels the component
m = ny of the diagram 10 3, which violates the Pauli principle

The diagrams 10 3 and 10 4 are members of a subset of graphs which are replaced
by diagram 10 5 and 10.6, respectively, within the field treatment of the residual
interaction The cancellation of the spurious component also exists here (since we
obtain the correct final results). The effect of the process represented 1n fig. 106
amounts to subtracting a component which should not be present in the initial
state (fig. 10.5). Note that the fermion diagram 10.3 1s included (among others) 1n
10.5, since the vacuum state used in graph 10.3 is the Hartree-Fock vacuum |HF),
while the vacuum state corresponding to fig. 10 5 is the field ground state |0).

STy bl at 1)
(mDf D) (M1
{m,0 J(m,0) (m, DL [(m,T) o\ S

(m.,l) (m"‘)
A
(Fol) (s, 1)
“““““ (me,1)
(m.,1) {m.,1)

Fig 10 Daiagrams illustrating the interpretation of the vacuum state |0> in the field treatment

3. The monopole particle-hole force in the two-level model
31 FERMION CALCULATION

Due to the presence of scattering terms in the monopole mteraction, the mmitial
Hamiltonian (3.1) does not satisfy the Hartree-Fock mimimization conditions.
Consequently, a transformation between single-particle states 1s carried out 1 the
first part of this subsection. One obtamns the new Hamiltonian (3.14), which may be
treated within the field diagrammatic expansion.

In the second part of this subsection, a conventional perturbation calculation of
(3.14) 1s outlined for various physical magmtudes.
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The inittal Hamiltonian 1s again divided 1n two parts,

H=H_,+H, (3.1)

H,, = 3eo(Ny,0+N10), (3:2)

H, = =1V, 0% (33)

Q = 45 +40+91,0N1,0— 41,0 Ni,0> (34)

where
N1,0 =Zbr:1bm1! NI,O =mei ,:I, Ag‘ =Zb;1bm1 (3-5)

Here, b,,, 1s the particle creation operator and ¢, o (q7,0) are the single-particle
(single-hole) monopole moments The opposite signs in front of the last two terms
in (3.4) reflects the opposite signs between the static multipole moments corre-
sponding to particles and holes.

The Hamiltonian (3.1) has non-vanishing matrix elements between the closed
shell state and particle-hole states. Therefore, one must perform a Hartree-Fock
transformation between single-particle states

Cmt = mel—ybmi’ Cn1 = ybml +mefa 22+y2 = 1. (3'6)

Using the inverse transformation to (3 6), we express the monopole operator (3.4)
n terms of the new creation and annihilation operators ¢, and c¢,,,. The corre-
sponding expresston is analogous to (3.4),

Q =q(A"+A+q,N,~q1 Ni+4do), (B4)
where A* and N, are defined by analogy with (3.5) and (2 5).
Nl = zcr:lcml’ NT = Zcmic;i’ A+ = ch:l-l Cmi, (35,)

and the constants g, have the values

g, =(q1,02°+41,0¥°=2y2)lq, 47 = (q1,02° +41,0 ¥ +2y2)lq,

9o = 229Q2z+y(41,0—4q1,0)/a, 4 = 2" —y*+yz(d1,0—41,0) G
Inserting (3.4’) n (3.3), the monopole 1nteraction can be written as
Hy= —3V(A* +A+q, N, —q; Ni+q,)
= —1V(A7) +4%)
—V(47(q: Ny =q1 N)+(q: Ny —q1 N A+ A" +A4) (g, — 91 +240))
—V(A*A+3(9, N1 —q1 Ni+40)* +Q—4N, —1Ny), (3.8)

where
V= V,q°. (3.9)
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TABLE
The fermion calculation of the coefficients a,, m for two energies and for a

n (g1 +97)? @;1-—91)? q91*—g7?
Aano dny Gy Qny An2 dny an2 Apy [2%]
é 0 128
I —64 8 —38
g 2 -16 32 —12 —32 16
3 -8 32 -3 i =2 —73 111
&
A
NI 32 —16 ~16
12}
u'q 2 16 —20 4 —32 52 --32 40
Sl 3 12 —38 11 —42 203 —42 142
S’
34]
0 128
| 1 32 —16
% 2 20 24 7 -2 1 14 -7
AV

The single-particle term takes the form
H,, = eo(yz(A" + A)+3(z" - y*) (N, + N7)+2Qp?). (3.10)

From eqgs. (3.8) and (3 10) we obtain the Hartree-Fock condition concerning the
vanishing of the matrix elements between the ground state and the particle-hole
states

80yz = V(41 —4q1+240)- (3 11)

Introducing (3.8) and (3 10) 1n (2.6), the Hartree-Fock energies ¢, are

& = Heolz* —y*)+V =Vai—2Vq, qo),
. , (3.12)
g1 = —Heo(z" = y*)+V=Vqi+2Vq1q,)

Therefore, the particle-hole Hartree-Fock excitation energies ¢ are

¢ =g —¢e1 = 30(22_y2)+ V(l‘“%(‘If'FQ%)—(ZO(ql_QT))- (3.13)

It 1s convenient to transfer the Hartree-Fock contributions given in the second
term of (3.13) from (3.8) to (3.10). Thus, we redistribute the terms in the total
Hanultonian (3.1) and obtain

H=H,, +H,+U,

Hslp =¢& N,;—eg Ny,
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4

transition matrix element, in units of T‘;—s (monopole particle-hole interaction)

(g1 —q7)* (9:2—q7»? (a21+971)*(q1—91) @1+41)4q—97)°

dp2 An2 (7 Qn2
—10 2
—20 —4 2 —26
Hz; = _%V((A+)2+2A+A+AZ)— V(A+(‘I1 Ny—q1 Ni)"*‘(‘h Ni—q; NT)A)

—3V((q: N;—qi N1’ —qi N, —q3i N1), (3 14)
U =:eQy*—VQ—-1iVq2.

The Hamiltonian (3.14) has a suitable form for application of the field formalism
since the single-particle term contains all the Hartree-Fock contributions and H,
satisfies the Hartree-Fock conditions for the state |HF). The relation between the
constants ¥, ¢, and the imitial ones ¥V, ¢,, o and, more generally, the solutions of
(3.11) are not relevant to our problem *. From now on, we operate with (3.14)

The non-vanishing matrix elements of H (3.14) are also constructed in appendix
A, using again the quasispin formalism. The resultant matrices are diagonalized n
perturbation theory. Each resultant energy (or matrix element) has different terms,
corresponding to different combinations of ¢4, ¢7. In addition, each term contains
a factor of the form (1.1), where x s now defined as

x = 4V Q/e. (3.15)
The lower coefficients of these double series are listed in table 4. The labels

t The aim of sect. 3 1s to treat a Hamultontan which presents all the vertices of fig. 11 and which
satisfies the HF conditions (such as (3 14)), independent of the derivation of this Hamuiltonian.
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(g.s.) and (S)denote the ground and first excited state of the closed shell system,
while (2) denotes the first excited state of the odd system *.

32 NUCLEAR FIELD CALCULATION OF THE MONOPOLE INTERACTION

For the monopole interaction (3.14) we have the possibility to include only direct
vertices 11.1 and 11 2 [eq. (3.16)] 1n the definition of the phonon, or to include both
the direct and the exchange vertices 11.1, 11.2 and 11.5 [eq. (3.33)] In the first
case, the construction of the phonon 1s simplified, but at the expense of having to
consider more graphs than in the second case.

33 THE FIELD TREATMENT OF THE MONOPOLE INTERACTION

3.3.1. Inclusion of the direct component of the interaction in the construction of the
phonon. The matnx element of the monopole interaction between non-antisym-
metrized states can be written as

(myoy; myes|Holm' 013 my65) = —(V/g?)(m, 0,1Q1m) 1)(m 6,1Q|m} 63),
(maIQ[m'a") = 5mm'(5d—-a’+6o’a' o-qa')'

The direct and exchange matrix elements are separately represented in fig 11. The
corresponding values are

(3.16a)

(m31; my Y Hgimy T3 my 1) = = V3 pymy Omyms (fig. 11.1),
(m31, myIHymy1, my1) = — V3, m0mim, (fig. 11.2),
(myI; myl{Hglm, 1;myl) = ~Vq, 6pmyOmym,  (fig. 11 3),
(my T my I[Hglmy 15 my 1) = V41 mm; Omams (fig. 11.4).  (3.16b)
(ma 15 m31|HylmaI;m 1) = V4, 41 0mumy Ompm,  (fig. 11.5),
(my s ma 1 Hglmg1;my1) = ~Vqi8,m 0mm,  (fig. 11.6),
(m3T;my T H im, 1, my 1) = — Vg3 omm, Omme  (fig. 11.7).

The vertices of figs. 11 1 and 11.2 correspond to a separable interaction, for which
the RPA solutions are easily obtained. Because of the symmetries of the problem,
there is again a single collective frequency . As for the pairing case,

o = ¢(1—x)*, (317)
where x 1s defined in (3.15). We also obtain the amplitudes
<'//1|Cr:1 cm'fl¢> = lémm’ = %(8-‘}-60)(28609)_%5"’"“,

(3.18)
<¢1|C;’T cmll¢> = #5mm' = %(8—(1))(28609)-*5"""',

t @ =09
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- tmy 1 {m,,1) - !
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Fig. 11. The matrix element corresponding to the direct and exchange components of the monopole
interaction. We use the convention that the particle-hole pair which approaches a vertex from the
same side, has the particle always to the left. If the hole line appears to the left, a minus sign should
be added.

(mMAn,T)
1

(m.1)

{m,1)
{m,1)
3

Fig. 12. The vertices corresponding to the particle-vibration interaction The fermion lines are
ordered as in fig 11.

Here |¢,) 1s the RPA state with one phonon. We denote by I'* the phonon
creation operator. Thus, the pure boson term 1n the field Hamiltonian reads

Hb=a)r+r.

(3 19)
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The particle-vibration interaction vertices are given in ref. 2).
A(’”l 1’ m; I) = <0]FHp v C;ﬂ cmzilo>
= Z ’(ml 15 m’I[H;lmz I’ ml)(‘ﬁllcr:l Cm'Ihp>

+ ¥ (my s ml|Himy T; D) e 1 e W)

= Oy my o, (M 1; mI|Hgm, T, mi)A+(m; 1, m1[Hglm, 1, mI)p)
— A5 (fig. 12 1),

A(m;T;m 1) = (OlH, , T ep g €10
=Y ((my 1y m'YHlm 1, mIY|cmy oyl

m,m’

my,mz

+(”12 I; mlIH;|n11 17 ’n/I)<l//1|Cr:'1 lell)b>)
= Opmym, 2, ((my 1; mI|Hylm, 1; m1)A+(m 1, ml{H|m 1. mT)y)

= — Ay, (fg 122),
A(m; 1, my1) = Olcp,  H, o ey TT|0D

=Y ((m, L; m'YH my 1, mD<Ylepy Cild

+(m1 1; 7711|H;|’"2 1; ’”,I)<¢1|C;'I CmtlV>
= Omymy 2, ((my 15 mIH lmy 15 m1)a+(m, 15 m1|Hglm, 15 mT)u)

= —Aq,bpm, (g 123), (3 20)
A(nll I’ m; I) = <0|c":21 Hp v CMJF+|0>
= Z(("h I,m' IIH;lmz L m )l Cariltr)

+(my T mlHglmy T, m DY lepe g Cnil¥))

= Opnymy 2, ((my Ty mI[H my Tom A+ (my 1, ml|Hglm, T, mT)u)
m

= 11qibmlm7 (ﬁg 12.4).
Here,
A = V2QA+p) = Ixe(e/2Qw)t. (3.21)

The four vertices (3.20) are represented in fig 12. Note that there are two more
vertices here (the two scattering vertices) than for the pairing case (fig 2)
The particle-vibration interaction corresponding to fig 12 and eq. (3 20) 1s

H,, = —A(I'" +I')(A" +A+4q, N, —q1 N7). (3:22)

pv



MONOPOLE INTERACTIONS 53

The total field Hamiltonian is obtained from (3.14), (3.19) and (3.22)
H¢ = H,,+H,+H,+H,, +U. (323)

One must add to (3 23) the (diagrammatic) rule that no successive vertices as the
ones appearing in figs 11 and 12 occur between the same pair of particie-hole lines
The zero-order excitation energy of the one-phonon state 1s given again by o,

EOS)—E(gs) = 0 = (1—3x—§x*—gsx’— ..), (324)

which agrees with the Q0 results of the fermuon calculation (table 4)

The diagrams contributing to the order 7' and Q™2 are given in figs. 13 and 14
(respectively) for the one-phonon case The corresponding values are listed in tables
5 and 6. As usual, only the values ongmated from BW diagrams are given. Those
Q72 contributions derived from renormalization diagrams are again obtained using
the Q! terms 1n the expansion of the exact energy in the denominators (as 1llustrated
in detal for the pairing case). These contributions are given in the last to one row
(labelled Renor ) of table 6 All the values listed in tables 5 and 6 are of simlar
order of magmtude, which makes 1t difficult to select a subset of graphs of particular
relevance. We also notice that partial summations are dangerous: for mstance, 1f we
exactly solve the equation for the energy in the Brilloun-Wigner perturbation
expansion, we obtain renormalization contributions. These contributions are sys-
tematically of opposite sign as those arising from BW diagrams. In particular, in the
case of table 6, they cancel most of the fourth-order contributions 1n ¢,, 95.

4 5 6

Fig 13 Diagrams corresponding to the order £~ 1n the energy of the one-phonon state.
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Fig 14 Diagrams corresponding to the order £2-2 in the energy of the one-phonon state

The particle-phonon case 1s studied 1n appendix C

The large number of diagrams 1n figs 14 and 21, rules out the application
of the field approach to physical situations itn which powers higher than Q2 become
necassary

Within the field treatment, the monopole operator Q¢ corresponding to Q [eq.
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TABLE 5

The contributions of the diagrams in fig. 13 to the coefficients a,, ; (in units of 1_;?)

Graph (q1+491)? (g1 —4971)?
x2/0 x3/Q x/Q x2/Q x3/1Q x| x2/82 x3Q
1 16 16 -8 —8 —16
2 8 8 -8 ~ 8
3 16 8 8 1 —8 -1
4 —~16 — 4
5 —34
6 —10
Sum 32 32 8 0 1 —8 —32 —73

(3.4')] has both the fermion term (3.4’) plus a boson term Qy,
O = Q+Qy, (3 25)
Qu = IQWHT ™ +<YIQIW DT = g(K¥ 1(AT+ AWHT ™ +<YI(A™ + A, >T)
= q2Q(A+u)'* +T) = q(2Qe/o) (I'* +T),  (326)

where use has been made of (3.18) Thus, the operator (3.25) has the vertices
represented 1n fig. 15. As for the energy, the matrix elements of (3.25) have to be
diagrammatically obtained. The graphs involving successive interactions between the
same particle-hole Iines have to be disregarded as usual.

We study, 1n particular, the matrix element of (3.25) between the ground and the
first excited state for the closed shell system.

The zero-order contribution to the effective matrix element 1s given by the phonon
vertex in eq. (3 26), namely

(SIQlg s > = g(2Qe/w)t = (22)*q(1 +ix+5x2+ . ). (327)

The graphs of fig. 16 yield the first-order contributions to the effective matrix
element. The corresponding values are listed in the columns labelled x*/Q (v = 0,
1, 2) in table 7. The values that are given in rows 7-10 of these columns correspond
to the possible time permutations of the graphs 16 7-16 10, mvolving only BW
diagrams.

The columns labelled x"E®/Q of table 7 yield the 22 contributions of diagrams
16 when the exact energy E(S) 1s approximated by the hinear expression

ES) ~ w+E™, (3 28)

where E*? 1s given 1n table 5, and the inverse of the denominators 1s expanded 1n
powers of Q7 The energy of the initial (vacuum) state is always kept equal to zero,
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(m, )V(m,f) (m,N)
%--g ¥ - ¥ -
(m,1)
1 2 3
{m,T)
x'- -'% * -- * ——
(m,t)/\m,l") (m,1)
4 5 6

X--= X-~

§
bel o

Fig 16 Diagrams contributing to the order £2-! in the matrix element of the operator Q corre-
sponding to the transitton between the ground state and the one-phonon state

8 9 10

since the corresponding renor malization dragrams are necessarily unlinked diagrams,
and therefore can be disregarded.

Other second-order contributions to the effective matrix element are given by the
time permutations of graphs 17 giving BW diagrams. The corresponding values are
listed in table 8

The remaining contributions of order Q72 are given by the diagrams which may
be obtained from those of fig. 14 1f we substitute the imtial or final phonon by the
vertices 152 and 15.5 as indicated in fig. 18. Thus, the corresponding values are
obtamed by multiplying by —g/A4 the results given in table 6 These last contri-
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TABLE 8

The contributions to the coefficients a, » corresponding to the transition matnx element of the
operator Q between the ground state and the one-phonon state, 1n units of (dlagrams of fig. 17)

Graph 202 (91 +491)* (a1—q7)* (q1+497)* (4;* —qriz)2 (g1—q97)*
’ x2/02? x2/62? x/0? x2/82? x/Q*  x%0Q* A2 x2[0Q*

1 4 —4 —4

2 2 ; i LS -1 - Pk

3 1 —1 —3 %

4 1 —1 —1 3

5 4 —4

6 3 —1 3

7 3 —1 3

8 ~4 b3 -1 -} b

9 1 —1 —1 %

10 1 —1 -1 3

11 3 -1 3

12 —1 1

13 —1 1

14 1 -1 1

15 1 —1 b3

16 —1 1

17 —1 1

Sum 6 8 —16 1 3 -2 -9 I 7

butions yield
x x(q;+91)°
(Si0les Y = )% (et 320+ XL Gy

x(q, —q7)* +q1)*
_ (‘1192‘11) (5+33%)+ (Q;zg;) (1—%x+337x2)

(‘1%_‘13)2 23142 (‘11 1) 15,1099 2) 2
- L4+ Ix+ 332y + L+ x+-33-"x 329
T I (I ite)) (329)

The total effective matrix element is obtamed (up to order Q~2) adding (3.27),
(329) and the results of tables 7 and 8

2 2
(SlQlgs.>. = (29)%q (1+ﬂ+32x _x A, 2

4Q 320 16Q* 207

7x? 5x2
+ "( + - ) +(q,—q7)
~(@ta3) 0 60 i) T@T9

1 x  295x? X 223x?
X{—+ —+ - == = =) +(q; +4q7)"

8Q 20  256Q 407 12807 102492
161x> 17x? .
+(q,—q1)* —(g2-q3)? +Ox3,93). 3.30)
(a,—4q1) 102407 (a1—47) 51207 ( ) (
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0b SRS
9 b

9 10 12

i i
EZ § 19 0 Lot

Fig 17 Diagrams contnbuting to the order £2-2 in the matrix element of the operator Q corre-
sponding to the transition between the ground state and the one-phonon state (see text)

Fig 18 An example of how to obtain the 2~ 2 contributions to the matrix element of the operator
Q corresponding to the vertices from the energy diagrams of the same order

The amplitude of the unperturbed state in the final state 1s obtaned from the
partial derivatlve

OW(E) _ (91 +497)° (9:—91% ;15 20 2
E ( +%x)+ T (1—23x)— o (1+383x+42x%)
__x_ 9. _ x(q,+431)° ° x(q; —q1)° 445
2(1+4x) ~eor (1+3x)+ ST (9 +252x)
(q1+Q1) 2 (g4 41) 751
o (1—3x—fex?)— o (1 +43x+ 3517
+ (‘11—‘11)2(1+2x+ 19 2) (3 3])

3202
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Thus, the amplitude 1s

E)*
(1__ 6W( )) (1+ )+ (q1+q1) (1 ix ) (g, - ql) (1+15‘€+ )
J0E 3Q 8Q
3x 7x X
- 14+3x)+ ——= (g, +q1)’ (L + Zx)+ —— 9+ 1a5y
1692( 29 6492(‘11 97) (1 +75x) 6407 —q1)( )

PN S
(____‘1;:;;) (1=gx i)+ B (o agond)

~ (a——qlz_‘ﬁ)z(w P+ +0(, Q7%). (332)
3202 :

The product of (3.30) and (3.32) yields the final matrix element {S|Q[gs.) which
has the same coefficients 4, ,,(¢,, g1) as the oncs obtained 1n the fermion calculation
(table 4), at least forn < 2 and m < 2

3.3.2. Inclusion of the antisymmetrized vertices wn the construction of the phonon.
The graphical representation of these vertices 1s obtained from fig 11 by collapsing
the dashed lines into a single point Thus fig 11 5 disappears The corresponding
values of the vertices are

(’7131; mliIH—;Imli-I; rnl 1) <HF|Cm¢1‘“m31H n111 mgTIHF>

= = V(Omims Omsms = 4191 Ormyms Omms) (fig 11.1),
(m31;my 1 H)|my1; my 1) = CHF[H ¢ y1 €yt Corgt €y 1| HED

= = V(3mms Omsme = Omms Omsma) (g 112),
(m31;my 1[Hlm,1; my 1) = (HF|c,,,; H Cpy1 €y, Coni | HF D

= —~Vq,(8m; Omyma = Omyms Omams) (fig 11 3),
(m31; my 1[Hym,T; m 1) = (HF ey H e Coryy €yt HFD

= Vq1(Ommy Omsms — Omims Omama) (fig 11.4),
(my1, myHymy1: my 1) = CHF|Cppyy Cyy HyCop iy it [HFD

= — V@ (O ims Omams — Omymy Omama) (fig. 11.6),
(my X5 my THlmy 13 m, 1) = (HFle 5 ¢t 1 Hj €y €yt [HFD

= —Vq3(Spmym; Omams— Omyms Omsma) (fig. 11.7).

It 1s convenient to classify the particle-hole states cnyc,»7/0> by the magnetic
quantum number M

M =m-m, (3.34)
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since the RPA equations separate for each value of M:

(e~ wpg, YA + Z(ml m’'—=MTIHm—M1; m'1)A%),

+Z(m1 m UH |m—MT1; m'+ MM, = 0, (3.35)

(et )i+ Z(ml m'—MI[Hm—MI; m'1)ul™),
+ ) (m1; m'1|Hyjm—M1; m'+ MTI)AM), = 0.
The RPA bosons are given by the linear combinations
FM vy = Z (/15’”,3 Cm+M1Cm ﬂf-M»Z Cov+ MT Cm1)- (3.36)

If M = 0, there are two RPA roots w, , The first one, w, corresponds to the
adiabatic phonon (v = 1), and 1s obtained by taking the amplitudes (%), and p{%),
to be independent of m. Thus, (3.35) reads

('~0-V(Q2Q-1)A-V(2Q—-1)p =0,

(3.37)
—V(22—-1)2+(¢ +0—V(2Q 1)) = 0,
where
g =e+Vq,q: V. (3.38)
Eq. (3 37) yields the energy
X
w=¢g{l-x+ (29,91 +x—xq,97 1- )
( 49( 9193 4191)— 6!22( —4q: ‘11)
=g (1 —Ix—x?—ex’ + é(%x2+ﬁx3)— > (3% +55x°)
+ 1 (e dpx) - = 32)+O(x Q3. (3:39)

The amplitudes are
A =22, = 129) (&)t +(0/e)t) = (20)7F (1+ Sgx?— 3?2 +0(x°, 9'3))

= = 322)7H('/0)} — (w/e')) (3.40)

- 1 9191 ¥ | 4143
= (2Q 5‘(x+’x2-— x+fex?)y— L = 4 AL +Ox Q3
(2Q)7* [4x+§ Q(% 16% ) 2 167 o 3 ( )) -

The other 2Q—1 solutions for the case M = 0, and all solutions for M # 0
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(non-adiabatic phonons) yield the frequency w,, thiough the equations
(&' — @y + VYA + VM = o,
VA + (e + oy + V)™ = 0, (3.41)

where €’ 1s given 1n (3.38). Thus,

2 - 2,2 2\4%
wM=s(1—- x2+‘11‘11§+Q141§__)
162 Q 2 Q16
= 8(1_ x> + 4:91 X +0(x3 Q—s)) (3 42)
3207 Q 4 ’ ’ :

The amplitudes 1) and u{™) of the non-adiabatic bosons may be written
Ao = hgalln,  plh =yl (3.43)

v, m?

where the coefficients a(M’ satisfy the conditions

Zasor)n = 0 (V > 1)’

a™=95,, (M=#0), (3.44)

Zlail?

The coefficients 4,; and p,, are given by

L{{e\ (on) x* -
) o
MZmM g 12802 0@,

1 (( - )% (wM)%) LIl 3
_— - = - 2 4 +0(Q~ 3.45
Hu Wy ¢ 8Q 3207 o). (3:45)

Egs. (3.39) and (3.45) contain all the RPA results that we need 1n order to
construct the field Hamiltonian The pure boson term 1s

Hy,=ol"T+aoyY (1=3y 08y, ). vTar,v- (3.46)
M,v

where the subindices M = 0, v = 1 are dropped from the adiabatic phonon.
The two-body matrix elements (3 16) are replaced in eq (3 20) by the antisym-
metrized ones (3.33), in order to obtain the new particle-vibration interaction vertices
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For the adiabatic phonon
A(m'e’, mo) = —A(0', 6)0p, >
AL, 1) =V(2QR—q,97)A+V(2Q—-1)u

= ¢(2Q)7* (§x+lx2— X 4141% +0O(x* 9’2)) (vertex 12.1)
Tt a0 ’ ’
A, 1) = V(2Q—1)A+ V(22 —q, 47)n (3.47)
- 1 q.9; ¥° 3 -2y
= g(2Q *(x+ x?— = (dx+ex?) - 2L L 0%, Q )
Gy (i = Laxr o) LA T Lo, 0
(vertex 12.2),
AL, 1) = Vq,2Q-1)(A+p)
=eq,(22)7 (%x+%x2— é x40, Q_Z)) (vertex 12.3),
AL, 1) = —A(1, 1)(q1/9,) (vertex 12 4)

The particle-vibration vertices corresponding to non-adiabatic phonons are smaller
than (3 47) by an order of magnitude in 27!, namely.

Ay (m+M1, ml) = V(q,q; 1M+,uM)a(M)

at™ 3
- - 4+0(x°, Q" ) vertex 12.1),
2’ (q‘ Ty e TOC ) ( )
Ay, (m+MI, ml) = V(A +q, 97 pag)at™)
2

- al™ (i‘ _ 52_ q,q7+0(x%, '2)) (vertex 12.2),

Ay (m+ M1, ml) = q, V(Ay+pa)al™) (3.48)
2
_ & asM")l (lx— X rOo3, Q2 ) vertex 12 3),
.Q q. |2 20 ( ) ( )

Ay (m+MT,ml) = —qi/q, Ay (m+M1, m1) (vertex 12.4)

We construct the particle-vibration interaction term in the field Hamiltonian with
the vertices (3 47) and (3 48)

Hy\ = =(A(L DA + (L, DA+ AL DN, + AL DN

+MZ (1 _5M, 4] 5v, I)AM, v(’n+MO—, mo-’)c,:,’+ Mo Cmo-'FM, v(l _5a+a’, -—2)

o,0’

+ 2 (1=04,06,. )Asr, J(m+ M1, mI)c, g cmipi Tar v +he. (3 49)
M,y
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The total field Hamultomian H; (3.24) 1s obtained from (3.14), (3.46) and (3.49).
The forbidden “bubbles” are now more general than before, since they can also be
generated by vertex 11.5. Consequently, fewer diagrams appear in the graphical
expansion. For instance, the diagram 13.3 1s now forbidden. Its contribution (table 5)
1s already included in the energy w of the adiabatic phonon (eq. (3.39)). We also
disregard diagrams 14.11, 14.16 and 14.21: 1f we add their three values (table 6)
plus the renormalization contributions corresponding to graph 14.21, we obtain the
Q72 terms in eq. (3.39).

Simularly, diagram 13.2 yields the value

_ A1, DAL, DA(L, TR AL, DA(T, 1)(A%(1, 1)+ 4*(1, 1)) 4Q

e(e—w)? &(e* —w?)
2 2/3 3 3 N2 L2
A1, 1)2/1 (12, 1)4Q+0(x4) _ e("— - X 4 @itan)” ¥
(e’ —0?) 162 160 2 16

_I__Z )2
+(‘11 ;11) (T1_6_x2+1_;_8x3)_(q1§;11) (%x2+T16x3)

+ (41~47)° (5x? +ﬁx3)) +0(x*, Q7% (3.50)
QZ 16 128 s H .

if the intermediate phonon 1s the adiabatic one. The value (3.50) 1s obtained adding
the contributions of subsect 3 3.1 corresponding to diagrams 13.2, 14.7, 14.10,
14 22, 14.36 and 14.38 (tables 5 and 6) plus the renormahzation permutations
corresponding to graph 14.36. The 46 diagrams of fig. 14 are reduced to 16 diagrams
when the antisymmetrized vertices (3.33) are used 1n the construction of the phonon.
Diagram 19.1 presents a fermion line in parallel with a boson line Thus, the last
rule listed 1n sect. 1 for the field theory must be applied. If graph 19.1 1s evaluated
with the particle-vibration interaction (3.49), the additional diagram 19.2 must be
subtracted 1n order not to count twice the corresponding process. This is due to the
existence of two equivalent lines in graph 19.2. The contribution of fig. 19, where

1 2

Fig 19. An example of a graph with a particle and a phonon line 1n parallel (1) and the corre-
sponding graph to be subtracted (2)
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the ntermediate boson 1s erther adiabatic or non-adiabatic, accounts for the dia-
grams 13 1, 14.1, 14 9, 14.13, 14 17, 14.18, 14.20 and 14 23 of the previous subsection

The total contribution of the non-adiabatic phonons 1n the case of graph 19.1 1s
as large as the contribution of the adiabatic phonon Unlike 1n subsect. 3 3.1, the
non-adiabatic phonons now appear because the frequency w,, 1s different from ¢,
and thus the coupling constants (3 48) do not vanish

The obvious advantage of including antisymmetrized vertices in the construction
of the phonon, 1s to decrease the number of existing diagrams 1n a given graphical
expanston However, the procedure of subsect 3 3.1 may be preferred when the
mnteraction becomes separable for the direct components because (1) the RPA equa-
tions are simpler to solve, (11) if we include the exchange vertices 1n the definition
of the boson, both parameters w and A are given by an expansion in powers of Q71
the leading order terms being Q° and Q% respectively. Thus, each graph does not
correspond to a single power of 271, (i) there 1s no need to subtract an additional
graph whenever there 1s a diagram in which a fermion line and a phonon line
appear and disappear at the same vertices (such as n fig 19)

4. Conclusions

We have performed the field treatment of restdual nuclear interactions 1in simple
but non-trivial models, which include most of the complexities of real nucler. Cal-
culations concerning energies and transition matrix elements have been presented

In zero order, both the independent particle and the collective aspects of the
nucleon motion are included on the same footing The errors introduced by con-
stdering too many degrees of freedom are corrected in successive orders of pertur-
bation The (diagrammatic) field treatment corresponds to an expansion 1n powers
of Q7', where Q measures the number of particle-hole or particle-particle com-
ponents in the phonons A calculation which includes all the Q7' corrections
appears to be feasible in actual nuclet, both for schematic and realistic forces. Indeed,
we have treated in subsect. 33 2 the problem of a non-separable interaction, by
including the exchange components of the force in the construction of the phonon

Note that diagrams such as 20 3 and 20.4 have not been taken 1nto account in the
particle-vibiation calculations that have been published so far. Thus none of these
calculations appear to be suffictently accurate (even up to the order Q1)

The shell-model degeneracies are such that corrections of order Q7! will be 1n
general sufficient Both the number and the complexity of the diagrams involved 1n
a calculation of order Q7% become very large and such calculations can only be
performed for very specific cases

Discussions with A. Bohr, P. F. Bortignon, E E Maqueda, T. Marumori, B
Motteison, R. P J. Perazzo and A. Toledo Piza are gratefully acknowledged.
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Appendix A
THE MATRIX ELEMENTS OF THE FERMION HAMILTONIANS (2 10) AND (3 14)

The construction of these matrices 1s greatly simplified because the relevant
operators obey the commutation relations of a SU(2) algebra in both cases. In the
pairing case, we notice

[A:’ Ac] = N,,-—.Q,
B(N,~Q), 47] = 4,. (A1)

Therefore, the operators 4;, A, and }(N,—Q) obey the same commutation
relations as 7., 7_ and I,. Using the quasispin formalism, it 1s easy to construct
the matrix elements of 4, in the representation which carries N,(I,) as good
quantum number. Since 0 £ N £ 20, the largest representation have I = 1Q (even
system) and I = £(2—1) (odd system):

<N;|A:]Nu> = (I+%(‘Q_Na))%(l—*_%(Na_Q)—{_1)%6N'G,N.,+2

_ (2@~ N,)(N,+2))* (N,, even)
= B {((29— N,—1)(N,+1))f  (N,, odd). (A2)
Using (A.2), we construct the matrix element
20N, +2Q-N2  (N,, even)
' + + — 1 , [ 4 as
<N0I(Aa' Aa+AﬂAa )IN¢7> - 25’\1 G’Nax{nga_l"Nz (Na’ Odd). (A 3)

Egs. (A.2) and (A.3) yield the non-vanishing matrix elements of H, (eq. (2.10) in
a representation 1n which both N, and Ny are good quantum numbers We assume
N, to be even in (A.4) while N; may be even or odd,

<Na" IVEIH;JINaa NE)
= —3G{N,, N;{(AT A, + A, A] + AT A1+ A1 A7 + N, + N7)IN, N>

GQ (N3, even)

16(29-1) (N, 0dd). (A4)

= 16(N2 + N)=4G(@+ (N, + No) - |

(N, +2, Ny +2[H)|N,, N> = —G{N,+2, N;+2|A] A} N,, N5)

(22— N)(N;+2))f (N5, even) (A.5)

= —3G((22 - N,)(N,+2)) {((m— N—1)(N;+1))f (N5, odd).

We proceed simularly with the monopole force ) The commutation relations
between the operators 4, 4 and (N, + N7;—2Q) [eq. (3 5)] are now the same as
those of I, I_ and I,

[A", Al = N, +N;—-2Q, [}(N,+N;—2Q),4%] = 4" (A.6)
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\ 1

§

3 4

Fig. 20 Diagrams corresponding to the order -1 1n the energy of a particle-phonon state.

As 1n (A.2) or n ref 3), we can evaluate the matrix elements of AT,
(N'|ATINY = 8y y41(2Q— NN +1)},
(m'c’; N'|AY Mo N) = 8y me 00,0 Oy n1(2Q—N—1}HN+1)}, (A7)

where N is the number of particle-hole pairs and mo are the quantum numbers of the
odd particle or hole

Using (A.7) it is easy to calculate the non-vamshing matrix elements of (3.14)
when N, = Nj,

(N+2IHNY = —3V((2Q—N)(2Q—N—1)(N+1)(N +2))}, (A8)
(N+1HINY = —V(q,—qr)NQQ— N (N+1)}, (A9)
(NIH}INY = —V(NQQ2-N+1)+3IN(N—1)(q: —qi)* ~Nq:q1).  (A10
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Fig 21. Diagrams corresponding to the order 2-2 in the energy of a particle-phonon state
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If Ny = Ni+1, we obtain
{mo; N+2|H lmo; NY = —4V((2Q@—-N-1)(2Q-N-2)(N+1)(N+2))}},  (A.11)
(ma; N+1[Hgimo; N) = —V(N(q,—q1)+0g,)((2@~ N-1)(N +1))?, (A.12)

{ma; N{H,|mo; N> = —V(2NQ—N>+4N*(q,—q3)’—3N(q, +41)* + Ng?). (A.13)
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TABLE 9
The contributions of the diagrams 1n fig. 20 to the coefficients a,,, (n units of T%‘s‘)
(q1+497)* g% —q7? (q1—q7)*
x x? x3 x x2 x? x x? x3 x x? x3
1 8 6 4 4 8 8 4 4
2 32 8 6 -4 -4 — 8 — 8 — 4 — 4
3 —16 —16 —10 —16 —16 ~—10
4 ~16  —32 —16 —32
Sum 32 16 12 0 0 0 —16 -32 —42 —16 —32 —42




TABLE

The contributions of the diagrams 1n fig. 21

(q,+a7)? 9t —q% (9, —97)?

x x? x3 x x2 a3 x x2 x3 A x? x3
1 —16 -2 4 3 8 8 5 4 8 2
2 —8 4 —4 3 -8 -8 —4 -3
3 -8 -4 -8 4 3 8 8 8 4 9
4 —4 —1 -2 -1
5
6 —4 -4 2 —4 2 4
7 —4 -8 8 8 12
8 -8 -8 4 3 8 6 4 7
9 -4 -4 4 3 8 14 4 11
10 1210 12 10
11 8 4 3 4
12 -8 -2 2 2
13 —4 —4 6 4 4 2
14 8 —4 8 4 3 4
15 8 8 8 8
16 16 12 2 16 12 6
17 ~4 -2 -3 —4 2 -3
18 —16 —4 -8 2 3 4 8 —2 1
19 4 4 2
20 8 16 6
21 10 10
22 4 3 4 2
23 4 11 4 11
24 3 2
25 12 12
26 8 8
27 —8 8
28 —8 4 4 4
29 —4 12 12 12
30 -2 2
31 —8 -8 2 8 6
32 —4 —4
33 -16 —12 8 4 8 16
34 —1 1
35 —6 -2 -3 2 3
36 2 2
37 4 11 4 11
38 4 4
39 16 28 16 28
40 3 17
41 -3 17
42 —% 3
43 5 5
44 3 2
45 4 7 4 11
46 8 8
47 -2 -2 =3} 2 2 2
48
49 4 4
50 4 4
51
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TABLE 10

(¢, +4a7)? ai—q? @,—ap?

123

X x2

&

(¥,
W
P

w
~1
|
(3]
00 W00 A RNR RN

a
[=
000 W R

(=)}
~)
LAV IRV RN |

69 16

~3
w
@

—
oW x
-]

—

[ 8]

o

[\
~
(]

24 120 299 36 182 1827
—24 —80 -157 —36 —130 — 1985
0 40 142 0 52 20

Sum(p) —16 ~72 -100 —12
Ren 16 52 62 12
Sum 0 —20 -—38 0 4 1

i

[ ]
- 'PI: #!m
W B

The row labelled by Sum(p) 1s the sum of rows 1-98. The last row 1s the sum of the two previous
labelled by Renor



(continued)

(@, +ap* (q,+q9p3@,~qp)  (@2—dd)? (@, +ap e, —ay)? (q,—ap*

x x2 x3 x x2 x3 x x2 x3 x x2 x3 x x? x

-2 —6 —6 -2

1 2 -2 —1

— -2 -2 —2 —1

1 1 —1 —1

—8 —5 —8 —5

4 2 4 2} —4 -2 —} —4 -2 3

—4 —4

3 3 -3 -3

—4 —6 -3 —8 —12 -9 -4 -6 -3

—3 -3 -3 -3

-3 —6 -3

2 4 2

2 —4 2

—8 —8

3 H —¥ -3

-3 —3 -3 -

6 4 6 —4 —6 4  —6

13 1 3 1 -3 -

4 2 —4 -2 —4 —10 —4 —10

4 2 4 2 —4 —6 —4 -6

—3 -3 -3 -3

2 3 -3 -3

—8 -20 —16 —40 —8 20

1 -3 —2 -9 1 -3

—3 -5 —3

El E] —3 _3

4 4 4 4

-3 ~4 ~3

—4 -8 —4

-2 —4 -2

4 4 —4 —4

-4 —4 —4 —4

1 1 -1 -1

- ~1 ~1 ~1

1 1 —1 —1

-8 —6 8 -6

-8 8

-2 2

17 17

-5 —s

3

0 -1 -3 -8 12 -33 0 20 2235 24 104 1093 16 73 841

0 0 0 0 0 2 0 0 -4 0 0 -—-26 0 0 -20

rows. Thus, 1t also includes the contributions from renormahization graphs, which are given 1n the row
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Appendix B
EVALUATION OF THE GROUND-STATE ENERGY WITHIN THE RPA APPROXIMATION
Within the RPA approximation, the Hamiltonian (2.10) can be written

Hgpn = (A A, + AT A1) —3G(A] + A1)(A1 + A7) —36G(A] + A, (41 +47).  (B.1)
In order to calculate the ground-state energy, we use the inverse RPA trans-
formation _ _

AF = JBOLT+pls),  AF = JOAIT +4Ty), (B2)
where the coefficients 4 and u are given 1n (2 14). Replacing (B.2) 1n (B.1) leads to
Hgpa = (2QAue—~GQA+p)*)I'{ I'f +T, T'1)+(e(A* + 13— GQUA+ )N T +I'{T3)

+2ep’ ~GQ(A+p)’. (B.3)

The coefficient of the first term in (B 3) vanishes for the RPA values (2 14). The
second term 1s the frequency w (2.13) and the third one, the ground-state energy
This can also be written as

2
U Hpeal¥) = 2ep(u—1) = — % = —dre(lHixHi+E . ) (B4)
e+

Appendix C
THE PARTICLE-PHONON STATE

The state which has a particle and a phonon has played a crucial role in the
history of the particle-vibration interaction Thus, we treat this case in detail, using
the methods of subsect 3 3.1.

The zero-order excitation energy 1s again the frequency o (eq. (3 24)), which
agrees with the Q° terms of table 4. The first-order contributions are given 1n fig 20
and table 9 and the second-order terms, in fig 21 and table 10 These results
reproduce those of the fermion calculation (table 4)
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