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Summary. —  W e computo numerically tlie oontributioii to inclusive 
spectra of produced intermedíate resonances tlirougli tlie discontinuity 
of one-loop dual amplitudes. W e flnd tliese contributions to be smaller 
but jiot negligible as compared to those coming from tree graphs. Scaling 
m a j be reacíied for loop diagrams at higlier energies than trees. The 
cut-ofí in transverse momentum is preserved even for rather lieavy inter­
mediato produced resonances. W o argüe that this fact is related with 
strong polarization eflects in tbe decay of resonances in tlie dual model.

1. — Introduction and summary of results.

A  definite contribution to  inclusive cross-sections can come from the pro­
duction and subsequent decay of a resonance, according to the sclieme 
a + b - ^ E + X ,  E - > c + X ' ,  where X  and X ' are unobserved partióles.

The relevance of such a mechanism for the theoretical interpretation of 
the inclusive cross-sections varíes very much according to the model which 
is adopted (^); in this article we investígate the role it  plays in the dual-reso- 
nance model.

(*) On leavo of absenco from Centro Atomico BarUoclie and Istituto de Fisica Bal- 
seiro (CNEA y  UiSÍC), Bariloclie, Argentina.
(**) On leavo of absence from Istituto di Fisica Teórica deirUnivorsitá, Trieste.
Ĉ ) E. L . B e rgek : Argonne preprints ANL/H EP 7134 and 7148 (1971); E. Y en  and 
E. L . B e rg e r :  Phys. Bev. Letí., 24, 695 (1970); L . Bkink, W . N. Cottingham  and 
S. Nussinov: Phys. Lett., 37 B, 192 (1971).
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Eesonance production can be related, via  the Mueller theorem (^), to a dis- 
continuity of a forward 3 -> 3 amplitude, in which one of the three interacting 
partióles is an excited state.

In  the dual-resonance theory this amplitude receives contributions of in- 
creasing order in the over-all coupling constant g from  the tree diagrams, the 
one-loop diagrams and so on.

The simplest and most likely the dominant contribution originates by 
the tree diagrams when they are compatible with the quantum numbers of the 
intervening particles. W e are thus led to consider the discontinuities of tree 
diagrams, in which two of the external lines represent excited states. Two 
typical diagrams in which we shall be interested are those of Fig. 1 . W e have 
chosen them to characterize the two different situations in which resonances 
are present (F ig. 1  a))  or absent (F ig . 1 h)) in the initial ab channel. To  com­
pute the contribution of resonance production to inclusive cross-sections we 
must let the resonance decay and sum over the unobserved decay products. 
W e must also sum over the various resonances that can be produced.
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Pig. 1. -  Soiue tree diagrams for resonance production.

A  convenient way to perform the computation is to use the one-loop for­
mula of the dual-resonance theory. W e can in fact describe the production 
and subsequent decay of on-mass-sheU resonances simply by  replacing the 
double poles of the form  — that appear in the integrand of the loop 
amplitude w ith a factor 7id{k  ̂— m\) ¡ r^m^,  where h is the internal momentum 
of the loop and and are the masses and widths of the resonances.

Then the contributions to inclusive cross-sections associated with the pro­
duction meclianism of Fig. 1 a) and 1 b) are represented by the loop diagrams 
of P ig. 2 a) and 2 6 ); it must be stressed, however, that the sum over the reso­
nances l i  is performed only over those resonances that can get on the mass 
sheU in the integration over the internal momentum, and that the corresponding 
product of propagators is replaced by  a ó-function. The sum over unobserved 
final particles is performed by taking the discontinuity in the abe channel, 
according to the Mueller theorem.

The factor 7td(k  ̂— can be considered as the narrow-width lim it
of the product of propagators (1/í;  ̂— m ^+  X { l ¡k^— —  ̂ where
the width of the resonances has been inserted to take account of their decay

(2) A. H. M ü e l l e e : Phys. Bev. D , 2, 2963 (1970).
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a)

r ig . 2. -  Some loop diagraius for tlie contributioii of resonance production to inclusive 
cross-sections.

(tlie opposite signs of tlie terms derive from tlie opposite is prescription
in tlie Mueller tlieorem ).

íío tice  tliat the w idtli of tlie resonances is of order in tlie over-all coupling 
constant that  cliaracterizes the dual expansión: it follows that the contribution 
to inclusive cross-sections wliich comes from production of resonances is of the 
same order of magnitude in ff as the direct-production term that can be com- 

puted from the discontinuity of the tree graphs (^).
The inclusive spectra resulting from the tree graphs of the dual model have 

been the object of extensive investigations
Notice that the tree graphs do not account for the process of resonance 

production and subsequent decay, which we study in this article. This can 
be seen from the examples of F ig. 1 , where we take E  to be the final observed 
partióle c; soiiie of the tree graphs do contain resonance formation in the initial 
ab channel (Fig. 1 a) ) ,  but the deteeted partióle o never comes from the decay 
of a produced resonance.

W hen dealing with dual models one has to be always very careful with the 
problem of possible double countings. In  our case one m ay ask oneself whether 
the contributions that we are computing are not somehow already included in  
the tree graphs. The foliow ing argutrent might be broughtup: the contribution 

of E  to the amplitude for a + b - > c + t w o  intermedíate resonances (E 1 E 2 ) 
m ight be dualized according to the scheme of F ig. 3. I f  this dualization is pos­
sible, the contribution to the inclusive cross-section coming from the resonances

(®) A . D i  Gtiacojig , S. F u b in i , L. Se r t o e io  aud G. V e n e z ia n o : Phys. Lett., 33 B, 
171 (1970); G. V e n e z ia n o ; Proceedings of the International Conjerenee en Duality and 
Symmetry in  Uadron Physics .(Tel A v iv , 1971).
(^) D . GtOr d o n  and G. V e n e z ia n o : Phys. Bev. D , 3, 2116 (1971); M. A . V ir a s o e o : 
Phys. Eev. B , 3, 2834 (1971); C. E. D e T a r , K. K a n g , C. I. T a n  and J. H. W e is : Phys. 
Rev. D , 4, 425 (1971); E. J. B ie b l , D . B e b e l  and D. E b e r t : Berlin-Zeutlion preprint 
P l lE  71-9 (1971); E. C. A e n o ld  and S. F e n s t e r : Argonne preprint ANL/H EP 7122 
(1971); G. II. T i io m a s : Argonne preprint ANL/H EP 7144 (1971); D. B e b e l , K . J. 
B ie b l , D . E b e r t  and II. J. Ot t o : Berlin-Zeuthen preprint P IIE  71-13 (1971).



E  should not be added to the tree-graph term, because the diagram with the 
resonaiices E ' in P ig . 3 is in fact already contained in the tree grapli (*).

This problein lias been discussed at length in ref. (®). The answer is that 
the dualization depicted in P ig. 3 is not allowed for narrow resonances, because 
one is dealing with the square of an amplitude.
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Fíg. 3. -  A  dualization of resonance oontributions discussed in tlie text.

The crux of the matter is whether the resonances E  are in fact seen as 
individual bumps in the Ea-c channel or average to a continuum. In  the 
first case tlie dualization is not allowed and the contributions coming from the 
production of resonances must be added to that of the tree graphs.

A  more diñicult problem is to deal with the production term where the res­
onances do average to a continuum, and also to analyse the transition región. 
In  this paper we shall not examine this question but w ill study the contributions 
to inclusive cross-sections that can come from  the production of narrow res­
onances well separated in energy, such as the first low-lying ones.

This discussion already outlines the method of computation we shaU follow 
in the article: we w ill evalúate the discontinuities in the missing-mass variable 
of some of the loop amplitudes, with the propagators of the resonances E  
replaced by a á-function. To  be more speciñc, we shaU perform numerical Com­
puter calculations of a variety of spectra of the observed particle, based on an 
expansión of the loop formula which we w ill discuss in Sect. 2. W e then discuss 
the features, revealed by  the computation, which we believe to be characteristic 
of the dual-resonance model.

A n  alternativo approach would have consisted in deducing asymptotic spec­
tra; the numerical and asymptotic methods are in this case complementary, be- 
cause the numerical computation flnds its lim itation, due to the increasing num- 
ber of channels to be taken into account, probably where an asymptotic regime 
begins. W e have chosen to perform numerical computations because we felt 
these would give more accurate predictions in a range of squared centre-of-mass

(*) W o aokiiovvledgo a very usoful excliango of correspondence witli G-. V en ez ia n o  
on tliis and related problcins. Seo also tlie footnoto ('■‘‘ ) oí the first paper in ref. {*). 
{ )̂ r .  AkBíVB, J. C. G a l la r d o ,  L. M aspek i and C. R bbb i: Lett. Nuovo Cimento, 2, 
1245 (1971); J. C. G a l la r d o  and L . M a sp er i: Lett. Nuovo Oimento, 3, 261 (1972); 
J. C. G a l la r d o ,  L. M asp er i and C. K eb b i: Trieste Intornal Report IC/71/151 (1971).



energies (s 6-^24, in units of inverse slope of Regge trajectories (a ')“ )̂ of 
particular interest from an experimental point of view.

T lie  most relevant results that we extract from the calculations, w liicli w ill 
be discussed in Sect. 3, are

a) The contributions to inclusive cross-sections coming from the decay 
of a produced resonance according to the mechanism of Fig. 2  are smaller but 
not negligible with respect to those coming from the direct emission represented 
by the tree graphs. Typically, the loop can give corrections ranging from 
few  percent to 20%  or 30 % independent of the valué of the coupling constant g.

b) The cut-off in  transverso momentum is preserved, even when the final 
particle results from the decay of a rather heavy resonance.

c) A  scaling regime m ay be obtained for the loop, but it  starts much higher 
than for the tree formula.

A  characteristic that we find extrem ely relevant is given by  point h) above. 
lío tic e  in fact that some of the produced resonances release enough kinetic 
energy in their decay that the spectrum of the em itted partióles m ight be 
rather broad in transverse momentum even if the resonances are produced with 
a cut-off, unless there are strong polarization eiíects. Our results seem to in- 
dicate that such effects are present in the dual model.

xVs a check, in Sect. 4, we shall project out of our formulae the amplitude 
for the production of the first excited resonance of spin 1. W e evalúate the 
spectrum and the density m atrix of spin states; the results show indeed that 
the resonance is produced with a cut-off in transverse momentum and, more- 
over, that tlie density m atrix is such as to produce, in the decay, practicaUy 
the máximum alignment along the incoming direction compatible w ith one 
unit of angular momentum, i.e. a eos- 6 spectrum. W e believe this connection 
between polarization effects of resonances and transverse-momentum cut-off 
to be quite general in the dual model. This should be the object of further 
theoretical investigations.

A t  the same time it would be invaluable if experimentalists could isolate 
resonance production in two-particle inclusive cross-sections from the probably 
large background of direct emission, and analyse whether their density m atrix 
does exhibit strong polarization effects. The presence of such effects might 
sharply discriminate between various theoretical models for production.

2. -  Method of computation.

Consider the loop amplitude represented in Fig. 2 a). I t  is useful to define
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3.1)

P1 =  — P ,  =  P . ,  : ?»2 =  -ÍJ 5  =  K ,  Í>3 = — Pi  =  — pc,

« = { P i  +  P 2 V ,  S = { P s  +  P X ,  « = { P 5  +  Pe)^,  

t = { P 2  +  P , V ,  m = ( í > i  +  Í?3)% M ^ =  (p,  + p ^  + .
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The amplitude is then given by { )̂

r
(27T)^J

where a(fc^) =  a„ +  is the linear Eegge trajectory, fe,- represents the mo- 
menta of the internal lines of the loop (we take as the momentum of the 
line between the external momenta and p̂ -, then Jc2 =  +  p i ,  etc.), k can 
be any of the momenta k¡, is the coupling constant which characterizes the 
dual expansión and

(2.3)

with

=  n  ( 1  n  ( 1  - c o ” )-^ n  n  d
* = 1  n=l n= 0  i.j

®¿3 -- Í̂+1 W  =  X a  =  X ,  . . .  X k ■

The integrand appearing in eq. (2.2)

(2.4) H{p i ,  hj) =

develops poles whenever a[lt\) =  w. As a consequence A (p ¡ )  has branch points 
in eorresponding to the normal thresholds in this variable. The discontin- 
u ity around these branch points is related to a contribution to the inclusive 
cross-section for the reaction a + b  ^  c +  anything:

(2.5) 2 ®, =  -  lim  * ^ ^  ̂ ( j¥ S  s +  i s , s -  is, t, u) .
dpe S £-^0 2%

To  obtain the discontinuity around the normal thresholds, one must evalúate 

the residue of H  at a(í;J) = n ^ ,  (x{kl) = n ^ ,  and sum

(2.6) 2Í J o — Í7'’ 2  ^ ^ ^ d { x { k l ) ~ n i ) d { x { k l ) — n ^ ) i ' e & H { p i , k ¡ ) .
iiPo Q 'TT .{271)^

The factor

res S { p „  k¡)
a(k\)-n̂
a(kl)-n,

present in eq. (2 .6 ) contains double poles of the form l ¡ ( k l  — —



corresponding to  the propagators of the resonances E  of Fig. 2 in tlie lim it 
of zero width. As we said in the Introduction, we can conveniently describe 
tlie contribution to inclusive cross-sections from  tlie production of the reso­
nances E  by replacing these double poles with a term — 
(notice that /Cg =  A-j in the lim it e =  0 ).

The á-function is obtained firstly by giving an imaginary part to the mass 
of the resonances in the propagators consistently to the fact that they are un- 
stable particles, and then noticing that, if the width is small, the product of 

the two propagators can be approximated by a ó-function;

=  (for A's =  fcs) =
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(/,3 — -TkWIr

(The opposite signs given to the widths depend on the fact that s and 5 must 
approach the real axis from  different sides.)

Then every resonance E  contributes to the inclusive cross-section by the 
follow ing term:

dcTjí 7t̂
(2 .8 ) 2E,  _

ím.ni
■ó{x{hl )— n) res

a{kl)=n̂  <x(k\)-n̂

The valué of can be computed in the dual model, and is of order g“’~ for 
small coupling constant; thus we see that the effective contribution to the 
inclusive cross-section coming from  the production of on-mass-shell resonances 
is of the same order of magnitude in g as those of the tree graphs (*)(**).

{*) I t  sliould be cloar at tliis point tliat our method of computation requires that the 
resonances be narrow and that tlie interferenco betweon resonances separated in mass 
can be neglocted (because wo keep only diagonal terms in the suin over the resonances E). 
Tliorefore, as we said in the Introduction, it acconnts for the production and decay of 
the first low-lying resonances of the spectrum, but w ill probably not be applicable to 
the región wliere resonances average out to a continuum.
( ’ *) Our procedure of replacing the double poles in and with é-functions dirided 
by the width can be thouglit of also as a regularization of an infinity that would arise in 
tlio loop intogration in oq. (2.6) when the valúes of the oxternal momenta are such that 
the on-mass-shell condition ígr the resonances R can be met. Indeed, in the limit 
s = 0 ,  k̂  =  ]c. and double poles of the form l/(fc| — m lf  are not integrable; a diver- 
gence in the intogration over pliase space arises. This divergence is not oured by the 
opposite is prescription for s and s, which in fact generates a pinch and a singularity 
for í-^0 . Anyway, it is pliysically obvious that the integral over phase space should 
be divergent in eq. (2.6) because the resonances R appear there as stable particles of 
zero width.
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The residue of H {p i,1 c j), deñned by eq. (2.4), iii the múltiple poles at 
a(fcj) =  a(fc|) =  n^, oc{kl) =  «(fcj) =  n  can be evaluated by  an expansión of 
I ( x )  into powers of x^x^os^x .̂ W e used a Computer program to perform the 
expansión at fixed valúes of the external momenta. The lim itation on the 
size of the computation is given by the fact that the higher the numbers , % 
and n  become, the more terms of the expansión must be evaluated. A t  the 
CEElsT computing facilities, valúes of the number N  of necessary storage 
positions { N  =  (%  +  1 )(%  +  í» +  l)^(w  + 1)^(% +  1)) of the order of 8000 re- 
quire only few  seconds of processing per point of the spectrum. W ith  such 
valúes of N  -we can compute spectra, for the ñrst few  resonances E , up to in- 
coming centre-of-mass energies squared s 2á(a' ) -\

The residue of H  obtained from  the expansión has the form of a ñnite sum 
of Products of jB-functions:

(2.9) res H {p^, k.) =  — ix{lc¡) +  n , )B {— x { s ) ,— cc{]í¡) +  n , ) .
na, « 6

The subsequent integration over A; is a matter of kinematics; in the centre- 
of-mass frame of the incoming partióles, for instance, it reduces to an integration 
over the angle cp between the plañe a that contains the momenta and p^
and the plañe that contains />„, and p^. lío tic e  that the opening of the 
Mi, « 4  channels m ay result in a 0 -function in the external kinematical variables; 
this explains the discontinuities in the spectra we shall display, discontinuities 
that would, of course, be smeared out by the ñnite widths of the resonances.

A n  important point about the computation is that the jB-functions present 
in eq. (2.9) have poles whenever oc(s) equals a nonnegative integer. To  obtain 
a smooth cross-section in s (which is expected for large s) one eannot just take 
an average because of the presence of double poles of the form  — 
due to the zero-width resonances in the s-channel. There are two possibiüties. 
One consists of assigning to these resonances a width and taking the lim it 
for P¿ ->0 , thus replacing the double pole with {ni r^mi )ó{s  — m^). As discussed 
above, this procedure is probably correct when the interference between res­
onances of different masses is negligible. However, opposite to the case of the 
produced resonances, we are now interested in those valúes of the energy s 
for which the sum over resonances does build up a smooth continuum. Then 
one argües that it  is appropriate to average (2.9) separately over a(s) and a{s) 
by means of the Stirling formula to produce a smooth function of s. This is 
the procedure we shall follow  in Sect. 3, but we w ill also display the results one 
would obtain from  the flrst prescription.

F inally, we remark th a fa lm ost all we have said is va lid  also for the am- 
plitude associated to the twisted loop of P ig . 2  6 ); only slight modiflcations (“ )

(®) V . A l e s s a n d e in i, D . A m a t i , M. L e  B e l l a c  and D. Ol iv e : Phys. Beports, 1 C, 
6 (1971); D. J. G koss , a . N e v e u , J. Sc h e e k  and J. H . Sc h w a e z : Phys. Eev. D , 2,
697 (1970).



are needed in eq. (2.3) and the residue of H  takes the form 

(2 .1 0 ) res B ^ (p . , k.) =  2  •

■B{— x{Jc¡) +  n. ,̂ x(s) +  x{Jc¡) +  «o — O îK) +  +  «(^e) +  <^0 — \ )  ■

The i?-functions appearing in eq. (2.10) have no poles in oc(s) so tliat the smearing 
procedure we just discussed is not required.
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3. — The inclusive spectra.

In  this Section we report and discuss the results of the numerical compu- 
tations o f the inclusive spectra. The dual model, in its present form, is not 
appropriate for a description of the real hadron world, therefore only qualitative 
signiñcance mnst be attached to our results (in particular, no attempt of data 
fitting can be made).

W e recall that the consistency of the loop amplitude requires that all of 
the trajectories, both the interna! ones and those on which the external par­
tióles lie, have the same intercept ao- For most of the computations we 
ñx ao =  — 0.16, thus dealing w ith external partióles of a common mass 

0.4 (a ')“  ̂ (*). W e  have chosen this valué of ¡i to reduce kinematic effects, 
such as dips for zero transverse momentum of the detected partióles. W e wül 
also exhibit, however, spectra computed for different valúes of ¡á.

In  all the figures we display the quantity

(3.1) /(s, p L , X) =  ,

where x =  and stand for the transverse and longitudinal
components of the momentum of the detected partióle in the centre-of-mass 
frame. The scaling property, in terms of /, is deflned by

(3.2) Í ( s ,p l^ ,x )  =  g {s )J {p l^ ,x ) .

The funotion g(s) w ill be given by s“ " corresponding to puré Eegge behaviour, 
but may have a different form  in the presenoe of cuts.

L e t US begin by  showing in Fig. 4 « ) ,  4 6 ) the spectra obtained from the 
tree graphs. W e consider the tree graph of F ig. 1 h), with E =  o. Figure 4 a) 
gives the spectrum in íor x  i±0.75 (**) (fragmentation región), Fig. 4 h) for

(*) a' íixes the scale of masses; in tlie following we shall set a '=  1.
(*’ ) The disooiitinuity of a tree grapli oontains a ó-funotion in M ‘‘ =  — PcY-
Therefore, the spectra in pl¡_ iuvolve difleront valúes of a; in a rango corresponding to 
fixed JP.
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r ig . 4. -  Spectra iu compiitod from the tree diagrama of Tig. 1 h). Parameters; 
a„ =  — 0.16, a; =0 .75  (F ig . 4 a)) and 0.05 (F ig. 4 6)), a(s) =  6 (curves a )) and 12 
(curves &)).

X ~ 0 .0 5  (pionization región) for a(s) =  6  and 12. One shouM notice the pre 
sence of a cut-off in transrerse momentum and a beliaviour in s compatible 
w ith scaling (wliicli is attained somewhat slo-wer in the pionization región). 
The íc-dependence of f  for a (s )^  12, =  0.1 is reproduced in Fig. 5 (curve a).

W e come to an analysis of the loop diagrams. There is a variety of loop 
diagrams that contain the phenomenon of resonance production. W e consider 
in detail those of Eig. 2; F ig. 2 a) representa a typical planar loop, P ig . 2 b) 

exhibits a nonplanar one, which is often associated with the difEractive mech- 
anism (’ ). W e evalúate separately the contributions to the inclusive spectra 
that come from  the different towers of resonances R. These towers charac- 
terized by  x(l ' l )  =  n contain degenerate resonances up to a máximum spin n. 
The contributions coming from  the single resonances should be separately 
rescaled by  the inverse of their widths (see eq. (2.8)). However, the fact that 
the uumber of resonances of the various towers is rapidly increasing with n 
makes it  rather difficult, from a computational point of view, to separate the 
single contributions. Therefore, we shall confront with the tree graph the 
whole loop calculation evaluated with a common factor g^ jmr  which is the

( ’ ) C. L o v e l a c e : Phys. Lett., 34 B, 500 (1971); V. A l e s s a n d k in i, D. A m a t i and 
B. M o k e l : l^uovo Cimento, 7 A , 797 (1972); II. M. Ch a n  and P. H o y e k : Phys. Lett., 
36 B, 79 (1971).
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r ig . 5. -  Spootra iii x, oomputed from various diagrams (see text), Common para- 
metors: a„ =  — 0.16, a(s) =  12, í>ox=0-l.

appi'opriate one for the J  =  1 resonance at «(fcj) =  1. Tlius we assign a com- 
moii average w idtli to the resonances of the various towers; we hope that tliis 
approximation does not distort too much the results to which, anyhow, we 
attach only qualitative significance (*).

W ith  these cons'derations in mind, let us discuss the spectra reproduced 
in Fig. 5, 6 , 7 and 8 . The «-dependence of the contribution coming from the 

fír^t tower o f resonance (a =  1 , one resonance o f spin 1  and one o f spin 0 ) is 
given, for pl _̂ =  0 . 1  and a(s) =  1 2 , in Fig. 6  (curves b and c) for the planar and 
nonplanar loops. The discontinuities are due to the opening up of intermediate 
chaunels. \Ye see that the f.ormer is signiñcant only in the fragmentation región 
of partióle b, whereas the latter extends into the región of small x  as well. This 
difference can be traced to the diñ'erent mechanisms of production correspond-

(*) Ilaving at our disposal a more roalistic dual amplitude wovild justify tlie eííort 
of rosoaling and soparating the various resonance coutributions.
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Fig. 6. -  Spoctra in p\ from the diagrara of Fig. 2 a) in the fragmentation región of b 
(seo text for speoiñcation of parametors).

ing to F ig. 1 a) and 1 b). But interference effects between the produced res- 
onances (o f diíferent spins, 1 and O in our case, and the same mass) are also im- 
portant to explain the x  distribution. Figure 5 (curve d) gives the analogous 
distribution obtained by tw isting the E  lines of the planar loop: since the 
resonances B  are on the mass shell, the tw ist can only introduce a relative 
— sign between the contributions of the J  =  1 and J = 0  components. W e 
notice from  Fig. 5 (curves b and d) that when we change the relative phase 
of these two contributions, the oo behaviour of the result changas drastically.

Fig. 7. -  Spectra in p\ from the diagram of Fig. 2 b) in the fragmentation región of b 
(see toxt for specification of paramoters).
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T lie  assignment of different widtlis to the two resonances would not alter 
qualitatively the effect.

The dependence of the spectra on pl^ is displayed in Fig. 6 , 7, 8  and 9. 
Figure 6  a) gives the spectra obtained from the planar loop and the tower 
a{Jcl) =  1 for a; =  0.75 and three different incoming energies (a(s) =  6 , 12 
and 24 corresponding to curves a, b and c ) ; Fig. 6  b) gives the spectra ob-

0 0.1 0.2 0.3 0.̂  05 0.6 2 0.7

riff. 8. Fig. 9.

Fig. 8. -  Spectra iu from the diagram of Fig. 2 b) in. central región (see text for spec- 
iíication of paranieters).

Fig. 9. -  Spectra in p\ from the diagram of Fig. 2 a) with a twist on line R (see 
text for speciíication of parameters).

tained from  the tower x{lcl) =  2 for the same valúes of x  and s. Figures 7 a) 
and 7 b) display the analogous spectra obtained from  the nonplanar loop. 
W e observe that a scaling regime is not reached at x(s) =  24 (compare with 
the spectra obtained from the tree graph), but the smaller difference in the 
log scale between the curves for gc ( s )  =  12 and 24 with respect to the differ- 
enee between x(s) =  6  and 1 2  suggests that also the contribution from pro- 

duced resonances may scale (*). The spectra for x(íi¡) =  1 ,2 ,  3 and 4 (curves a.

(*) Scaling seems slower for the secoiid tower tlian for the ñrst.
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h, c and d), x  =  0.75 a.(s) =  12 are combined in P ig . 6  c) and 7 o). The 
spectra in in the pionization región {x =  0.05) obtained from the non- 
planar loop for «(/Cg) =  1  and a(s) =  6  and 1 2  (curves a and h) are given in 
P ig . 8 ; in P ig . 9 we see the analogous spectra obtained from the planar loop 
w ith a twist on the Unes E.

Prom  all of these spectra (P ig . 6  to 9) we see that a cut-off in  transverso 
momentum is preserved (compare with the tree graph calculations of Pig. 4). 
W e  flnd this point very relevant and shall return to it in Sect. 4.

The numerical comparison of loop and tree contributions depends strongly  

on the resoale factor but it  appears that the loop is of the same
order of magnitnde of the tree, though somehow smaller.

Fig. 10. -  Dependence on spectra inp^ on intercept parameter for diagrama of Pig. 1 b) 
and 2 a) (F ig. 10 a) and 10 6) respectively). Parameters; a(s) =  12, ®=0.75, =  
indioated in the Figures.

Pigure 10 exhibits the dependence of the spectra on the intercept para­
meter for the tree graph (P ig . 10 a)) and the planar loop (P ig . 10 b)). W e 
observe that for small valúes of the external masses the loop contribntion has 
a dip for small which i »  due to kinematical effects.

Pinally, in P ig . 1 1 , we show the spectra obtained from  a different prescrip- 
tion for averaging the singularities in s, i.e. replacing the double poles with 
(7r/m,/'¿)<5 (s — m]).  W e display the spectra obtained according to this new 
rule, for the tree amplitude of P ig. 1 a) and the planar-loop amplitude. I t  
seems that this alternativo prescription, which should be correct for low  s,
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Fig. 11. -  Speotra in obtainod from a diflereiit averaging procodure on s-cliannel 
poles, for diagrams of Fig. 1 a) and 2 a) (F ig. l i a )  and 116) respectively). Parameters: 
a(s) =  12, »= 0 .7 5 , /(̂  =  — «o indicated in tlie Figures.

is not satisfactory regarding tlie features of the spectra at higli energy. Es- 
sentially, it neglects tlie real parts of the amplitudes for tlie production of the 
intermedíate State; this introduces a factor of sin^ 7ra(<) in the case of the tree 
amplitude and sín^ noíCk )̂ for the loop amplítude, which distorts spectra 
particularly for small external masses. I t  is not mathematically clear how the 
transition between low- and high-energy regions occurs, however it appears 
that the prescription used for all our spectra, except for those of F ig. 11, which 
takes inte account the real part of the amplitude for resonance production is 
the most appropriate for considering high-energy inclusive features.

4. -  Sorae features of resonance production.

The cut-ofí; in transverso momentum present in the contribution to inclusive 
cross-sections that come from resonance production suggests that

i) the resonances theinselves are produced with a cut-ofí; in transverse 
momentum;

ií) perhaps a mechanism is operating by which the resonances are pro­
duced with a strong polarization, which favours low valúes of f  \ for 
their decay products.
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In  this Section we investígate these two points (*). W e factor out of the loop 
amplitude (for defin'teness we consider the planar loop of Fig. 2  a)) the tree 
amplitude for the forward scattering o f two ground state soalars of mo- 
m entap^and^ij, w ith an excited state of thefirst level of spin 1  and momentum 

P- ÍP^ ,P^ ,P )  is given by

(4.1) ,

where the scalar amplitudes B¿p^,  p^, p )  are given by

(4.2)

B ,  =

B , =

B , =

B , =

dLXiñ.x^Ax^Xi_x¡,{l— x\) I {Xi ,  p ¡ ) ,

*
d*idíC2da;3(l— XiX2X^)'‘ I ( X i ,  p ¡ )  ,

« 1  +  HO3
da?! da? 2 díCg ( 1  ÍC2 ) ( 1  X^X2X^)I(Xi, P j )  ,

dxidx¡dxs{xix2xa)l{xi ,  p¡ )  ,

and I (x^,  x^, x^, p^, p, ,̂ p )  is the integrand that appears in the formula for 
the analogous tree amplitude involving only ground state partióles.

The inclusive cross-section for the production of the resonance is related 
, 0  the discontinuity of A^^ in the variable =  (p^ +  p^ — p Y  according to 
the equation

(4.3)

where e^’ denotes the polarization vectors of the resonance.
The density matrix is given by

(4.4) Qi.i =

/disc^> 
\ 2i

o(j)

The dependence of 2E^{áa¡^ldp^) on the transverso component of p  is exhibited 
in P ig. 1 2 , where we plot the quantity p\, x )  ^  sE^{daJdp^) evaluated

(*) For an analysis of resonance production in the dual resonance model, see also D i 
G iaco m o  and K o n is h i (®).
(«) A. D i  G-iaco m o  and K . I. K o n is i i i : M .I.T . preprint 278 (1972).
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numerically for a(s) =  12, x =  {p j\p^)  «a 0.75 and two diílerent valúes («o =  
=  — 0.02 and «o =  — 0.09) of tlie intercept parameter.

ÍÑ'otice tliat a cut-off in transverse momentum is in fact present, and that, 
after a sliarper pcak for small p \ , tlie behaviour of the spectrum is essentially 

exponential in

Fig. 12. -  Spectra iii for inclusive resonaiice production. Parameters: a(s) =  12, 
a-=0.75, /<- =  — «u indicated in tlie Tigurcs.

Tlie polarization of the prodnced resonance can be deduced from the density 
naatrix, or, equivalently, b y  considering the bihnear form

(4.5)

where A. ,  is the space part of in the rest frame oí the resonance.
A ( q )  measures the probability tliat the relative momentum of the decay 

products of the resonance in its rest frame is given by q.  B y  a rotation of the 
frame of reference, A { q )  can be reduced to the diagonal form

(4.6)

Then « i  =  «a =  « 3  im ply an isotropic decay in the rest frame of the resonance, 
■ttiiereas máximum polarization is obtained when two of the a¡ are zero.



From  numerical computations done for a wíde range o f parameters s, 
x =  p l̂\p^\, and «o "we have found that the decay is always almost maximally 
anisotropic, i.e . that one of the oc’s always dominates the other two. W hat 
happens is that the function of eq. (4.1) turns out to be of some orders of 
magnitude larger than and B^, B^ being consistent with an almost factorized 
expression

(4.7) +  b ^ p j  ,

where
Then, in its rest frame, the resonance decays preferentially in the direction 

of the incoming partióle b, w ith an almost puré cos^ 0 -dependence which is the 
máximum alignment compatible with spin 1  (*).

Thus we see that the cut-off in the transverse momentum of the ñnal stable 
partióle is reproduced, in the dual-resonance model, both through a cut-off 
in the transverse momentum of the produced resonance and strong polarization 
eíiects. These polarization effects seem to be a very  relevant feature of the model 
itself. O f course, we have established them only in a rather lim ited example, 
and cannot claim that they are of all generality.

I t  would be an interesting theoretical task to ñnd out whether a strong 
polarization of produced spinning partióles is in fact a quite general prediction 
of the dual resonance model.

A t  the same time it would be extrem ely important to see whether these 
polarization effects are supported by  experimental data. I t  m ay be rather 
diffioult to separate the production of a resonance in a two-body inclusive reac- 
tion from  the presumably large background of primary produced partióles. 
But a detailed experimental analysis of the inclusive production of a resonance 
and, in particular, of its polarization could contribute some fundamental in- 
formation to our understanding of high-energy processes and help to discrim­
ínate among the various theoretical models that are proposed to explain them.
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(*) Analogous resulta for the polarization of a partióle of spin one witliin the dual reso­
nance model have been obtained by F e n s t e r  and U k e t s k y  (®), who consider a dif- 
íerent kinematical región (the central región) and employ asymptotic teohniques; they 
also flnd almost maximal anisotropy in the decay.
(®) S. F e n s t e e  and J. L . U b e t s k y : ANL/H EP 7212 (1972).
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K I A S S U N T O  (*)

Si calcóla numéricamente il contributo delle risonanze intermedie prodotte agli spettri 
inclusivi tramite la discontinuitá delle ampiezze duali ad un’ansa. Si trova che questi 
contributi sono minori ma non trascurabili rispotto a quelle provenienti dai graflci ad 
ausa che per quelli ad albero. Si mantiene il taglio nell’ impulso trasversale anche per 
una risonanza intermedia prodotta piuttosto pesante. Si argomenta che questo fatto 
é in relazione con i forti effetti di polarizzazione nel decadimento di risonanze nel 
modello duale.

(*) Traduzione a cura della Redazione.

P ojK jjC H H e pesoH aH C O B  H B K J n o ia io m iie  n o n e p c H H w e  ceneH H H  b  a y a ; i i .H b ix  M o ;ie jM X .

PejioMe (*). —  M bi HHCJieHHO pacciHXBiBaeM bk^ea npoMeacyxo'iHbix pesoHaHcoB b  bkhio- 
Haiomne cneKxpbi, Hcnojibsya paspwB aya jitm ix  aMnnHxyfl c oflHoñ nexjielí. M bi nony- 
laeivr, hxo 3xh BKJiaflbi OKasbiBaioxca MeHbuie, ho hc npeHe5pe3KHMO MajibiMH, no cpa- 
BHeHHfo c BKnaaaMH ox íipeBOBHflHbix rpa(J)HKOB. nofloGne mokcx 6bixb flocxHrnyxo 
fljia nexejibHMx ^narpaMM npa 6ojiee bhcokhx aneprHflx, hcm h ji» flpcBOBHflHbix. 0 6 pe- 
3aHH6 nonepe4Horo HMnyjibca coxpanaexca f la »e  an a flOBOJibHO xaacenbix npoMeacyxo- 
HHbix pesonaHCOB. M bi noKasbiBaeM, hxo 3xox 4>aKx Bcasan c CHJibHbiMH nojiHpHsauHOH- 
HbiMH eiJ)$eKxaMH npn pacnaae pesonancoB b ayanMOH MOflejiH.

(*) IJe p e e e d e H o  pedaKifueü.
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