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Resonance Production and Inclusive Cross-Sections
in Dual Models.
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Summary. We compute numerically the contribution to inclusive
spectra of produced intermediate resonances through the discontinuity
of one-loop dual amplitudes. We find these contributions to he smaller
but not negligible as compared to those coming from tree graphs. Secaling
may be reached for loop diagrams at higher energies than trees. The
cut-off in transverse momentum is preserved even for rather heavy inter-
mediate produced resonances. We argue that this fact is related with
strong polarization effects in the decay of resonances in the dual model.

1. — Introduction and summary of results.

A definite contribution to inclusive cross-sections can come from the pro-
duction and subsequent decay of a resonance, according to the scheme
a+b—>R+X, R—>c+X’, where X and X' are unobserved particles.

The relevance of such a mechanism for the theoretical interpretation of
the inclusive cross-sections varies very much according to the model which
is adopted (¥); in this article we investigate the role it plays in the dual-reso-
nance model.

(*) On leave of absence from Centro Atomico Bariloche and Istituto de Fisica Bal-
seiro (CNEA y UNC), Bariloche, Argentina.

(**) On leave of absence from Istituto di Fisica Teorica dell’Universita, Trieste.

() E. L. BERGER: Argonne preprints ANL/HEP 7134 and 7148 (1971); E. YEN and
E. L. BErRGER: Phys. Eev. Lett., 24, 695 (1970); L. BriNk, W. N. CorringHAM and
S. NussiNov: Phys. Lett., 37 B, 192 (1971).
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Resonance production can be related, via the Mueller theorem (2), to a dis-
continuity of a forward 3 — 3 amplitude, in which one of the three interacting
particles is an excited state.

In the dual-resonance theory this amplitude receives contributions of in-
creasing order in the over-all coupling constant g from the tree diagrams, the
one-loop diagrams and so on.

The simplest and most likely the dominant contribution originates by
the tree diagrams when they are compatible with the quantum numbers of the
intervening particles. We are thus led to consider the discontinuities of tree
diagrams, in which two of the external lines represent excited states. Two
typical diagrams in which we shall be interested are those of Fig. 1. We have
chosen them to characterize the two different situations in which resonances
are present (Fig. 1 a)) or absent (Fig. 1)) in the initial ab channel. To com-
pute the contribution of resonance production to inclusive cross-sections we
must let the resonance decay and sum over the unobserved decay products.
‘We must also sum over the various resonances that can be produced.

At .

) b)
Fig. 1. — Some tree diagrams for resonance production.

A — —|———

A convenient way to perform the computation is to use the one-loop for-
mula of the dual-resonance theory. We can in fact describe the production
and subsequent decay of on-mass-shell resonances simply by replacing the
double poles of the form 1/(k*—m?%)* that appear in the integrand of the loop
amplitude with a factor #d(k* —m3)/[ym,, where k is the internal momentum
of the loop and m, and I', are the masses and widths of the resonances.

Then the contributions to inclusive cross-sections associated with the pro-
duction mechanism of Fig. 1 @) and 1 b) are represented by the loop diagrams
of Fig. 2 a) and 2 b); it must be stressed, however, that the sum over the reso-
nances R is performed only over those resonances that ean get on the mass
shell in the integration over the internal momentum, and that the corresponding
product of propagators is replaced by a J-function. The sum over unobserved
final particles is performed by taking the discontinuity in the abc¢ channel,
according to the Mueller theorem.

The factor wd(k* —m?,)/I,m, can be considered as the narrow-width limit
of the product of propagators (1/k* —m2+ il'ym,) X (1/k* —m?,— il m), where
the width of the resonances has been ingerted to take account of their decay

() A. H. MueLLER: Phys. Rev. D, 2, 2963 (1970).
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4+ -

a) b)

Fig. 2. — Some loop diagrams for the contribution of resonance production to inclusive
cross-scctions.

(the opposite signs of the terms ¢I",m,, derive frcm the opposite ¢e prescription
in the Mueller theorem).

Notice that the width of the resonances is of order g2 in the over-all coupling
constant that characterizes the dual expangion: it follows that the contribution
to inclusive cross-sections which comes from production of resonances is of the
same order of magnitude in ¢ as the direct-production term that can be com-
puted from the discontinuity of the tree graphs (?).

The inclusive spectra resulting from the tree graphs of the dual model have
been the object of extensive investigations (4).

Notice that the tree graphs do not account for the process of resonance
production and subsequent decay, which we study in this article. This can
be seen from the examples of Fig. 1, where we take R to be the final observed
particle ¢: somne of the tree graphs do contain resonance formation in the initial
ab channel (Fig. 1 @)}, but the detected particle ¢ never comes from the decay
of a produced resonance.

When dealing with dual models one has to be always very careful with the
problem of possible double countings. In our case one may ask oneself whether
the contributions that we are computing are not somehow already included in
the tree graphs. The following argument might be brought up: the contribution
of R to the amplitude for a-+b-—>c4two intermediate resonances (R,R,)
might be dualized according to the scheme of Fig. 3. If this dualization is pos-
sible, the contribution to the inclusive cross-section coming from the resonances

(®) A. D1 Gracovo, S. Fusini, L. SErRTORIO and G. VENEzIaNo: Phys. Lett., 33 B,
171 (1970); G. VENEZIANO: Proceedings of the International Conference en Duality and
Symmetry in Hadron Physics (Tel Aviv, 1971).

(*) D. GorvoN and G. VENEzIANO: Phys. Rev. D, 3, 2116 (1971); M. A. VIRASORO:
Phys. Rev. D, 3, 2834 (1971); C. E. DETAR, K. KaxNg, C. I. TAN and J. H. WEIs: Phys.
Rev. D, 4, 425 (1971); R. J. Biesr, D. BEREL and D. EBERT: Berlin-Zeuthen preprint
PIIE 71-9 (1971); R. C. ArNoLD and 8. FENSTER: Argonne preprint ANL/HEP 7122
(1971); G. II. Tuomas: Argonne preprint ANL/HEP 7144 (1971); D. BeserL, K. J.
Biesr, D. EBerr and II. J. Otro: Berlin-Zenthen preprint PHE 71-13 (1971).
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R should not be added to the tree-graph term, because the diagram with the
resonances R’ in Fig. 3 is in fact already contained in the tree graph (*).

This problem has been discussed at length in ref. (5). The answer is that
the dualization depicted in Fig. 3 is not allowed for narrow resonances, because
one is dealing with the square of an amplitude.

o] R
770 duality
7 \\(‘ =
a // 1
TFig. 3. — A dualization of resonance contributions discussed in the text.

The crux of the matter is whether the resonances R are in fact seen as
individual bumps in the R,-¢ channel or average to a continuum. In the
first case the dualization is not allowed and the contributions coming from the
production of resonances must be added to that of the tree graphs.

A more difficult problem is to deal with the production term where the res-
onances do average to a continuum, and also to analyse the transition region.
In this paper we shall not examine this question but will study the contributions
to inclusive cross-sections that can come from the production of narrow res-
onances well separated in energy, such as the first low-lying ones.

This discussion already outlines the method of computation we shall follow
in the article: we will evaluate the discontinuities in the missing-mass variable
of some of the loop amplitudes, with the propagators of the resonances R
replaced by a d-function. To be more specific, we shall perform numerical com-
puter calculations of a variety of spectra of the observed particle, based on an
expansion of the loop formula which we will discuss in Sect. 2. We then discuss
the features, revealed by the computation, which we believe to be characteristic
of the dual-resonance model.

An alternative approach would have consisted in deducing asymptotic spec-
tra: the numerical and asymptotic methods are in this case complementary, be-
cause the numerical computation finds its limitation, due to the increasing num-
ber of channels to be taken into account, probably where an asymptotic regime
begins. We have chosen to perform numerical computations because we felt
these would give more accurate predictions in a range of squared centre-of-mass

(") We acknowledge a very uscful exchange of correspondence with G. VENEzIANO
on this and related problems. See also the footnote (14) of the first paper in ref. (4).
(3 T. ArBas, J. C. GALLaArDO, I.. Masprr1 and C. REBBI: Lett. Nuovo Cimento, 2,
1245 (1971); J. C. GALLARDO and L. MaspeRri: Lett. Nuovo Cimento, 3, 261 (1972);
J. C. Garrarpo, L. Masper: and C. ReBBI: Trieste Internal Report IC/71/151 (1971).
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energies (s ~6--24, in units of inverse slope of Regge trajectories («')-!) of
particular interest from an experimental point of view.
The most relevant results that we extract from the calculations, which will

be discussed in Sect. 3, are

a) The contributions to inclusive cross-sections coming from the decay
of a produced resonance according to the mechanism of Fig. 2 are smaller but
not negligible with respect to those coming from the direct emission represented
by the tree graphs. Typically, the loop can give corrections ranging from
few percent to 209, or 309, independent of the value of the coupling constant g.

b) The cut-off in transverse momentum is preserved, even when the final
particle resulis from the decay of a rather heavy resonance.

¢) A scaling regime may be obtained for the loop, but it starts much higher
than for the free formula.

A characteristic that we find extremely relevant is given by point b) above.
Notice in fact that some of the produced resonances release enough kinetic
energy in their decay that the spectrum of the emitted particles might be
rather broad in transverse momentum even if the resonances are produced with
a cut-off, unless there are strong polarization effects. Our results seem to in-
dicate that such effects are present in the dual model.

As a check, in Sect. 4, we shall project out of our formulae the amplitude
for the production of the first excited resonance of spin 1. We evaluate the
spectrum and the dengity matrix of spin states: the results show indeed that
the resonance is produced with a cut-off in transverse momentum and, more-
over, that the density matrix is such as to produce, in the decay, practically
the maximum alignment along the incoming direction compatible with one
unit of angular momentum, 4.e. a cos® § spectrum. We believe this connection
between polarization effects of resonances and transverse-momentum -cut-off
to be quite general in the dual model. This should be the object of further
theoretical investigations.

At the same time it would be invaluable if experimentalists could isolate
resonance production in two-particle inclusive cross-sections from the probably
large background of direct emission, and analyse whether their density matrix
does exhibit strong polarization effects. The presence of such effects might
sharply discriminate between various theoretical models for production.

2. — Method of computation.
Consider the loop amplitude represented in Fig. 2 a). It is useful to define
P1=—Ps=Puy Po=—"Ps=Dysy Ps = DPs="De;

(2.1) s = (p+ 2%, § = (ps+P.)%, § = (ps+ De)?,
T = (p:+ ps)?, % = (p.+ ps)?, M= (p, + p.+ ps)*.
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The amplitude is then given by (%)

d4 16 —a(k;)}—1
(2.2) A(p»:gﬁf( 5 ) L w71y,

where «(k?) = o, + a'k® is the linear Regge trajectory, k; represents the mo-
menta of the internal lines of the loop (we take as %k, the momentum of the
line between the external momenta p; and p,; then k,=k, + p,, etc.), k can
be any of the momenta k,, ¢¢ is the coupling constant which characterizes the
dual expansion and

6 o -]

28) @) =T[0—a)* T[T @ —en* I IT 0 —w"a,)=>"
i=1 n=1 n=0 i,j
with
Li; = Lypy e Ly W= D;;= DTy ... Lg -

The integrand appearing in eq. (2.2)

1

(2.4) H(pi, k) —| T] da,

=1
[

—a(k‘ )—-1

I(z,)

develops poles whenever «(k?) =n. As a consequence A(p,) has branch points
in M? corresponding to the normal thresholds in this variable. The discontin-
uity around these branch points is related to a contribution to the inclusive
cross-section for the reaction a—+b — c¢-+anything:

doteer 1 disc,e
= Zlim-—*
dp. se>0 20

(2.5) 2K, A(Mz2, s + i, §—1e, b, u) .

To obtain the discontinuity around the normal thresholds, one must evaluate
the residue of H at a(k}) =n,, (k) =n,, and sum

dgleer 72 d%
(2.6) 2K, T iairy gs > > O(ac(k3) — ) O(x(Ky) —ma) Tes H(p,, k) .
9 s 7104 a(%3)=n,

a(ky)=n,

The factor

res H(p,, k;)
o(d)=n,
a(kf)=n,

present in eq. (2.6) contains double poles of the form 1/(k; —m3)(k; —mg)
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corresponding to the propagators of the resonances R of Fig. 2 in the limit
of zero width. As we said in the Introduction, we can conveniently desecribe
the contribution to inclusive cross-sections from the production of the reso-
nances B by replacing these double poles with a term (m/[ m)d(k; —m3)
(notice that k; = k; in the limit ¢ = 0).

The §-function is obtained firstly by giving an imaginary part to the mass
of the resonances in the propagators consistently to the fact that they are un-
stable particles, and then noticing that, if the width is small, the product of
the two propagators can be approximated by a d-function:

1 1
- s = (for ky; = k;) =
Iy —my + il'ymg ki —my —ilEm}, ( o = fe)
1 L
B (A3 —my) + Igmy ~ Igmy

Ok —myz) .

(The opposite signs given to the widths depend on the fact that s and § must
approach the real axis from different sides.)

Then every resonance R contributes to the inclusive cross-section by the
following term:

(2.8) 2F

2= s [ ettt —m) Dtk )

® dp, Iy Temy 5. (2m)t
“O{a(kz)—m)  res  H(pi, k).
x(kd)=n, o(ks)=n,
a(is3)=0 (kg )=n

The value of I', can be computed in the dual model, and is of order g* for
small coupling constant: thus we see that the effective confribution to the
inclusive cross-section coming from the production of on-mass-shell resonances

is of the same order of magnitude in g as those of the tree graphs (*)(**).

(*y It should be clear at this point that our method of computation requires that the
resonances be narrow and that the interference between resonances scparated in mass
can be neglected (because wo keep only diagonal terms in the sum over the resonances R).
Therefore, as we said in the Introduction, it accounts for the preduction and decay of
the first low-lying resonances of the speetrum, but will probably not be applicable to
the region where resonances average out to a continuum.

(**) Our procedure of replacing the double poles in k2 and k; with d-functions divided
by the width can be thought of also as a regularization of an infinity that would arise in
the loop integration in eq. (2.6) when the values of the external momenta are such that
the on-mass-shell condition fqr the resonances R can be met. Indeed, in the limit
e=0, ky=1F, and double poles of the form 1/(ki—mi)® are not integrable: a diver-
gence in the integration over phase space arises. This divergence is not cured by the
opposite ie preseription for s and §, which in faet generates a pinch and a singularity
for e—0. Anyway, it is physically obvious that the integral over phase space should
be divergent in eq. (2.6) because the resonances R appear there as stable particles of
zero width.
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The residue of H(p,, k,;), defined by eq. (2.4), in the multiple poles at
(k) =n,, aki) =mn,, a(kl) =a(kl) =n can be evaluated by an expansion of
I(x) into powers of x,x,z,2,. We used a computer program to perform the
expansion at fixed values of the external momenta. The limitation on the
size of the computation is given by the fact that the higher the numbers »,, n,
and n# become, the more terms of the expansion must be evaluated. At the
CERN computing facilities, values of the number N of necessary storage
positions (N = (n, + 1)(n; + % + 1)*(n +1)*(n, + 1)) of the order of 8000 re-
quire only few seconds of processing per point of the spectrum. With such
values of N we can compute spectra, for the first few resonances R, up to in-
coming centre-of-mass energies squared s~ 24(e’)1.

The residue of H obtained from the expansion has the form of a finite sum
of products of B-functions:

(2.9)  res H(p,, k)= ¢, . (p.)B(—a(s), —a(k?) + n,) B(— «(8), — a(k2) + n,) -
The subsequent integration over k is a matter of kinematics: in the centre-
of-mass frame of the incoming particles, for instance, it reduces to an integration
over the angle ¢ between the plane « that contains the momenta p,, p, and p,
and the plane § that contains p,, p, and p,. Notice that the opening of the
n,, #, channels may result in a f-function in the external kinematical variables;
this explains the discontinuities in the spectra we shall display, discontinuities
that would, of course, be smeared out by the finite widths of the resonances.

An important point about the computation is that the B-functions present
in eq. (2.9) have poles whenever «(s) equals a nonnegative integer. To obtain
a smooth cross-section in s (which is expected for large s) one cannot just take
an average because of the presence of double poles of the form 1/(s —m?)?
due to the zero-width resonances in the s-channel. There are two possibilities.
One congsists of assigning to these resonances a width I, and taking the limit
for I';— 0, thus replacing the double pole with (sz/1",m,)d{s —m?). As discussed
above, this procedure is probably correct when the interference between res-
onances of different masses is negligible. However, opposite to the case of the
produced resonances, we are now interested in those values of the energy s
for which the sum over resonances does build up a smooth continuum. Then
one argues that it is appropriate to average (2.9) separately over «(s) and «(3)
by means of the Stirling formula to produce a smooth function of s. This is
the procedure we shall follow in Sect. 3, but we will also display the results one
would obtain from the first prescription.

Finally, we remark that'almost all we have said is valid also for the am-
plitude associated to the twisted loop of Fig. 2 b); only slight modifications (¢)

(®) V. ALESSANDRINI, D. AMATI, M. LE BELLAC and D. Orive: Phys. Reports, 1 C,
6 (1971); D. J. Gross, A. NEviEv, J. ScHERK and J. H. ScAwaRrz: Phys. Rev. D, 2,
697 (1970).



RESONANCE PRODUCTION AND INCLUSIVE CROSS-SECTIONS IN DUAL MODELS 697

are needed in eq. (2.3) and the residue of H takes the form

(2.10)  res H,(p,, k,) = Dc, . (p)-

NigMg

B(—alk?) -+ m,, a(s) + a(k2) + otg — n,)B(— (k) + ng, o(S) + (k) + 2y — ) -

The B-functions appearing in eq. (2.10) have no poles in «(s) so that the smearing
procedure we just discussed is not required.

3. — The inclusive spectra.

In this Section we report and discuss the results of the numerical compu-
tations of the inclusive spectra. The dual model, in its present form, is not
appropriate for a description of the real hadron world, therefore only qualitative
significance must be attached to our results (in particular, no attempt of data
fitting can be made).

We recall that the consistency of the loop amplitude requires that all of
the trajectories, both the internal ones and those on which the external par-
ticles lie, have the same intercept «,. For most of the computations we
fix o, = —0.16, thus dealing with external particles of a common mass
p=0.4(c’Y} (). We have chosen this value of u to reduce kinematic effects,
such as dips for zero transverse momentum of the detected particles. We will
also exhibit, however, spectra computed for different values of u.

In all the figures we display the quantity

do
dp,’

(3.1) f(sa sz-a x) = g—4SEc

where # = p_,/|p,|, and p,, p, stand for the transverse and longitudinal
components of the momentum of the detected particle in the centre-of-mass
frame. The scaling property, in terms of f, is defined by

(3.2) f(s, P5., @) = g(8) F(pi,, o).

The function g(s) will be given by s* corresponding to pure Regge behaviour,
but may have a different form in the presence of cuts.

Let us begin by showing in Fig. 4 a), 4 b) the spectra obtained from the
tree graphs. We consider the tree graph of Fig. 1b), with R= c. Figure 4 a)
gives the spectrum in p? Yor z ~0.75 (") (fragmentation region), Fig. 4 b) for

(*) o fixes the scale of masses; in the following we shall set o'=1.

(**y The discontinuity of a tree graph containg a d-function in M?= (p, 4+p,— p.)%.
Therefore, the spectra in ps, involve different values of & in a range corresponding to
fixed M2
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10
f
10"k
FOANNGY
1) 9
10°k L
0 =
y) B
1072 1 ! 1 ] 1 ! ] 1 ! ] Lt ]
0 o1 02 03 04 05 06 07 0

01 02 03 04 05 06 ol 07
L

Fig. 4. — Spectra in p’ computed from the tree diagrams of Fig. 15). Parameters:
oy =—0.16, =0.75 (Fig. 4a)) and 0.05 (Iig. 43)), a(s)=6 (curves a)) and 12
(curves b)).

x ~ 0.05 (pionization region) for «(s) = 6 and 12. One should notice the pre-
sence of a cut-off in transverse momentum and a behaviour in s compatible
with scaling (which is attained somewhat slower in the pionization region).
The z-dependence of f for «(s)=— 12, p? = 0.1 is reproduced in Fig. 5 {curve a).

We come to an analysis of the loop diagrams. There is a variety of loop
diagrams that contain the phenomenon of resonance production. We consider
in detail those of Fig. 2: Fig. 2 a) represents a typical planar loop, Fig. 2 b)
exhibits a nonplanar one, which is often associated with the diffractive mech-
anism (7). We evaluate separately the contributions to the inclusive spectra
that come from the different towers of resonances R. These towers charac-
terized by «(k}) = » contain degenerate resonances up to a maximum spin #.
The contributions coming from the single resonances should be separately
rescaled by the inverse of their widths (see eq. (2.8)). However, the fact that
the number of resonances of the various towers is rapidly increasing with n
makes it rather difficult, from a computational point of view, to separate the
single contributions. Therefore, we shall confront with the tree graph the
whole loop calculation evaluated with a common factor ¢g?/ml” which is the

() C. LoveLACE: Phys. Lett., 34 B, 500 (1971); V. ALESSANDRINI, D. AMaTI and
B. MoREL: Nuovo Cimento, T A, 797 (1972); I. M. CuaxN and P. Hoyer: Phys. Lett.,
36 B, 79 (1971).
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Fig. 5. — Spectra in », computed from various diagrams (see text). Common para-
meters: oy =—0.16, o(s) =12, p2, = 0.1.

appropriate one for the J =1 resonance at «(k?) =1. Thus we assign a com-
mon average width to the resonances of the various towers; we hope that this
approximation does not distort too much the results to which, anyhow, we
attach only qualitative significance (*).

With these cong'derations in mind, let us diseuss the spectra reproduced
in Fig. 5, 6, 7 and 8 The z-dependence of the contribution coming from the
first tower of resonance (¢« = 1, one resonance of spin 1 and one of spin 0) is
given, for p?, = 0.1 and «(s) =12, in Fig. 5 (curves b and ¢) for the planar and
nonplanar loops. The discontinuities are due to the opening up of intermediate
channels. We see that the former is significant only in the fragmentation region
of particle b, whereas the latter extends into the region of small  as well. This
difference can be traced to the different mechanisms of production correspond-

(*y Having at our disposal a more realistic dual amplitude would justify the effort
of rescaling and separating the various resonance contributions.
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Fig. 6. — Spectra in p’ from the diagram of Fig. 2 a) in the fragmentation region of b
(see text for specification of parameters).

ing to Fig. 1a) and 13). But interference effects between the produced res-
onances (of different spins, 1 and 0 in our case, and the same mass) are also im-
portant to explain the » distribution. TFigure 5 (curve d) gives the analogous
distribution obtained by twisting the R lines of the planar loop: since the
resonances R are on the mass shell, the twist can only introduce a relative
— sign between the contributions of the J=1 and J==0 components. We
notice from Fig. 5 (curves b and d) that when we change the relative phase
of these two contributions, the # behaviour of the result changes drastically.

ar
f i /N
) o .
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0 F i
e
]
1072k
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10 "B ! [ S I =S SUS NS TN SR R SN | S N B ! i ] 1
0 02 04 06 0 02 04 06 0 02 04 06 pz
i

Fig. 7. — Spectra in p’ from the diagram of Fig. 2b) in the fragmentation region of b
(see text for specification of parameters).
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The assignment of different widths to the two resonances would not alter
qualitatively the effect.

The dependence of the spectra on p?, is displayed in Fig. 6, 7, 8 and 9.
Figure 6 a) gives the spectra obtained from the planar loop and the tower
a(k?) =1 for #=0.75 and three different incoming energies (a(s)= 6,12
and 24 corresponding to curves a, b and ¢); Fig. 6 b) gives the spectra ob-

3
pp————
3
T

=]
T
3
T

v

1
i
1
1072 0 \
|
]
10_3 E 1 L 1 1 1 1 10-3 C L L 1 i ) L
0 al 02 03 04 05 06 p2 07 0 01 02 03 04 05 08 pZ 07
L 1
Fig. 8. Fig. 9.

Fig. 8. — Spectra in p? from the diagram of Fig. 2 b) in central region (see text for spec-
ification of parameters).

Tig. 9. — Speetra in p? from the diagram of Fig. 2a) with a twist on line R (see
text for specification of parameters).

tained from the tower «(k}) =2 for the same values of # and s. Tigures 7 a)
and 7 b) display the analogous spectra obtained from the nonplanar loop.
We observe that a scaling regime is not reached at w«(s) = 24 (compare with
the spectra obtained from the tree graph), but the smaller difference in the
log scale between the curves for o(s) = 12 and 24 with respect to the differ-
ence between a(s) = 6 and 12 suggests that also the contribution from pro-
duced resonances may scale (*). The spectra for a(k?) =1, 2, 3 and 4 (curves q,

(") Scaling seems slower for the second tower than for the first.
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b, ¢ and d), x=0.75 «(s) =12 are combined in Fig. 6¢) and 7¢). The
spectra in p2 in the pionization region (x = 0.05) obtained from the non-
planar loop for «(k}) =1 and «(s) =6 and 12 (curves ¢ and b) are given in
Fig. 8; in Fig. 9 we see the analogous spectra obtained from the planar loop
with a twist on the lines R.

From all of these spectra (Fig. 6 to 9) we see that a cut-off in transverse
momentum is preserved (compare with the tree graph calculations of Fig. 4).
We find this point very relevant and shall return to it in Sect. 4.

The numerical comparison of loop and tree contributions depends strongly
on the rescale factor g°/m_I'., but it appears that the loop is of the same

RT R?
order of magnitude of the tree, though somehow smaller.

10
10°
A) B) \
‘}0’1 1 1 1 1 | ]0‘2 1 1 1 I 1 1 1
0 01 02 03 04 05 06 07 0 01 02 03 04, 05 06 207

Fig. 10. — Dependence on spectra in p2 on intercept parameter for diagrams of Pig. 1 b)
and 2 o) (Fig. 10 ¢) and 10 b) respectively). Parameters: a(s) = 12, o = 0.75, u®=—a,
indicated in the Figures.

Figure 10 exhibits the dependence of the spectra on the intercept para-
meter for the tree graph (Fig. 10 ¢)) and the planar loop (Fig. 10b)). We
observe that for small values of the external masses the loop contribution has
a dip for small p? which is due to kinematical effects.

Finally, in Fig. 11, we show the spectra obtained from a different preserip-
tion for averaging the singularities in s, ¢.e. replacing the double poles with
(w/m;I";)6(s —m%). We display the spectra obtained according to this new

rule, for the tree amplitude of Fig. 1 4) and the planar-loop amplitude. It
seems that this alternative prescription, which should be correct for low s,
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Fig. 11. — Speetra in p? obtained from a different averaging procedure on s-channel
poles, for diagrams of Fig. 1 @) and 2 a) (Fig. 11 ) and 11 b) respectively). Parameters:
ofs) =12, ©=0.75, u?®= — «, indicated in the Figures.

is not satisfactory regarding the features of the spectra at high energy. Es-
sentially, it neglects the real parts of the amplitudes for the production of the
intermediate state; this introduces a factor of sin?m«(t) in the case of the tree
amplitude and sin®zo(k]) for the loop amplitude, which distorts spectra
particularly for small external masses. It is not mathematically clear how the
trangition between low- and high-energy regions occurs, however it appears
that the prescription used for all our spectra, except for those of Fig. 11, which
takes into account the real part of the amplitude for resonance production is
the most appropriate for considering high-energy inclusive features.

4. — Some features of resonance production.

The cut-off in transverse momentum present in the contribution to inclusive
cross-sections that come from resonance production suggests that

i) the resonances theinselves are produced with a cut-off in transverse
momentum;

ii) perhaps a mechanism is operating by which the resonances are pro-
duced with a strong polarization, which favours low values of p? for
their decay products.
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In this Section we investigate these two points (*). We factor out of the loop
amplitude (for defin’'teness we consider the planar loop of Fig. 2 a)) the tree

amplitude 4, for the forward scattering of two ground state scalars of mo-
menta p, and p,, with an excited state of the first level of spin 1 and momentum

p- 4, (., p,, p) is given by
(4'1) A/.w = Blpa,upa.v +‘szb,upbv + Ba(pa,upbv + ph,upw) + B4g/w ’

where the scalar amplitudes B(p,, p,, p) are given by
B, :fdwldaczdwawlma(l —a) I{ws, Py,
B, :fdwldwzdx3(1 — T, %3) 2 1 (2;, P;)

) ;’ﬁ) (1 —2o)(1 — 2, 2523) L (24, ;)

B, = f da, dx,dx, (

B, :fdmldxzdms(m1xzxa)l(xi, Pi),

and I{x,,2,,x,,p,, P,, p) is the infegrand that appears in the formula for
the analogous tree amplitude involving only ground state particles.

The inclusive cross-section for the production of the resonance is related
.0 the discontinuity of A4 , in the variable M®=(p_ +-p,—p)* according to
the equation

dop 1 .
3 o = — (1)
(4.3) 2K dp. sze" (

i

discy Abr) e
21 Y

where eif’ denotes the polarization vectors of the resonance.

The density matrix is given by

£* (@SLM’ Aw) e

“ 21

B diSC P B '
zg;}\* AP ) e
3 21

(4.4) 0iy =

The dependence of 2F (dog/dp,) on the transverse component of p is exhibited
in Fig. 12, where we plot the quantity fg(s, %, #) = sH (do,/dp,) evaluated

(*) TFor an analysis of resonance production in the dual resonance model, see also D1
GiacoMo and Kowisai (8).
(&) A. D1 Giacomo and K. I. Kownisui: M.I.T. preprint 278 (1972).
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numerically for «(s) =12, = (p,/|p,]) ~ 0.75 and two different values (o, =
=—0.02 and o, = —0.09) of the intercept parameter.

Notice that a cut-off in transverse momentum is in fact present, and that,
after a sharper peak for small p?, the behaviour of the spectrum is essentially
exponential in p?.

2 I i I 1

10 1 i 1
0 01 02 03 04 05 06 pf 07
Fig. 12. — Spectra in p} for inclusive resonance production. Parameters: o(s)= 12,
x=0.75, u?=— «, indicated in the Tigures.

The polarization of the produced resonance can be deduced from the density
matrix, or, equivalently, by considering the bilinear form

_ disc,,
(4.5) A(g) =2 Qi(*ziﬂ Aii) 9,

ij

where A4, is the space part of 4 , in the rest frame of the resonance.

A(q) measures the probability that the relative momentum of the decay
products of the resonance in its rest frame is given by q. By a rotation of the
frame of reference, 4(q) can be reduced to the diagonal form

(4.6) A(q) =3 a,(q,)*

i

Then «, = x, = «, imply an isotropic decay in the rest frame of the resonance,
whereas maximum polarization is obtained when two of the «; are zero.
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From numerical computations done for a wide range of parameters s,
r=p,/|p,|, P2 and «, we have found that the decay is always almost maximally
anisotropic, 7.¢. that one of the «’s always dominates the other two. What
happens is that the function B, of eq. (4.1) turns out to be of some orders of
magnitude larger than B, and B,, B, being consistent with an almost factorized
expression

(47) A,w = (blpb‘u + pra,u)(blplw + b2pav) ?

where b, >b,.

Then, in its rest frame, the resonance decays preferentially in the direction
of the incoming particle b, with an almost pure cos? §-dependence which is the
maximum alignment compatible with spin 1 (*).

Thus we see that the cut-off in the transverse momentum of the final stable
particle is reproduced, in the dunal-resonance model, both through a cut-off
in the transverse momentum of the produced resonance and strong polarization
effects. These polarization effects seem to be a very relevant feature of the model
itself. Of course, we have established them only in a rather limited example,
and cannot claim that they are of all generality.

It would be an interesting theoretical task to find out whether a strong
polarization of produced spinning particles is in fact a quite general prediction
of the dual resonance model.

At the same time it would be extremely important to see whether these
polarization effects are supported by experimental data. It may be rather
difficult to separate the production of a resonance in a two-body inclusive reac-
tion from the presumably large background of primary produced particles.
But a detailed experimental analysis of the inclusive production of a resonance
and, in particular, of its polarization could contribute some fundamental in-
formation to our understanding of high-energy processes and help to discrim-
inate among the various theoretical models that are proposed to explain them.
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(*) Analogous results for the polarization of a particle of spin one within the dual reso-
nance model have been obtained by FENsSTER and URETSKY (°), who consider a dif-
ferent kinematical region (the central region) and employ asymptotic techniques; they
also find almost maximal anisotropy in the decay.

(*) 8. FenstER and J. L. Urersky: ANL/HEP 7212 (1972).
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® RIASSUNTO ()

Si ealcola numericamente il contributo delle risonanze intermedie prodotte agli spettri
inclusivi tramite 1a discontinuitd delle ampiezze duali ad un’ansa. 8i trova che questi
contributi sono minori ma non traseurabili rispetto a quelle provenienti dai grafiei ad
ansa che per quelli ad albero. Si mantiene il taglio nell’impulso trasversale anche per
una risonanza intermedia prodotta piuttosto pesante. Si argomenta che questo fatto
¢ in relazione con i forti effetti di polarizzazione nel decadimento di risonanze nel
modello duale.

() Traduzione a cura della Redazione.

Pooxenne PE€30HAHCOB N BRJIIOYAIOIIHE NONEPeYHbI€ CEYEHHA B AYAJbHBIX MOAE/IAX.

Pestome (*). — MBI 9HCIICHHO PAaCCYHTHIBAEM BKJIA NPOMEeXYTOYHBIX PE3OHAHCOB B BKIIIO-
YAIOUIHE CTEKTPHI, HCUOJNB3Ysl PA3phiB AYAJIBHBIX aMIUIMTYA ¢ OAHOM Herned. Mel nomy-
4yaeM, 4TO 3TH BKJAIbl OKa3BIBAIOTCS MeHbINE, HO He NpeHeOpeKuMO MalbIMH, IO Cpa-
BHEHMIO C BKJIAJAaMH OT ApPEBOBHAHBIX rpadmkos. IlomoOme MoxeT OBITH HOCTHTHYTO
IJIA MeTeNbHBIX AMAarpaMM HpH Goiee BHICOKMX 3HEPIHsX, YeM s ApeBoBuAHbIX. OOpe-
33aHHE MOHEPEYHOro HMILYJIBCA COXpaHseTCs Aake IS AOBOJBHO TSAXKEIBIX MPOMENKYTO-
YHBIX PE30HAHCOB. MBI HOKa3bIBaeM, YTO 3TOT (HaKT BCA3AN C CHIIBHBIMHM HOJISIpH3AlMOH-
HbIMH eddexTaMu Npy pacHaje Pe30HANCOB B NyalbHOM MOJEIH.

(*) Hepesedeno pedaxyueii.
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