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Abstract: In this paper we show that a moment of order n of the strength function is determined by 
the same order of the Brillouin-Wigner perturbative expansión. This fact is used to study the 
second moment for single-particle and collective excitations in the framework of nuclear field 
theory. We discuss the relationship of the second moment with the spreading width of the giant 
isovector MI resonances in ^™Pb.

1. Introduction

The promotion of nucleons across the Fermi surface to unnoccupied major 
valence shells gives rise to giant multipole resonances that are coherent particle-hole 
excitations that exhaust a great portion of the sum rule for a multipole electric or 
magnetic operator. These states can be pictured macroscopically as a collective 
oscillation of the nuclear surface and appear as strong peaks in the cross sections 
of photoabsorption and inelastic scattering of alphas, ^He or protons.

The centroid of those distributions of multipole strength, or what is the same, 
the excitation energy of the corresponding collective states, can be accounted for 
within a microscopic framework performing RPA calculations with either model 
or efTective interactions. Alternatively, a macroscopic description can be attem pted 
within the liquid drop model. Both approaches successfully reproduce the extensive 
experimental evidence gathered so far, making it possible to link each specific 
giant mode with the corresponding terms appearing in the residual nucleon-nucleon 
interaction.

The distribution of fragments of multipole strength gauge the damping of the 
collective oscillation by its decay into the more complicated nuclear configurations 
that appear at such excitation energies. This coupling cannot be calculated within 
the framework of the RPA since it involves higher-order admixtures of configur­
ations with 2p-2h, 3p-3h, etc.

The experiments of one-particle transfer also display similar features. Usually 
one strong peak gives the position of the so-called single-particle State but weaker 
peaks associated to states of the same spin and parity ordinarily appear shaping 
up a distribution of one-body transfer strength that is not a simple delta-type
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function. The centroid of the distribution can be calculated in terms of an average 
one-body central (Hartree-Fock (HF)) potential but its width can only be calculated 
if some coupling is introduced between puré single-particle excitations and more 
complicated configurations.

From the above considerations, we can observe that both situations bear a strong 
resemblance. In both cases the centroid of the strength distribution is described by 
HF or RPA and its spreading width by the coupling of these excitations to more 
complicated configurations of the A-nucleon system.

To describe the spreading width of both kinds of excitations severa! theoretical 
attempts have been made The general structure of these calculations involves 
the choice of an appropriate set of intermedíate (or doorway) states to which the 
decaying state is coupled. An averaging procedure is next followed replacing the 
discrete set of intermedíate states by a superposition of continuous Breit-W igner 
distributions. This procedure is equivalent to adding a (small) imaginary part to the 
unperturbed energies of the intermedíate states. The coupling to these is then 
reflected in a width param eter F  of the strength distribution that is thus obtained.

The purpose of the present paper is to describe the damping of a giant resonance 
by the valué of the second moment of its strength distribution. The param eter 

is difíerent from the width F  [refs. that provides a direct measure of the 
lifetime of the state. The second moment provides instead an overall measure of 
the leading order admixtures of the collective mode with neighbouring, more 
complicated configurations.

The derivations of the present paper are performed within nuclear field theory 
assuming that all the strength is concentrated in a single collective state and no 
distribution of intensity is present in any difíerent RPA (or TDA) modes

In the following sections we investígate in some detall the physical Informa­
tion that can be extracted from the calculation of a given moment of either a 
single-particle or a particle-hole strength distribution discussing in each case 
the set of intermedíate states that determines it uniquely. We next analyze 
within this framework the realistic situation of the isovector M I giant resonance 
in Pb. In the last section we draw conclusions and compare these with other 
frameworks.
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2. The single-particle case

Let H  be a hamiltonian matrix with elements ha and U  the unitary matrix that 
brings H  to its diagonal form with eigenvalues E,. The matrix U  is built by the 
eigenvectors of H.  Then the following equations hold

H U  = U E ,  U ^ U  = 1 ,

'L hiiUjk = UikEk , (1)



and thus

H  = U E U ^  = M { E ) ,

hu = l ( u ¡ k f E , = l u t , E , u t i .  (2)
k k

Eq. (2) is just an energy-weighted sum rule for the eigenvector components u¡k 
relating the unperturbed energies contained in h¡¡ to the final eigenvalues E^.

To make clear the physical meaning of eq. (2) suppose that a complete set of 
single-particle states with unperturbed energies eí has been defined through a HF 
self-consistent diagonalization. Next we introduce in our basis more complicated 
2p -lh  (or equivalently one-particle + one-boson) states and ask ourselves what 
will be the efíect of the coupling to these states through the residual interaction 
contained in H.  We see through eq. (2) that the weighted average of the final 
eigenvalues is given by the diagonal matrix element h¡¡ that is composed only by 
the bare single-particle energy e¡. In addition the square of the eigenvector com­
ponents are the amplitudes of exciting 2p -lh  states by a process of one-particle 
transfer and are thus interpreted as one-body spectroscopic amplitudes. We thus 
see that the coupling to 2p -lh  configurations causes a redistribution of one-particle 
strength but its envelope is still centered at the unperturbed valué e,. The introduc- 
tion of the 2p -lh  states changes in fact the next moment of the strength distribution 
through the off-diagonal terms of the hamiltonian matrix. To see this we note that

(H^) = (UEU'^UEU'^) = {UE^U'^) = M ( E ^ ) . (3)

Thus the second moment associated with the íth unperturbed state is

= { U E ^ U \ i  ~ { U E U ^ ) l  = I  h l i . (4)
k^i

It is conceptually helpful to work out a perturbative interpretation of /xp' and of 
higher moments. For this purpose we analyze the Brillouin-W igner (BW) perturba­
tive expansión of the state |0) with energy eo- This amounts to solving the equation

E=fo( .E) ,  (5)

with

fo(E) = eo + ( 0 1 ( 1  - 10)(0|) V|0)t  —rio

^ ~i~ío

,  ̂ ^  V.kVkrVrO ,
=  e o +  I  --------+ L  7 ^ ----------------------- + • • • .  (6)—efc —Skjytl —Er)

r^O
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In (6) we have assumed that the hamiltonian splits into an unperturbed (diagonal) 
part Ho and a perturbation V  that couples the State |0) to more complicated 
configurations k , r  • ■ ■ . We have further assumed that any diagonal contribution 
V̂oo has been already absorbed in eq.

It can clearly be seen by straightforward application of the Cauchy theorem that

 ̂  ̂ U i z ) á z =  I  v i , ,  (7)
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(2 ) /u-0 =
2 ttí

where C is a closed contour in the complex energy-plane that encircles all eigen- 
values of H q.

We thus conclude that is uniquely determined by the second (in powers of 
V)  order in the BW perturbative expansión. We can extend this argument to the 
third-order moment, namely

IX? = M { [ E ~ M { E ) f )

= I  Vli  {e¡ + V¡¡ - e o ) +  I  VoiV,,
yVO k.;VO

= (UE^U\ ,o-2>{UE^U'^)UUEU'^)oo + 2 (U E U ^ ) lo . (8)
This expression can be found to be equal to

1(3) 
■̂0 = 2ttí .

{z -e o ) fo (z )áz  . (9)

The only non-vanishing contributions to the integral in (9) come from the second 
and third terms of (6 ). Formulae (7) and (9) can of course be generalized to higher 
moments. The main conclusión that we want to remark is that a moment of a given 
order is properly calculated upon the inclusión of all the terms in the BW perturba­
tive expansión up to that same order. This allows to cast the calculation of moments 
into a diagrammatic language by simply identifying the set of processes that are 
relevant to a given set of terms in the BW expansión.

For the single-particle case that is under consideration we have seen that the 
coupling to 2 p -lh  states does not change the centroid. In addition the distribution 
of one-particle transfer strength given by the squares of the components of the 
eigenvectors is no longer concentrated but is instead distributed being enveloped 
by a gaussian with a width determined by the non-vanishing Its valué is only 
given by the sums of the squares of the matrix elements that couple Ip  to 2p -lh  
states.

This coupling can be evaluated using as elementary modes of excitation Ip  states 
and coherent particle-hole modes. As long as we restrict our analysis to TD A  
bosons, it is easy to see that

I  |(( lp ) |K |(2 p lh ))p =  X iki \V\k'k"){k' i \V\kk")
2 p l h  k' . i . k"

= Y, A ( k ' k , n ) A ( k k ' , n )  (fc, f c ' ) / F e r m i ;  í , < / F e r m i )  , (10)
k ' , n



where
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A i i a j b  , «  ) =  I  (/a/l V \ ] i , j ’)X  ¡j' (11)

In eqs. (10) and (11) A ( j a j b , «) are the vertex functions coupling two fermions 
in states jajb to a TD A  boson labelled by n ; Aj)- are the eigenvectors components 
of the nth boson in the jj' (p-h) configuration.

Not all the diagrams having a fermion Une as initial State and a fermion plus a 
boson hnes as a final state represent matrix elements that contribute to For 
instance, diagrams such as those of (fig. IB) renormalize the vertex A (or 
equivalently the two-body matrix element of V)  introducing higher-order correc- 
tions in the structure of the correlated p-h states. The arguments leading to eq. 
(10) exelude their contributions to despite the fact that they represent matrix 
elements connecting the same initial and final states (e.g. Ip  and 2p-lh). 
Equivalently they must be neglected because they correspond to higher orders in 
the BW expansión.

k, k.

2 k'' J n

= ) : '
k’,n

k

(A)

B)
Fig. 1. (A) Diagrammatic equivalence of f i f  (second moment of the strength function of the single 
fermion k)  calculated within a basis of independent particles and holes and a basis spanned by 
single particles and TDA bosons. In this and following figures wavy lines represent bosons and full 
lines single particles (or holes). The two-body matrix element {k’k"\ V\ki )  (including direct and exchange 
parts) is represented by a dot. The particle-boson vertex is Á{k'k,  n).  (B) Higher-order renormalizations 

of the two-body matrix element (or vertex function) that do not contribute to



The calculations of widths of s.p. states can therefore be achieved in a much 
more simple way not going through a TD A  diagonalization since the summation 
of the / l ’s over all (collective and non-collective) modes is equal to the sum of the 
squares of the corresponding p-h matrix elements (see fig. lA ).

More complicated configurations entering in higher orders of the BW expansión 
only change higher-order moments. This amounts to stating that the details of the 
strength distribution will change upon the inclusión of such terms but in such a 
way that the average gaussian envelope remains the same. This is schematically 
displayed in fig. 2 .
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3. The particle-hole case

The arguments of the preceding section can aiso be extended to the strength 
function associated with a collective particle-hole excitation. We will restrict our 
discussion to the case in which coherent p-h modes are described within the TDA.

( A l

k

k

IB)

k -
---ío

Fig. 2. Schematic illustration of the successive corrections to the one-body propagator and the corre­
sponding fragmentation of the strength function. (A) The zeroth order in the BW expansión corresponds 
to the diagrams shown in the upper part that have only one insertion in the fermion line and there is no 
fragmentation in the strength function (below). The second and third moments are zero {ero = n!?’ = 0). 
(B) The next order involves diagrams with two insertions. Some strength is transferred to the intermediate 
configurations with energies e,. These are enveloped by a gaussian with a width given by cri 0. The 
third moment is also diíTerent from zero. (C) The further corrections that involve diagrams with three 
insertions change the details of the strength distribution; the width a  remains unchanged (<T2  = o-]) but 

changes. Higher corrections leave unchanged.



The energy-weighted sum rule given in eq. (2) can be applied straightforwardly. 
However since ha contains an important diagonal contribution, the centroid of bare 
particle-hole energies is diíTerent from that of the TD A  eigenenergies. The fact 
that these centroids are not the same can easily be seen in the schematic models 
in which a single (collective) eigenstate is strongly shifted downwards (upwards) 
for an attractive (repulsive) two-body interaction, while all non-collective modes 
remain degenerate at their unperturbed energies.

The TDA diagonalization must therefore be regarded in a similar way as the 
HF calculation in the sense that both are the initial steps that define the excitation 
energies (centroids) of the configurations that are used as building blocks to construct 
the nuclear spectrum.

The situation, that is comparable to the corrections discussed in sect. 2 for the 
one-particle configurations, is that arising from the admixture of 2p-2h, 3p-3h, etc. 
with a coherent Ip - lh  State.

To study this admixture it is conceptually advantageous to work in a basis of 
TDA quasibosons (in what follows bosons). We thus define

\n}= I  A w |¿í)= I  \ l i c U i \0 ) .  (12)
(ki )  iki)

In eq. (12) k (i) labels a state above (in) the Fermi sea and |0) is the HF vacuum. 
Within this scheme the basis is built up by states of 1, 2, 3, etc. bosons:

l«> ; l«i«2> ; |nin2«3> ; (13)

The states of 2 or more bosons do not correspond to fully antisymmetric states 
of 4, etc. fermions since Pauli exchange effects are neglected. This happens because 
a given single-particle state can simultaneously be occupied by a particle (or hole) 
that participates in the structure of two diflferent bosons. The results thus obtained 
are wrong in terms of the order 1/Í2 where ü  stands for the eflfective degeneracy 
of all the valence orbitals involved in the calculation. This error can be corrected 
by taking into account the fact that the missing í / ü  corrections introduce a 
non-orthogonality of the many boson states in the basis (13). This can be corrected 
by introducing the matrix of the overlaps of these states, very much in the style of 
the multistep shell-model method This is however a technical point that does 
not affect the following arguments and is ignored in the discussion that follows.

According to eq. (13) the second moment of a given (collective) boson state ¡«o) 
is given by

M-ño = X \{no\H\nin2 . . .  n,)|^ . (14)

The summation is extended over states of more than one boson since the TDA 
diagonalization is assumed to leave the one boson part of the hamiltonian matrix 
in its diagonal form.

G.G. Dussel et al. / Moments o f strenglh functions 1
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The r-boson portion of the basis (13) is an (overcomplete) image only of states 
of r particles and r holes. As we have sean already, the only contributions to are 
due to all the matrix elements involving the first power of the two-body interaction 
and having \no) as initial State. Since these can only connect |no> with states of two 
particles and two holes, the summation in (14) is restricted to r = 2. The only matrix 
element that survives is

(15)

This can be written as

{nin2\H\no}= I  x ’'k'¡X’¡^ fA{k'k- ,n2)+K'^ l fA(k'k-,n)  
ikk'i

kW
(1 +5„,„2) - 1 / 2 (16)

In eq. (16J is defined an energy-independent vertex between one- and two-boson 
states. Each of the four terms is diagrammatically represented in fig. 3B. In 
performing all possible contractions in (15) to obtain (16) the RPA-type vertices 
have been assumed to be zero, thus the only contributions arise from matrix 
elements of the type shown in fig. 3A.

= < i ,  k , IV Ik jl< 3 >

IB )

Fig, 3. (A) Two-body matrix elements (including direct and exchange parts) that are relevant to the 
admixture of one and two TDA bosons. (B) Diagrammatic representation of eq. (16) in the text. Heavy 
dots represent the ampUtudes A. The remaining vertices are given by A  (as in fig. 1) as defined in eq. 
(11). (C) Higher-order renormalization of the matrix element (15) that gives no contribution to



The processes such as the one shown in fig. 3C give no contribution to 
despite the fact that they represent a matrix element between one- and two-boson 
states. The reason for this is that the diagram involves a higher power of V  and 
therefore corresponds to a higher order in the BW expansión of the boson state 
\no}- This type of renormahzation is to be compared with that of fig. IB for the 
case of one-particle states.

With the arguments of this section we have obtained, in a similar fashion to 
the preceding one, the family of all the states whose admixture determines com- 
pletely the second moment of the strength distribution of a TD A  boson.

4. A schematic model for the particle-hole case

In this section we check the adequacy of the vertex function (16) in a schematic 
model. We do this by using (16) in a hamiltonian matrix to calcúlate by diagonaliz- 
ation the perturbed energy of one boson. The correction to the TD A  frequency a> 
obtained in this way is correct up to order 1//2 . The results obtained from this 
diagonalization can be checked against a perturbative calculation that can be made 
exact up to any required order in í / ü  following the prescriptions of ref. ^̂ ).

We consider a model consisting of two levels labelled a  and á  of the same 
degeneracy Í1 and separated by an energy gap e.  Identical partióles are assumed 
to fill completely the lower level. They are assumed to interact via a monopole two- 
body interaction. The only non-zero two-body matrix elements are shown in 
fig. 4. The TD A  diagonalization (in which the exchange matrix elements shown in 
fig. 4D have been neglected) yields a single collective state at an excitation energy

( o = e - 2 V n = e { \ - x ) . (17)

The only non-vanishing matrix element occurs between the states with one and 
two adiabatic bosons. The 2/2 coefficients are equal to The four
diagrams in fig. 3B are thus equal in pairs. The different sign for the clockwise or 
counter clockwise orientation of the fermion lines of each group is contained in 
the q„ (~qg) factor. The admixture of one- and two-boson states is then described 
by the two-by-two matrix

w -  Vq^qs -A -J2{q^-q¿)
2{w-Vq„qi^)  

with A = ex / ' J in .
Besides the unperturbed energies o> and 2o>, the diagonal matrix elements contain 

the exchange contribution Vq^q¿. The lowest eigenvalue is shifted by an amount
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(18)

= —
n ( l ~ x )

Corrections of order l / f l  are missing in the wave function of the two-boson state. These cause 
eigenvalues to be wrong in terms of order



: < m 3 (7  ̂ m 2 CTIVI nr»iCr, mi  CT > = ¿m j  ,-m¿
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(A )
m,o rOjO

m-¡(j 

\
mjCr IH I O ">=-V  (5̂ 1.-012*5

, __ 1 0  j

rn̂Cj rr\2̂

rritCr

\
= < m 2 £?, m, CIHI m, í ,  m I cr > = V ĉ . (5m,,-m ¡ <5 m,

j(j m̂Cj mjCj IC)

rrijC rr\̂<j

= <  m; ?,  m, c? IHI m ií,  m, C  > =  V qr (*. (5r„,m, (5^

m iC  m2^ (D)

Fig. 4. Two-body matrix elements of the monopole p-h interaction. Backward matrix elements are set
equai to zero.

This same correction can be calculated in perturbation theory, This amounts to 
evaluating the nine different contributions represented by the diagrams of fig. 5 . 
These are

Di = -Vq^q^~------- 3 ,
(w -e )

2 í l A \ q ^ - q , f
U 2 + O 3 -  —------- -2-----— ,

(o> - e )  ( - e )

J J 4  —
(oj — e )  {(O — 2 e )

 ̂ 4 ü W y i \ ^ - q ^ f ( 4 e - a j )

^ ■ ( e - o , ) V - 2e ) .^  ’

D  + n  + n  ^ n ^ A \ 4 e ~ < ^ ) ( q ^ ~ q , f
-L̂ óía) + U6(b) i-'óíc) — , ^ \í \2 2 • (20)

(o> —le )(e —oj) e co
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= D, = Ü3

Dec =

Fig. 5. Diagrammatic r e p r e s e n t a t i o n s  of t h e  1/Í7 anharmonicities of t h e  one- (TDA) boson S t a t e .  

Fermion lines are drawn with no arrows to indícate that clockwise and counter-clockwise orientations 
should be included. Their evaluation is given in eqs. (20). The dotted lines represent the exchange part

of the two-body interaction.

The partial contributions (20) can be checked to add to the result obtained in (19) 
from the diagonalization of (18). This comparison shows in a striking way the 
adequacy of the matrix element (16). In fact the inclusión of this coupling is 
surprisingly able to account for all the variety of different diagrams of fig. 5. The 
obvious consequence as far as the calculation of second moments is concerned is 
that the AA/l term takes into account all possible fragmentations of the one-boson 
State in all possible two-boson configurations. In the next subsection we analyze 
this procedure in a realistic situation.

5. The isovector MI resonance in Pb

The isoscalar or isovector M I resonance in closed-shell nuclei occurs whenever 
it is possible to create particle-hole excitations that have a non-vanishing matrix 
element of the operator a  ( c t t ) with the g.s. This occurs whenever two spin-orbit



partner orbitals lie one above and one below the Fermi surface, i.e. when a spin- 
unsaturated shell closure occurs

Despite the large efíort put in this measurements to overcome severe experimental 
difficulties there is still some degree of uncertainty in the total M I strength located 
at an excitation energy of the order of the spin-orbit splitting between the partióle 
and hole levels. The experimental evidence is however consistent in showing that 
only a small fraction of the expected M I strength is detected thus indicating a 
quenching of the cr-operator.

The extensive experimental work in the T = 1, M I state in ^°*Pb has resulted 
in high-resolution information of many fragments of M I strength. This fact together 
with the simplicity of the structure of the V  state makes this case particularly 
suitable for applying the methods presented in sect. 3. Several microscopic descrip- 
tions have been attem pted within various frameworks and with a wide variety 
of residual interactions. We are not attempting here an alternative versión of them 
but rather próvida an analysis of the mechanisms of the fragmentation of the M I 
State.

In this section we will first reproduce the experimental evidence within a 
phenomenological RPA calculation and next calcúlate the width of the state 
following the prescription of sect. 3. To describe the 1^ state we use the model 
(factorizable) interaction

V^(l,2) = 4 i¡ :M l(- ) '-V ^ ( l)c r_ ^ (2 )T ,( l)T ,(2 ) . (21)

The strength Km is chosen to reproduce the centroid oji+ of the M I distribu- 
tion. The proton (tt) and neutrón (v) configurations that are involved are 
[(/111/2) ^{hg/2) f  and [(/i3/2)~*(¡ii/2)]^* together with the corresponding backward 
amplitudes. Thus

12 G.G. Dussel et al. / Moments o f strength functions

3 í .

4 t7
i S s - g i ) .—r7— -----(gs-g /)

A v = R

2/, + l  2/„ + l  

i,,,2 2efciWi+ ''

> / o -  V 2

\e
l E

I

(22)

. (2 3 )
ki e  fc, — O) 1 + J

In (22) é is the average between the proton and neutrón particle-hole energies, 
and in (23), =ek+e¡  (we take positive particle and hole s.p. energies). R  is a 
renormalization factor that is chosen to reproduce the total M I strength measured. 
This renormalization can be thought of as mocking up efTective gyromagnetic ratios 
or, equivalently, coupling to the 4-hole configurations 

The residual hamiltonian (21) has been chosen to be proportional to the square 
of an operator that is very cióse to the specific operator for the M I transition. This
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choice insures that the collective RPA root concéntrales all the strength and thus 
no fragmentation is present among the remaining RPA roots. The fragments of 
M I strength are thus obtained by calculating in the lowest perturbative order the 
amplitudes of exciting a two-boson State |« i / i , n 2/ 2; 1^) by acting with the M I 
operator over the ground State. We do this following the rules of nuclear field 
theory i.e. by evaluating the diagrams represented in fig. 6 . As can be seen 
both the “collective” (fig. 6A, D, E) and “fermionic” (fig. 6B, C) images of the 
M I operator have to be considered. In fig. 6 we have omitted for simplicity all the 
remaining possible time permutations that have to be considered if all the phonons 
are described within the RPA.

■ r

M1

I''n,J,

r

n,J?

(D) (E)

Fig. 6. Diagrams representing tlie processes responsibles of the population of one- and two-boson 
states via an MI excitation, The oniy time permutation that is shown corresponds to a TDA description

o f  t h e  b o s o n  S t a t e .

The fermionic lines are taken to represent particle or hole states for both protons 
and neutrons belonging to one m ajor shell above or below the Fermi surface. The
corresponding s.p. energies are taken from the Pb odd neighbouring isotopes.

The boson states labelled [«,/, ) are any of the RPA roots of a separable m uhipole- 
multipole interaction of multipolarity /, acting among protons and neutrons. W ritten



in terms of isoscalar, isovector and coupling terms

Hj = -  l/Co,/ I  O U r  = O, Tz = 0)OÍ; (r = O, tz = 0)

~¡K, j  I  O Í,(t = 1 ,tz)O Í;(t = 1,tz)
Jzrz

- K ' j  I  O í ,  ( r  =  1 , T2 =  0 ) O Í ;  ( t  =  o ,  r z  =  0 ) ,  (2 4 )
Jz

with

OÍz(t, Tz) = 2V2 Y ^ t z { h z k r z - t z ) \ t t z )2. (t z , t z ),
<z

3.Jz(rz, tz )  =  ~  , l.{ktz\\r^Yj\\itz)
V2/  +1 ki

The intensities K q.j, K u  and K j  are chosen also as in ref. ^ )̂ and are related to 
the depths Vo and Vi  of the isoscalar and isovector part of the optical potential 
through a self-consistent condition between collective fluctuations of the average 
one-particle potential and the distortion of the density

tM eV ], ,26W

K ’, - - 2 K , j ' ! f c .  0 « c « l .  (26c)

The RPA equations are worked out as in ref. ^ )̂ and yield the frequencies a»„/ 
and the vertex functions of fig. 7. The normalization constants A „ /( íJ  are obtained 
as solutions of the equations

[1 - (Koj + K r j + 2 K ’j)']S''M„j(\) = { K ^ j - K u )S''JA„j ( - \ )  , 

[ \ ~ { K oj+ K u +2K'j )-]S''Ja ĵ { - \ )  = [ K o j , (27)

S " J  =  1  \ { k t z  = ± W Y j \ \ i t z  = • (28)
ki  e  k i [ t z ) ~ ( í > n J

With these ingredients the diagrams of fig. 6 summed over all time permutations

14 G.G. Dussel et al. / Moments o f strength functions
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Fig. 7. List ot fermion-boson vertices.

give the following M I transition matrix element:

Í\Í2Í3.tZ

2(ül^

J l  1  / l

73 Í2  j \

--------7-------^ ----- 2-^i*(íz)(/3ÍzIH |/iíz){11|M 1||0>
(a>„̂ ĵ  + o}„̂ j )̂ -O I1+

1



1 1
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+  e/3,i(íz))(w„2/2 “  £j2hi(z)) (Wn2Í2 +  £i2iÁ^z))ÍMn^Ji+Mn2l2 +  £i3Ílitz))

2
(29)

The small energy denominators in (29) that occur in the immediate neighbourhood 
of the unperturbed energy of the boson (7.5 MeV) are handled as usual, through 
a diagonahsation of a matrix in that restricted space. Although some ambiguities 
are present in the calculation of the off-diagonal terms these cause no significant 
effects in the results (e.g. how to symmetrize the matrix).

In addition to the RPA calculation we have performed one within the TDA. 
This amounts to recalculating not only the 1^ State but also the p-h excitations that 
give rise to the fragmentation of the M I mode. In both cases once the fragments 
were obtained the second moment was evaluated as if dealing with experimental 
data, i.e. by using the standard prescription of adding up the products of the M I 
intensity in each fragment times the square of the energy distance to the centroid. 
For this purpose all the low intensity fragments lying further away than 2.5 MeV 
were neglected. The theoretical results are compared with experiment in fig. 8 and 
table 1.

All the fragments that are found to be large in the RPA calculation are also 
found in the experiment at nearly the proper energy. No significant fragments were 
found more than 1 MeV away from the centroid at 7.5 MeV of excitation energy. 
The only exceptions are the peaks below 7 MeV that lie below the experimental 
threshold. Many low intensity fragments that have been measured cióse to the 
centroid are missing from the theoretical picture. As long as these can be attributed 
to more complex configurations than 2p-2h they do not contribute to the valué of 

despite the fact that such weak fragments change the details of the distribution.
The TD A  calculation of the width was repeated using the prescription explained 

in the preceding sections, i.e. by adding up the squares of the matrix elements of 
eq. (15). The valué of a  has been calculated neglecting the contributions due to 
two-boson states with the excitation energies outside a window of width Se centred 
at 7.5 MeV. In fig. 9 the valué of cr has been plotted as a function of Se. The valué 
of o- is seen to satúrate for increasing Se. This is due first to the fact that the M I 
intensity grows weaker for more distant fragments and secondly to the lower number 
of two-boson configurations available. The asymptotic valué of cr is larger than the 
one quoted in table 1 that was obtained as if dealing with experimental data. This 
diflFerence is exclusively due to weak and distant fragments that ordinarily cannot 
be detected experimentally.

In fig. 9 the valué of cr is broken up into the contributions of the multipolarities 
of the bosons that build up the 2p-2h final states. The only configurations that 
contribute significantly to the fragmentation at low valúes of Se involve two 3 or
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Fig. 8. Fragmentation of the MI isovector resonance in “̂ Pb. (A) TDA calculation; (B) RPA and (C)
experimental valúes ref. ).

T a b l e  1

Valúes of the width tr = (the para-
meter c is used in eq. (26))

Calculation
Width
(keV)

RPA c = 0 215
c = 1 238

TDA c = 0 76
C =  1 82

exp. 137



18 G.G. Dussel et al. / Moments o f strength functions

Fig. 9. Valué of cr obtained with eq. (16) as a function of the distance Se of the fragments of MI 
strength to the centroid of the distribution. The total valué of cr is broken up into the contributions of 

the multipolarities involved in the 2p-2h configurations.

two 5^ phonons in which only one is the collective (lowest) RPA root. This is 
mainly due to small energy denominators in (29). The collective features enhance 
this effect through larger valúes of the corresponding vertex functions A„j.

The larger valué of a  (RPA) as compared to a  (TDA) can be understood in 
terms of the greater amount of correlations that are involved in the RPA wave 
functions. The different time permutations of the diagrams of fig. 6E that contribute 
when using RPA bosons, produce the same effect of a larger set of intermedíate 
states. The higher dimensión of this space as compared to the one active in a TDA 
calculation is the main cause of a wider fragmentation. This eííect is, for instance, 
much more important than the one produced by the change of the residual interac- 
tion used to construct the phonon space. In fact a change in c between c = O and 
c = 1 (cf. eq. (26C)), that encompasses a change between uncoupled isoscalar and 
isovector p-h modes to the introduction of isospin-violating terms of the order of 
( N - Z ) ! A ,  only causes a change in cr of a few percent.

The fact that the experimental valué of a  lies in between the RPA and the TDA 
descriptions can also be expected since the amount of correlations in a realistic



description must be somewhat less than the ones introduced in the RPA wave 
functions. This, as suggested by Krison is due to the increasing number of 
constraints that must be imposed on the g.s. wave function to become the vacuum 
of all possible multipole excitations.
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6. Conclusions

In the present paper we have analysed the use of the second moment of a strength 
distributions to gauge the coupling of a decaying State to the neighbouring configur- 
ations.

We have proved that a moment of a given order is exactly determined by the 
Brillouin-W igner perturbative expansión of the decaying State up to the same 
order. This property allows us to define in an unambiguous way the space of 
intermediate states that fully determines the required moment. In particular if we 
consider Ip  (Ih) or Ip - lh  coherent excitations the second moment of its fragmenta- 
tion into more complex states remains determined only by 2p - lh  (2h -lp ) and 2p-2h 
states respectively.

We want here to briefly discuss the connection of the framework of the present 
paper with others in the existing Hterature. For the sake of concreteness we will 
restrict this discussion to the case of giant resonances in even systems.

We have already seen that within the NFT the admixture of Ip - lh  and 2p-2h 
configurations is described by the anharmonic corrections of order \ / f l  that are 
displayed in fig. 5. The diagram Di needs no special consideration since this is in 
general included in any realistic calculation provided that the matrix elements are 
evaluated with antisymmetrized states.

The contribution of the diagrams D 2 and D 3 has been analysed in several 
pubUcations. In ref. the spreading width of the giant monopole resonance was 
calculated making use only of the diagram D 2. The valué obtained was too low 
mainly because of the low density of 2p-2h states. The contributions of the diagrams 
D 2 and D 3 was seen in refs. to almost cancel within simplified models. This 
feature can also be seen in eqs. (20) since their contribution is proportional to 
iqcT-qáf  that is nearly zero for multipole interactions ®). This cancellation was 
however found not to be complete in ref. in which more realistic interactions 
were used within a shell-model approach to describe the spreading width of giant 
quadrupole resonances in and '̂ '’Ca.

Both diagrams are also considered within the core-coupling RPA formalism in 
refs. * The spreading width was interpreted as a consequence of the existence 
of an efíective matrix element connecting one- and two-boson states

In this paper we have explicitly calculated such a matrix element in such a way 
that the diagrams D 4 ,  D 5  and De are also included. This was checked in the 
calculation of the corrections of order 1//2 to the energy of the one-boson State.



These vertex functions cannot in general be extended to an RPA framework as an 
energy-independent matrix element.

The fragmentation of the strength function of the giant M I resonance in 
was analysed within the TD A  and RPA calculations. The general experimental 
features are properly described in terms of the admixture of one- and two-boson 
states within both approximations. A  larger fragmentation was found in RPA than 
in TD A  as a consequence of the larger amount of correlations that are present in 
one framework as compared to the other. This is dominant over the changes 
produced by a variation of the residual interaction.

The second moment of the strength distribution does not measure the lifetime 
of the State. This should be estimated through its width f  assuming a Breit-W igner 
line shape that corresponds to a puré exponential decay in time.

In refs. the transition probabilities are obtained as a function of the excitation 
energy. In ref. ” ) an RPA description is used and in ref. a higher-order RPA 
is performed including 2p-2h states. In addition corrections of order higher than 
1//2 are included due to the procedure used to consider such complicated configur- 
ations. In this respect one must be cautious with the partial inclusión of higher- 
order contributions since cancellations among corrections of the same order may 
be omitted [see e.g. cancellations among l//2 ^  terms in ref. ^ )̂]. A calculation of 
the param eter f  as a function of the excitation energy is performed in ref. with 
the assumption of a Breit-W igner line shape and considering processes that are 
equivalent to the diagrams of fig. 6 . For this purpose a smearing param eter A is 
introduced to provide for an intrinsic width of the 2p-2h intermedíate states. Little 
is known so far about this param eter whose choice tends to wash out or enhance 
the fine structure of the giant resonance. The approach of the present paper may 
present in this respect an advantage since it needs no ad hoc assumption of that kind. 
It is worth noting that the param eter that is usually reported in the experimental 
studies of giant resonances is the full width at half máximum. This can directly be 
related to theoretical valúes of obtained in calculations in which the space of 
intermedíate states has been truncated with any reasonable assumption. The present 
approach may prove also to be useful if the second moment is used as a higher-order 
energy-weighted sum rule. The valué a  (TDA) can then be used to provide a 
rigorous and simple method to calcúlate lower bounds to the fragmentation that 
can be expected experimentally.
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