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. Abstract: The many-body shell-model equations are solved within the framework of a multistep

shell-model method (MSM). It is found that there are many different ways to proceed through
such a method. A graphical procedure to evaluate all the corresponding MSM equations’ is
presented. Within this procedure one can easily visualize all those possibilities and quickly choose
the most convenient one. This graphical procedure is applied to calculate ground-state energses
and wave functions in many-nucleon systems and good agreement with experimental data is obtaisied.

v

1. Introduction

A recurrent theme in nuclear spectroscopy has recently been the use of correlated
bases to describe many-body nuclear systems®~!2). In spherical nuclei, these
correlated bases consist of particle-particle (normal pairing vibration) and particle-
hole (surface vibration) vector coupled states. In addition, single-particle states @re
kept as basis elements when necessary (i.e. to analyse nuclei with odd numbers of
nucleons). Within such correlated bases one can span the shell-model-space if.no
truncation is made. In this case, however, the dimensions of the correlated bases a are
much larger than the shell-model dimensions and the corresponding calculations
become both prohibitive and not very meaningful. The reason why the correlated
bases are generally overdimensioned (or “‘overcomplete” as overdimensioned bases
are usually called) is that within these bases one may count twice the same state and
also one may violate the Pauli principle. As a result, the elements of a correlated basis
are not orthogonal to each other [occasionally, as in two-proton two-neutron
excitation, the correlated basis is orthogonal '2)]. Therefore, to obtain the shell-
model states one must first evaluate the metric (or overlap) matrix. One can then
apply any of the available procedures to describe a vector using a non-orthogonal
basis 4 - 13),

The fact that methods which use correlated bases allow us to obtain the shell-model
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2 R. J. Liotiu, C. Pomar ~ Graphicai procedure

states is important, because within these methods one can carry out drastic truncations
of the basis. Thus, although the full application of these methods is not meaningful.
one is certain that vectors which are contained in small correlated subspaces are also
shell-model vectors.

Even so, not many applications of such methods have up till now been performed
to nuclet with more than four particles outside double-magic cores. This is partly
due to the complexities associated with the formalism and the related difficuities of
evaluating both the dynamical and the metric matrices. The formalism was eased by
Ring and Schuck *) who realized that for three and four-particle systems the bare
two-particle interaction could advantageously be replaced:by the corresponding
two-particle energies and wave functions. It was later realized that, in general, the
equations corresponding to a many-body system in a correlated basis could be
greatly simplified by replacing the bare interaction matrix eiements by the correlated
energies and wave functions of the subsystems that compose the basis % !4), More-
over, the metric matrix could also be written in terms of quantities related to those
subsystems. An additional advantage was that all these quantities could be calculated
in previous steps of thie case being considered (thus the name: multistep shell-model
method). But such a replacement is not a trivial task. Not only skilful algebraical
manipulations are required but also there might be many different ways to write the
final equations in terms of the subsystem quantities. If one wishes to have the most
convenient of all those possible equations, one must evaluate all of them, which may
make the whole procedure a very tedious and difficult undertaking. To overcome
these problems it was recently proposed to use a graphical method to evaluate the
dynamical and metric equations !*). We present here this graphical method in
detail and apply it to the calculation of ground-state energies of nuclei with many
nucleons outside closed shell cores. The formalism is given in sect. 2; in sect. 3 are
the applications and our conclusions are given in sect. 4.

2. Multistep shell-model method — graphicai procedure

As the shell-model is usually understood, one calculates a many-body system in
two steps. First one takes the single-particle states given by a simple one-body
= interaction with single-particle energies as parameters fitted to experimental values.
In the second step, one proceeds to the calculation of the energies and wave functions
of the final system in the basis provided by the single-particle states calculated in the
first step 1%). ‘

In a way, the multistep shell-model method *%) (MSM) is a generalization of that-
procedure. As in usual shell-model calculations, one first chooses a single-particle
representation which defines the shell-model space. Then one proceeds to calculate the
two-particle system. In this step, one assumes that the two-body interaction is well
known or, alternatively, the interaction matrix elements are taken from experiment
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[refs. ¢~ '#)]. With the two-particle encrgies and wave functions thus calculated.
one proceeds to the next step. Now one calculates the three-nucleon system in a basis
which consists of the one- and two-particle vector-coupled states previously evaluated
[refs. 27° %)]. In the next step one can calculate the four-particle system in terms
of the one- and three-particle states or in terms of the two-particle states — or both.
In the same fashion, one proceeds forward with an increasing number of particles
[refs. 1% 4)]). Of course, one does not need to calculate nucleus after nucleus up to
the final step. For instance, the four-particle nucleus can be calculated directly from
‘the two-particle states without going through the calculation of the three-particle
system. Actually, this is the way that all four-particle calculations w1thm correlated
bases have so far been done 273 10 12),

This MSM procedure presents the advantage that in a given step one can check
the theoretical results against the corresponding expérimental data. Moreover,
since the energies calculated in a given step are used in a later step, these energies
" can be “‘renormalized” to the experimental values. As pointed out above, this
procedure is followed in usual shell-model calculations with the single-particle
states. _

As shown in this section, the bare two-particle interaction can, within the MSM,
be replaced by quantities related to the subsystems used to generate the MSM basis.
This property greatly simplifies the formalism, since all the recoupling coefficients
contained in the equations of a given step are not passed to later steps. One can say
that the subsystems that form the MSM basis are like building blocks that one has
painstakingly built in a given step to be used as a whole in a later step.

A drawback of the MSM basis is that it may contain elements that are both
redundant and, maybe, violate the Pauli principle. As a result, the MSM basis is
not an orthogonal basis. In fact, this drawback is shared by most methods and
models that use correlated bases. As an exception one may mention the nuclear field
theory 8), although in this theory the metric of the space also appears [to properly
evaluate the normalization of the NFT wave functions !?)] and its evaluation may
not be easy 29). In order to write a vector within an overcomplete basis; one must
calculate the metric matrix, i.e. the overlap matrix among the basis elements * °).
However, as shown in sect. 3, not always is it necessary to pass through the metric
matrix in order to calculate some properties. within the framework of the MSM.

The metric matrix can also be written in terms of quantities related to the subsystem
used to form the MSM basis. But, as mentioned in the introduction, this procedure
may not be an easy task, because rather complicated algebraic manipulations are
required both for the dynamical and the metric equations. Moreover, there might be
many different ways to write down the MSM equations and it might not be easy
to find the most convenient (from a calculation viewpoint) of those possibilities.
To overcome these difficulties, we present in this section a graphical procedure
to evaluate the dynamical matrix, the metric matrix, and the MSM matrix elements of
transition operators.
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2.1. THE MSM BASIS

Let s be the number of particles of a given system ¢. We assume o to be divided into
two subsystems g and v, with particle numbers m and n, respectively, such that
s = m+n. The MSM set of basis vectors is given by

{lomty; @D} = {(P* (@) P* (22)),,100}, )

where a,,, a, and a, label states of the systems y, v and o, respectively. Throughout
this paper we will use Greek letters to label states of a given system. The number of
particles of the system will appear as an index, as in eq. (1). An exception will be the
single-particle states which will be labelled with Latin letters, as usual. In all cases
we use the same symbols to label states as well as the corresponding angular momenta,
as seen in eq. (1). The core wave function is |0> while P* denotes creation operators.
Again here we adopt the usual notation c¢* for the one-particle creauon operator.
Therefore, in our formalism a o-state is given by

ey = P*(a,)I0), @n
Pra) = (1+6,,)7 ' Y Y(tna,; 2} (P*(@)P* (@), (2.2)

where
Y(n,; ) = (149, . )X (s %) 23)

The factor (1 +8,,) ! in eq. (2.2) takes care of the double counting in the summation -
for the case m = n. The surplus factor } for «,, = a, is cancelled by the é-function in
(2.3). From eq. (2) one obtains

Bu, = z X @ty K BHP* (@m)P (2,)), 10D e
ﬂ..(< -

where the symbols in parentheses in the summation indicate that the ordering is
only valid for n = m. Eq. (3) shows that

X(@nta: B) = (B, I(P* (@n)P (2,)) 10D* @

only if the basis (1) is orthonormal as, e.g., in the two-particle (m = n = 1) case.
Although X is not well defined within an overcomplete basis '°), the quantity

F(ama,; B,) = <BNP™(2,) P (o )),;,D &)

does not depend upon the basis (1). It simply represents the projection of the physxcal
vector |f.) onto the basis vector (1). Actually, the function F is closely related to the~
form factor of m- (or n-) particle transfer reactions ** 19).

We have chosen in eq. (2) a definite partition of the system ¢ in two subsystems.
But one can have situations where a more general basis would be required. For
instance, one may need (or like) to describe the four-particle system in terms of the
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two possible partitions previously mentioned (ie.m = l,n =3andm = 2,n = 2)
simultaneously. This example may sound as having a mere academic value. Yet, that
is not.the case for the two-particle one-hole excitaitions, where a simultaneous
treatment of surface vibrations coupled to particles and pairing vibrations coupled to
holes proved to be very fruitful in the lead region 2!). Other systems which may be
conveniéntly written in terms of several partitions simultaneously are those where
neutron and proton excitations have to be treated on the same footing. Although
we do not treat such cases explicitly in this paper, the generalization of the procedure
presented here to those situations is rather straightforward.

One may also describe a system in terms of three or more partitions. In fact, this is
the way in-which all microscopic methods and models have so-far proceeded. For.
instance, in'both the NFT ') and the IBA 7) the calculation of, a many-particle
system is carried out within a many-boson basis. : ; s

We have written egs. (1) and (2) coupled to good angular momenta. In the fol-
lowing, however, we will derive all equations in a decoupled basis. At the end we will
use a .graphical method to obtain the angular momentum coupling coefficients.
In this way we will leave the possibility open for choosing expressions which would be
formally simple both in the dynamical and kinematical parts.

2.2. DYNAMICAL MATRIX

The dynamical equations which control the behaviour of the system ¢ can be
obtained using the Tamm-Dankoff approximation (TDA) as usual. That is, one .
writes.the commutation [H, P*(a,)P"* («,)] in normal form and keeps only linear
terms in P* P* (or its single-particle equivalent). However for our procedure it is
more convenient to define the quantity

A2y o) = <& J[[H, P*(,)], P*(@,)]+0). (6)

The plus sign in the outside square brackets applies when both m and n are odd.
Otherwise the square brackets indicate a commutation operation, as usual.
The hamiltonian H is given by

H=Hy+V,

and H, is the one-body hamiltonian which provides the shell-model representation.
Since [H,, P*(a,)] is proportional to the product of m single-particle creation
operators, one can as well write

Aot 0) = <[V, P*Gr)], P (2)]410). @
After some simple algebra eq. (6) gives
AMaa,; a) = (W, — W, —W,) Raa,; ), (8)

where W is energy referred to the core but, as an exception, in this paper we will
denote by &(w) the one- (two-) particle energy.

=
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The most simple case that one can haveineq. (7)iss = 2 (m = n = 1). One easily
finds

Alij;0p) =4 § CklVlijyasle; e/t (0D, ©®)

which is the coupling constant of the nuclear field theory for the TDA pairing
boson 22). We will use the name ‘“‘coupling constant” even for A in the general case of
eq. (6).

To calculate this couplmg constant one can write the operators P* in terms of their
componpents [as in eY. (2)}.-One can then write the resulting expression into normal
form 23). Since we assume the ground state |0) to be a shell-modei (TDA) vacuum,
only linear terms are kept. After this tedious calculation has been done, one finds
th.at the two-body interaction appears in combinations that allow eq. (7) to be
written in terms of the energies and wave functions of the u- and v-systems.

Instead. of following this procedure, with all the difficulties mentioned in the
previous subsection, we introduce a graphical method to evaluate A. We then
represent a single-particle state by a straight line while all other states are represented
by deuble lines. The labelling of the lines makes it clear to which system corresponds
each line, as shown in fig. 1. To evaluate the coupling constant (7) one has first to
write the operators P* in terms of their single-particle components. In fig. 2 we show’
the graphical representation of this decomposition for the cases s = 2(m = n = |;
and s = 4 (m = n = 2) [notation as in eq. (2)]. In fig. 3 we present the graphical
representation of eq. (2) for the case s = 6 (m = 2, n = 4). Here we have made the
further assumption that the state o, is written in terms of two-par:icle states. Therefore
the graphs in figs. 2 and 3 represent '

() ey =33 Y(ij;a3)e” ¢ 0> (fig. 2a);
ij

i)y Jag) =3 Z Z Y(aoBa;2)Y(ij;0,)Y (kI ﬁz)c:’c}‘ck ¢"10> (fig. 2b);

x2f ijkl

i) lasd =16 Y Y Y Y(eaas;as)

z4al @28 ijkik’'t’

X Y(af, 2 Y(ij5aa) YIS Bo) YCK'T s o0)e ¢ e ¢f e o) 10). (fig. 3).

{

Flg 1. {a) Graphical reptesenlauon of the single-particle state {i; = ¢ 10D, (b) (Jr.;phu.u! representation
o the state s = PTig )i0). ﬂw number of particies upondme to thiz ~ate s p =+ |

(@)
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o[-

{a) {b)

Fig. 2. Gra;;l;iwl representation of the decomposition of P*(a,) into its single-particle components

[as in eq. (2)] for the cases (@) s =2 (m =n = 1) and (b) s = 4 (m = n = 2). The crossed circles

represent the amplitudes Y. The factors } and 1 in (a) and (b), respectively, are given by the J-function
in eq. (2.2).

It is important to remark that the graphs must be read from left to right.. Thus the
vertex in gfaph 2arepresents Y (ij; a,)and not Y (ji; a,). In any other case one proceeds
as in figs. 2 and 3. : .

Fig. 3. As fig. 2 for the case s = 6 (m = 4, n = 2). In this case the crossed circle vertex that opens the
line ag is not accompanied by the factor 4 that goes with all the other vertices in this and the previous figure.

Since a double line will generally describe a many-particle state, we use in the
following the name *“block” to denote a double line and its decomposition into the
corresponding components. Thus, fig. 3 is a six-particle block!.

To evaluate A graphically, one first decomposes the blocks «, and a«, Each
contribution to A is obtained by joining two single-particle lines belonging to different
blocks through a dashed line. This dashed line represents the interaction. Due to the
double commutator in eq. (7), the quantity 4 does not contain contributions where
single-particle lines belonging to the same block are joined. These contributions are
already counted by the zero order contribution A = 0. With “zero order’” we only
mean that it would correspond to setting ¥ =0 in eq. (7). But, of course, our treatment
is exact in the sense that we are exactly solving the shell-model equations.

t Note that when we refer to “graph” or “figure™ or “block” we undcrstand not only the graph itself
but also the factors in front. Thus graph 3 also includes the “actor .
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Fig. 4. Graphical representation of the pairing coupling constant [eq. (9)]. The double bar vertex
TIepresents A; the dashed line represents the interaction, and.the one-bar vertex represents the overlap
Rkl ay) = (ayled ¢ 10).

So far we have only given a recipe to account for “contractions”, in the language of
Wick’s theorem 23). Thus, lines of the same block must not be joined through a dashed
line because that would imply that the single-particle destruction operators in ¥ are

_contracted with components of P* (z,,) (or P* (,))ineq. (7). Then (¥, P*(a,,,)] would be
a product of creation operators and A4 would be zero.

After two lines have been joined, as described above, the diagram is completed,
as shown in fig. 4, for the two-particle (pairing) coupling constant (eq. (9)]. In this
simple case there is no doubt about how the single-particle lines have to be continued
after the dashed line has been drawn, since only the possibility shown in fig. 4 exists.
Moreover, the one-bar vertex is here simply related to the crossed circle vertex of
fig. 2a. In fact, the only difference between them is'a complex conjugate operation
[seeeq. (4)]. Graphically, this operation corresponds to reversing the vertices shown so
far. Thus, in fig. 5 we give the graphical representation of the quantities Y*(a, a,;a,)
and {a |P* ()P (o) - - .P*(2)]0>*. In general, the simple relation (4) between the
one-bar and the crossed-circle vertices does not hold.

In fig. 6 we present the graphical representation of the three-particle coupling
constant. Fig. 6b gives already a possible way to write 4, i.e.

Aoy a3) = § “Z X KKkOWVijasles ¢ ¢ 10). 10)
7]
This expression is the one that one would obtain within the usual shell-model
formalism. But since, in general

2 loa,l =3 P (a,)I0X0P(a,) = I, (11)
%
@ e,

(2) (b)

Fig. 5. (a) The vertex Y*(a.x,; «,). (b) The ~ertex {x |P*(x,)P*(a,) ... P*(x.)|0>*. The number of
particles must be < rved, thus d = a+b+...+¢
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(d)
Fig. 6. (a) Coupling constant A(ia, ; a;). (b) The block a, is open into its single-particle components. One of
these components is joined through the interaction with the basis single-particle line. There are two
possibilities to do this and both of them give the same graph, thus the factor 2. The factor 4 is given by the
interaction (4) and the crossed vertex (}). The one-bar vertex represents the overlap (aslc, ¢/ cf|0).
(c) A projector 3 ,,18:)(B,] = I is included between two single-particle lines. The one-bar vertices
" represent Aki:B,) and B,/ ; as). (d) The coupling constant of fig. 4 is introduced.

one obtains

(aslc;c:’cf 0> = Z asles 1B2)<Bles ¢/ 10D, (12)
B2 '

which is the replacement done in fig. 6c. Finally, one can introduce the two-particle
coupling constant given in eq. (9), as represented in fig. 6d, to get [see eq. (8)]

(W, — & —wy, )F (ia; s 23) = _; X(jJ i a2)Alij; B2)F () B2; 2a)s (13)
- Ji'B2
which is the three-particle MSM dynamical equation. One can diagonalize (13)
using the usual normalization condition (i.e. the sum of squares equal to one) to
obtain the energies W, and the overlaps F. But since the basis is not orthogonal, the
values of F so calculated are not very meaningful. Yet the energies W, agree with
the shell-model energies, although a nurnber of spurious states also appear * °).
As may be noted, in fig. 6 we take-the crossed circle as being the amplitude X
directly. This is possible because X(ii; a,) = 0. In addition, we have used in eq. (13)
the relation F(j'B;; a3) = F(B,) ; a3).
Summation runs over all intermediate states in fig. 6 (and the rest of the figures in
this paper) although we do not indicate this explicitly in the graph.
The introduction of the pairing coupling constant in fig. 6d was possible due to
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Fig. 7. A way to write the graphs 6b which does not allow us to introduce the coupling constant of fig. 4.

the position in which the projector (line 8,) was placed. In fig. 7 that projector was
placed in such a way that no further simplification is possible. In general, the graph
makes it apparent where the projector must be positioned in order to reptace a part
of the graph by a coupling constant. Some important properties of the graphical
representation of projectors are found in the appendix.

The graphical evaluation of any coupling constant can be carried out as done for
the three-particle case above. However, one does not need to go through all the
details and steps of fig. 6 in a more complicated case. In fact, the graphical calculation
of the general coupling constant A(a,.a,; a,) is a rather simple task, as seen in fig. 8
First one opens a block - a,, say, as in fig. 8 — into its two components. Since the

‘interaction only acts among components of different blocks, there are only two
contributions. One can then introduce a projector, as in fig. 9, to replace the bare
interaction by a coupling constant (fig. 10). To obtain the MSM dynamical equation
from fig. 10, one has generally to transform one or more of the lines a, and a, in fig.
10b (ora, and a, in fig. 10c) into fines that bring the last states back to basis states.
In other words, the last blocks in fig. 10b must be partitioned such that p = m (orn)
and b = n (or m). Similarly; in fig. 10c it must be p = m (or n) and a = n (or m).

As an illustration, let 'us consider the case m = 2, n = 4 and even. In addition,

Fig. 8. Graphical evaluation of the general coupling constant A(x,¢,; «,). The factor 4in (b) and (c) is
due to the interaction and the factor (1 +4,,)"" is provided by the crossed circle vertex. The dashed line is
supposed to join single-po+-icte lines of the blocks a,, and «, (or 1.} in {b) [or (€)}.
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am' aa' ab ap
T AN Fel Lot -
“a
“m *n *m n

(a) (b) ()

Fig 9. The general graph (a) contains the bare two-particle interaction. In (b) the lin.e-'a, (projector) is
introduced to replace, in-{c), the bare interaction by a coupling constant.

let us assume that all intermediate blocks are also partitioned such that one of these

partitions is a two-particle state. This would correspond to seta = n—2, b = 2 (or

vice versa) in fig. 10. Within this partition of the block n, one finds that fig. 10b is

already in the MSM final form, while the state «, (p = 4) in fig. 10c must be open

once to obtain the diagram 1lc.

There are many other possibiliies for the coupling constant of fig. 11. For instance,
in the diagram 11c the block «, ., can be opened before the block a,. One can then
follow a number of procedures, one of which can be found in fig. 3c of ref. 14).

The MSM dynamical equation is, from fig. 11 (using Faje); @) = Fajay; o)),

1 -
(Wa, —@az - Wa..)F(“z“u; a.v) = Z Z Y(an-‘ZalZ s aﬁ)A(aZan— 2 N a:l) ‘
l + 6n4 asan (aw -2

+ X Y(Bza.-z;m.)A(azﬂz;aa)Y(a'zlf'z;%)F(ﬁ'zd.-z;ai.)}F(a'zai.;a,)- (14)

BaBiaaan -2

This equation is actually much more simple than the one that would be obtained from

L,

(a) (b) (c)

Fig. 10. Graphical expression of the coupling constant A(x,x,: x,) in terms of intermediate coupling -
constants. The graphs (a), (b) and (c) are the same as the corresponding ones in fig. 8.

-
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(l'z a,

(@) (b) (c)

Fg I1. A MSM graphical equation corresponding to the - upling constant A(x,a,; a:). The factor &
in (c) arises from the crossed circle vertex that opens the line «,.

fig 3 of ref. '*). The special case n = 4 can be treated separately. As shown in the
aprendix, the line o] in fig. 11¢ can be eliminated such that the three tin; o, g5 and
2, 5 join the one-bar veriex with .. Then. the lines «, and f; can be jomed (fig. A3)
toabtain a graph which is exactly the same as the graph 11b. Therefore. ‘he factor
L i+ 98,,) is cancelled and one obtains the simple expression of ref. 19),

Yo finish this subsection, we point out that when.in a graph two lines with odd
nwmbers of particles are crossed, a minus sign must be added. This is due to the fact
thain such a case an odd number of single-particle permutations has been done in
thecommutator of eq. (7). A similar feature is found in the usual graphical treatment
ofmany-body systems. In this case, ~ne sometimes referred to “odd number of
claed loops” in the Feynman diagram *%). In our case, we may have fermion and
bonn lines interwoven in such a way that to an odd number of loops may not corre-
spmd a minus sign.

23METRIC MATRIX

T correct the violations of the Pauli principle as well as the redundancies of the
bam (1), on¢ must evaluate the metric mawnix, which is a special case of the overlap
manix D [cf. (A.4)]; i.e.

D(B,fr; omt,) = <OIP(B)P(B,)P" (2 )P (2,)]0). (15)
Asbr the coupling constant (6), one can write
D(ﬁﬂlﬂn’ amau) = 6%3,‘.61..13.. i 6!1!»6:..!..61..‘_ + C(Bmﬂm Am ks ( 16)

whee
ClBuBw tmta) = BA[PBn), PT(@u)}z, P ie, v - (17a)
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form = n. If m < none gets

C(BuBr tmta) = <BLLP(Bn), P* (tm)] . P ()]0 FLBAP™ (@) P(B.0), P (2,)]I0)
(17b)

as can easily be verified expanding the double commutator. In eqs. (16)-(17) the upper
(lower) sign applies when m is even (odd). :

Am B ﬁm Pn Pn ﬁm ﬁm Pn -

“n M “n “m “n m " %n

(a) (b) - () (d)
Fig. 12. Graphical representation of the metric matrix eq. (16). The “coin™ vertex (d) corresponds to
eq. (17).

In fig. 12 we give the graphical representation of eq. (16). The square vertex represent-
ing the overlap D is defined in fig. A4. The contribution (17), which does not contain
the diagonal part, is represented by a circle vertex. Just to avoid confusion with the
crossed circle vertex of fig. 2, we call the vertex 12d “coin’ vertex (the form of the
vertex justifies the name). This coin vertex represents the- correction to the Pauli
principle violations in the basis (1).

The reader may wonder whether it is really necessary to introduce so many vertices.
In fact, only the coupling constant and the crossed circle vertices would have different
meaning within an orthonormal basis. In particular, the coin vertex would be zero
in this case. Actually, in theories that use graphical methods and orthonormal bases
(as the nuclear field theory), it is the coupling constant that opens or closes lines.
But in our case, all the vertices introduced are (in general) independent of each other.
They are necessary to express otherwise complicated graphs in a simple form.

The graphical evaluation of eq. (17) can be performed opening the blocks «,,
«, and B, up to the single-particie lines. Afterwards all lines belonging to B,, must be
joined with all lines belonging to a,, and a,. The only graphs that must be disregarded
are those in which all lines of «,, (or a,) remain untouched. These graphs have already
been counted in the graphs 12b or 12c¢.

As for the coupling constant graphs, the diagram itself makes it apparent which of
its parts can best be replaced by coin vertices. The continuation of the remaining lines
(those which have not been joined) can freely be performed in order to achieve this
replacement.

We will illustrate the graphical evaluation of the coin vertex in fig. 12d, analysing
the case m = 2. n > 4 of fig. 11. Thus. in fig. {3 we open the blocks 8, and «, into
their components. The next step would b2 to open the lines «,, y,. ,_, and so on.
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Ba B o

oy %n

(a) (b)

Fig. 13. First operation required to evaluate the coin vertex (a). Since n > 4, no factor 4 accompanies
the crossed vertex that opens the line a,.

However, we know that the lines i and j must be continued in such a way that only
one of them, at most, is joined to the line «,. We show in fig. 14 the case in which i(j)

joins a, and j(#) joins y,. In fig. 15 we give the other possibilities. However, the sum of
the diagrams in fig. 15 would count twice the contribution in which both i and j
join the line y,_ ;. This particular case is written in fig. 16. The graphs 15¢ and 16b
can be simplified using the identity shown in fig. A2. Therefore, the coin vertex of
fig. 13ais the sum of the graphs 14c plus all graphs in fig. 15 minus the graphsin fig. 16.

This sum is graphically given in fig. 17, where fig. A2 was used. One can ﬁnally write,

corresponding to the graphs in fig. 17,

CBabustam) = ¥ Y(r2,-2;,)

Y28 -2

x { S C(BaB 2%t I (328023 o)

ﬂn~l

+ 62 C(B202; 027,)F (032,55 B,)

- Z F*(Bzaﬂ—-‘:an—Z)F(aZan—4;Bn-Z)F('yZﬂu—Z;ﬂn)}

n ~abn -2

+ Y FHBate i @) F(0s2—2: B (18)

an -2

we have freely used the equality Ra a,; ) = Ro,,; «) and similarly for the amplitude
Y. This property is valid here because both a and b are even numbers.

An important feature of the example discussed above, is that we found closed
formulas for both the dynamical and the metric matrices (eqs. (14) and (18), respec-
tively). From a practical view point, this suggests that it may pay to construct a good
computer code which would then be of a gencrai use.
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S

(a) (b) (c) .

Fig. 14. (a) The lines i and j join lines belonging to the blocks «, and y,. There are 8 different-ways in

which this can be achieved, all of them giving the same contribution. (b) A projector (line y3) is placed

to allow the introduction of a coin vertex. The crossing of the lines j and & indicates that a minus sign

should be added to the analytical expression. (c) A coin vertex is introduced and with it all the factors
- - (including the minus sign) that appear in the quantity C(8,75, a,7,) [eq. (17)].

Similar close formulas can be found for other partitions and systems. In particular,
there are equations which are formally simpler than (14) and (18) to describe any
system within partitions in which m = 1, as the interested reader may find himself or
ask us for details. In the next section, some other cases will be partially analysed.

In the example above, we assumed the block g, to be inert. Equations which are
completely different to eq. (18) can be obtained if one assumes the two-particle block
B, to be inert. In this case, however, even the graphical calculation becomes cumber-
some, because there are too many active single-particle lines to be joined. Moreover,
for some graphs it may not be possible to introduce coin vertices. In fig. 18 we show

B B

(a) (b) (c)

Fig. 15. Contributions to the coin vertex of fig. 13 (see fig. 13b). (a) This graph gives two contributions:
(i) The two lines of §, join y,_ ,. (ii) One line of B, joins a, and the other y,_,. (b) Both lines of 8, join y,.
This contribution corresponds to the second term in the r.h.s. of eq. (17b). (c) Also this graph gives
two contributions: (i) The two lines of 8, join y,_,. (ii) One line of 8, joins y, and the other y,_,. When
summing these three graphs, the contribution in which the two lines of §, join y, _ , has been counted twice.



16 . R. J. Liotta, C. Pomar | Graphical procedure

a,

(b)

Fig. 16. The line y,_, of fig. 13 is open into the two-particle line 73 and the n—4 particle line y,_,.

(a) The two lines of B, joiny;.(b) There are two contributions: (i) Both lines of 8; joiny,_ ,; (i) One line

of B, joins y; and the other 7, .. The sum of these two graphs is the contribution to fig. 15 in which both
lines of B, join y,_,. i

such a graph corresponding to a six-particle system. Since no simplifications have
been carried out in fig. 18 (i.e. neither a coin vertex nor any other MSM vertex could
have been introduced) the corresponding analytical expression is rather complicated.
In particular, there would be high-order angular momentum recoupling coefficients

(d) (e)

Fig. 17. Graphical equation for the coin vertex C(8,8,; 2,a,) for . -. + and even.
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B, Ps

a, g

Fig. 18. A contribution to the metric matrix D(8,8, ; a,x,) corresponding to the case in wh|ch the line g,
is the inert biock.
v

w

(a prodil'(:t of seven 6-j symbols, in fact). This complicated contribution may be
compared with the relatively simple expression found in ref. 10y,

2.4. TRANSITION OPERATOR MATRIX ELEMENTS

In this subsection we will analyse the MSM graphical evaluation of electromagnetic
transition matrix element and one- and two-particle transfer form factors.
The electromagnetic transition operator can be written as

M = Y (ilMijycitec;, (19)

ij

and the corresponding MSM matrix elements are

Z Y(etuty; 2 XBIM, P* ()P (2,)]10). (20)

Since M is a one-pérticle operator, the graphical representation of eq. (20) is very
simple, as seen in fig. 19. The operator M acts upon a particle belonging either to

B ) ﬂs'
B
(I U A
14+8,m a)
ag a

Fig. 19. Graphical representation ot electromagnetic transition matrix elcri.c, «.
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the block a,, or a,. Since after that operation the remaining lines can be continued as
one wishes, the most convenient way to proceed with these lines is to return to the
original partitions. One therefore obtains, from fig. 19,

BIMI) =

2 Y(enm;a J[Z(ﬂ».lMWm)F(ﬁma..,ﬂ,)

1+ M OnQm

+ ﬂZ<ﬁ..|M lota F (B B,)]- @y

An important feature of this equation is that it predicts that for pure states (i.e. only
one value of Y is relevant, as would be the case for vibrational states) the collectivity
of the states a, (8, are ground states) remains rather unchanged with the number of
particles s.

The one- and two-particle transfer form factors are actually by-products of the-
MSM - 19). For the one-particle case one has

1) = <ajcti0d, 22)

where |0) is the target ground state. Using a partition of the final system, such that
m = 1; n even, one has from eq. (5)

10 = Fal; a), 23)

where a? labels the n-particle ground state.
In the same fashion, the two-particle form factor is

[ o) = aJcie 10>/(1+3y), (24)

where, as before, |0) is the target ground state. From eq. (2) and since the two-particle
basis is orthogonal, one gets

faise) =Y X*ij; 0, KalP (@,)i0). @5)
ag
Using the partition m = 2; n even, one finally obtains

flijsa) =3 X*(ij;05)F (0093 a,). (26)
az

A final comment on the angular moméntum coupling: All the graphs shown in this
section are well suited to use a graphical method to couple angular momenta 25-27),
Moreover, different procedures to build a given graph may give different angular
momenturn coupling coefficients. Using also a graphical procedure to couple angular
momenta, one may quickly decide which graph is the simplest among all those
possibilities. This can be done because in the MSM diagrams, reducible graphs 26)
are casy to recognize.
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3. Applications

The graph in fig. 18 is an example of the difficulties inherent to any description
~which uses only single-particle variables as elementary degrees of freedom. The
‘number of configurations soon becomes large and, consequently, to solve relatively
simple systems like the one in fig. 18 requires complex calculations. As a counterpart,
_within the MSM the six-particle system can be solved very economically. If one
proceeds as in fig. 17, only the graphs 17c and 17¢ are present for # = 4. Of these two
graphs, the most difficult is 17c, which includes only two six-j symbols '?). Although
these features are very important from the point of view of the calculations, there are
also some physical consequences emerging from the interrelation among the MSM
vertices, their constituent states, and the rest of the states in a given diagram. For.
mstance one may wonder whether all coin vertices are necessary to calculate a given
diagram. Perhaps there are only relatively few coin verticés which are relevant and
the rest may be disregarded. The same can naturally be said of the other MSM -
vertices. This question may touch another important subject, namely the connection
between nuclear collective motion and the single-particle components of the collective
degrees of freedom. Although we do not intend to analyse this question here, it is
worthwhile to point out that the success of the interacting boson model 7) (IBM)
may justify such an analysis. Actually, recent schematic calculations tend to indicate
that the IBM is a truncation scheme for shell-model calculations [see e.g. refs. 38 ~41)].
However, the relation between single-particle and collective degrees of freedom in
real nuclei is a subject which remains largely unexplored, partly due to the calculation
difficulties encountered when dealing with many-body systems. Only recently have
realistic microscopic calculations been carried out trying to explain rotational-like
spectra, and then within rather few single-particle states 2% 2%). In fact, a full micros-
copic calculation for a many-nucleon system, which would introduce the nucleon-
nucleon interaction from the outset, does not seem to be feasible in heavy and
medium nuclei. For instance, considering only six single-hole (neutron) states in
208ph, as usual !°), there are 6 states 0* in 2°6Pb, 2411 in 2°2Pb, 413863 in !°®Pb-
and about 10® in '**Pb. We made a computer code to count those shell-model
states *. Only the counting of all states in *°®Pb took more than 10 hours of CPU
time in a PDP 11/70 computer! Clearly, one cannot escape making, at least, drastic
truncations of the shell-model basis if many-nucleon systems are ever to be analyzed
within the shell-model. But the shell-model is not well suited to reduce even further
its dimensions, because the pairing interaction is so strong that shell-model configura-
tions that are very distant (in energy) from each other may have similar importance
to describe physical states. Yet, the shell-model single-particle vectors span a very
small subspace of the total Hilbert space. Actually, one of the great features of the

! We are indebted to Jan Blomgvi«t i

Jieosiens ¢n economical procedures to count shell-model
states. )
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shell model is that it provides a very effective representation to describe physical
states. In this sense, the shell model is not *““a model” but a good starting point to solve
the many-body Schroedinger equation in nuclei.:

It is precisely to carry on additional truncations to the shell-model basis that
methods and models that include correlated states in the basis were introduced.
In particular, it was recently shown that most physical states in 2°“Pb and 2°2Pb
are contained in very small MSM subspaces !%). The ground states in both nuclei are
practically proportional to only one MSM basis element, namely

lg.5.; ) = N,P*(g5.;2) P (gs.; m)|0), @

where the partition m = 2 was used. A reason why within correlated bases the physical
states are so *“‘pure”, is that the pairing interaction is already included in the basis.
As,a consequence, the “energy criterion™ to choose basis elements works well, i.e.
only basis states which are close (in energy) to the physical vectors are rglevant 1% 31),
This feature is confirmed by the *“purity” of ground states, as described by the MSM,
since the basis element (27) is isolated from the rest of the MSM basis states. If the
energy: criterion to truncate the MSM basis proves to be valid for any number of
particles outside the core, one may hope to describe microscopically at least some of
the collective features in intermediate and rotational nuclei, as suggested by the IBM.

In this section we will apply the MSM equations derived previously to cases where
only very few basis states, as the ground state in eq. (27), are important to describe
physical vectors. :

We will first analyse nuclei with only one kind of particle (neutrons or protons)
outside magic cores. The partition to be used is in this case m = 2, n = even as in eq.
(14). This equation should be coupled to good angular momenta, a procedure that
may be carried out graphically directly from fig. 11, or analytically from eq. (14),.
since this is a simple case. To the first term on the right-hand side of eq. (14) a 6-j
symbol should be added, while there are two 6-j symbols to be added to the second
term. However, in the cases to be analysed below, at least one of the states in the
MSM basis will have zero angular momentum and no additional factor appears
in (14).

3.1. TWO-PARTICLE (PAIRING) CONTRIBUTION TO GROUND STATES

Introducing the approximation (27) into eq. (14), one obtains

W, = WO+ W+ wd, ' " (28a)
where

W = w,,+ W, (28b)

W =W, —o,~W, ., (28¢)

WP =W, -2, ©(284)



R. J. Liotta, C. Pomar | Graphical procedure 21

and a,, labels the ground state of the m-particle nucleus. To derive eq. (28) the
orthonormality relation (3) was used, which in this case reads X(a,a,,; o) Fa,a,;0) -
= 1. This equation implies that all cross vertices in fig. 11 are cancelled by the
corresponding one-bar vertices, except the vertex which opens «, in fig. 11c. Only
for this vertex does eq. (2.3) give a factor 2 which is cancelled by the factor 4 in fig. I 1c.

Eq. (28) gives the ground-state energy of 4s pairs of nucleons outside a magic core.
This is a multiphonon state within the pairing vibration model. Actually, within
this model a series of nuclei has already been analysed around closed-shell cores 32+ 3%),
It was then found that two-particle transfer reactions among members of the pairing
multiplet follow qualitatively the pairing model. The energy of the corresponding
states, however, is not well predicted by the harmonic pairing model. This energy
would simply be W, = {sw,, [notation as in eq. (28)], which is well beyond the
experimental value. A more reasonable value for that energy would be the zero-order
energy W% Still, the difference between this and the experimental values is generally
of the order of several MeV. '

In our method we apply eq. (28), but in a given step we take the energies of the
previous steps as given by experiment. This “‘renormalization” procedure was
already discussed in the section above. Since the experimental binding energies are
known within a certain error 34), we wrote (28) in terms of the binding energies and
calculated the corresponding propagated error. Many of the “experimental” values
are taken from systematics, in which case large errors (up to 1 MeV) may be encoun-
tered 3¢). As shown in ref. !#), in the lead and tin regions eq. (28) gives a good descrip-
tion of the experimental data. In that reference, only neutron excitations were given.
In table 1 we give the proton excitations in the same regions. The few ground-state
energies known around 2°8Pb, i.e. 2'*Ra and 2!°Th, are well given by eq. (28).
In tin, however, the agreement between theory and experiment is not so good.
Although rather large experimental errors are found in table la, the departure of
about 850 keV for the calculated ground-state energy of !33Er with respect to
experiment, may indicate that this nucleus is deformed, since around '$$Gd deforma-
tions set in very fast. In this case other MSM components (mainly quadrupole states,
probably) may become important. Yet, this is not a clear-cut example of a rotational
nucleus (as other cases to be analysed below). One has to consider the large difference
between the experimental energies and the corresponding zero order values in table 1a.
The contribution W1 + W2 is about — 17 MeV in ' *°Er. This number is high enough
to make the 850 keV mentioned above a rather small quantity, and all N = 82 nuclei
seem to be spherical. In fact, '¢5Gd is spherical *¢), although !*2Gd is already
deformed. :

The departure from experimental values in all the cases in table 1, may actually
indicate that other MSM vectors are strongly overlapping with the vector (27). In
202pb, for instance, the ground-state energy calculated from eq. (28) is wrong by about_
300 keV. But already with a two-dimensional basis that energy is within 60 keV i in
agreement with the experimental value !°). Withi~ 1 four-dimensional basis. one is
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TasLE |

Calculated and experimental **) ground-state energies (i MeV) for pairs of protons outside magic
cores in the tin (a) and lead (b) regions

(@) N =82, Z = S0+n (by N =126.Z = 82+n
n wo w W (theor.) W (exp.) wo W W (theor.) W (exp.)-
6 60.05 -2.53 54.99 55.62 24.84 -1.50 21.84 - 21.89
8 76.48 -4.43 69.51 70.00 30.67 -296 26.21 26.16
10 90.86 -6.47 81.86 82.45 34.94 —4.51 28.93
12 103.31 -841. 92.36 93.04
14 113.90 -10.27- 10111 101.57
16 112.43 -12.33 107.57 108.00
18 12886  —1443 111.90 t12.75
20 133.61 -16.11 11497

The number of protons is n. The zero-order contribution W*® and the contribution W' are from
egs. (28b) and (28¢), respectively. The contribution W'» [eq. (28d)] is —2.35 MeV in tin and —1.50
MeV in lead. The experimental values in tin are accompanied by rather large experimental errors. They
go from 0.23 MeV in '$3Sm (n = 12) to 0.51 MeV in '33Er (n = 18). To estimate these errors we
assumed an experimental error of 100 keV for those binding energies taken from systematics, which
actually may reach up to I MeV [ref. 4)].

right over the experimental energy, although such an exceptional agreement may be
accidental. . v

The important point here is that the 2°2Pb ground state practically coincides with
the state (27), irrespective of the dimension of the basis. But the angle 8 between the
vector (27) and the second basis vector is such that cos 6 = 0.95 and these vectors are
nearly parallel. A similar feature may be present in all cases calculated in this section.

The reasonable agreement between theory and experiment found above for
neutron and proton pairs suggests that the approximation (27) may be valid for a
more general case, namely where both kinds of pairs are mixed. To analyse this point
we consider the simple situation in which one kind of pair (neutron or proton) is
placed outside the core and then pairs of the other kind are added. In the following
we refer to a proton pair and many neutron pairs, but the derivations are, of course,
also valid for the inverse situation. After the proton pair has been added to the core,
we assume that the two-proton isotopes are described by the MSM wave function (27),
where P*(gs.; 2) is the neutron pair creation operator and P (gs.; n) creates
the 2 proton plus (#-2) neutron ground state. The ground-state energy W, can be
obtained directly from fig. 11, as before. Therefore, eq. (28) remains valid with a,
and «, as neutron states, while «, and x,_, contain a proton pair.

In tables 2 and 3 we present the corresponding ground-state energies in the lead
and tin regions. Again here the agreement between theory and experiment is good
enough to assume that the approximation (27) is valid. In particular, note that the
changing of sign of W in table 2a is necessary for approaching the right final

»
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TABLE 2

Calculated and experimental ground-state energies (see caption table 1)

(a) : ' (b)
soHig isotopes' N = 124 isotones
N W w W (theor.) W (exp.) z wo WM W (theor.) W (exp.)
- 122 —41.88 1 -40.89 -41.27 86 293 -0.52 091 0.86
120 —55.37 0.62 -5547 —55.25 88 9.64 -2.07 6.07 5.94
118 —69.36 0.12 ~69.95 -6994 . 90 14.72 -3.70 9.52. 9.54
116 —84.05 -0.59 -85.35 —-8520 92 18.32 -5.18 11.64
i14 ~-99.31 -1.15 -101.18 - -100.99
112 —-115.09 - 1.68 -117.48 | -117.37
110 —131.48 -2.28 -13447 ~-134.52
108 —14863 —3.04 55238 15174
© 106 —165.85 ~3.11 -169.67  —169.42 . .
104 —-183.53 -3.57 —187.81 —187.87

102 —-201.98 —4.34 -207.03 —206.84
100 -220.95 —4.86 -226.52 —-226.33
98 —240.44 -5.38 ~246.53 . -—246.41 '
96 —260.52 ~597 -~267.20

(a) A proton pair hole in the 2°*Pb core plus neutron pair holes. The total number of neutrons is N.
The contribution #W'? is —0.71 MeV.

(b) A neutron pair hole in the 2°®Pb core plus proton pair particles. The total number of protons is Z.
The contribution W® is —1.50 MeV.

TABLE 3

As table 2a with '328q as a core, The contribution W' is —0.93 MeV

sz Te isotopes

N we . oW W (theor.) W (exp.)
78 -4.839 T —145 -7.28 -6.75
76 —18.90 —1.86 ' ~21.69 -21.25 -
74. -33.40 -2.35 —36.68 -36.32-
72 —48.47 -2.92 : -52.32 —52.0t
70 —64.16 -3.54 —68.63 —68.37
68 —80.52 -421 ~85.65 - -8541..
66 * —~97.56 -4.89 .. ~103.38 —103.28
64 —115.43 -5.73 -122.09 -121.73
62 —133.88 —6.30 —141.11 —141.05
60 -153.20 -7.17 -161.30 | - 161.83
58 -173.98 —-8.63 —183.54 -183.77
56 —195.92 -979 —206.64 ~206.35

54 ~218.50 —~10.43 —229.86
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energies. This feature clearly indicates that the good agreement between theory and
experiment is not accidental. Note also the big difference between the values W,
in tables 2a and 2b.

We also calculated a number of other nuclei around closed shell cores and in all
cases obtained results similar to those in tables-2 and 3.

3.2. GROUND STATES AS SUPERPOSITIONS OF «-PARTICLES - -

So far we have only considered partitions in which one of the systems consisted

of a pair of particles (m = 2). A natural extension would seem to treat m = 4 partitions,

. where the four particles are a neutron- and a proton-pair. This “a-cluster’” type of

structure is well known in light nuclei %), where N = Z. We thus assume the ground
state of a nucleus with s = 4 + n nucleons outside a magic core as

lgs.;5) = N,P*(g5.;4)P* (gs.:n)0), i (29)

where P*(g.s.; 4) creates the ground state of the nucleus with two protons and two
neutrons outside the magic core. We call this nucleus the “one a-particle nucleus”.
Similarly, the operator P* (g.s.; n) creates the in a-particle nucleus.

The coupling constant corresponding to eq. (29) is shown in fig. 20. Since here,
as was the case in fig. 11, all states have zero units of angular momentum, there is not
any angular momentum coupling coefficients and the coupling constant can directly
be obtained from ‘fig. 20. This figure is very similar to fig. 11 and all derivations

leading to eq. (28) are also valid here. One readily obtains an equation similar to (28a)
but with

W = W+ W,, (30a)
W = W, ~W, -W, ., (30b)’
WD = W, —2W,, (30c)

where W, labels the ground state of the {m a-particle nucleus.

Fig. 20. Coupling constant corresponding to a nucieus with ;s a-particles outside the magic core. The
dashed lines indicate that the corresponding states contain an equal number of neutrons and protons.
Thus, 4, labels a two-proton two-neutron state.

-
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TABLE 4
Ground-state energies (in MeV), eq. (30) for 2°%Pb as the core

N o Z wo w W (theor.) W (exp.) d
132 88 . 58.78 0.75 60.28 60.14 0.14
134 90 79.48 . 1.36 81.59 81.13 0.46
136 . 92 100.48 1.65 102.88. 102.62 0.25
138 9% 121.97 - 2.15 124.87 124.20 0.66
140 96 143.55 224 146.54 145.40 1.14
142 98 164.74 1.85 167.35 165.98 1.37
144 100 185.32 . 1.24 187.31

The numbers N and Z indicate neutron and proton numbsers, respectively. The contribution W2 [eq.
(30c)] is here equal to —0.75 MeV. The difference between theoretical and experimental values is d
[eq. B1).

In table 4 we show the calculated ground-state energies corresponding to 2°®Pb
plus a-particle nuclei. This is a good example of the breaking down of a pure MSM
description when deformations set in. For spherical nuclei the calculated energies
are in good agreement with experimental data. In the well-deformed nuclei (above
A = 228 in table 4) the contribution W{!’ does not increase regularly with 4, as for
spherical nuclei, and the energy difference between theory and experiment is more
than 1 MeV.

A similar effect is seen in the tin region, as shown in table 5. For 4 > 148 one reaches
a well-deformed region and the contribution W{) shows an irregular dependence
upon A. Another interesting feature emerging from table 5 is that when one crosses
the magic number Z = 82, a sudden jump in

d= W,‘(thebr.)— W, (exp.) (31)

is seen. This is because our MSM states contain only single-particie components
belonging to the major shell close to the original magic core. Actually, this feature may
help to determine how “magic” is a given number N or Z. For instance, in table 6 we
show the calculated ground-state energy corresponding to the core *¢) !*¢Gd minus a-
particle nuclei. The same jump seen in table 5 is here found for Z = 50,N = 68;Z = 38,
N = 56and Z = 32, N = 50. Strictly speaking, in this case our calculations would only
be valid up to 4 = 118, i.e. up to the point where one reaches the end of the original
major shell. But the general tendency of the smooth variation of d versus A remains .
valid irrespective of the point where one stops the MSM process given by eq. (30).
Therefore, the abrupt change of d(A4) in table 6 does not depend upon our way of
calculating W, .

It is perhaps not very surprising to find in table 6 that the major shell filling 50
nucleons is so fightly closed. However. the nucieus 54Sr was only recently found to be
« “magic” nucleus 2% 3% ulthough $3Sr was already long ago considered a good hard
core 7).

-
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TaBLE §
As table 4 for the '37Sn core; the contribution W is —0.09 MeV
N z wo W W (theor.) W (exp.) d
88 56 878 - ~0.09 - 8721 87.80 -0.59
90 58 116.96 . 0.41 117.28 " 117.20 - 0.08
92 60 146.36 0.24 146.51 147.36 -0.85
94 62 176.52 1.00 177.43 177.30 0.13
96 64 206.46 0.78 207.16 206.60 0.56
98 66 235.76 0.13 235.80 235.34 0.46
100 68 265.50 ~0.42 264.00 263.08 092
102 70 292.24 - =142 290.73 290.07 0.66
104 72 319.23 -2.17 316.97 316.11 0.86
106 74 345.27 -3.12 342.05 34188 0.17
108 76 371.04 ~3.38 367.57 367.21 0.36
110 78 396.37 -3.83 392.45 391.49 0.96
112 80 420.65 —-488 415.68 416.39 -0.71
114 82 445.55 ~-4.26 441.20 440.29 091
116 84 469.45 -5.26 464.10 462.60 1.50
118 86 . -491.76 -6.85 484.82 484.35 047
120 88 -~ 513.51 -1741 506.10 505.38 0.63°
122 90 534.54 -8.13  526.32
TaBLE 6
As table 4 for the '*°Gd core; the contribution Wi is ~-0.01 MeV
N ¥4 we w W (theor.) W (exp.) d
76 58 -82.99 ~0.01 -83.02 -83.31 0.29
74 56 -110.97 -0.32 -111.30 -111.49 0.19
pA 54 -139.15 —-0.53 ~139.69 —140.36 0.66
70 52 - 168.02 -1.20 —169.23 —169.94 0.70
68 se -197.59 ~1.92 —-199.53 —199.31 -0.22
66 48 —226.96 -7 ~228.69 —231.66 k 297
64 46 ~259.32 —4.70 -264.03 —264.07 0.04.
62 4 -291.73 —4.75 ~296.49 —296.79 0.30
60 42 ~324.45 -5.07 . -329.53 —330.28 0.75
58 40 ~357.94 —5.83" —363.70 —363.27 -0.51
56 38 —390.93 -5.33 —-396.28 —396.32 0.04
54 36 -~42398 +5.39 -429.38 —430.82 1.4
52 34 —458.48 -6.84 -465.33 —465.87 0.54
50 32 —493.53 -7.39 —500.93 —501.66 0.73
48 30 ~529.32 —8.13 -337.46 —540.09 263
46 28 . —567.75 -10.77 - 578.33
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Finally, it is worthwhile to point out that a standard shell-model calculation in
any of the cases presented in this section would be virtually impossible. As mentioned
in the previous section, the shell-model dimensions in the middle of a major shell in
medium and heavy nuclei is of the order of hundreds of millions. .

4. Summary and conclusions

An important feature of the muitistep shell-model method (MSM) is that it allows
us to solve the shell-model equations corresponding to a nucleus with many nucleons
outside the core in several steps. In each step one calculates a different nucleus using
only few states of previously evaluated nuclei. With the energies and wave functions
thus calculated, one builds up building blocks that are used in later steps. Since all
the algebraical complexities inherent in each block are not passed to the final equa-
tions, the MSM formalism turns out to be relatively simple. However, the inelusion
of such building blocks in the different steps of the method is not an easy task.
Moreover, there might be many different ways to write down the MSM equations
" and it may not be easy to find the most convinient of those possibilities. To overcome
these difficulties, we presented in this paper a graphical procedure to find the MSM
equations. Using this procedure, one can readily visualize all those possibilities and,
therefore, to quickly decide which is the one that best fits the criterion of formal
simplicity or other physical requirements.

We applied this graphical procedure to evaluate the ground-state energies and wave
functions of many-nucleon systems using different MSM representations. In all
cases we found very simple formulas to calculate binding energies in spherical nuclei.
Although in these applications tens of particles outside the core were active, we found
that only one MSM configuration was enough to get good agreement with experimen-
tal data. But when the number of neutrons or protons crosses a magic number or a
deformed region is reached, that agreement becomes suddenly very poor. Therefore,
one may use those simple formulas to confirm whether a given nucleus is deformed
or a given shell is *“‘magic”. Thus, we found that the nucleus 33Srs¢ may be considered
a good hard core, as recently suggested 28 3°),

We also found closed formulas for the different steps of the MSM. It would then be
possible to solve the shell-model equations with the same degree .of complexity,
irrespective of the number of active particles. Thus, if drastic truncations are possible in
general, as suggested by our present ground-state calculations and previous six-
particle calculations in the lead region '°), ene may calculate systems for which'
standard shell-model calculations are impossible today.

One of us (C.P.) would like to express his gratitude towards the Research Institute
of Physics, Stockholm, for financial support and excellent working conditions.
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Appendix

The orthonormality relation (3) can be represented graphically, as shown in fig. Al.
A more general orthonormality relation, useful for evaluating metric matrices, is

Ps

Sy p = —1 Xmfl 1%
sBs™ 148y

g

Fig. Al. Graphical representation of the orthonormality relation eq. (3).

given by the identity [the upper'(lower) sign applies when b is even (odd)]

Z Y(aaab > Yp){(olp(ﬂb)P(ﬂa)P*(a.)P+ (ab)|0> - 61,&.515(35 ¥ adbélnﬁb‘slbpn}

ZaZy

= (1+0,0{<v,IP" (BIP ™ (Bp)IOY* — Y(BuBys v,)} (A.1)

which is represented in fig. A2. In fig. 6 the graphical representation of the projector
(11) was introduced. In general, one can put in any projector among lines that converge
towards a one-bar vertex, as seen in fig. A3. This property stems from the definition
of the one-bar vertex, i.e.

(oslP* (@)P* (a)-..P* (@,)...P* (a))...P" ()10}

= T (e P (@)P* (). .- P* (). .. P* (@O IPF (). P (@)0),  (A2)
which is the analytical expression corresponding to fig. A3. From this figure, one can
see that the inverse property is also valid, i.e., a line confined between one-bar vertices
(as the line a,) can be dropped if there is only one line on the other side of any of the

Po Ba By Pa Po
a, =(1+8,,) Y -—Y
A

A

Fig A2. Graphical representation of the dentity (A [). The circle (coin) vertex is defined in fig. 12.

Pa

-
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Fig. A3. A projector Z‘” la,){a,} = I can be introduced among any number of lines which converge
towards a one-bar vertex. The only condition is that the number of particles must be copserved, i.c.,
in the figure p = c+ ... +d.

one-bar vertices (as the line a,). In general, however, that line can be dropped but one
is then left with the overlap between the states on each side of the one-bar vertices.
To clarify this point we show in fig. A4 the quantity

T % P @)Pt (@) Pt (). Pt @0X P (). P (@ )0y*

G’ [ CIONN: ¥

X tIP*(x,)... P* (20

= Y LadPt(@)P*(@)... PH(a)... P (@)IO)D(e, .. .0z 5 0 .. 0g), (A3)

L XPRN- Y

where the overlap i
D(x,.... ogs ... 25) = (O|P(ay)... P(a.)P* (a)... P*(x,)|0) (A4)

is represented in fig. A4 by a square vertex. It is worthwhile to point out that if the
states a, in eq. (A.4) are such that ¢’ = ¢,...,d" = 4, then the corresponding square
vertex is symmetric with respect to the exchange of primed and unprimed states.
Therefore, fig. 5 indicates that D = D™, as indeed it is.

Although the general properties derived from figs. A3 and A4 are not very relevant
to evaluate the dynamical matrix, they become important when deriving expressions
for the metric matrix. :

[

a’ @’

X a, o X Moy X G
Fig. A4. The line «, can be dropped, but one is then left with the overlap D [eq. (A.4)] represented by the
squase vertex. ’
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