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We present the true second-order theory of the Zeeman effect of the nuclear
quadrupole resonance of nuclei with I =1 with polycrystalline samples. In a previous
publication [J. Chem. Phys. 59, 4197 (1973)] an approximation was used and certain
deviations were observed when comparing the results with the experimental points. The
present theory gives excellent agreement with experiment for practically any nonzero
value of the asymmetry parameter and for any value of the angle between the
radiofrequency magnetic field and the Zeeman magnetic field. Thus, the results we
present are the basis for the method for the identification of lines and the measurement
of asymmetry parameters.

INTRODUCTION

Large polycrystalline samples are usually used to observe **N nuclear quadrupole
resonance. The complete spectrum for each set of crystallographically equivalent '*N
sites consists of three lines: v, v_, and v4. The gradient of the electric field at each
site. of an equivalent set is characterized by eq=0’V/3z*’=V,, and n=
(Vix — Viyy)/ V2. When at least two lines are detected for a set of sites, it is possible to
calculate independently both parameters. However, in most cases only the v, line is
detected, or several v, and v_ lines are observed but cannot be assigned to sites. In
such cases eq and n cannot be independently calculated.

The theory we present here is the basis for our method (1) which permits both
parameters eq and n to be independently calculated by means of a Zeeman
experiment performed on a single line, and to identify the line as a v, ora v_. The
Zeeman experiment consists of perturbing the observed line with a constant
magnetic field and recording the observed frequency shift and reduction in amplitude
of the line. This information together with the data on the unperturbed line is
sufficient, in general, to identify the line and to furnish an approximate value of the
asymmetry parameter n. Bounds can thus be set to the frequency of the other line of
the pair v,, v_ in order to save search time or to assign the lines of a complicated
spectrum in pairs. If necessary a precise value of 1 can be obtained by performing
careful measurements with different values of the perturbing field.

* Most of this work was done at the Facultad Experimental de Ciencias and Instituto de Investigaciones
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The theory also provides the basis for the interpretation of the patterns observed
when the Zeeman modulation method is used for the detection of NQR absorptions.
More information can be retrieved from an observed pattern if it is interpreted in the
light of our results.

In a previous publication (Eq. [7] of Ref. (1)) the transition probabilities were
calculated by using the unperturbed wavefunctions. A systematic deviation of the
theoretical results from the experimental points was observed. The present theory
produces a largely improved fitting with experiment in the region of interest. A small
systematic deviation can be observed outside the region of interest and can be
attributed to the assumption that the line shape is Gaussian.

THEORY

Our physical model is a nucleus of spin I =1 and electric quadrupole moment Q
interacting with an electric field gradient (efg) and perturbed by a constant magnetic
field H applied at angles 6, @ with respect to the principal set of axes of the efg
tensor. Transitions are induced by a radiofrequency magnetic field H'(¢) applied at
angles 8', @’ with respect to the efg axes. Thus, we are going to deal with four
Hamiltonians (2):

Ho=hK (312 —TI7),

¥, =nhK(I:-1I}),

Fp = —guoH (I, cos 8+ 1, sin § cos @ + I, sin 8 sin @),
Hrp(t) = —guoH'(t)(I, cos 8’ + I, sin ' cos @'+ I, sin €' sin @),

where K is defined in Table 1.

¥ is diagonal in the representation in which I, and I? are diagonal. Thus, the
angular momentum wavefunctions ¥.,, ¥_;, and ¥, diagonalize #o. The problem
of diagonalizing ¥ + 3, has a closed form solution (3). The wavefunctions are:

Vo=V +¥.)/2"7
Up=(V,,—¥_1)/2"?, [2]
ll’c: '1’0,

(1]

and the transition frequencies are:
v.=C3+n)K  (A->C),
v-=B-n)K  (B-C), (3]
vs=21K (A->B).

v and FHrp are treated as perturbations. The first-order perturbations of the
energies are zero for both Hamiltonians. Thus, second-order perturbation theory has
to be used. We follow a procedure with several steps.

Step 1. The states A, B, and C are perturbed by #u. Second-order perturbation
theory is used to calculate the energies E 4', En’, and Ec and the wavefunctions ¥4,
Yy, and Y of the perturbed states A’, B', and C'.
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TABLE 1
DEFINITIONS OF SOME CONSTANTS AND VARIABLES USED IN THE TEXT
General _3-n K= e’Qq _guoH 3 ., 1
definitions A= 2n T an T h Thees amy
Definition for Definition for Definition for
Symbol transition 1 transition 2 transition 3
o (3+mK 3-mK 2nK
v 121 123 V3
T A=2U A+1-2U =2U
1 1 Al 1
U -1-— 1-— e
A—1 A+2 2 4 4(2r+1)
3 A 3 A+1 3 A(A+1
W, — cos® a — sin — ( ) sin®
TA—1 20 A+2 27 24 +1
W, —-AW; —(A+1DW; 0
3 3
W, N NS 3w
TA-1 TA+2 a2A+1
W, W; 0 A+,
122+1
W5 0 — cos” a 0
T A+2
We -4 W, 0 0
1 3 1 3 1 1
W, H(aess) (-3l Ly
A T A+1 T \A+1 A
4 cos® 1 - AZ(A+3 - 3n+1
Ws ° a+[.1,(1——>] ———[2sin2a+”' ( 2) (2sin2a+p,————§>
A-1 A m(A +2) (A+1) w(2A +1) A(A+1)
6u 1\2 6u A2 6 “
W, —(1 +—) -— -
i T\ A 7 (A+1) 7 AZA+1)?
Wio A+1)(Ws— W) Ws+ (A +1)(Wg— We) (A +1)}(Wg— Wy)
Wi Wo+(A+1)W, Wo+{(A +1)Wy Wao+(A+1)Wy
Ymin?0
e 1+1/A -A -1/A
Ymax?0 A+1 2 2
D

Step 2. The states A’, B, and C' are perturbed by %#rg(¢). The wavefunctions ¥a,
Yy, and W are used to calculate the probabilities of the transitions induced by the
time-dependent Hamiltonian #rg(t).

Step 3. The effect of the polycrystalline sample is considered. The angles 6, @, 6’
and @' are different for different microcrystals. The efg set of axes is abandoned and
the problem is treated from a laboratory frame defined by H and H'. The only
constant angle is @, the angle between H and H'. The line shape is computed by
adding up the contributions, at each frequency, of all the microcrystals.

Step 4. Several algebraic or numeric tests are implemented on both the inter-
mediate and final results. Such tests are necessary to check the results because of the
very involved algebra of steps 2 and 3.
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Step 5. We consider absorption lines with finite width.

The main difference of the present theory with our previous formulation (1) is in
step 2. In the previous formulation the probabilities of the transitions induced by
#rr were calculated by using the unperturbed wavefunctions ¥, ¥y and ¥c.

PERTURBED ENERGIES AND WAVEFUNCTIONS
When #q + #,, is perturbed by #, the second-order perturbed energies are (3):
D?cos’ 6 D?*sin’ 0 cos®> @

Ea
A -(1+mK+

+
h 21K B+m)K
Eg D?cos* 8 D?sin’ 8 sin @
—=(1-7n)K - + : 4
p (I-7m) 3K G-mK [4]
I_Eg_ —2K—D2 sin® 6 cos? <I>_D2 sin” 6 sin® @
ho 3+mK B-mK

where D is defined in Table 1. After some calculations, expressions [4] can be
written:

Ea D? + 3—
—A=(1+n)K+ [3 n—sinz t9(2—n+sin2 @)J,

h (3+n7)KL 2y n

Ew D® [ 3-n.  , (3-m _,
—=(1-n)K+ - + <—+ )]

B (1-m) GomKl 2, *Sin 6 7y Sin @ (5]
Ec D? 2n ., (3—n s )
—=2kK-———— —t D).

Y (3+71)K3—'flsm o 2 sin

The form of these expressions suggests the definition of the constant:
A=(3-1)/2n (6]

and has the advantage that the functional dependence on the angles § and & can be
expressed by a single function:

v(6, @) =sin* (A +sin> @), [7]
where
O=v(6, D)= +1. (8]

The energy levels can now be written in terms of A and v (6, @):

En D?
A =1+mK +———0A +1-0(8, D)),

h B+n)K

Eyg 2

7=(1—H)K+m‘(—)\ +v(8, D)), (9]
Ec D?

A (3—+7])—KU(0’ D)/A.
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We call vac, vreo, and vap the frequencies of the transitions between the
corresponding perturbed levels and we define the frequency shifts produced by the
perturbation:

V1= VAC Vi,
VL =vec— V-, [10]
V3= VaAC— Va.
Using Eqs. [9] and [3], the frequency shifts [10] can be expressed in the following
nondimensional form:

ViV

1
D2 =A+1+(X_1>U(0, @),

VoV 1 )
=-A+(1+
V3ila 1 1
=2—(—+ ) , D).
D’ A i)l ®)

The simplicity of these expressions has encouraged us to proceed with the
algebraically complicated calculations of the next paragraph.

Up to this point our formulation has led us to consider the frequency shifts vy, v,
and v3 as functions of the parameter v, which is in turn a function of the angles ¢ and
@. However, Eq. [7] will be used to express @ as a function of  and of v, where v isin
turn expressed as a function of »1, v, or »3 with the help of Eq. [11]. Furthermore,
one of our goals is to identify an observed absorption line whose unperturbed central
frequency v has been measured, but it is unknown whether vgisa v,, a v_, or a v,4.
We thus reformulate Eq. [11] for all three lines in the following way:

v(v)=T + Uvwy/D?, [12]

where v stands for v, v;, or v3, and v, stands for v, v_, or v4, and the constants T
and U depend only on the asymmetry parameter n but have different expressions for
each of the three transitions. See Table 1.
We now reformulate Eq. [7]. We define:
x =cos 6 [13]

and we have

sin @ sin® @ =v(v)—A +Ax2, [14]

sin®@cos’®=A+1—v(r)—(A +1x>

We have also used the second-order perturbation theory to compute the matrix U
of the unitary transformation from the representation in which %o + &, is diagonal
to the representation in which %o + 7, + ¥\ is diagonal up to the second order of
approximation in the perturbation D. The matrix % is needed for step 2. Its
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expression 1s:

Lo b b ac _a ibe
28° 2y° vy By B By
b iac p? ic ab
U=|——— l-———= —_———— 15
B v 2y 287 s v ’ [15]
a ibc ic ab a? ¢?
5 —S s =525
B Bé 5 Bé 2B% 26
where:
a=Dsin 6 cos @,
b=D cosé, [16]
¢ =D sin 6 sin @,
and:
B=03+n)K,
v =2nK, [17]
5=03—-n)K.

The second-order perturbed wavefunctions are thus

Ya Ya
Yo |=U|VPg|. [18]
IIIC, q’c

We have checked the above results. The matrix 9 is unitary, as it should be, and
the wavefunctions ¥4, ¥y . and ¥ do in fact diagonalize #q + #,, + #wm up to the
second order in D, and give the eigenvalues of Eq. [4].

TRANSITION PROBABILITIES

We are now ready for step 2. g is considered as a time-dependent perturbation
of the system represented by ¥ + ¥, + #n. We first write the matrix of #rr in the
representation in which #q + %, is diagonal. We keep only the angular part
because we are only interested in relative changes of the amplitude of the absorption
line, and we introduce the constant (8772/3)1/2, which corresponds, in our formula-
tion, to the amplitude of the unperturbed line. We have:

0 p ¢
Hre=|p 0 —ir|, [19]
q ir 0
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where
p=(87"/3)""*cos 0,
q= (87%/3)""?sin ' cos @', [20]
r= (871-2/3)_1/2 sin @' sin @’'.

We now perform a unitary transformation on the matrix of #rr of Eq. [19] by
means of the conjugate and the transpose of the matrix % of Eq. [15]. The result is
the matrix of #rr in the representation in which #o + ., + #u is diagonal, which is
our basic representation for all the calculations which follow. Then, we calculate
the squares of the absolute values of the off-diagonal elements of the resulting
matrix, which are proportional to the transition probabilities. We obtain:

4a° b ? c? b® 2pa/l 1 bc
Faowol =2 (148 S P (L g
[(#re)as| =p Bz _yz 52 q 52 r Bz B \5 v (gb—rc) qryb‘
2 2 2 2 2
4b° ¢ a® 2gb/1 1 ac
Faoncl=p ra (1= G ) L 2L Dy e
|(¥re)acl =p 52 q Bz 2752 ’62 vy \g "5 (rc —pa) P’Bs’
b? a’ a’ b* 4c™ 2rc/1 1 ab
Harhwol? = p2 s+ a? L+ 2(1-—-———)+—(—+—) b—pa)+2pqg22.
I( RF)BCI p yz q Bz r Bz y2 52 5 \B 5y (q pa) quY
(21]

For the sake of brevity we use P(6, @, §', @') as a common name for the three
expressions {21].

In fact, we have also calculated the squares of the absolute values of the diagonal
terms in order to be able to check the algebra of Eq. [21] by means of the well-known
property which states that the sum of the squares of the absolute values of all the
elements of a matrix is invariant after a unitary transformation. This property has
been verified at several stages of the calculations and has been of great help for the
detection of algebraic mistakes. We are now ready for step 3.

THE POLYCRYSTALLINE SAMPLE

Now we regard the situation from the laboratory frame defined by H and H', see
Fig. 1. The angle o between H and H' is the only angle which is fixed and given. We
think of the polycrystalline sample as if it consisted of a large set of resonant nuclei, to
each of which we attach the nuclear” frame x, y, z defined by the principal axes of
the efg tensor at the site of the nucleus. We make the following assumptions:

(i) The distribution of all the z-axes is uniform on the unit sphere.

(ii) Given a point on the unit sphere, all nuclei which have their z-axes passing
near the point also have their x- (or y-) axes uniformly distributed about z.

We recall that the angular coordinates of H with respect to the nuclear frame are 6,
@, and those of H' are §’, @’. The angular coordinates of H' in the laboratory frame
are «, 0, and those of z are 6, ¢. The x- and y-axes of the nuclear frame are not shown
in Fig. 1, however, the angle @ determines the rotation of the x-axis with respect to
the laboratory frame.
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FI1G. 1. The unitsphere and the Laboratory frame of reference. H is the Zeeman magnetic field and H’
is the radiofrequency magnetic field at an angle a with H. x, y, and z are the principal axes of the efg
tensor; however, only z is indicated for clarity.

The transition probabilities are proportional to P(8, @, §', &'), given by Eq. [21].
The angles 8 and @’ are given as functions of 6, @, ¢, and a by the following
identities:

sin ' cos (@'— @) =sin 6 cos a —cos f sin a cos @,
sin 8’ sin (@' — @) =sin « sin ¢, [22]
cos @' = cos v cos @ +sin « sin § cos ¢.
With the help of these identities we express P as a function of 8, @, ¢, and a:
PO, D, ¢,a)=P{6, D, 80, D, ¢,a), DO, D, o, a). [23]

The number of nuclei whose z-axes fall within some d@ and some d¢, and whose
azimuth is within some d@®, is proportional to sin 8 d6 d¢ d®. For a given H, all such
nuclei absorb energy at a frequency v (6, @) given by Eq. [11]. The intensity of the
absorption at this frequency is thus proportional to:

P8, D, p,a)sin 0dOde dd. [24]

THE TOTAL ABSORPTION OF ENERGY AT A GIVEN FREQUENCY

We want to calculate the total energy absorbed by all the nuclei at a given
frequency v measured from the center of the corresponding unperturbed line. As v is
independent of ¢ (see Egs. [11]) we start by adding up the contributions of all the
nuclei with the same 6 and @ but with all possible values of ¢:

2

P, D, a)sin 0d0dD = j d¢ P(6, @, d, a) sin 0 d dd. [25]
$=0

Equations [11] give the frequency v as a function of the parameter v which is in turn
a function of 9 and @. As v is now given, we use Eq. [12] to express the parameter v
as a function of », and then choose @ as the dependent variable and express it as a
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function of v and # by means of Egs., [14]. We also have:
dd={00(8, v)/dv} dv. [26]
Using [26], {12], and [14] in [25] we calculate:
P(6,v,a)sin 0d0 dv =4P{6, D0, v), a}sin 6 dO{oD (6, v)/av} dv. 27]

The factor 4 comes from the fact that the function @(6, v) is multivalued and has
four branches.

Finally we note that there is a whole range of values of 8 for which a contribution to
the absorption at a given frequency v will exist. From the definition of v, Eq. [7], we
have for all possible values of the dependent variable @:

v PR
L <sinte=Z, 28
A1 OEY [28]

where v can take on values only in the range given by Eq. {8}. We define 8, and 0,,,.«
by:

v
A+T

$in” Bmax = Min(1, v/A).

22
Sin” Omin =

[29]

Each of Eqgs. [29] has two solutions when 0 < 8 < 7. We take the solutions which
are less than 7r/2 and integrate over the range so defined, multiplying the result by 2:

8 (v)

max

Plyv,a)dv =2 j do P(6, v, a)sin 6 dv. [30]
6=0min(v)
Thus, the amplitude of the perturbed absorption line will be proportional to
Py, a).
All the calculations required to obtain the explicit expressions of P(v, a) for the
three lines are straightforward, except for the extremely intricate algebra involved.

The integrations in Eq. [25] are very simple. The integrations in Eq. [30] require the
use of the elliptic integrals of the first and second kind:

/2
K(k)= j (1-k2sin® B)""2 dgB,

0

/2 [31]
E(k)= j (1-k*sin®> B)'* dB,
0
where:
k2 v [32]

TAQ+l-0)
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The final result is:
(D?/vo)P(v, @) =Ja+(D?/v5)Js, [33]

where J4 and Jg are functions of (vvo/Dz) and of « alone (and of course of the given
value of the asymmelry parameter 7). Jo and Jp are defined differently for the ranges
O<v<AandA<v=A+1.Forv=Ak>=1,and K(k)is logarithmically divergent.
This poses no problems except for the numerical integration which will be required
later. The definitions of J5 and Jg follow.

For 0=v <aA:

Ta={AA +1=0) HW,+ Wod —0)}K (k) + WA (A +1-0)}2E(k),
Te={Ws(A —0)A +1-0)""2+ WA +1—1)""?
+WiA =) A +1=0) AT 2K (k) +{A A + 1= o)} W+ Wo(A —v)}E (k).
ForA<v=A+1:
Ja={Wi+ WA —0)}o K (1/k)+ Wsv?E(1/k),
Jo={Wio(A —v)+ We(A +1—0)+ Wi (A —0)(A + 1 —0)}o 2K (1/k)
+0" AW+ Wo(A —v)}E(1/k).

(34]

(35]

These definitions are valid for all three lines. The constants W; depend only on «
and 7, but have different expressions for each line. They are given in Table 1. The
expressions are given in the form which is best suited for computer programming.

THE TOTAL RELATIVE ENERGY ABSORBED BY THE SAMPLE

By integration of Eq. [23] we can calculate the total energy absorbed at all
frequencies of each perturbed line by all the nuclei:

2 27 T
Pla)= J’ do J ao J de sin 6P (0, D, ¢, «). {36]
0 0 0

After some algebraic expansions we obtain, for the three lines:

D? 2 A+1)°
Pl(a)=1+—7{—4cos2a+—p,<4—( ))},
Vo

5 A
D? L, 2 [ A? }
Pz(a)-—1+7(2)—{—2s1n a+§,u.</\+1—6) , [37]

2

Bt B
P3(a)——1+V%{ 2 sin a+5,u. A+ D) 6)1,

where w is defined in Table 1.
When D =0, all three energies are equal to 1. This is so because the appropriate
constant (8772/3)!/? was introduced in Eq. [20]. We are only interested in calculating
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rrrrrrrrr ottty

NP N (NS (N VR A U S N (N (N TS S N A S
6

o] 2 4 8 10 12 14 16 8 20
Vo a /D2

FiG 2. Frequency shifts of the perturbed lines. vy is the frequency shift of the maximum of the
perturbed line measured from the central frequency v of the unperturbed line. D is defined in Table 1 and
A is the full width at half maximum. The solid curves correspond to a = 0° and the dashed curves to
a =90°. All curves drawn in the region above uouM/D2 =1.7 correspond to v, transitions, while those in
the region below 1.7 correspond to v_ transitions. All the plotted curves were calculated with A/vo=
1 X 107*. The curves with A/, = 4 x 10~ were also calculated but they are very similar to the former and
arg not plotted.
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F1G. 5. The relative amplitudes of the »_ lines of a polycrystalline sample as functions of the
Zeeman magnetic field H applied parallel to the radiofrequency magnetic field, for different values of the
asymmetry parameter n. The same curves hold for 4/vy=1X% 107* and 4/vg=4x 107"

relative energies and amplitudes, and our result shows that the relative energy
absorbed by the unperturbed line is equal to 1.

The total relative energy absorbed by the sample can also be calculated by
integration of Eq. [33]:

Ymax

Pla)= J P(v, a) dv, [38]

Y =Vmin

where v, and v are obtained by using Eq. [8]in Eqs. [11], and are given in Table
1 for each line in a nondimensional form

The integration in Eq. [38] can only b= carried out numerically, and the results
should be compared with those obtained from the simple expressions [37]. This
comparison serves two purposes. First, it is a critical test of the expressions of P(v, )
(we call it step 4). Second, it is an essential step for the determination of the
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F1G. 6. The relative amplitudes of the »_ lines of a polycrystalline sample as functions of the Zeeman
magnetic field H applied perpendicular to the radiofrequency magnetic field, for different values of the
asymmetry parameter. The same curves hold for 4/vy=1X 107* and 4/vo=4x107%,

parameters of the numerical integration which will be required when we deal with
wide lines, Eq. [40].

We have compared numerically Egs. [37] and [38] for 60 different pairs of values
of a and 1 covering the entire range of interest for each of the three lines. The
interval of integration in Eq. [38] corresponds to the range of values of v given by Eq.
[8]. This range was subdivided in the three intervals (0,A —¢), (A —¢,A +¢) and
(A +&, A +1), since the integrand diverges for v = A. In the interval (A —¢, A +¢) the
integral was approximated, for ¢ sufficiently small. Each of the intervals (0,A —¢€)
and (A +¢&,A+1) was divided in turn into N subintervals, and in each of the
subintervals the integral was calculated by Gaussian integration of order 28. This
required the calculation of the value of the integrand at 28 interior points and at both
ends of each subinterval. The subintervals were not equal but decreased geometric-
ally in the direction in which v approached A, because the closer v to A the steeper the
function P(», @) and the smaller the interval required for an accurate numetical
integration. We call R the geometric factor. We have observed that the accuracy of
the results increased as N increased and as R decreased. After several trials (with
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TABLE 2

THE DESIGNATIONS OF THE INVESTIGATED NQR LINES, AND THEIR FREQUENCIES v, ASYM-
METRY PARAMETERS 7, AND FULL WIDTHS A f HALF MAXIMUM 4(! )

vo A
Compound Line Designation (kHz) n (kHz) A/vg

Acetonitrile v, A 2807.8 0.0046 0.87 3.10x107*

v, B 2810.8 0.0082 0.59 2.10

v_ P 2799.2 0.0046 0.86 3.07

v_ Q 2795.4 0.0082 0.58 2.07
3-Cyanopyridine vy C 3010.8 0.0999 0.70 2.32

vy D 3899.7 0.3667 0.75 1.92

v R 2816.8 0.0999 0.53 1.88

v_ S 3050.2 0.3667 0.50 1.64
Phenylhydrazine vy E 4909.6 0.616 0.94 1.91

vy F 47474 0.698 0.88 1.85

v_ T 3236.5 0.616 0.70 2.16

v_ U 2954.2 0.698 0.48 1.62
Diethylcyanamide v, G 2756.6 0.96 0.55 2.00

¢ Also given are the ratios 4/v.

double-precision Fortran) we achieved an accuracy of at least five figures in Eq. [38]
with the selected values N =30 and R = 0.85. Note that this required the calculation
of P(y, @) from Eq. [33], 1742 times for each case, which took a great deal of
computer time. The elliptic integrals were calculated by the well-known formulas of
Hastings, of degree 7.

LINES WITH FINITE WIDTH

The study of the case of a real NQR absorption line having a certain width is the
last step of this theory, or step S. The following assumptions are made:

(iii) The factors which determine the shape of the unperturbed line do not change
when the magnetic field is applied.

(iv) The shape of the unperturbed line can be described by the Gaussian function:

g(v/4)=exp{~(41n2)(v/4)%, [39]

where A4 is the full width at half-maximum and In stands for natural logarithm.

Under such assumptions, the shape of a real line perturbed by a Zeeman field,
applied at an angle & with respect to the radiofrequency magnetic field, will be
described by:

Ginaa)= | P a)glr-v/a)dy, [40]
where vpmin and vuax are given in Table 1.

G (v, A, a) should become identical with g(»/4) when D = 0. It does in fact, as can
be easily proved by introducing the new variable of integration vo»'/D? in Eq. [40]
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FIG. 7. Comparison of theory and experiment for v, lines in the case « =0°. The theoretical curves
were computed using the observed values of n and A/ v, of the NQR lines A, B, C, D, E, F, and G, which
are identified in Table 2. The alphabetical characters represent experimental points measured for the
same lines.

and noting that »' = O(DZ) when D - 0 (see the definition of the limits of integration
Vmin aNd Vmax in Table 1 and also Eq. [33]). Therefore, when D - 0, then v’ > 0 and
g(v/A) comes out of the integral, which takes the exact form of Eq. {38] and has a
value of 1 for D =0. This property of G(», 4, a) is again a consequence of the fact
that we are working with relative amplitudes, and has been achieved by the
introduction of the constant (872/3)"/% in Egs. [20].

The integration in Eq. [40] can only be performed numerically. As the integrand is
of the same type as that in Eq. [38], we have used the same values for the adjustable
parameters N and R in order to obtain a similar accuracy.

DISCUSSION AND CONCLUSIONS

Equation [40] is the final result of this theory. By means of Eq. [40] it is possible to
calculate the shape of a NQR absorption line of known asymmetry parameter n and



532 S. PISSANETZKY

L

@
11!1111[11111111

RELATIVE AMPLITUDE

LL¢L4J¥LI Ll 1 lll

24

LOGHZ 7, &

F1G. 8. Comparison of theory and experiment for v, lines in the case a = 90°. The theoretical curves
were computed using the observed values of n and 4/v, of the NQR lines A, B, C, D, E, F, and G, which

are identified in Table 2. The alphabetical characters represent experimental points measured for the
same lines.

width 4, when it is perturbed by a Zeeman magnetic field H applied at an angle «
with respect to the radiofrequency magnetic field H'. Eq. [40]is valid for any value of
a, 0=a = 7/2, and for n in the range 0.001 « < 0.993 (1).

Several sets of theoretical curves were computed using Eq. [40]. They are
presented in Figs. 2-6. All the calculations are carried in terms of the dimensionless
quantities:

V()A/D2 and V()V/Dz,

where D is defined in Table 1 and we use the value guo/h =308 Hz/G. When Eq.
[33]is used in Eq. [40], the factor D?/»3 is written as

D?/v§ = (4/vo)/(vod/D?).

The new experimental dimensionless parameter 4/ vy is thus present in the theory.
This parameter did not exist in the previous version (I1). A practical range of values
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for this parameter is:
1x107*<4/ve<4x107*

as shown in Table 2. All the theoretical curves were computed for the two cases:
A/vo=1x10"*and 4/vo=4xX 107*. However, in all but a few cases the results were
found to be independent of 4/, in this range and within the plotting accuracy. All
curves are thus plotted for 4/vo=1X 107*, except in Fig. 3, where curves are drawn
for A/vg=4X 10™* when possible.

Only the shape of the perturbed line is given by Eq. [40] as a function of the
frequency shift v (v =0 at the center of the unperturbed line). Therefore, for each
point in the plots, it was necessary to perform a numerical search of the maximum
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Fi1G. 9. Comparison of theory and experiment for v_ lines in the case a = 0°. The theoretical curves
were computed using the observed values of n and 4/»_ of the NQR lines P, Q, R, T, and U, which
are identified in Table 2. The curve for line U was not represented because it is very close to the curve for
line T. The alphabetical characters represent experimental points measured for the same lines.
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F1G. 10. Comparison of theory and experiment for v_ lines in the case a = 90°. The theoretical curves
were computed using the observed values of n and 4/v_ of the NQR lines P, Q, S, T, and U, which are
identified in Table 2. The curve for line U was not represented because it is very close to the curve for line
T. The alphabetical characters represent experimental points measured for the same lines.

of the perturbed line. Both the frequency shift vy and the relative amplitude
were determined at the maximum. The frequencies were plotted for some cases in
Fig. 2. This plot is very similar to Fig. 5 of Ref. (I). In Ref. (1) we have made the
comment that it did not seem possible to obtain good information concerning the
value of the asymmetry parameter n from frequency shift measurements. This
conclusion remains valid.

However, good values of 1 can be determined from amplitude measurements. The
amplitudes at the maximum of the perturbed lines are plotted in Figs. 3-6. Figures 3
and 4 are for v, lines and & = 0 and 7/2, respectively. The general features of these
plots remain the same as in Ref. (1). However, there is an important difference: the
fitting with the experimental results is largely improved. In order to make this fact
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evident we have also computed the curves of relative amplitude for all the line-
described in Table 2. The results are plotted in Figs. 7-10 and compared with the
experimental data. In all cases the fitting is much better than previously. The curves
are steeper and tend to represent quite effectively the steep descent of the experi-
mental points.

The tendency of the upper points to fall in regions of too high n was mentioned in
Ref. (1) and attributed to the strong dependence of the amplitude on the detailed
lineshape for fields of the order of the critical field. This tendency is much smaller in
the frame of this true-second-order theory. As an example, for the line A, with
7 =0.0046, the upper points in Figs. 6 and 7 of Ref. (I) fall in regions of n =0.015
and n =0.0075, respectively, while in Figs. 7 and 8 of this paper they fall in regions of
n =0.007 and n =0.006, respectively.

A single observed line can be identified to be a v.. or a v_ with the help of Fig. 2.
The required measurements are: the central frequency vy, the full width at half
maximum 4 and the amplitude of the unperturbed line, and few measurements of
the frequency shifts vy vs the magnetic field H at the maximum of the perturbed line.
All these measurements can be easily done on the usual records which are obtained
with a cw spectrometer. Once the line has been identified, the same records can be
used to obtain values of the amplitude at the maximum of the perturbed line, and
then determine a good value of n with the help of Figs. 3-6. Of course, for »_ lines,
the resolution is very poor if n >0.3.

The results we have presented here are thus the basis for the identification of lines
and for the measurement of the asymmetry parameter when a single line is observed
or when several lines are observed and have to be paired.
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