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Abstract: The pairing collective excitations are analyzed within the framework of the yrast
approximation. The states are supposed to have a large isospin and a large number of pairs
outside the double magic core. The large centrifugal terms that are therefore present, induce a
stable deformation in isospin and gauge spaces. A complete and physically meaningful
classification of states is obtained in terms of rotations and small oscillations. This description
reproduces the known harmonic results concerning energies and pair transfer matrix elements
to leading order in the yrast quantum number Y, which is suitably defined. It is also shown how
to introduce corrections to this zeroth order description. With this purpose a modification of the
usual perturbation theory is developed. It is also shown how anharmonic terms may be intro-
duced simultaneously with the above mentioned corrections.

1. Introduction

A collective treatment for the 7 = 1 pairing interaction has been presented in
previous papers ' ~3). The Hamiltonian, which is analogous to the Bohr collective
Hamiltonian *), yields wave functions carrying the isospin T and the number of pairs
of particles M as good quantum numbers.

These solutions are obtained in the two extreme situations corresponding to the
harmonic potential and to rigid rotations of a system with an axially symmetric de-
formation. In principle, intermediate situations may be solved with numerical methods.

The collective treatment may be applied for instance, to the set of J* = 07 states
in the region around a doubly magic nucleus with equal number of protons and
neutrons. The experimental situation around *~°) 3Ni suggests that we are in the
presence of a phase transition between a normal and a superconducting system. Since
the numerical methods become prohibitive for not very large values of 7, we must
resort to other methods to solve the corresponding Schrédinger equation.

The yrast approximation *°) is based on the assumption that the centrifugal terms
in the kinetic energy may induce a permanent deformation in some states, even if the
potential does not lead to a deformed situation. Thus, these states may be appro-
priately treated within the formalism of deformed systems. The system distributes the

t Fellow of the Consejo Nacional de Investigaciones Cientificas y Técnicas of Argentina.
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94 D. R. BES et al.

rotational quanta among the three axes, in such a way as to minimize the total
energy. The states satisfying these conditions are the yrast states. To the extent that
most of the kinetic energyis concentrated in the centrifugal term, the wave functions
of the yrast states are stable under changes in the detailed structure of the potential
energy surface and the vibrational degrees of freedom remain essentially frozen.

For a harmonic potential the yrast concept provides a new labelling of the states,
which is equivalent to the one obtained by coupling phonons. It is expected that the
consequences of the anharmonicities are smaller within the yrast approximation since
in many cases they tend to induce deformations, and this effect is already accomplished
in zero order by the centrifugal terms. In addition, the remaining anharmonicities
should be easier to deal with, since the description of the deformed states may be
simpler within the yrast scheme than within the vibrational picture.

In this paper we attempt the application of the yrast concept to the pairing degree
of freedom. In sect. 2 we apply this approximation in the case of a harmonic motion.
We define the yrast quantum number Y (Y = integer) which is related to the isospin
and to the number of pairs M. This quantum number plays here the same role as
the angular momentum in the quadrupole case. The yrast quantum number labels
each member of a set of quasi-rotational states. In addition the different distribution
of rotational quanta among the three axis, and the small oscillations that the system
can perform around the equilibrium position, give rise to a subset of vibrational and
rotational states, for each value of Y.

Up to this point we have applied to the pairing degree of freedom what is known
about the yrast approximation to the quadrupole case. This yields the vibrational
result to lowest order in an expansion in powers of 1/Y. In addition, in sect. 3 (and
appendices A and B), we develop the perturbation theory which is necessary to
correct the approximation in successive orders of 1/Y. In sect. 4 we show how to
introduce anharmonic terms both in the kinetic and potential energies using similar
techniques as those developed in sect. 3. This formalism is therefore able to be applied
to the transitional region.

Together with the conclusions, we discuss possible applications of the present
collective treatment.

2. Formulation of the yrast approximation

An important part of the two-body residual interaction between the nucleons is

H,= -GY P,P],
u

where P, creates two particles with angular momentum zero, isospin one, and iso-
spin projection u. Here G is the strength of the pairing force. The distorted field
approximation corresponds to replacing the P, operators by their (complex) expec-
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tation values d,. These d, are the dynamical variables associated with the collective
treatment. They transform according ') to
2i ’

d, = e**Y D1(8)d,, (1)
where ¢ is the gauge angle (which is conjugate to the operator corresponding to the
number of particles) and 8; are Euler angles in isospace. Applying (1) we can trans-
form to an intrinsic system in which only two (out of six) collective variables are
different from zero. They may be chosen to represent the parameters' 4, = 4| and
4, = d_, for the “intrinsic” neutrons and protons, respectively '!). Alternatively,
we may use as intrinsic variables 4 and I', which are defined by

_ {4,—4
4 = (424 A%)3, r=tg! (___" “) .
( ) 4,+4,

Let us write down the collective Hamiltonian for the pairing degree of freedom'*
[eq. (21) of ref. 1)]:

H= ’Trot+ Tvib+ Va

1 2 ol 2 2
- i {(TxtM) _2MT, (1—sin2r) + T; T; } ,
2BA* \ cos* 2I cos?2r cos’I'  sin®’T
1 0
vib T T TS “Asi“ ! 0 41‘i’

5 S A 5P
2BA° 04 94 2BA*sin 4l or or
V = V(4% 4* cos® 2I). 2)
The domains of the variables 4 and I' are

0<4<o0, OZT

IIA

i, (3)
and the volume element is
dt = A®|sin 4I'|[dI'dAd¢d>0,.

In eq. (2), M represents the operator corresponding to the number of pairs of particles
outside the double closed shell, while T,, T, and T, are the operators corresponding
to the isospin components in the intrinsic system.

The harmonic solution can be constructed either from the Schrédinger equation
corresponding to the Hamiltonian ¥ 2) (2) with ¥ = $C4? or as a superposition of
addition and removal phonons *?), each of them carrying anisospin # = 1. The other
simple solution of (2) corresponds to rigid rotations, in which case the low energy
degrees of freedom are included in T,,,, with 4 and I" being constant parameters.

t When the system stabilizes around definite values of 4, and 4, (5% 0), the quantities G4, and
G4, coincide with the BCS gap parameters for the system of neutrons and protons, respectively.

tt It has been assumed that the mass parameter B is a constant, which is equivalent to the hypoth-
esis of irrotational flow for the quadrupole degree of freedom.
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In order to find the yrast states, we minimize T, + ¥ with respect to T, T,, I' and
A, for fixed values of T and M :

0 2sin T’ . 3
— (T, + V)= ——— - (T, sin'+2M cos” T') = 0, 4
0Tx( ) cos® I cos? 2F( ) “)
0 T.8 cos 2I'
R To +V = - = O, 5
0T, (T ) sin? 2r )
i 1
P T:'o + V)=—
or TmtY) BA?
2 . _ . 2 .
g 2(Tx+M3) sin 2I + 2MT(1 351n 2r) L 17 sm31" _12 c'oil"} + v _ 0, (6)
cos” 2I' cos” 2I' cos” I sin” I’ or
5 1
~ Tro +V)= - —
54 Tt V) BA®
2 : 2 2
x (LM g, (sin2D) | L T } +¥ 0 @
cos” 2I’ cos” 2I' cos“I"  sin“T a4
The possible solutions to eq. (4) are
T, = —2M cos® I'/sin T (4a)
or
r=o (4b)
or
T.=M =0, (4c)
while the solutions of (5) imply
I =ir (52)
or
T, = 0. (5b)

We introduce in (6) different pairs of solutions of (4) and (5). If we assume V
to be I'-independent, we obtain using (4a)+ (5a)

'=in, T,=-M, T}!=T}=}T*-M?»), T=z=M, (8a)
while (4b), (5b) and (6) yield
r=0, T,=T,=0; T-=T,. (8b)
Other combinations of (4) and (5) do not yield independent solutions'.

¥ From eqgs. (4a)-+(5b) we obtain
{M}2 _ sin2l"cos3 2I"
T 2cos*'{2cos2cos® 2+ cosI™ (1 —sin2I")2 —2(sinl'—2cos3I)2}

The right-hand side starts at the value 0 with negative slope and continues to be negative
throughout the interval 0 < I' < }=, being equal to zero again at I" = 1. Thus, there is no value
of I" that satisfies the minimum condition, with the possible exception of I"' = 0, if M = 0. This is a
particular case of (8b). Similarly, we can disregard the solution M = 0, I"' = 3. Eqs. (4c) and (5a)
yield T,2= T2 = }T2, which is a particular case of (8a) for M = 0. From (4c) and (5b), we obtain
I" = 0, a result which is already included in (8b).
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The eigenvalues of the rotational energy may be expressed as follows:
Tl = 47) = (1/2B4%)(2T* - M?), (%a)
Tl = 0) = (1/2B4°(T?+ M?). (9b)

The lowest energy is given by (9a) if M* > 37? and by (9b) if M?* < }7". Both
solutions correspond to an axially symmetric situation. The corresponding spectra
are discussed in sect. 3 of ref. ).

Using the further assumption of a harmonic potential, eq. (7) gives the equilibrium
values for 4, namely

4.4 = QT —M?*)*b, (10a)

A.q = (T?+M?)*b, (10b)

with b = {BC}‘* equal to the length parameter of the harmonic oscillator. When
I'., = 0 a solution including both rotational and vibrational degrees of freedom is
obtained; it has been discussed in refs. > 1),

We shall concentrate on the solution corresponding to I',, = %n. For this value
of I', the lowest state associated with a given M has *) T = M. This sequence of
lowest states constitutes the lowest yrast band. It is convenient to introduce the quan-
tum number Y (Y = positive integer) which for this yrast band coincides both with
M and T.

The equilibrium value of 4 depends on the member of the band and can be ob-
tained from eq. (10a):

4., = bY* (11)
The energy of an yrast state is
Y? )
ZBqu % q ( )

where w = (C/B)? is the energy characteristic of the six-dimensional oscillator. For
sufficiently large values of ¥, the yrast band is a ““quasi-rotational” band, in the sense
that the intrinsic structures (as measured by 4.,) of two consecutive members of the
band differ only by terms of the order of 1/Y. An yrast excitation will be produced by
going from the yrast state Y to the state with Y+ I, and we see from (12) that the ex-
citation energy is the harmonic frequency .

The yrast band corresponds to the set of the ground states of even single-closed-
shell nuclei. Thus if 4, is the number of particles in a double magic nucleus (¥ = 0),
the yrast states are the ground states of isotopes with Z = 34, for 4 > A,, and the
ground states of isotones with N = 44,, for 4 < A,. Here, and in the following
physical interpretations of the elementary excitations of an yrast state, we assume
always T = 4(N—Z). Obviously, the analogues of such states satisfy similar inter-
pretations.

Presently, (small) departures from the equilibrium values I' = 47, T = M = —T,
= Yand 4 = bY*are allowed. Thus, each member Y of the yrast band gives rise to a
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subset of vibrational or rotational states. Every member of each subset will be labelled
by the quantum number Y characterizing the parent yrast state'.
The restoring force for the I'-degree of freedom is obtained from T ,,:
YZ
= — = oY. (13)
r=3z  BAg

62Trot
“r="p

Since the system may oscillate around I' = 47, we define the (small) variable
&= (I-in)Y™ (14)

The vibrational plus rotational kinetic terms in (2) yield to lowest order in £

_ef_ 10,0 (T+M? . 15
H, 2: ga:éa§+ e +5}- (15)

Thus, we see that the I'-motion corresponds to a two-dimensional harmonic
oscillator. Therefore, the first excited states have

A= YT, +M) = +1, (16)

which we can produce by taking M’ = M+1, T, =T, +1, T' = |Ty| = M—1 and
M =M-1,T,=T,—1,T = |T;}] = M+]1, respectively (fig. 1). The fact that these
states violate the condition M = — T, (which is characteristic of the rigid rotor with
I' = }n) is consistent with the fact that they are associated with changes in I'.

The magnitude A is the angular momentum in the two-dimensional rotation and
has the eigenvalues

A= +tnp, +(n;=2),...,+1 or 0, (17)

where # is the number of I'-phonons. If 4 > A4, the one-phonon states with A4 = 1
correspond to the isotopes with Z = $4,+2 (i.e., to the ground states of nuclei having
two protons more than the closed shell) since they have one pair of particles more
and one unit of isospin less than the original yrast states. On the contrary, states
with 4 = —1 have one unit of isospin more, and thus two protons less than the closed
shell. For 4 < A, the eigenvalues n = 1, A = +1 correspond to the ground state
of isotones with N = 14,4+ 2. In general, the |{A| = n states represent the ground
states of even nuclei. If [4] < np, it is also possible to obtain excited states within the
I'-degree of freedom. For instance, the state with ny = 2, A = 0 has the same values
of T and M as the original yrast state. Therefore is an excited state with an excitation
energy of 2. Since it is populated’ in the two-particle pick-up reaction from the n,
= A = 1 state (which has two protons more than the closed shell) and it has the
same number of protons Z, = 14, as the original yrast state, the state n, = 2,
A = 0 may be interpreted as a two-particle, two-hole proton excitation of the closed

t In general, neither the number of pairs M nor the isospin T coincide with the yrast quantum
number Y. Their relation is given by eq. (23) below.
tt See table 2 and corresponding discussion in the text.
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Fig. 1. Level spectrum associated with each yrast state. The states are labelled by the quantum
numbers rng, ny, nr, A; T, —T,. The numbers of pairs are indicated at the bottom.

shell, for 4 > A4,. The interpretation changes to a two-particle —two-hole neutron
excitation of the yrast isotones, for 4 < 4,.

Another possibility for obtaining excited states is to produce A-vibrations. The
restoring force C, for these vibrations is computed as follows:

32
Cy= PYE (’1-;0!+_%CA2)A=A=,, = 4C. (18)
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Using the leading order term for the kinetic energy operators and the variable

_\2

C 'Z)" (A —Aeq)’ (19)
we obtain
0] 0* 2
HA=—A{—8—CZ+C}, w, = 20. (20)

Since 4% is one of the fundamental invariants '), a A-vibration has the same
T = M = Y values as the yrast state from which it originates. Thus, the state with
one A-phonon is degenerate and has the same 7, M quantum numbers as the n, = 2,
A = 0 state. The state (Y, ny = 1) is populated' in the two-neutron pick-up reaction
from the next yrast state (Y+1, ny = 0) and has the same number of neutrons as
the original yrast state (Y, n, = 0). Therefore, the state with (Y, n, = 1) may be
interpreted as two-neutron holes (below the N, = {4, magic core) in the state
(Y+1, ng = 0) if 4 > A,. Similarly, it has two protons above the closed shell, if
A< A.

So far, the rotational degree of freedom has only been included in the excitation
of the yrast band. However, we may produce another type of rotation by transferring
isospin quanta from the x-axis to the y- and z-axes. Thus, we keep constant the value
of T = Y, but decrease the value of |{T,] = Y to |{T,| = Y—n,y. According to (9a),
Y2 —(Y=np)2} % T = 0)+ "2

10! 2

2
2 €q €q

1

T:-ot(nﬂ) = = rot(o) + wng. (21)

We have mentioned that we obtain the state np = —A = 1 by substracting a pair
of protons from the closed shell (for A > A,). This state has one unit more of isospin
than the original yrast state. We may also substract a pair of particles from the closed
shell, but now we couple the isospin ¢ = 1 of this pair with the isospin T = Y of the
original yrast state to a total isospin Y (i.e., to the same isospin of the original yrast
state). This is the physical interpretationt! of the state with n, = 1. This state neces-
sarily involves configurations in which a neutron-proton pair is substracted from the
original yrast state corresponding to an even nucleus, and therefore occurs in doubly
odd nuclei.

The two rotational excitations and the 4- and I'-vibrations exhaust the list of
simple excitations of the yrast states. More complex excitations may be constructed
using the previous ones as building blocks. Thus, the basic wave functions may be
represented as

1Y, ng, ng, np, A; M, T, Ty = N QT+ 1)/167°G,(0)fora(E)e ™D w2, 1.(6) (22)
where G,,({) and f,,.,(&) are eigenfunctions of the one-dimensional harmonic oscil-
lator and of the radial part of the two-dimensional harmonic oscillator, respectively.

t See table 2 and corresponding discussion in the text.
tt Thisstate is sometimes called the antianalogue of the state np= —A = 1.
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We also note that the isospin T, its projection over the intrinsic x-axis T, and the
number of pairs of particles M, are good quantum numbers, with eigenvalues

T=Y-A4,
T, = —Y+A+n,,
M=Y+A—n,. (23)

The solutions (22) become less reliable as we depart from the yrast hne, i.c., as
the integers n,, n, and n; approach the value of Y. As we previously saw, the solution
Iy = 0is expected to be lower than the present I',, = m, for values of n, = 1Y.

Fig. 1 shows the spectrum associated with a single value of Y. Obviously, for a
given number of pairs M, there exist more states which originate in other values of Y.
Table 1 contains the quantum numbers for the spectrum associated with a given M.
It is easy to verify that the number of states (and, in particular, the degeneracies for
a given T') are thie same as in the coupling scheme '2) in which the states are labelled

TABLE 1
The quantum numbers corresponding to states of the system with M = Y pairs outside the closed
shell
Number of Quantum numbers
phonons Y ng ny np A T —T
Y Y 0 0 0 0 Y Y
Y—1 0 0 1 1 Y—2 Y—2
Y-2 0 0 2 2 Y—4 Y—4
Y+2 Y1 0 0 1 —1 Y42 Y+2
Y+1 1 0 0 0 Y41 Y
Y 0 1 0 0 Y Y
Y 0 0 2 0 Y Y
Y 1 0 1 1 Y—1 Y—-2
Y—1 0 1 1 1 Y-2 Y-—2
Y—1 0 0 3 1 Y-2 Y—2
Y-—-1 1 0 2 2 Y-3 Y—4
Y+4 Y+2 0 0 2 -2 Y+4 Y44
Y+2 1 0 1 —1 Y+4-3 Y+2
Y42 2 0 0 0 Y+2 Y
Y+1 0 0 3 —1 Y+2 Y42
Y41 0 1 1 —1 Y+2 Y+2
Y+1 1 0 2 0 Y41 Y
Y+1 1 1 0 0 Y+1 Y
Y1 2 0 1 1 Y Y—-2
Y 0 1 2 0 Y Y
Y 0 0 4 0 Y Y
Y 0 2 0 0 Y Y
Y 1 1 1 1 Y—1 Y-2
Y 1 0 3 1 Y—1 Y—2
Y 2 0 2 2 Y-2 Y—4
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TABLE 2
Correspondence between the phonon and the yrast coupling schemes

M T {”n tr; My, ta} (Yi nor nAr nriA)
Y Y {0,0; Y, Y} (¥,0,0,0,0)

Y Y—2 {0,0; Y, Y—2} (Y—1,0,0,1,1)
Y Y+2 {1, 1; 7+1, Y+13 (Y+1,0,0,1, —1)
Y Y+1 {1,1; Y+1, Y41} (Y+1,1,0,0,0)
Y Y {1,1; Y+1, Y41} (Y,0,1,0,0)

Y Y {1, 1; Y+1,Y—1} (Y,0,0,2,0)

by {n,, t;; n,, ta}g(N_z). This notation represents #n, removal phonons coupled to
isospin ¢, and n, addition phonons coupled to #,. The parities of ¢, and ¢, are the
parities of n. and n,, respectively. The two partial isospins ¢, 7, are coupled to the
total isospin T. From the expressions for the total number of phonons and the number
of pairs outside the closed shell, we obtain the number of addition and removal
phonons in terms of the yrast quantum numbers:

n, = Y+ng+3(np+4), 0= ngtng+i(ng—A). (24)

For instance, the yrast states have n, = Y addition quanta coupled to the maximum
isospin ¢, = T = Y and zero removal quanta.

If we consider the states with two phonons more, the correspondence is easily
established for those states in which the quantum numbers (M, T) specify the state
completely (table 2). However the two last states in table 2 have the same value of
M = T =Y. The one-to-one correspondence is obtained by noting that the matrix
element between the states {I,1; Y+1, Y—1}¥ and {0,0; Y+1, Y+1}Y+1 vanishes
in the phonon scheme.

Similarly, in the yrast scheme, the transition between the (Y, 0,0, 2,0) and (Y +1,
0,0, 0,0) states is forbidden, since it implies'" 4n; = 2. Thus, the correspondence is
established. However, since there exists a small matrix element violating this selection
rule (sect. 3), this correspondence is only established up to the order 1/Y.

The transfers of pairs of particles coupled to J™ = 0, isospin one, are the specific
processes for the present collective motion. The corresponding operators @: Z,)
are the variables d, (d, ) representing the collective coordinates in the laboratory frame.
Using (1) they may be expressed as a function of the intrinsic parameters 4 and I'.
The result is given by eq. (16) of ref. ?):

PE = Ae* sin (M +4n)D) - (6;)—sin (I Fim)D,:, 1(6))}- (25)

The condition [AM| = 1 for the two-particle transfer, plus the selection rules
|4T} £ 1 and |4T,| £ 1, limit to five (and their h.c.) the number of possible matrix
elements within our basic set (22). See table 3.

t This transition implies a simultaneous change in n,, ¢, and f,, which is forbidden since the

transfer operators depend linearly on the phonon creation and annihilation operators 1+ €).
1t See the discussion on transition probabilities at the end of this section.
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TABLE 3

The reduced matrix elements of the operator (25) within the basic set (22) corresponding to the
possible transitions from M to M +1

Y’ n'y A T T, < |[PH[|mpi<n’ gl AingD> <n'pd’|(cosI— (A Tsinl)|npA)
Y ng A+l T—1  Tobl  [(Y—A—bng—}) (Y—A—dng)/(Y— )1+
Y mg—1 A T To—1  [(Y—A+3) (Y—A—ng+ g/ (Y—A) F—A+1D)]+
Y+1 ng a4 T+1  Ty—1 [(Y—A—3ng+3) (Y—A—ng+-1)/(Y—A+1D)]E
Y+1 nmg+1 A+1 T Tet+l —[(Y—A+3) (Y—A—ing) (ng+D/(¥Y—A) Y—A+D}E

Y+2 nmg+2 A4+t TH+1 Te+1 [(ng+1) (mg+2)/4(Y—A+-1]E

The primed quantities are quantum numbers of the final state.

In order to evaluate these matrix elements to leading orders we use (19) and (11) to
expand

- . b
4=>bJY+ —=¢, (26)
V2
and with (14) we get
. 2 for AT, = —1
cos '—(AT,)sinT = \1\/25/\/? for AT, =1 (27)

with AT, = T,—T,. Using the values for AT, = — 1, the third line of table 3 yields the
(strong) transitions between two states differing only in the ¥ quantum number and
thus belonging to the same yrast band. The corresponding reduced matrix elements
are, to leading order in 1/,

(Y41, ng,ny4, np, A|PH|Y, ng, ny, np, Ay = J2bY. (28)

For the leading values of (26) and (27), we obtain the transitions to the other
rotational excitations, from the second line of table 3. The corresponding reduced
matrix elements are a factor of /Y smaller than the previous transitions

Y, ng+1,ny, np, A|P7NY, ng, ny, np, A = b{2Y(ng+ 1)} (29)

For AT, = 1 transitions, the first line of table 3 yields the transitions corresponding
to the selection rule [4n| = |4A4| = 1, all other quantum numbers being kept con-
stant. These transitions are

<Y’ nO’nAsnFiLA"'l”'@-F”Y,nBsnAsnF’A> = :Fb{Y(nFiAil—‘”l)}%’ (30)

again a factor of /Y smaller than the transitions within an yrast band and of the
same order of magnitude as the transitions corresponding to the selection rule
[4n,| = 1.

Finally, the reduced matrix elements corresponding to excitations of the A-degree
of freedom are obtained using the second term in the expansion of 4 and the third
line of table 3,

<Y_1’ Ny, nA+1’ nr, A”y— ”Y9n0’ hy, Ar, A> = b{%Y(nA-*-l)}%’ (31)

which are again smaller than the yrast transitions.
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It is also easy to verify that the (so far unused) fourth and fifth lines of table 3
yield reduced matrix elements which are at least of order 1 or Y ™, respectively.

Therefore, as in the quadrupole case, we conclude that the strongest transitions
occur within an yrast band. A second group of weaker (but still strong) transitions
involve only one of the elementary excitations that have been described in this
section.

It is possible to verify that the reduced matrix elements (28)— (30) are reproduced
in the phonon scheme, to leading order in 1/Y. However, expression (31) is only half
of the corresponding value. This discrepancy is explained in the next section.

3. Perturbative treatment of the corrections to the yrast approximation

We want to maintain the wave functions (22) as our basic set. In these functions,
the variable { and £ represent the coordinate in a one-dimensional harmonic oscillator
and the radius in a two-dimensional harmonic oscillator, respectively. Thus, their
domain is

—0 < { < o,

0<¢< o, (32)

which is different from the one that can be obtained using the definitions (14) and (19)
plus equation (3). Therefore, we must 1eplace (14) and (19) by a more suitable trans-
formation which agrees with them to lowest order in 1/Y and such that the new
variables { and ¢ have the domains (32). A convenient transformation is

J2Y In (4/bY?),
= —4JY cot2r. (33)

¢

g

The sum of (12), (15), (20) and (21) take into account only part of the original
kinetic energy (2). In order to obtain the perturbation Hamiltonian, we write (2) in
terms of the new variables (33),

I 2 29 f——
H=C—Oe‘§‘/2/"{—2 ¢ R Yew‘”—(1+4€2/Y)21 Iel

2 ot JY & & ot o
(T +M*(1+4E2Y)  MT{1+48Y Y —(1+4E3Y)H}
+ -_—
4¢2 282
+ % (T*=TH(+48%Y)+4Y T - THE(L +452/Y)=‘} . (34)

Similarly, the volume element (3) has to be expressed in terms of the new variables
jEle> >
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We have dropped from this volume element a numerical factor which would only
lead to a different normalization in (22).

In order to solve (34) with (35) we perform an expansion in powers of 1/Y%, After
some algebra, the lower orders of (34) yield

H=Yh,
ho = (Y +2n,4+ny+np+3),

hy = w2]Y {—C(an+no+n,-+3)+l3—26—i + \—/Y—Zé(TyZ——TzZ)} ,

h, = % :C2(2nd+ng+nr+3)—%c4+4c % +E3(12+8np+Tng)— 5¢*
og

—A—$A%=24ny—1n} —22 % (Tﬁ—Tﬁ)} , (36)

while the volume element gives
dr = Y t,dy,

dr = |£ld¢dld¢do;,
to=1, t, =3J2/¥({, t,= %(9(2—852). (37)

Here, Y, ny, ng, nr and A should be considered as operators.
The consistency with the order of magnitude of the terms in (36) implies that the
matrix elements of T},Z——Tz2 in i, and A, can be taken to leading order in 1/Y, namely

Y +1,mg+2, A+ (T2 =TAOY, 1y, A = —Y/(ng+1)(n,+2).  (38)

The yrast approximation which was developed in the previous section only takes
into account h and #,. In order to use the remaining terms of H and of dr, we must
apply a perturbation theory in which both the Hamiltonian and the volumes element
are taken into account up to the same order. This theory is developed in appendix A.

Note that some of the terms in /i, and 4, are non-hermitian. This situation is con-
nected with the change of the volume element as is shown for instance in eq. (A.7)
of appendix A.

The correct energies are already given by the zero-order Hamiltonian /4. Thus, a
convenient check of the /1 and ¢ of perturbation theory, is to verify that the correction
to the energy does vanish. This is done up to second order in appendix B.

In order to calculate corrections to the transition matrix elements of table 3, we
expand the transfer operator (25) in powers of 1/7%:

Pr = +£b [y et [Dﬁ,xﬁ'Y_* {\-/%Di,ﬂ—wi,il}
2 # 52
- ¢ 4
+Y7! {C D si— : Dy, +1 ——Z—D;'ﬂ}:‘ : (39)

4 V2
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Firstly, we calculate the value of a “strong” matrix element (i.e., the matrix elements
involving only one elementary excitation). This is done in appendix B for the transi-
tions |4n,| = 1. The result (eq. (B.9)) agrees with the corresponding matrix elements
in the boson scheme ) to the required order of ¥ ™%,

Secondly, we calculate the transition AY = Any = Anp = A4 =1, Any, = 0. It
corresponds to an increase of three phonons, and thus should vanish in the harmonic
limit. However, table 3 yields a non-vanishing matrix element of order unity between
the unperturbed states. We verify in eq. (B.10) that there exists a contribution cancel-
ling the direct matrix element through the states which are admixed by the perturba-
tion theory.

In the evaluation of the two previous matrix elements, we have assumed that the
initial and final states have the same equilibrium deformation. This is not exactly true
for the second transition, where the selection rule 4Y = 1 implies that there is a
small difference in 4., for the initial and final states. However, this effect only in-
troduces a correction of order Y ™! in both the direct and indirect contributions, which
is of the same order as the neglected terms in (B.12).

However, in some cases it is essential to take into account the difference in 4., be-
tween initial and final states. This is the case, for instance, for the transitions 4n, = 1.
We have already mentioned that expression (31) yields only half of the correct value.
The matrix element corresponding to the transition |Y, ny, n,, np, Ay - {Y+1,
ng,ny+ 1. np, A, which is also given by (31), also constitutes a problem since it does
not vanish in spite of the fact that it is associated with a change of three in the number
of phonons.

If Y’ = Y+ 4Y and one uses for the set of states carrying the quantum number ¥’
the same equilibrium deformation 4., as for the set of states that are characterized
by the quantum number Y, one must introduce some further correction terms to the
Hamiltonian. For instance, the term which is proportional to Y{ is no longer com-
pletely cancelled by the minimization procedure, but yields a perturbation

B, = —wJ2/Y{4Y. (40)

Including this term, the matrix element (31) should be replaced, to lowest order
in Y™!, by

Y, ng,ng+1, np, A”*@i“Ya Ng, Ny, A, A)
=LY ng,ny+,np, A5 4, = Aeq(Y)II.@iHY, Rg, Ny, Nps A
1
+ 2—(Y’, Ng, Ny, iy, AR Y, ng, ng+1, np, A
w

X<Yl9 nf), nAﬁ nl‘ﬂ A;Aeq = Aeq(Y)”'@i”Ya Hg, nAa nraA>

= b{iY(n,+ 1)} (1 -4Y). (41)
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For the pick-up reaction (4Y = —1) we obtain twice the value (31) and the strip-
ping cross section (4Y = 1) vanishes, as required by the exact calculation. Here
again, the admixed state has a strong matrix element with the initial state (order of
yrast transitions). Thus, the indirect contribution is of the same order of magnitude
as the direct one, in spite of the smailness of the admixed amplitude in the final state

(O ™).

4. Anharmonic terms

The yrast concept should also simplify the treatment of situations departing from
the harmonic limit. We show now how anharmonic terms may be introduced in the
formalism. We assume that the solutions remain of the form (22), i.e., that the system
presents a stable deformation for 4 = 4., and I' = I',, = 4=, and that the (small)
fluctuations around the equilibrium deformation and the two kind of rotations
constitute the building blocks of the spectrum. Even if the anharmonicities are such
that the potential has a minimum for I' = 0, for those states which have a large ex-
citation energy as compared to the depth of the minimum, the yrast description will
still be valid.

Since the most general potential energy surface is a function of the two invariants
A% and A% cos? 2I', we confine our attention to those cases in which the dependence
on the second invariant does not change the value of I’ .

There may also be anharmonic terms arising from the kinetic energy. Here, there
are eight arbitrary functions of the two invariants !). The most general quantum
mechanical expression for the kinetic energy and volume element has not been given
yet. We obtain some simple anharmonic terms by noting that, after the transformation
to intrinsic axes, an irrotational classical kinetic energy has the form

T,o. = 4BA*{62 + 07 sin® I +02 cos® I'+4¢0, sin 2I' +4¢%}, (42)
T, = 4B{A*+ 4°T?}, (43)

with a common constant B. We generalize (1) by multiplying each term in (42) by
different factors. However, this freedom is limited if we require the volume element
to remain of the same form (apart from a constant). Since the volume element is
proportional to the determinant of the coefficients of the products of derivatives *°),
the terms proportional to 62, $0, and ¢? should be multiplied by the same constant.
Thus, the number of arbitrary constants is reduced to 4. This number if further re-
duced by one if the I-motion is to be described by a two-dimensional harmonic
oscillatorf, because the centrifugal term A2/£* comes from T, while the radial
derivative (—1/¢)(0/9€)E(0/0¢E) arises from the term proportional to I2inT,;.

* These requirements also exist for the quadrupole case and for the pairing between identical
particles.



108 D. R. BES et al.

Therefore, we may add to (1) three terms, namely

’ —-O(A a 5 a
vib = — A=, 44
® T 2BA® 04 o4 (44)

, _ao (TZ 2)
Ty = > 45
' BA2 sin? 2T ( )

—o cos 2I'

Tcou = < z —TZ T, - 46
PoBA* y)2sin2 ar (46)

The contributions (44) and (45) merely change the frequency and length of the 4-
vibrations and the frequency of the small rotations, respectively. The third term rep-
resents the coupling between the rotational and vibrational degrees of freedom.

Following the same procedure as in the previous two sections, we obtain the
equilibrium value of 4 from the equation

2
A4 — ;‘ s (47)
B9
8(4%) Ir=%n
and the excitational spectrum is given in lowest order by

hy = r’ +V(AL, T = in)+wyng+1)+w(ng+3)+wp(np+1)— %Y , (48)

2BA? BA?

eq eq

where the frequencies are defined as

Wy = (1+2a0)Y/BAeq’
Wy = {Cd(l+ad)/BAe2q}*,
2Y? . 0V Lag? oV
BAZ, “0(4%)? a4y’
wl' = {CI'/BAzq}i-9

y? ov
= +8 :

BAZ  dcos®2r

4=

(49)

As before, it is convenient to use oscillators with unit length parameters. Therefore,
the variables measuring the departure from the equilibrium position are given by

{ = {B4, Cal(1+0,)}F In(4/4,,), (50)

&= —3{BAZ C;}* cot 2r. (51)
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The first and second order corrections to the Hamiltonian now read

1+a, ¥ wY
h=—2{ "} {a)n+1+wn+ +con+1—"}
1 BCAAezq ¢ o(o ) A(A %) r(r ) Bqu
N 2(1+a9){ 1+ay, }’*i
BAl \BC,4L) &
4_1{1+aA }%53{46 o’V 64t %V pagr Y?)
3 BCAqu eqa(Az)s eqa(Az)z eqa(Az) Bdfq‘
8{ (1+a,)? }*562 {AZ *v L }
B’45,C,C} * 8(4%)d(cos® 2I') = d(cos? 2I)
2(1+ea) 2 o2
_‘:6 1; —T >
ey ) 52
-1 4(1+ay), 0
h, = (n2(1+200) + 2A4(1 + ap)(1 +2nmp) + 54 + 40 ¢ =
2 =35 equ a( 5) (1 +a)( 6) h BAZ, Cac
1+a, |? @Y
2{——"—} z{w ng+1)+wy(ny+4)+wp(np+1)— =2 }
BC, 42, " wg(ng+ 1)+ w4(ns+3) +or(nr+1) BAZ
_ 2 2 3 4
1 1+aA2 54{ 52/ 1042 oV ey o’V 4 3 v ey v\
3 BC,4%,° \BA% (4% (4% (4% (2%
_ 8(1+ay)® L, 2{ ov _ap? oV A v }
BAZL\/C,Cr d(cos?2I) 1 9(4%)a(cos*>2I)  “* 8(4*)%d(cos? 2I')
1 -
+ == & {4w0(n9+1)+8wr(nr+1)+ (M=
CrB4Z, BAZ,
1 _ 2 2
+ 2 4I Sf af —48 alzl }
BCr 4%, \BA2, ' a(cos*2l)  &(cos?2r)
14« *
+2(1 42, {—-_J—} T? -THEL. 53
( )Bu:;c,cA (T - T,))e¢ (53)

In C,4, Cr, hy and h, the derivatives of ¥ have obviously to be evaluated at 4 = 4.,
and I' = }n. In the present case there is no single parameter (like ¥ ~%) which allows
us to group together terms of the same power.

Therefore, the distribution of the terms among the different /, is now somewhat
arbitrary. However, it has been assumed that the fluctuations around the equilibrium
positions are small, more precisely that the mass parameters (Bqu C,) % and
(BA%,Cr)™* are of order Y% or smaller.
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5. Conclusions

In the present paper we have seen how the yrast classification scheme provides a
new interpretation of the phonon description of the pairing collective states. This is
similar to the new insight that the yrast treatment yields in the case of quadrupole
vibrations ). This interpretation already appears in lowest order, and is a conse-
quence of the applicability of the well known formalism of deformed systems.

The parameter measuring the accuracy of the lowest order yrast approximation
is 1/Y, where Y is the yrast quantum number which plays a similar role to the angular
momentum for the quadrupole vibrations. It corresponds to the number of pairs of
particles M and to the isospin T for the lowest yrast band (n, = n, = np = 0).

In this paper we have also shown how to correct the lowest order results via a
perturbation procedure, which differs from the usual one by the fact that both the
Hamilionian and the volume element are to be expanded in powers of a small param-
eter. It will be necessary to use these corrections in the region around *°Ni, since the
values of Y are not too large there.

We have also shown how anharmonic terms may be introduced, while simulta-
neously keeping the 1/Y corrections. Therefore, we have developed a formalism having
a range of applicability which is complementary to the one constructed 2) for the
collective treatment of the T = 1 pairing interaction. For practical reasons, the
possibility of solving Bohr’s collective Hamiltonian using the methods of ref. ?) is
limited to T < 2. By contrast, the present collective treatment can only be applied for
larger values of T and relatively large values of M.

Throughout the periodic table, there are several possible magic nuclei with T'= 0.
In principle, each one may give rise to two yrast lines, corresponding to the addition
and substraction of particles, respectively. Experimentally, the best known case
corresponds to the yrast line which is associated with the N = 28 isotones (**Fe,
32Cr, *°Ti and “®Ca). For this region, the experimental information concerning (t, p),
(h, p) and (h, n) reactions is fairly complete ”»® '*). These reactions excite the I';
Oand I';and Y, 4, 0 and I degrees of freedom, respectively'. Preliminary calculations
using the present collective formalism have been reported in reference ).

Much less information is available on other possible yrast bands, such as the ones
corresponding, on the addition side, to the Ni isotopes (4, = 56) and the Sn isotopes
(4o = 100) and, on the removal side, to the N = 50 isotones (**Mo, 7°Zr, ®®Sr,
86Kr) and to the N = 82 isotones (***Sm, **2Nd, 1°Ce, **®Ba, 1*¢Xe). Since our
scheme relates energies and transition rates between states involving the excitation of
two core-particles (sect. 2), the relevant experiments to be made are J* = 0" transfer
processes in the region between ~2 and ~7 MeV. The corresponding states will not be
found, for instance if the seniority conserving forces (as the quadrupole force) become

t The fact that the target nuclei have T, = T implies that our different degrees of freedom are
selectively excited by the different two-body transfer processes. This correspondence can be found in
table 1 of ref. 1%).
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dominant. However, this is unlikely to happen for the single-closed-shell nuclei, which
constitute our region of interest.

Discussions with Professors A. Bohr, R. Broglia and O. Nathan have greatly
stimulated this work.

Appendix A
PERTURBATION THEORY
Here we write expressions for a perturbation expansion corresponding to a situation
in which the volume element (as well as the Hamiltonian) may be developed in
power series of a small parameter:

H=3%h,
dr =Y t,dr  (t = 1). (A1)

As in the usual case, the energies E, and wave functions [{(n)) are determined
through the two equations corresponding to the energy eigenvalues and the ortho-
normality condition

E,o(n, m) = Qpm)Hly(n)),

&(n, m) = <Y(m)Y(n)>. (A.2)
Let us denote by |n) the ket representing our basic set. Then,
Y(n)y =YY a®(n, m)|m). (A3)

Using (A.2) we obtain, after some algebra,
Zeroth order:
a'®(n, m) = 6(n, m), (A4)
First order:
E;" = (nlhy|n),

a(n, m) = (mlhy|nd[(ESV—ED),  (n # m)
aOn, ) = = CnltsIn, (A.5)

Second order:

E.» = (nlty hynd+<nlholn) + 3 [<mihy|n)*/(ES — ELD),

(2) _ {mlty hy[n)+<mlhy|n)
@ n, m) = E©) _E©)

Kklhyln) [<mlhJk) | <klhy|m)
¥ EO_£® g0 T go_go] F"
-1 mlh,|n
aDnn) = = nltzln) + %ﬁﬁz (<mlhytny — Cnlhym). (A.6)
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Note that, in general, /1, is non-hermitian. Thus, it is important to keep track of the
quantum numbers labelling the bras and kets in (A.5) and (A.6). The non-hermiticity
of &, is intimately connected with the variation of the volume element. This can be
seen, for instance, if we write the orthogonality condition in first order, namely

h —<nlh :
o, o )+ oty = SR gy = 0. (A7)

Appendix B

CALCULATION OF THE CORRECTION TO THE EIGENVALUES AND TRANSITION
MATRIX ELEMENTS

We apply the expressions for the perturbation energies and amplitudes which are
give in appendix A to the Hamiltonian (34) and volume element (35). Thus, the wave
functions corresponding to the basic set are written in (22).

(i) Calculation of the energy eigenvalues. Since h, contains only non-diagonal
terms, the first order correction E{") vanishes (see (A.5)). For the second order cor-
rection, we obtain from (A.6)
<Y: Ry, Ny N, A“l hlle Ng, Ny, Nr, A>

= %iﬁ’ (2ni+4n ny+4n,np+10n,+2n,+2n,+1), (B.1)

<Y, ng,ny, np, Alhy|Y, ng, ny, np, A
= %(6n§+4n;——4ng+8nd ng+8n np+56n,ny—16An,
+22n,+44n,+60n,—8A +7), (B.2)

Z <Ys Ny, nz’i’ nr, AIhllY’ Mg, Ny, Np, A>2
n'a E(n;)—E(nA)

= %(18n§—4n,2-—4n§+40nd ng+40n,np—8ngn;+98n,+4n,+4n.—3),  (B.3)

<K nl;: Ry, n;" A"hlIY’ Ng, 1y, Rr, A>2
Wo, WL, & E(ng, np, A'Y—E(ng, np, A)

= 2 (15 ~6ngnp+24n,~Sny—3n+ A-2).  (B4)

We verify that E{? vanishes, if we add the contributions (B.1) to (B.4).
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(ii) Calculation of transfer matrix elements. First we obtain the corrections corre-
sponding to a large cross section, like the ones involving an elementary excitation
(see the end of sect. 2).

Let us consider, for instance, transitions with AT = 0. The strong matrix elements
(O(¥?)) satisfy the selection rule [dng] =1, AY = dn, = An, = AA = 0 (table 3).
The terms proportional to Y* in the matrix elements are given by 7).

Using table 3, we calculate the lowest order correction in the matrix element between
unperturbed states:

Y,ng+1,ny,np, A|P7||Y, ng, ny4, np, A>

= b\/2Y(no+1){1+ gl;,(98n4—68nr—2n0—21)+O(Y‘Z) . (BS)

There are unperturbed matrix elements of order unity between the initial (final)
state and an admixture in the final (initial) state. For such cases in which the amplitude
of the admixture is of order Y %, we obtain a contribution which is of the same order
as the correction in (B.5):

Z {a(l)(Y’ Ng,Ny,Np, A; Y5 Ny, n:h nr, A)<Ys nﬁ+1’ N4,Rr, A”'?_”Ya Mg, nz’!’ nr, A>
na

+a" (Y, ng+1,ny, np, A; Y, ng+1, 1y, 0y, A)

X <Y, n0+1’ n:h nr, A”?—”Y, g, Ny, N, A>}

= Tb(ng+1)/2Y(ng—5n,4+n,)+ O(Y %), (B.6)

Z {a (Y, ng,ny,np, A3 Y+1,ng+2,n,, np, A+1)
" xY, ng+ 1, ny,np, A|P7||Y+1, ng+2, ny, np, A+1)
+a (Y, ng+1, ny, np, A3 Y =1, ng—1, ny, 1, A—1)
x{Y—1,n5—1,n4,np, A=1|P7||Y, nq, ny, np, A>}
= bV (np+1)/2Y(ng—3n, 4+ A—2)+ O(Y ). (B.7)
Another correction is obtained through the second order renormalization ampli-

tudes a®(n, n). Finally', there are admixtures of order Y% in both the initial and
final states, such that there is a strong matrix element between the two admixed

T Since the second order admixtures in the initial (final) state are connected with the final (initial)

unperturbed state via a transfer matrix element which is always smaller than Yi', we do not need in
the present case to consider the amplitudes a®(n, m) for n £ m.
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states. These last two corrections strongly cancel each other, and the net result is
{a(Z)(},’ ne, nA, n[‘a A; K n05 nA9 n[‘, A)

+a®(Y, ng+1,ny, np, A; Y, ng+1,ny, np, A)}

X <Y5 n0+15 UYERU W A”'@_”Ys g, N4, Nps A>

+ Y a" (Y, ng,ng,np, A3 Y ng,ny, np, A')

Y, wonna,n'r, A
xa" (Y, ng+1,ng,np, A; Y, ng+1, 0y, np, A')
x{Y', ng+1,ny, np, AN|P7NY', ng, ny,np, A
— 153/ (g + 1)/2Y (461 4+ 50n, — 30m, — 64 +31) + O(Y %) (B.8)
Adding (B.5) to (B.8) we obtain
Y(Y, g+ 1, ng, np, MUPTIW(Y, 9, 14, np, A))
= b2Y(mp+ D{1+(1/4Y)(2n,—np— A+ 1)} +O(YH).  (BY)

In order to see how this result agrees with the corresponding matrix elements in the
boson scheme to the required order of Y% we apply eq. (B.9) to the transitions
starting from the yrast and the one-I'-phonon states,

¢Y,1,0,0,0/27||Y,0,0,0,0> = by/2Y (1+ %{ + ) , (B.10a)

<Y—19 19 09 19 lll'?—”Y_la O, O’ 15 1>

b2AY 1) (1— 4_1}_, + )

b2Y (1— 34 ) , (B.10b)
ay

while the corresponding transitions in the boson description [see sect. 2 and ref. N
give

A4,1;,Y;Y||27)10,0,Y,Y;Y) = bJ2Y +1 = b\/2—Y (1+ Zlf’ + .. ) , (B.11a)
(L1 Y, Y=2; Y=2[|27]|0,0; Y, Y—2; Y =25 = by/2Y =3
- 3
= bV2Y (1— — + ) . (B.11b)
4Y
Secondly, we calculate the transfer matrix element between the state [Y(Y, ng, ny,
nr, A)> and the state [W(Y+1, ny+1, n,, np+1, A+1))> having a pair of particles

more. This matrix element is small (O(1)) according to table 3. In this case, there are
states which are mixed in first order with the initial (final) state and these admixtures
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have large transfer matrix elements (O(Y*)) with the final (initial) state. Thus we
may obtain significant corrections to the unperturbed matrix element:

<¢(Y+1’ n0+1! nA’ nl"+1’ A+1)”‘@+”'//(Y’ ”aa nA, nl"a A)>

—

=Y+, ng+1, ng, np4+1, A+ PYY, 1y, ny, np, AD

+a" (Y, ng, g, np, A; Y+1, 0942, ny, np+1, A+1)

x{Y+1, ng+1,ng, np+1, A+1|PHN Y +1, ng4+2, ny, np+1, A+1>
+a (Y +1, ng+1, ng, np+1, A4+1; Y, ng—1, ny, np, A)

x<Y, ng—1, g, np, AIPTNY, ng, ng, np, AY+0O(1]Y)

= b{((ng+1)(np+ A+2)) —~((ng+ 1)(ny +2)(np+ A +2)/8Y) (2 Y (1 + 2))*
+(ng(ng+ 1) (np+ A+2)/8Y)4(2Yne)* + O(1/ Y)}. (B.12)

This matrix element vanishes in the harmonic limit, since it corresponds to a
transition between states differing by three phonons. Therefore, the perturbative
treatment reproduces the correct result to the required order.
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