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Chapter 1

Abstract

This thesis is about transport phenomena along tiny electronic devices in the quantum regime.
More specifically, we study few-level quantum systems driven out of equilibrium by the effect of
t-dependent forces and coupled to one or more macroscopic reservoirs kept at different temper-
atures and possibly at different chemical potentials. The field of study of these type of systems
is sometimes referred to as “quantum thermodynamics” [1, 2, 3, 4, 5, 6, 7, 8]. The aim of this
chapter is to provide a short conceptual map of the context in which this work is developed.
General remarks about pump effects, quantum thermal machines and the link to geometry are
presented.

Thermodynamics in quantum nanoscale systems has been a rapidly growing research topic
for some years now, emerging at the intersection of statistical mechanics, nanoscience, quantum
information, as well as atomic and molecular physics. A paradigmatic goal in this field is to
conceive and realize thermal machines in the quantum realm, which, like the classical thermo-
dynamic cycles, transform heat to useful work or use work to refrigerate [9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21]. The development of efficient thermal machines operating in the
quantum realm is, in fact, of paramount importance also for quantum technologies. Numerous
theoretical proposals [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] stimulated experimental efforts
on several platforms [33, 34, 35], including solid-state electronics [36, 37, 38, 39] and nanome-
chanical systems [40, 41, 42, 43, 44], as well as cold atoms and trapped ions [45, 46, 47, 48,
49]. In this work we will consider a particular class of thermal machines: those for which the
external parameters controlling the microscopic state of the working substance change slowly in
time. Consequently, the internal state of the system will stay close to the thermal equilibrium.
This condition will be very useful for the evaluation of the energy dynamics, and will give us
an interesting geometric structure that we will take advantage of. Starting from the seminal
works of Aharonov and Bohm [50] as well as Berry [51], geometric effects have pervaded many
areas of physics. In quantum transport, distinct contributions of geometric origin affect charge
and energy currents. For a typical setup consisting of a central quantum system coupled to
macroscopic reservoirs, the pumped charge in a periodically driven system was shown to be of
geometric origin [52, 53, 54, 55, 56, 57], akin to the Berry phase [51]. This transport effect can
be expressed in terms of a closed-path integral in the driving parameter space and is indepen-
dent of the presence of an additional dc bias. A similar approach was adopted to analyze heat
transport in a driven two-level system weakly coupled to bosonic baths [58]. Closely related to
these ideas is the geometric description of driving-induced forces [59, 60, 61, 62, 63, 64, 65, 66,
67], including geometric magnetism [68, 69], with the extension of geometric response functions
to open systems also being discussed in relation to Cooper pair pumping [70].

Dissipative effects are a fundamental feature of finite-time thermodynamic processes. An
interesting approach linking dissipation to geometry was developed some decades ago for macro-
scopic systems in the slow driving regime [71, 72, 73, 74, 75]. More recently these ideas were
generalized to the quantum case [76, 77, 78, 79], and in particular using linear response theory
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6 CHAPTER 1. ABSTRACT

for systems coupled to macroscopic baths, near equilibrium [69, 80, 81]. Geometric concepts
like thermodynamic metric and thermodynamic length were recently introduced as promising
tools to characterize the dissipated energy and to design optimal driving protocols [82, 83, 84,
81, 85, 86].

This large body of work linking geometry to transport naturally hints at similar connections
for thermal machines. First, thermal machines involve periodic variations of parameters and
one may naturally expect geometric effects in the sense of Berry to play an important role.
Second, the efficiency with which thermal machines operate is reduced by dissipation, and thus
geometry enters the physics of thermal machines also in a second rather distinct way through
the concept of thermodynamic length.

In Chapters 5 and 6, under quite general assumptions, we will show that the operation of
quantum thermal machines and the underlying heat-work conversion is fundamentally tied to
such geometric effects. The heat–work conversion and dissipation mechanisms can be respec-
tively described by different components of a single thermal geometric tensor. As said before,
heat–work conversion component can be expressed in terms of a Berry-type phase, which has
an associated Berry-type curvature [51] (similar ideas can be found in Refs. [87, 88]). Besides,
it is well known that dissipation and entropy production admit a geometric description in terms
of the concept of thermodynamic length [71, 72, 73, 74, 75, 89, 90, 91, 69, 92]. This geometric
approach has proven useful to optimize finite-time thermodynamic processes (examples can be
found in [83, 93, 94, 95] for classical and [96, 81, 97] for quantum systems), including the
finite-time Carnot cycle [86, 97] and slowly driven engines [98, 99, 100, 101, 102]. However,
these cycles are characterized by the WS being coupled to a single reservoir or completely de-
coupled from reservoirs. In this work we will generalize this definition of a length and an area
in the parameter space, to include machines whose cycles are constantly attached to two or
more thermal reservoirs. In addition, we will see that these geometric concepts are very useful
to search for optimal drivings.

An important case that we address in this work is the quantum RC circuit of Section 2.4,
which is coupled to a single fermionic reservoir. Treated as an adiabatic machine, the effect
of the time-dependent driving translates into a net charge accumulation in the capacitor. In
complete analogy with the pumping effect, the latter has a geometric nature. Furthermore,
the energy dynamics is fully dissipative and can be characterized through the same concept of
thermodynamic length.

In Chapter 2 we summarize and motivate the specific physical configurations in which we will
embody the general concepts to be developed along the thesis. These are essentially quantum
bits and quantum dots, considered in different regimes.

Chapter 3 is devoted to the discussion of the theoretical tools and methods that we use to
obtain the results from the models. We review the formulation of the adiabatic dynamics as
proposed by Ref. [80], similar to the Kubo formula applied to slow-driving forces. We include
a general introduction to a quantum master equation approach for weak coupled systems as
developed in Ref. [103]. We also review the equilibrium many body Green’s function method
and the numerical renormalization group approach for the Anderson impurity model.

In Chapter 4 we consider a slowly driven quantum dot with local Coulomb interaction,
coupled to a single fermionic reservoir at T = 0. We compute the adiabatic dynamics of
the charge, spin and energy, considering the system as a generalized realization of a quantum
capacitor. We show that the non-equilibrium accumulation of charge has a geometric nature
and that the dissipation takes place in the form of an instantaneous Joule law. The latter lead
to generalized fluctuation-dissipation relations.

In Chapter 5 we apply the adiabatic dynamics results for a particular (but wide) class of
Hamiltonians. We take advantage of the emergent mathematical structure of this approach to
develop a general theoretical framework, useful to characterize quantum thermal machines in the
slow-driving regime. We define the so called thermal geometric tensor and derive expressions of
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the important features of heat engines and refrigerators (e.g. heat-work conversion, dissipation,
efficiencies) in terms of this tensor. We also exemplify the developed concepts trough an explicit
example, a driven quantum dot connected to two fermionic reservoirs.

In Chapter 6 we return to some of the results obtained in Chapter 5 to address the problem
of finding optimal driving protocols for a given thermal machine. The power generation of a heat
engine and the efficiency of both the heat engine and refrigerator operational modes is reduced
to an isoperimetric problem with nontrivial underlying metrics and curvature. We illustrate the
procedure in a qubit coupled to two reservoirs, again operating as a thermal machine by means
of an adiabatic protocol.

Finally, in Chapter 7 we summarize the results of the present thesis and we give a future
perspective on how this work could be continued.
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Resumen

En esta tesis analizamos fenómenos de transporte a lo largo de dispositivos electrónicos pequeños
en el régimen cuántico. Más espećıficamente, estudiamos sistemas cuánticos de pocos niveles
desplazados del equilibrio por el efecto de fuerzas dependientes del tiempo y acoplados a uno
o más reservorios macroscópicos mantenidos a diferentes temperaturas y posiblemente a difer-
entes potenciales qúımicos. El campo de estudio de este tipo de sistemas a veces se denomina
“termodinámica cuántica” [1, 2, 3, 4, 5, 6, 7, 8]. El objetivo de este caṕıtulo es proporcionar
un breve mapa conceptual del contexto en el que se desarrolla este trabajo. Se presentan con-
sideraciones generales sobre efectos de bombeo, máquinas térmicas cuánticas y su relación con
conceptos geométricos. La termodinámica en sistemas cuánticos en la nanoescala ha sido un
tema de investigación de rápido crecimiento en los últimos años, surgiendo en la intersección
de la mecánica estad́ıstica, la nanociencia, la información cuántica, aśı como la f́ısica atómica y
molecular. Un objetivo paradigmático en este campo es concebir y realizar máquinas térmicas
en el dominio cuántico que, al igual que los ciclos termodinámicos clásicos, transformen calor
en trabajo útil o utilicen trabajo para refrigerar [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,
21]. The development of efficient thermal machines operating in the quantum realm is, in fact,
of paramount importance also for quantum technologies. El desarrollo de máquinas térmicas
eficientes que operen en el régimen cuántico es, a su vez, de gran relevancia para las tecnoloǵıas
cuánticas. Numerosas propuestas teóricas [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32] han estim-
ulado esfuerzos en diversas plataformas experimentales [33, 34, 35], incluyendo dispositivos de
estado sólido [36, 37, 38, 39] y sistemas nanomecánicos [40, 41, 42, 43, 44], aśı como también
en experimentos de átomos fŕıos y trampas de iones [45, 46, 47, 48, 49]. En este trabajo con-
sideraremos una clase particular de máquinas térmicas: aquellas para las cuales los parámetros
externos que controlan el estado microscópico de la sustancia de trabajo cambian lentamente
en el tiempo. Como consecuencia, el estado interno del sistema será muy parecido al estado
de equilibrio térmico. Esta condición resulta de gran utilidad para evaluar la dinámica de la
enerǵıa y nos proporciona una interesante estructura geométrica de la que sacar provecho. A
partir de los trabajos seminales de Aharonov y Bohm [50], aśı como de Berry [51], los efec-
tos geométricos han atravesado muchas áreas de la f́ısica. En el transporte cuántico, distintas
contribuciones de origen geométrico afectan las corrientes de carga y enerǵıa. Para una config-
uración t́ıpica que consta de un sistema cuántico central acoplado a reservorios macroscópicos,
se demostró que la carga bombeada en un sistema accionado periódicamente tiene un origen
geométrico [52, 53, 54, 55, 56, 57], similar a la fase de Berry [51]. Este efecto de transporte
se puede expresar en términos de una integral de ĺınea cerrada en el espacio de parámetros
forzantes y es independiente de la presencia de una diferencia de potencial externo. Un enfoque
similar se adoptó para analizar el transporte de calor en un sistema paramétrico de dos niveles
débilmente acoplado a baños bosónicos [58]. La descripción geométrica de las fuerzas inducidas
por parámetros externos [59, 60, 61, 62, 63, 64, 65, 66, 67] está estrechamente relacionada con
estas ideas, incluyendo el magnetismo geométrico [68, 69] con la extensión de las funciones de
respuesta geométrica a sistemas abiertos y discutiéndose en relación con el bombeo de pares de
Cooper [70].

Los efectos disipativos son una caracteŕıstica fundamental de los procesos termodinámicos
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10 CHAPTER 1. ABSTRACT

de tiempo finito. Hace algunas décadas se desarrolló un enfoque interesante que vincula la
disipación con la geometŕıa para sistemas macroscópicos forzados lentamente [71, 72, 73, 74,
75]. Más recientemente, estas ideas se generalizaron al caso cuántico [76, 77, 78, 79], y en par-
ticular para sistemas acoplados a baños macroscópicos cerca del equilibrio [69, 80, 81] usando
la teoŕıa de respuesta lineal. Conceptos geométricos como la métrica termodinámica y la lon-
gitud termodinámica fueron introducidos recientemente como herramientas prometedoras para
caracterizar la enerǵıa disipada y diseñar protocolos óptimos [miller2019dic, 82, 83, 84, 81,
86].

Este vasto volumen de investigación que vincula la geometŕıa con el transporte sugiere
naturalmente conexiones similares para las máquinas térmicas. En primer lugar, las máquinas
térmicas requieren de variaciones periódicas de parámetros de control, por lo que es esperable
que los efectos geométricos (en el sentido de Berry) desempeñen un papel importante. Por
otro lado, la eficiencia con la que operan estos sistemas se reduce a causa de la disipación.
En este caso, la geometŕıa entra en la f́ısica a través de un concepto diferente: la longitud
termodinámica.

En los Caṕıtulos 5 y 6, bajo suposiciones bastante generales, mostraremos que el fun-
cionamiento de las máquinas térmicas cuánticas y la conversión subyacente de calor en trabajo
está fundamentalmente ligado a tales efectos geométricos. Los mecanismos de conversión y
disipación pueden ser respectivamente descriptos por diferentes componentes de un solo tensor
geométrico térmico. Como se dijo anteriormente, la componente de conversión calor-trabajo se
puede expresar en términos de una fase de tipo Berry, que tiene una curvatura de tipo Berry
asociada [51] (ideas similares se pueden encontrar en Refs. [87, 88]).

Además, es sabido que la disipación y la producción de entroṕıa admiten una descripción
geométrica en términos del concepto de longitud termodinámica [71, 72, 73, 74, 75, 89, 90, 91,
69, 92]. Este enfoque geométrico ha demostrado ser útil para optimizar procesos termodinámicos
de tiempo finito (se pueden encontrar ejemplos en [83, 93, 94, 95] para sistemas clásicos y [96,
81, 97] para sistemas cuánticos), incluyendo el ciclo de Carnot de tiempo finito [86, 97] y motores
forzados lentamente [98, 99, 100, 101, 102]. Sin embargo, estos ciclos se caracterizan por tener
la sustancia de trabajo acoplada a un solo reservorio, o completamente desacoplada de los
reservorios. En este trabajo generalizaremos esta definición de longitud y área en el espacio de
parámetros para incluir máquinas que se mantienen acopladas a los reservorios a lo largo de
todo el ciclo. Además, veremos que estos conceptos geométricos son muy útiles para buscar
parametrizaciones óptimas.

Un caso importante que abordamos en este trabajo es el circuito RC cuántico de la Sección 2.4,
el cual está acoplado a un solo reservorio fermiónico. Tratada como una máquina adiabática,
el efecto del forzado dependiente del tiempo se traduce en una acumulación de carga neta en el
capacitor. En analoǵıa con el efecto de bombeo, este último tiene una naturaleza geométrica.
Además, la dinámica de la enerǵıa es totalmente disipativa y se puede caracterizar mediante el
mismo concepto de longitud termodinámica.

En el Caṕıtulo 2 resumiremos y motivaremos los sistemas f́ısicos espećıficos en los que
aplicaremos los conceptos generales a desarrollar a lo largo de la tesis. Se trata esencialmente
de bits cuánticos y puntos cuánticos, considerados en diferentes reǵımenes.

El caṕıtulo 3 está dedicado a la discusión de las herramientas y métodos teóricos que uti-
lizamos para obtener los resultados de los modelos. Revisamos la formulación de la dinámica
adiabática propuesta por Ref. [80], similar a la fórmula de Kubo, en este caso realizando una
expansión en la velocidad de los parámetros forzantes. Incluimos una introducción general de
ecuaciones maestras cuánticas aplicadas a sistemas débilmente acoplados como se desarrolla en
Ref. [103]. También revisamos el método de funciones de Green de muchos cuerpos (en equilib-
rio) y la técnica de grupo de renormalización numérica (NRG) para el modelo de impurezas de
Anderson.

En el Caṕıtulo 4 consideramos un punto cuántico forzado lentamente con interacción local de
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Coulomb, acoplado a un solo reservorio fermiónico a T = 0. Calculamos la dinámica adiabática
de carga, el esṕın y la enerǵıa, considerando el sistema como una realización generalizada de
un capacitor cuántico. Mostramos que la acumulación de carga fuera de equilibrio tiene una
naturaleza geométrica y que la disipación tiene la forma de una ley de Joule instantánea. Esto
último conduce a relaciones generalizadas de fluctuación-disipación.

En el Caṕıtulo 5 aplicamos los resultados de la dinámica adiabática para una clase particular
(pero amplia) de Hamiltonianos. Aprovechamos la estructura matemática emergente de este
enfoque para desarrollar un marco teórico general, útil para caracterizar las máquinas térmicas
cuánticas en el régimen de forzado lento. Definimos el llamado tensor geométrico térmico y
derivamos expresiones para caracterizar las cualidades importantes de los motores térmicos y
refrigeradores (por ejemplo, conversión de calor en trabajo, disipación, eficiencias) en términos
de este tensor. También ejemplificamos los conceptos desarrollados a través de un ejemplo
expĺıcito: un punto cuántico forzado conectado a dos reservorios fermiónicos.

En el Caṕıtulo 6 retomamos algunos de los resultados obtenidos en el Caṕıtulo 5 para abordar
el problema de encontrar protocolos óptimos para una máquina térmica dada. La potencia de
un motor térmico y la eficiencia de los modos operativos de motor y refrigerador se reducen a
un problema isoperimétrico con métricas y curvaturas subyacentes no triviales. Ilustramos el
procedimiento en un bit cuántico acoplado a dos reservorios, nuevamente operando como una
máquina térmica mediante un protocolo adiabático.

Finalmente, en el Caṕıtulo 7 resumimos los resultados de la presente tesis y damos una
perspectiva futura sobre cómo podŕıa continuarse este trabajo.
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Chapter 2

Physical systems motivating this
thesis, and its models

2.1 Generic Hamiltonian description

Figure 2.1: Schematic representation of Eq. (2.1). A quantum system ĤS is coupled to one or
more macroscopic baths Ĥα at thermodynamic equilibrium (environment) through the contacts
Ĥc,α.

The class of systems considered in this work can be summarized using a prototypical Hamil-
tonian of the form,

Ĥ(t) = ĤS(t) +

(
n∑

α=1

Ĥα + Ĥc,α

)
(2.1)

where we distinguish three parts:

• the term ĤS(t) describes a low-dimensional, few-level quantum system S. We include the
explicit temporal dependence as a general feature, since in most cases S is taken to be an
externally driven system.

• the Ĥα terms describe reservoirs of free particles with a very large number of degrees of
freedom. We may refer to them indistinctly as reservoirs or baths, and with no further
clarification are assumed to be held at fixed temperatures and chemical potentials.

13
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• finally, the connection between S and the reservoirs is contained in the hybridization terms
Ĥc,α.

In this description the system S is regarded as open, with the macroscopic baths representing
the environment. Schematically the situation is depicted in Fig. 2.1. Throughout the thesis we
will consider some particular realizations of the Hamiltonian Eq. (2.1) in different scenarios and
conditions. Despite we will focus in configurations with n = 1 or 2 baths, in many cases the
generalization to arbitrary n is quite straightforward. The next sections are devoted to describe
each one of the considered systems, motivate their use and state some of their basic physical
properties.

2.2 Quantum dots

Quantum dots are small conducting regions created in semiconducting structures. Due to the
small dimensions of these devices, the electronic behaviour display energy and charge quantiza-
tion, similar to what is found in atomic systems. For this reason they are usually referred to as
artificial atoms. Very importantly, quantum dots properties, such as geometry, coupling to the
reservoirs or the number of confined electrons can be accurately tuned through the use of gates.
This flexibility allows the design of interesting experiments in the mesoscale and fundamental
physical phenomena as well. A remarkable example is the Kondo effect.

An electronic microscopy image of a quantum dot is presented in Fig. 2.2. The indicated
gate voltages can be used to modify the properties of the electronic box (the “QD” region),
and a pair of quantum point contacts (indicated as “QPC”) regulates the interaction with the
external reservoirs.

Figure 2.2: Lateral quantum dots are 2D electron gas (2DEG) confined to a small region using
electrical gates, fabricated through lithography. Micrograph image taken from [104].

In Fig. 2.3 a simplified sketch of a quantum dot coupled to a left and right reservoir is shown.
The dot presents a discrete spectrum εn with energy levels separated by a gap ∆ε, roughly given
by the dimensions of the quantum box and Coulomb’s repulsion between confined electrons. A
voltage gate Vg allows a rigid displacement in the energy levels of the dot. The reservoirs are
considered in thermal equilibrium with a bias voltage difference µL − µR = ∆µ. Electrons can
tunnel back and forth from the reservoirs to the dot trough the QPCs.

For sufficiently low temperatures it is possible to adjust the occupation number of the dot
using the voltage gate Vg with high precision. If kBT << ∆E, then this can be done one
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Figure 2.3: (a) Lowering the gate voltage Vg such that εn+1 ≈ µ allows an extra electron to
jump into the dot. (b) In the Coulomb blockade regime the transport window lies between two
levels.

electron at a time. Furthermore, if the bias voltage also fulfills the condition ∆µ << ∆E
and the conduction window lies entirely inside a gap, then transport is blocked. Usually, the
different levels are originated due to the Coulomb repulsion inside the quantum dot and this
effect is named Coulomb blockade.

It becomes clear that quantum dots can be tuned to confine an odd number of electrons.
In such a case the total spin of the dot is (at least) S = 1/2, known as the local moment
regime (LMR). Due to the similarities regarding magnetic impurities in a metallic environment,
in this regime the system develops a non trivial many-body phenomena: the Kondo resonance
(predicted in 1988[105, 106] and first observed in 1998[107] in this system). Although the Kondo
physics will not play a significant role in the thesis, it is necessary to understand the basic ideas
to interpret the presence of the Kondo resonance in the DoS of the dot. More details will be
given in Chapter 4, where we study the charge and energy dynamics of a quantum RC circuit
including many body effects.

2.2.1 Single Impurity Anderson Model (SIAM)

In the context of magnetic impurities in a host metal, a model was proposed by Anderson in
1961 to describe the interaction between the localized magnetic moment at the impurity site
and the electron spins of the metal.

The impurity induces localized states of energy εdjσ that couples to the conduction band
ck,σ of the host. In its simplest form, a single level is considered (j = 1), and the Hamiltonian
for the impurity plus the coupling is written as:

HSIAM =
∑

σ

d,σn̂d,σ + Un̂d,↑n̂d,↓

  
HS

+
∑

~k,σ


V~k ĉ

†
d,σ ĉ~k,σ + V ∗

~k
ĉ†~k,σ ĉd,σ



  
H

c,α=~kσ

+
∑

kσ

ε~kc
†
~kσ
c~kσ  

H
α=~kσ

(2.2)

where n̂d,σ = d†σdσ is the (impurity site) occupation number operator, and U is the local
Coulomb repulsion between the electrons at the impurity. In terms of Fig. 2.1 the central
system corresponds to the impurity site and is modelled as HS =


σ d,σn̂d,σ +Un̂d,↑n̂d,↓. The
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Anderson model is very well suited to describe the physics of the quantum dot, identifying the
impurity site with the dot and the electrons of the reservoirs with the conduction band. Despite
its simplicity, the SIAM model is capable of developing the Kondo resonance. A more detailed
analysis of the SIAM model and the relation with the experimental parameters can be found
in Section 3.3.2 where we solve the problem of a single resonant level coupled to the continuum
(corresponding to the simplest case of U = 0). Also in Chapter 4, where the full many-body
problem is considered and treated by a numerical approach.

2.3 Qubits

The simplest physical system capable of displaying quantum effects is the two-level system. In
general we can label the two states |g〉 (for ground) and |e〉 (for excited). Any arbitrary state
will be a linear combination of those:

|α〉 = cg |g〉+ ce |e〉 (2.3)

with cg and ce complex numbers satisfying |cg|2+|ce|2 = 1. In a strict sense a qubit is a two-level
system. However, when referring to qubits, a high degree of control over the quantum state
of the system is assumed. With the increased interest in the family of quantum technologies
(q. computing, q. communications, q. sensing, etc.) over the past years, a big number of
qubit hardware realizations have begun to be developed. Among the solid state devices, we find
qubits based on nitrogen-vacancy centers, quantum dots, topological devices or superconducting
circuits[108]. Other prominent platforms include ion traps, NMR and photonics.

Within these many platforms, our interest is mostly in the circuit quantum electrodynamics
(c-QED), which is a highly promising family of devices for the experimental realization of quan-
tum heat engines and refrigerators. In the last decades the c-QED has seen a great advance
in the fabrication, characterization and range of applications[109, 110, 111], including the inte-
gration of these devices to dissipative elements and thermal reservoirs, allowing experimental
studies on quantum heat transport[112, 113] and thermometry[114].

At the simplest level a superconducting qubit is a nonlinear resonant LC circuit consisting of
a capacitance in series with a Josephson junction [115]. Let ωr be the typical resonant frequency
of the circuit. At sufficiently low temperature, kBT << ωr and dissipation (level broadening
<< ωr) the resonator acts as a quantum harmonic oscillator with quantized energy levels. The
qubit is defined using two levels of the harmonic oscillator (usually the ground state for |g〉 and
the first excited for |e〉). From a practical point of view, one must include the non-linear element
to the circuit (Josephson junction) in order to introduce an energy-dependent level spacing in
the resonator. This is useful both for controlling transitions one by one, and suppress undesired
excitations to the upper levels. In Fig. 2.4 we show a schematic representation of a basic
superconducting qubit. The main parameters are the capacitance C, the non-linear inductance
LJ and the phase difference across the junction φ.

The two main designs of qubits based of tunnel junctions are the charge qubits [116] (also
known as Cooper-pair box) and the ux qubits [117, 118]. In the charge qubits a superconducting
island is coupled to a larger superconducting reservoir using a Josephson junction. The junction
acts as a valve for Cooper pairs between the reservoir and the island. The qubit energy gap is
controlled by a capacitive gate voltage used to adjust the charge on the island (in a similar way
to the quantum dot system of the previous section). Finally, the qubit states are represented
by the number of Cooper pairs in the island (e.g. |g〉 = |N〉 and |e〉 = |N + 1〉).

In the flux qubit design the states are assigned to a clockwise or counter-clockwise currents
flowing around the circuit. In this case the junction acts as a valve for quanta of magnetic flux
and is controlled externally by an applied magnetic field.

In this work we will consider qubit systems weakly coupled to thermal baths (see Chapter 6).
The description of the system will be presented in terms of a master equation for the reduced
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Figure 2.4: Schematic representation of a transmon: a superconducting Josephson junction
qubit.

density matrix of the qubit, ρ̂S = TrB [ρ̂]. We describe in detail how we arrive to the master
equation in Section 3.4. In principle, the effect of the environment with a temperature T over
an initial state of the qubit is to thermalize the state to a Gibbs distribution,

ρ̂S,eq =
1

Z

e−εg/kBT |g〉 〈g|+ e−εe/kBT |e〉 〈e|


(2.4)

with εg and εe the energies of the ground and excited state, respectively. The relaxation time τR
to the equilibrium state will depend on the rate coefficients of the resulting master equation[119].
Since we will be interested in the slow driving dynamics of the qubit, we expect that the density
matrix at any time to be close to Eq. (2.4). This means that τR defines the timescale for which
the slow dynamics (or adiabatic approximation) results break.

2.3.1 The qubit-boson model

Following the sketch of Fig. 2.1 let us consider a single qubit asymmetrically coupled to two
bosonic baths, L and R:

Hqubit = ~B · ~̂σ +
∑

kα

ωkαb
†
kα
bkα +

∑

kα

Vkα


b†kα + bkα


σ̂α, (2.5)

where, according to the notation of Eq. (2.1), HS = ~B · ~̂σ is the qubit Hamiltonian, which
depends on the external parameter ~B, and α = L,R are the bath’s labels. In cQED setups, the
type of coupling can be engineered. In this thesis, we will consider a configuration where the
coupling breaks L ↔ R symmetry. Concretely, we consider the simplest case where ωkL = ωkR

and VkL = VkR . Thus the coupling asymmetry arise from the different choice for σL and σR. In
Chapter 6 we will consider the setup with σL = σx and σR = σz.

Our interest in this system comes from the possibility of the qubit to parametrically couple
and decouple from the reservoirs. This can be seen by choosing a particular value for ~B,
for example we may take ~B = (Bx, 0, 0). Writing the evolution equation in the Heisenberg
representation, for the L bath we find that:


d (HL +Hc,L)

dt


= −i/ℏ 〈[(HL +Hc,L) ,H]〉

= −i/ℏ 〈[HL,Hc,L] + [Hc,L,HL]〉
= 0

(2.6)

where we have used that [Hc,L,HS ] = 0 because σL = σx, meaning that no energy flux is allowed
between the left bath and the qubit although dephasing may take place [120]). In other words,
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when ~B is aligned in the x direction energy can only flow from (or to) the R reservoir. The
opposite happens when ~B aligns to the z direction.

Applying this philosophy to a more general case, we will consider a time dependent parameter
~B ≡ ~B(t). If we consider the situation where the thermalization times of the system are fast
with respect to the changes on the ~B parameter, then HS( ~B(t)) is a realization of the adiabatic
thermal machine as described in 2.6. We will perform a detailed study of this particular machine
in the heat engine mode, in the search of optimal driving protocols.

2.4 Quantum capacitors

In the last decades there has been a growing interest in the generation and control of coherent
electronic currents, in part motivated by the strong analogy with many photonic experiments
in the field of quantum information. In solid state devices, however, the environment imposes
many challenges to the preservation of the quantum coherence. Interactions with other electrons,
impurities in the sample and the phononic scattering determines a typical length, below which
the propagating electrons keep their coherence, and thus defining the limits of the mesoscale.
Advances in technology lead to the fabrication of cleaner samples and the ability to reach lower
temperatures, reducing much of these undesired interactions while electron-electron interactions
remain a more fundamental problem to address.

In this context, the quantum RC circuit is a prominent platform to investigate the dynamics
of single electrons in quantum coherent devices. The mesoscopic capacitor, as first considered
in the seminal papers of Refs. [121, 122, 123] is the quantum analog of a classical RC circuit,
which operates under the driving induced by ac voltage. From the experimental side, a first
implementation was presented in Ref. [124]. The device consists of a two-dimensional electron
gas in the integer quantum Hall regime. A quantum point contact allows the edge states of the
sample to coherently tunnel back and forth to a quantum dot, which is precisely the capacitive
element. Finally, a metallic voltage gate is placed on top of the quantum dot, capacitively
coupling to it. In Fig. 2.5 (taken from Ref. [124]) a diagram of the device is shown. The
transmission of the quantum point contact is controlled through the Vg gates, while the Vac

gate is used to inject ac current to the circuit.

Figure 2.5: The minimal RC circuit. A 2D electron gas (in blue) is allowed to coherently
interact with a quantum dot through a quantum point contact. The resistive element is the
point contact with the fermionic reservoir and the quantum capacitance is given by the quantum
dot. Figure taken from Ref. [124]
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The system had been already predicted to display non-trivial properties [121, 122, 123]
such as an universal quantized resistance R0 = h/2e2 at the point contact, and a quantum
capacitance term of the form C0 = e2γ(EF ) proportional to the local density of states γ of
the quantum dot at the Fermi energy EF . In the subsequent years the charge dynamics of
this circuit under ac driving has been the subject of several experimental [125, 126, 127] and
theoretical [128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144,
145, 146, 147, 148, 149] studies in the linear and non-linear regimes.

Not only the charge but also the energy dynamics in this system deserves attention. In fact,
this is the minimal electronic system to address fundamental questions on the energy transport
and heat production in the quantum regime, which is a subject under active investigation across
the areas of statistical mechanics, condensed matter, cold atoms and quantum information. In
this work we intend to contribute to the understanding of the quantum RC circuit in the presence
of many-body interactions, and the inclusion of a time-dependent Zeeman field applied to the
dot. As we will see in Chapter 4 interesting mechanisms take place, like the net exchange of
work between the two types of forces and the non-equilibrium accumulation of charge with
different spin orientations. We will see that even in the case of including a time-dependent
magnetic field, the dissipation takes place in the form of an instantaneous Joule law with the
universal resistance R0, which is a step further in the line of work of Refs. [132, 149].

2.5 Adiabatic quantum pumps

The idea of the adiabatic pump mechanism was first introduced by Thouless [150] for a closed
system at zero temperature. Further extensions were made for open systems by Spivak et
al [151] some years later. Traditionally, quantum pumps are linked to the generation of dc
particle currents in nanostructures via the time-periodic modulation of two or more system
parameters. In this thesis we consider an extended definition to include heat transport as well,
while retaining the basic idea of controlling the transport (completely or partially) through
the external, time-dependent potentials. With “adiabatic” we mean that the modulation of
the control parameters is performed at a timescale much bigger than the relaxation time of
the system (i.e. very slowly). The adiabatic energy pump will have a prominent importance
throughout this work, since it will be a necessary ingredient for the heat-work conversion and
refrigeration mechanism in the machines that we consider. In addition, it will be directly linked
to the geometric concepts developed in the next chapters.

One of the first experimental realizations of this concept is the single-electron pump devised
by Pothier et al. [152, 35], which is an analogue to a peristaltic bomb for electrons, also know
as a “turnstile pump”.

Figure 2.6: Pothier’s single-electron pump. Left: Schematic picture of the setup. Right: I − V
curve of the device. Figures taken from Ref. [35].



20 CHAPTER 2. PHYSICAL SYSTEMS

Pothier’s device consists of a linear array of three tunnel junctions C,C ′, C ′′ and two QDs
-both set in the Coulomb-blockade regime- placed in between each connected junction, as de-
picted in Fig. 2.6 (left). The energy of the QDs is controlled by two voltage gates UL and UR

respectively, and therefore the number of electrons in the QDs, nL and nR can be independently
adjusted one at a time. When a small bias voltage V is applied to the ends of the circuit, charge
transport is blocked by the presence of the electrons occupying the dots. The gates UL and UR

act as a precise mechanism of flow control, allowing the pull or push of the electrons from the
adjacent reservoirs.

The setup allows to perform a single-electron transport using a suitable sequential change in
the voltage gates: An electron can tunnel from the left reservoir to the left dot, then jump to the
right dot and finally to the rigth reservoir. As an illustrative example, consider the energy of the
QDs set by the dephased ac votages UL(t) ∝ sin (2πft) and UR(t) ∝ sin (2πft+ Φ). Fig. 2.6
(right, extracted from Ref. [35]) shows the I−V curve of the device for a fixed frequency f and
the two values of the phase lag, Φ = π/2 and Φ = −π/2. For each cycle of the configuration
of the gate, an electron flows from one reservoir to the other, so the net electrical current is
measured to be exactly ef . The phase Φ allows the control of the direction of the current.
The pumping effect is reversible, and the change on sign of Φ has the effect of reversing the
mechanism of the pump. As said before, it is important to observe that the charge pump can
occur in the case of zero bias voltage (V = 0), indicating that the effect is purely due to the
change of the external potentials.

Notice that Pothier’s pump is ultimately a classical device: QDs are mostly isolated from
the reservoirs due the effect of the potential barriers, and at a first approximation, no quantum
correlation is present during the cycle. In more general conditions, the adiabatic pumping can
be driven by any cyclic changes in the parameters of the system, like the shape of the confining
potentials, the connection to the reservoirs or any field modifying the interference pattern of
the coherent electrons in the device. An early experimental work intended to take advantage
of the quantum properties of the electrons was presented by Switkes et al. [104]. The device
consist on a single QD whose shape is controlled by a pair of gate voltages. The pump effect is
obtained as a consequence of the modulation of the quantum mechanical wavefunction of the
electrons inside the dot. See Ref. [104] and Ref. [153] for a detailed discussion.

Using the Landauer-Büttiker scattering matrix theory, Brouwer [52] developed a description
of the pump effect in terms of the S matrix of the system. Here we review some of the important
results of Ref. [52].

Consider a central system connected to two particle reservoirs (m = 1, 2). The central
system is driven by time-dependent potentials Xj(t), j = 1, 2. A scattering matrix S is defined
to describe the instantaneous transport properties, which is a function of X1 and X2 only. If
we take a closed curve ~X(t) = (X1(t), X2(t)) of total duration τ to drive the central system,
the net charge flowing from the m reservoir for a cycle is found to be:

Qm(τ ) = e

∫ τ

0
dtṅm(t) = e

∫ τ

0
dt


dnm

dX1

dX1

dt
+

dnm

dX2

dX2

dt


(2.7)

where the so called “emisivities” dnm/dXj , defined for each reservoir are functions of S, and

consequently functions of ~X only. Applying Stoke’s theorem to this equation using the closed
curve defined in the ~X parameter space, the following result is found for the particle current at
each cycle:

Im =
we

2π2

∫

A
dX1dX2

∑

α∈m

∑

β

Im
∂S∗

αβ

∂X1

∂Sαβ

∂X2
(2.8)

where the relation I1 = −I2 can be verified, implying that no charge is accumulated in the
central system after the cycle. This means that Eq. (2.8) is precisely a pumped current from
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one reservoir to the other. The situation is sketched in Fig. 2.7 where we represent the charge
being pumped (a) during a particular cyclic driving (b).

Figure 2.7: Basic sketch of an adiabatic pump. (a) A particle or heat current is extracted from
reservoir m = 1 and deposited in the reservoir m = 2 at each cycle. The dynamics of the
central system are ruled by a set of time-dependent parameters ~X. (b) The parameter space.
The particular driving protocol is determined by closed curve enclosing a total area A.

From Eq. (2.8) we can anticipate some of the key conditions for the adiabatic pumping to
occur: at least two driving parameters must be present. And since we need a finite area A to
get a nonzero result in (2.8), the drivings with harmonic dependence on time must have a phase
lag, quite equivalently to what we saw already in Fig. 2.6. Like in Pothier’s device, in open
systems the adiabatic pump effect can be present even in the cases where the baths are held at
equal temperature, or equal chemical potential. A break of time and spatial symmetry is also
necessary for a finite transport during the cycle, as we will see later.

A key interest in the area of quantum pumps is the search for newer mechanisms that could
lead to larger dc currents and better experimental setups. With this goal in mind, in this work
we will show that the problem of quantum energy pumping bares a close resemblance with the
problem of charge pumping. In addition, in Chapter 6 we will address the general problem of
the maximization of the observed pump effect in quite realistic physical conditions. A brief
overview of the vast literature on pumping of charge and heat can be found in the reviews [154,
155, 156]. One of the big motivations of the present thesis is to show how pumping affects the
operation of a quantum thermal machine, and the related geometric effects naturally occurring
in these systems.

2.6 Quantum thermal machines

Nothing prevent us from applying the ideas of classical thermodynamic cycles to the system
sketched in Fig. 2.7. Under such perspective the central system is identified as a working
substance (WS) that can operate between two or more thermal reservoirs, thus defining a
quantum thermal machine. The development and implementation of thermodynamic processes
in few-level quantum systems is currently a very active area of research. Thermodynamic
cycles conceived for macroscopic WS, such as the Otto or Carnot cycle, has been theoretically
investigated at the microscopic scale [82, 157, 83, 158, 86, 97, 159, 160, 161, 162, 10, 163, 164,
165, 166, 167, 168, 169, 170, 46, 171, 172, 173, 174, 158, 175, 176, 177, 15, 178] and realized
experimentally [38, 179, 48, 39, 49, 46, 33].

Understanding how to discriminate and characterize useful work, heat, and dissipated energy
in these systems is a fundamental step towards the realization of nanomachines. In the standard
thermodynamic cycles, the WS operates in four steps, of which two are in contact to reservoirs
at different temperatures connected one at a time, while the other two steps consist in an
evolution decoupled from the reservoirs. It is however typically hard to fully isolate a quantum
WS from the environment, which is required to emulate ideal classical cycles. This motivates
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the study of non-equilibrium systems, where the driven WS is permanently in contact with two
or more reservoirs. Unlike standard thermodynamic cycles, these microscopic machines operate
away from equilibrium [180, 181], which necessarily implies entropy production and dissipation.
Thermoelectric devices [30] as well as autonomous refrigerators [182, 183, 184] are seminal
examples of this type of operation. In addition to its impact on emerging technologies, the
study of quantum heat engines and refrigerators is also of fundamental importance to deepen
our understanding of how energy flows and transforms in the quantum regime [166, 185, 186,
30, 187, 188, 189].

Turning to the system of Fig. 2.7, when the WS is connected at the same time to two or more
thermal reservoirs, it is permanently thread by a heat flux J∆T if a thermal bias ∆T is imposed
at the reservoirs. Hence, the very operation as a machine relies on the mechanism of heat–work
conversion in order to overcome this effect as well as the dissipation generated by the driving
sources. In Chapter 5 we will see that in the adiabatic regime and under a small temperature
bias, the adiabatic (heat) pump Jpump, as described in the previous section, is the central piece
for the heat–work conversion. When the pumped heat is transported in the opposite direction
of the heat flux sustained by the temperature bias, we may have J∆T < −Jpump, meaning that
the machine works as a refrigerator. In this operational mode a certain amount of work must be
supplied to the driving forces to keep the machine working. Surprisingly, the same mechanism
can be reversed to operate the machine as a heat engine. In this case, part of the heat flux
J∆T can be used to perform work against the drivings. In both cases the mere fact that we
are performing a cycle at a finite time means that we will have dissipation. This additional
generated heat is detrimental both to cooling and the work extraction, and must be included
in the figure of merit analysis of our machines. Thus, the optimal machine, is the one leading
to the best balance between the heat-work and the dissipative processes.



Chapter 3

Theoretical tools and methods

The aim of this chapter is to describe the different tools that we use to solve the non-equilibrium
open systems presented in the previous chapter. We focus on the slow dynamics where the typi-
cal time scale for the driving sources is much longer than any characteristic time scale associated
to the few-level quantum system coupled to the reservoirs. These conditions define the so called
“adiabatic regime”. Our main interest is to compute the adiabatic-response coefficients with
respect to external driving forces. To this end we describe the general concepts of adiabatic
linear response in Section 3.1.

In Section 3.2 we review a Hamiltonian description of heat transport developed by Lut-
tinger [190] and Tatara [191]. This will be a very useful ingredient for the definition of the
thermal geometric tensor in Chapter 5.

We can split our physical systems into two main cases, depending whether the interaction
with the reservoirs can be considered strong, or not. Each case is treated in sections 3.3 and 3.4
respectively. Furthermore, among the systems with strong coupling we must take into consid-
eration the presence of local interactions. Since our approach relies on calculations of response
functions which are evaluated with respect to the system in instantaneous thermodynamic equi-
librium, we review the equilibrium Green’s functions approach and we discuss in detail the case
of non-interacting systems in Section 3.3.1. The interacting SIAM model (U 6= 0 case) will be
treated using a mean field approach (Section 3.3.5) and the Numerical Renormalization Group
(NRG) technique, Section 3.3.6.

3.1 Adiabatic linear response

We start by considering a quantum system in thermal equilibrium described by a t-independent
Hamiltonian Ĥ0. In this case, the expectation value of an observable of the system is obtained
by the usual formula:

〈
Ô
〉
=

1

Z0

∑

n

〈n̂| Ô |n̂〉 e−βEn =
1

Z0
Tr

[
ρ̂0Ô

]
(3.1)

where ρ̂0 = |n̂〉 〈n̂| is the density operator and Z0 the partition function defined by Z0 = Tr [ρ̂0].
The eigenstates of Ĥ0 are denoted by the kets |n̂〉, related to the eigenvalues En through the
relation Ĥ0 |n̂〉 = En |n̂〉.

When introducing time dependence in the Hamiltonian Ĥ of the system we must consider
out of equilibrium effects in the calculation of the expectation values of Ô. The aim of the linear
response in the adiabatic regime is to introduce these effects in the case of slow changes in Ĥ(t).
In quantum mechanics the time evolution can be formulated in three main representations [192]:

• The Schrödinger picture: the state of the system evolves in time |Ψ(t)〉, and the ob-
servables and other operators are essentially constant (although Ĥ can have explicit

23
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time dependence). The evolution of the states is given by the Schrödinger equation,
i∂t |Ψ(t)〉 = Ĥ(t) |Ψ(t)〉.

• The Heisenberg picture: in this representation the states are constant, and the time evo-
lution is introduced through the operators using: OH(t) = eiHt/ℏOe−iHt/ℏ. We say that
the operator O is expressed in the Heisenberg representation with respect to Ĥ (in general
we will omit the subscript H). In this picture the evolution of the operators is ruled by

the Heisenberg equation: ∂tOH(t) = (i/ℏ)
[
OH(t), Ĥ

]
.

• The Interaction picture: both the states and the operators evolves in time, is an inter-
mediate representation between the Schrödinger and Heisenberg pictures. It is a useful
representation for cases where the Hamiltonian can be split in two parts, a “simple” term
Ĥ0 and a “complicated” one V̂ . When Ĥ has explicit time dependence we may write
Ĥ(t) = Ĥ0+ V̂ (t), i.e. include the time dependence in the V term. The states in this pic-
ture evolves according to |ΨI(t)〉 = eiH0t/ℏe−iHt/ℏ |Ψ(0)〉 = eiH0t/ℏ |Ψ(t)〉 and the operators
OI(t) = eiH0t/ℏOe−iH0t/ℏ.

The convenient representation for the development of the adiabatic linear response theory is
the Interaction picture. As already said, we consider the temporal dependence of the system
described by a Hamiltonian H(t) = H0 + V (t) where H0 is time-independent. The evolution
equation for the eigenstates of the system can be written as:

|n(t)〉 = e−iH0t/ℏ |nI(t)〉 = e−iH0t/ℏÛ(t, t0) |nI(t0)〉 . (3.2)

where the time evolution operator eiH0t/ℏe−iHt/ℏ = Û(t, t0) = Tt

[
exp


(−i/ℏ)

 t
t0
dt′V (t′)

]

encodes the non-trivial evolution of the states. Tt denoting time-ordering. The time evolution
operator connects the state |ΨI〉 at time t with the past time t0.

We consider now a generic system as in 2.1, connected to one or more reservoirs. For simplic-
ity we now consider that all he reservoirs have same temperature and chemical potential. The
central part of the system is driven by a set of external potentials ~X(t) = [X1(t), X2(t), ..., XN (t)]
which determines the time dependence of HS . In this thesis, we consider Hamiltonians with the
following structure

ĤS(t) = ĤS( ~X(t)) = ĤS0 −
∑

j

F̂jXj(t) (3.3)

where ĤS0 is a t-independent term and F̂j are hermitic operators representing the generalized

forces, F̂j = −∂ĤS(t)
∂Xj(t)

. With the definition of the vector ~̂F = [F̂1(t), ..., F̂N (t)] the previous sum

can be expressed as an scalar product ~̂F · ~̇X. At the lowest (0-th order) in the adiabatic linear-
response approximation, the system is described by the frozen Hamiltonian Ĥt = ĤS( ~X(t))
where time is taken a parameter. In this case the problem is reduced to a static system and the
expectation values can be computed via the frozen density matrix ρ̂t associated to Ĥt.

Following Ref. [80], when the rate of change of the parameters Ẋj(t) is small we can perform

an expansion on ~̇X. The dynamical perturbation to the steady state ρ̂t can be estimated to
δρ̂ ∼ τrel(∂Xj ρ̂t)Ẋj [193, 80, 161] where τrel is the typical relaxation time of the system. More

precisely, the time evolution operator at first-order expansion in ~̇X in the interaction picture is
given by

Û(t, t0) = Tt


exp


− (i/ℏ)

∫ t

t0

dt′(t− t′) ~̂F (t′) · ~̇X(t)


≈ 1− (i/ℏ)

∫ t

t0

dt′(t− t′) ~̂F (t′) · ~̇X(t).

(3.4)
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where ~̂F (t′) is expressed in the Heisenberg representation with respect to Ĥt. Eq. (3.4) can be
used to evolve the states and compute the expectation value of any observable of the system,〈
Ô
〉
(t) = 1

Z0


n 〈n(t)| Ô |n(t)〉 e−βEn . The result of expanding the exponential to the 1st order

in ~̇X(t) in this procedure is

〈
Ô
〉
(t) =

〈
Ô
〉
t
− i/ℏ

∫ t

t0

dt′(t− t′)
〈[

Ô(t), ~̂F (t′)
]〉

t
· ~̇X(t) (3.5)

where the operators Ô(t) and ~̂F (t′) are expressed in the Heisenberg representation with respect
to the frozen Hamiltonian Ĥt. Also, the symbol 〈...〉t means the expectation value computed
through the frozen density matrix ρ̂t.

From Eq. 3.5 we define the adiabatic response functions as

Λ
Ô,F̂j

t = −i/ℏ
∫ t

−∞
dt′(t− t′)

〈[
Ô(t), F̂j(t

′)
]〉

t

~ΛÔ
t =

[
ΛÔ,F̂1
t , ...,ΛÔ,F̂N

t

] (3.6)

where for each reference time t the forces are assumed to be acting from t0 = −∞. Eq. 3.5 is
written in a simpler form:

〈
Ô
〉
(t) =

〈
Ô
〉
t
+ ~ΛÔ

t · ~̇X(t) (3.7)

.

In order to prove useful identities satisfied by the adiabatic response functions it is convenient

to define the retarded adiabatic susceptibilities χ
Ô,F̂j

t (t− t′) = −(i/ℏ)θ(t− t′)
〈[

Ô(t), F̂j(t
′)
]〉

t
.

In terms of the susceptibilities the adiabatic coefficients are written according to

Λ
Ô,F̂j

t = −i/ℏ
∫ ∞

−∞
dt′(t− t′)θ(t− t′)

〈[
Ô(t), F̂j(t

′)
]〉

t
=

∫ ∞

−∞
dττχ

Ô,F̂j

t (τ ) (3.8)

where we have used the fact that the susceptibilities are evaluated with the frozen density
matrix, meaning that time dependence is only through τ = (t− t′).

We can Fourier-transform the previous equation:

Λ
Ô,F̂j

t = Re

∫ ∞

−∞
dτ

∫ ∞

−∞

dω

2πi
e−iωτ∂ωχ

Ô,F̂j

t (ω)



= Re


−i

∫ ∞

−∞
dω∂ωχ

Ô,F̂j

t (ω)δ(ω)


= lim

ω→0

Im


χ
Ô,F̂j

t (ω)



ω

(3.9)

where we used that the spectral function Im


χ
Ô,F̂j

t (ω)


is odd in the ω variable, meaning

Im


χ
Ô,F̂j

t (0)


= 0 [194].

Based on the previous definitions, we define the susceptibilities for two arbitrary operators
Ôi,j as

χ
Ôi,Ôj

t (τ ) = −(i/ℏ)θ(τ )
〈[

Ôi(τ ), Ôj(0)
]〉

t
. (3.10)

and Λ
Ôi,Ôj

t in analogy with Eq. (3.6). Eq. (3.10) is again evaluated using the equilibrium
density matrix ρ̂t, meaning that we can deduce some properties based on microreversibility.
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We verify that χ
Ôi,Ôj

t (−τ) = −(i/ℏ)θ(τ )
〈[

Ôj(τ ), Ôi(0)
]〉

t
, which implies that under a time

reversal transformation τ → −τ the adiabatic coefficient Λ
Ôi,Ôj

t satisfies

Λ
Ôi,Ôj

t →
τ→−τ

Re


i

∫ ∞

−∞

dω

π
Im


χ
Ô,F̂j

t (ω)

 ∫ ∞

−∞
dττθ(−τ)e−iωτ


= lim

ω→0

Im


χ
Ô,F̂j

t (ω)



ω

= Λ
Ôj ,Ôi

t .

(3.11)

When considering a magnetic field B, the time reversal transformation implies that one must
change B → −B in the frozen Hamiltonian Ĥt defining ρ̂t. This translates into the Onsager
relation:

χ
Ôi,Ôj

t (B,ω) = sisjχ
Ôj ,Ôi

t (−B,ω) (3.12)

where the signs si, sj = ± depend on the parity of the Ôj , Ôi operators under a time reversal
transformation. Applied to the adiabatic coefficients we find

Λ
Ôi,Ôj

t (B) = sisjΛ
Ôj ,Ôi

t (−B). (3.13)

3.2 Hamiltonian description of a thermal bias: Luttinger theory

In our approach to quantum thermal machines the central system of Eq. (2.1) is driven by time-
dependent external forces. The effect of the drivings on the system are captured by the response
coefficients of Section 3.1. In particular, the adiabatic description of the energy dynamics
requires the calculation of the current operators to evaluate the corresponding coefficients.
Interestingly, we can employ a Hamiltonian representation for the temperature difference within
the Kubo linear response framework, for small ∆T . Using this approach the temperature
difference ∆T can be considered as a new external parameter. The interplay between the
energy currents induced by the thermal bias and the time-dependent drivings becomes part of
a unified object, the thermal geometric tensor, which encodes the full energy dynamics of the
system in the adiabatic approximation, enabling a complete characterization of the operation
of the machine.

The idea of expressing the thermal difference in a Hamiltonian language was originally
introduced by Luttinger [190]. Here, we follow the revised version of Luttinger’s theory presented
by Tatara in Ref. [191], which we briefly review and adapt in order to deal with a Hamiltonian
containing a tunneling contact between the central system and the reservoirs at which the
thermal difference is applied. Luttinger’s theory is formulated in the continuum starting from
a Hamiltonian HE(t) =


drh(r)ψ(r, t), where ψ(r, t) is a “gravitational” potential. Gradients

of the latter induce energy flows jE akin to the electrical currents induced by gradients of
the electric potential. Such energy flows obey a continuity equation ḣ(r) = −∂r · jE(r) as a
consequence of energy conservation, which motivates the definition

HLutt(t) =

∫ t

−∞
dt′
∫

dr jE(t′) · ∂rψ(r, t), (3.14)

with ∂rψ(r, t) = ∂rT/T . Such formulation is consistent with the rate of change of the entropy
production,

Ṡ = −
∫

dr
1

T
∂r · 〈jE(t)〉 = −

∫
dr〈jE(t)〉 · ∂rT

T 2
, (3.15)

through the relation 〈HLutt(t)〉 = TS.
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Ref. [191] considers the alternative Hamiltonian

HAT
(t) = −

∫
dr jE(t′) · ~AT (r, t). (3.16)

The Hamiltonians of Eqs. (3.14) and (3.16) coincide in the long-time average. In fact,
 +∞
−∞ dt HLutt(t) = +∞

−∞ dt HAT
(t) with

∂t ~AT (r, t) = ∂rψ(r, t) = ∂rT/T. (3.17)

In this way, ~AT (r, t) and ψ(r, t) behave, respectively, in a similar way as the vector and scalar
potentials of electromagnetism. The specific application of Luttinger’s theory in our problem is
covered in Chapter 5.

3.3 Strong-coupling treatment

When the coupling to the reservoirs cannot be assumed to be small enough to admit an ex-
pansion in the coupling constants (e.g. Vk of Eq. (2.2) and Eq. (2.5)) we must use different
approaches depending on the situation. An important aspect to consider is the presence or
absence of many-body interactions in the central system. In the non-interacting models the
Hamiltonian can be expressed as a bilinear combination of creation and annihilation operators
and the non-equilibrium problem can be exactly solved by means of Schwinger-Keldysh non-
equilibrium Green’s functions [195, 196, 197], as well as by scattering matrix formalism [121,
198, 199, 200]. For systems under slow evolution, we can rely on equilibrium Green’s functions
to evaluate the susceptibilities, as explained in the previous section. This approach will be
described in Sections 3.3.1 to 3.3.3. In the forthcoming sections we will consider this approach
to solve the single impurity Anderson model (SIAM) in the non-interacting (U 6= 0) regime.
In problems with many-body interactions, the Green’s function formalism has to be combined
with some may-body technique. We consider a simple mean field approach to the case of the
SIAM with U 6= 0 in Section 3.3.4. Furthermore, an exact diagonalization technique is very
well suited for this problem: the Numerical Renormalization Group (NRG). We describe this
method in Section 3.3.6.

3.3.1 Non-interacting systems - Equilibrium Green’s functions

In this section we follow Ref. [192] to briefly review the equilibrium Green’s function method.
The single-particle Green’s functions for a many body system are defined as

GR(~rσt, ~r′σ′t′) = −iθ(t− t′)
[

Ψσ(~r, t),Ψ
†
σ′(~r

′, t′)
]
B,F



GA(~rσt, ~r′σ′t′) = iθ(t′ − t)

[
Ψσ(~r, t),Ψ

†
σ′(~r

′, t′)
]
B,F



G<(~rσt, ~r′σ′t′) = −i(±1)
〈
Ψ†

σ(~r, t)Ψσ′(~r′, t′)
〉

G>(~rσt, ~r′σ′t′) = −i
〈
Ψσ(~r, t)Ψ

†
σ′(~r

′, t′)
〉

(3.18)

named respectively, the retarded (R), advanced (A), lesser (<) and greater (>) Green’s function.
Ψσ(~r, t) are local-field operators, where σ is a labelling for the particles’ degrees of freedom,
like the spin. The operation 〈A〉 = Z−1Tr [ρA] represents the statistical expectation value
with respect to the equilibrium density operator ρ = e−βH . Many important quantities of
interest and observables can be expressed in terms of these functions. We present here the most
relevant aspects of the Green’s functions approach used along this thesis, including the equation
of motion and the Matsubara methods. In many cases where we assume translation invariance,
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we will simply drop the ~r reference of the field operators. Moreover, the thermal equilibrium
justifies to drop the general double time dependence (t, t′) in favour of a single time variable
τ = t− t′. Using the Fourier transform, we will mostly work in the frequency domain.
Note that in the equilibrium case, not all the four defined Green’s functions are independent.
From the general definitions of Eq. (3.18) we can deduce

GR(~rσt, ~r′σ′t′) = θ(t− t′)

G>(~rσt, ~r′σ′t′)−G<(~rσt, ~r′σ′t′)



GA(~rσt, ~r′σ′t′) = θ(t′ − t)

G<(~rσt, ~r′σ′t′)−G>(~rσt, ~r′σ′t′)

 (3.19)

which implies that any two of them suffice to compute the remaining ones.

Lehmann representation

An useful way to write the Green’s functions is the Lehmann representation, which is an expan-
sion using the system Hamiltonian eigenstate basis. Consider for example the case of fermionic
operators labeled by a generic number k, Ψσ(~r, t) → ck(t). For the diagonal part of the greater
function we may write

G>(k, k, t− t′) = G>(k, t− t′) = −i
〈
ck(t)c

†
k(t

′)
〉
= − i

Z

∑

n

〈n| eβHck(t)c
†
k(t

′) |n〉

= − i

Z

∑

nn′
e−βEn 〈n| eiHtcke

−iHt |n′〉 〈n′| eiHt′c†ke
iHt′ |n〉

= − i

Z

∑

nn′
e−βEn 〈n| ck |n′〉 〈n′| c†k |n〉 ei(En−En′ )(t−t′)

(3.20)

The Fourier transform with respect to τ = t− t′ results in

G>(k,ω) = −2πi

Z

∑

nn′
e−βEn 〈n| ck |n′〉 〈n′| c†k |n〉 δ ((En − En′) + ω) . (3.21)

Analogously, the lesser and the retarded functions reads

G<(k,ω) =
2πi

Z

∑

nn′
e−βEn 〈n| c†k |n′〉 〈n′| ck |n〉 δ ((En − En′)− ω) , (3.22)

GR(k,ω) =
1

Z

∑

nn′

〈n| ck |n′〉 〈n′| c†k |n〉
ω + (En − En′) + iη


e−βEn + e−βEn′


. (3.23)

The Lehemann representation is a great tool for demonstrating formal results. For example,
by means of some algebraic manipulation, Eqs. (3.21)-(3.23) can be used to prove the general
relations

G<(k,ω) = −G>(k,ω)e−βω

2Im

GR(k,ω)


= −i


1 + e−βω


G>(k,ω).

(3.24)

The spectral function

A recurrent concept within the framework of Green’s functions is the spectral function A(k, k′,ω)
defined as

A(k, k′,ω) = −2Im

GR(k, k′,ω)


. (3.25)

We motivate the importance of the definition through an example that will be intensively used in
Chapter 4. Let’s compute the occupation number for a fermionic state in thermal equilibrium:

〈nk(t)〉 =
〈
c†k(t)ck(t)

〉
= −iG<(k, τ = 0) = −i

∫
dω

2π
G<(k,ω) (3.26)
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using the second relation of Eq. (3.24) we find

〈nk〉 =
∫

dω

2π
A(k,ω)nF (ω). (3.27)

This result justifies the interpretation of the spectral function as a generalized density of states.
Indeed, the diagonal part of the spectral function A(k, k,ω) = A(k,ω) is a quantum-state
resolution of an excitation of energy ω. Furthermore, the trace of the spectral function gives
the density of states

ρ(ω) =
∑

k

A(k,ω). (3.28)

Expressing Eq. (3.24) in terms of the spectral function, we write the so-called fluctuation-
dissipation relations for fermions:

iG>(k,ω) = A(k,ω)(1− nF (ω))

−iG<(k,ω) = A(k,ω)nF (ω)
(3.29)

while similar results holds for bosons:

iG>(k,ω) = A(k,ω)(1 + nB(ω))

iG<(k,ω) = A(k,ω)nF (ω)
(3.30)

It also can be shown that

GR/A(k,ω) =

∫
dω′

2π

A(k,ω′)
ω − ω′ ± iη

. (3.31)

Green’s functions of free particles

An important case to have in mind are the free-particle results. These are both useful for
reference and interpretation of more general scenarios. Let’s consider the Hamiltonian for free
particles with energy εk (we take the fermionic case):

H0 =
∑

k

εkc
†
kck. (3.32)

In this elementary case we can compute the time evolution of the ck operators by direct use of
the Heisenberg equation

ċk(t) = −i [ck(t), H0(t)] = −i


ck(t),

∑

k′
εk′c

†
k′(t)ck′(t)


= −iεkck(t) (3.33)

we obtain ck(t) = ck(0)e
−iεkt. With this explicit result all of the Green’s functions of Eq. (3.18)

can be easily computed. We focus on GR(k, t− t′):

GR(k, t− t′) = −iθ(t− t′)
〈{

ck(t), c
†
k(t

′)
}〉

= −iθ(t− t′)e−iεk(t−t′). (3.34)

We transform to the frequency domain and take the imaginary part in order to compute the
spectral function. Using τ = t− t′

GR(k,ω) =

∫ ∞

−∞
dτei(ω+iη)τ (−i)θ(τ )e−iεkτ =

1

ω − εk + iη
(3.35)

A(k,ω) = −2Im

GR(k,ω)


= 2πδ(w − εk) (3.36)

which means that excitations of energy ω are precisely the (free) particles with momentum εk.
In more general scenarios of interacting quantum many-body states the spectral function will
differ from a delta function, as the excitations of energy ω are more complicated, many body
quantum states.
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3.3.2 The resonant level model

A typical nanostructure that we consider in the thesis is the quantum dot (see Section 2.2).
Here we study the basic properties of a single, spinless fermionic state coupled to the continuum,
e.g. an electronic band. Using this model we illustrate the equation of motion theory of Green’s
functions. The results will be used later for a mean-field analysis of the interacting Anderson
model. In fact, the Hamiltonian for this system is given by ĤSIAM of Eq. (2.2) using a single
level n̂d,σ → d̂†d̂ (omitting the label for the spin) and removing the interaction U → 0:

H = εdd̂
†d̂+

∑

k

εk ĉ
†
k ĉk +

∑

k

Vk


ĉ†kd̂+ d̂†ĉk


(3.37)

where the resonance is at energy εd and the ĉk are the fermionic operators of the band, with
corresponding energies εk. Our goal is to find the spectral function of the dot, as well as the
occupation as a function of the energy.
We define a local Green’s function for the dot, and a mixed Green’s function composed of the
dot and bath’s operators

GR
d (t− t′) = −iθ(t− t′)

〈{
d(t), d†(t′)

}〉
(3.38)

GR
kd(t− t′) = −iθ(t− t′)

〈{
ck(t), d

†(t′)
}〉

(3.39)

Using the Heisenberg equation, we find an expression for the time evolution of the ck operators:

ċk(t) = −i [ck(t), H(t)]

= −iεkck − i
∑

k′
Vk′

[
ck, c

†
k′

]
d, (3.40)

and using the result of Eq. (3.40), we find a set of equations of motion for the Green’s functions
(3.39) and (3.38)

i∂tG
R
d (t− t′)− εdG

R
d (t− t′)−

∑

k′
Vk′G

R
kd(t− t′) = δ(t− t′) (3.41)

i∂tG
R
kd(t− t′)− εkG

R
k′d(t− t′)− VkG

R
d (t− t′) = 0 (3.42)

These set of coupled equations can be solved using a Fourier transform:

(ω + iη)GR
d (ω)− εdG

R
d (ω)−

∑

k′
Vk′G

R
k′d(ω) = 1 (3.43)

(ω + iη)GR
kd(ω)− εkG

R
kd(ω)− VkG

R
d (ω) = 0 (3.44)

Doing some algebra we finally find:

GR
kd(ω) =

Vk

(ω − εk) + iη
GR

d (ω) (3.45)

GR
d (ω) =

1

(ω − εd) + iη − Σ(ω)
(3.46)

where we defined the self-energy Σ(ω) =


k′ V
2
k′/(ω− εk + iη). By contrasting the free-particle

result of the retarded Green’s function in Eq. (3.35), we see that the self-energy can be inter-
preted as a contribution to the particle’s energy caused by the coupling to the bath. Moreover,
the imaginary part of the self-energy has a broadening effect of the spectral function.
A typical approximation (that will be used again in the Anderson model) is the case of con-
stant coupling V (ε) = V and a reservoir with a constant density of states ρ(ε) = ρ0 within a
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bandwidth given by −D < ε < D. It is useful to define Γ = 2πρ0V for which the self-energy
reduces to

Σ(ω) ≈ Γ

2π
ln

∣∣∣∣
D + ω

D − ω

∣∣∣∣− i
Γ

2
. (3.47)

The ω dependence of Σ(ω) is neglected and taken as a correction to the energy εd. With these
results, the retarded Green’s function of the local site, and consequently the spectral function
results in

GR
d (ω) =

1

(ω − εd) + iΓ/2
(3.48)

AR
d (ω) =

Γ

(ω − εd)2 + (Γ/2)2
. (3.49)

Figure 3.1: Dot with energy εd1 (green) is outside the continuum bandwidth, resulting in a
free-particle spectral function. The dot with energy εd2 hybridizes with the bath and broadens
its local spectral function.

This procedure can be generalized for the case of several resonant levels. In Fig. 3.1 we
consider two resonant levels with energies εd1 and εd2. In the first case (green) the resonance
lies outside the limits of the conduction band and the spectral function is that of a free particle
(a delta function). The second level (in red) hybridizes with the bath and the spectral function
in this case takes the Lorentzian form of Eq. (3.49).

3.3.3 Imaginary time Green’s Functions

The Matsubara, or imaginary-time Green’s functions are a useful mathematical tool to compute
finite-temperature response functions. The general idea is to merge time and temperature into
a single variable, simplifying the calculations by means of a Fourier transform in this variable.
They are defined in a similar way to the normal Green’s functions of Eq. (3.18), but substituting
the time variable by t → −iτ , where τ is real:

CAB(τ, τ
′) = −


Tτ


A(τ)B(τ ′)


= − 1

Z
Tr

[
e−βHeτHAe−τHeτ

′HBe−τ ′H
]

(3.50)
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here, A and B can be many-body operators, and we assume τ > τ ′ to explicitly write the
rightmost equality. Since we are interested mostly in computing linear response functions, we
will consider only one or two-body operators. The time ordering operator Tτ in this context is
defined as

Tτ


A(τ)B(τ ′)


= θ(τ − τ ′)A(τ)B(τ ′)± θ(τ ′ − τ)B(τ ′)A(τ) (3.51)

where the ± correspond to a bosonic/fermionic case respectively. Note that Wick’s theorem
can be directly applied here since it is a time-ordered expression. Using the cyclic properties of
the trace and the Lehmann representation of Eq. (3.50) the following important properties can
be deduced:

−β < τ − τ ′ < β

CAB(τ, τ
′) = CAB(τ − τ ′)

CAB(τ ) = ±CAB(τ + β) for τ < 0

(3.52)

Now let us write CAB(τ ) in terms of a Fourier series with coefficients

CAB(τ ) =
1

β

∞∑

n=−∞
e−iπnτ/βCAB(n) (3.53)

being

CAB(n) =
1

2

∫ β

−β
dτeiπnτ/βCAB(τ ). (3.54)

Furthermore, Eq. (3.54) can be simplified by making use of the last property of Eq. (3.52):

CAB(n) =
1

2

∫ β

0
dτeiπnτ/βCAB(τ ) +

e−iπnτ/β

2

∫ β

0
dτeiπnτ/βCAB(τ − β)

=
1

2


1± e−iπn

 ∫ β

0
dτeiπnτ/βCAB(τ ).

(3.55)

Given that n ∈ Z, the factor 1/2

1± e−iπn


can take only the values 0 and 1. For n even,

the factor is 1 in the case of bosons (“+” sign), and 0 for fermions (“−” sign). The opposite
happens when n is odd. This fact justifies the following notation for the CAB(n) coefficients

CAB(iωn) =

∫ β

0
dτeiωnτCAB(τ ) (3.56)

which defines the Matsubara frequencies ωn = 2nπ
β for bosons, and ωn = 2(n+1)π

β for fermions.

Matsubara function for free fermions

In order to illustrate the usefulness of the Matsubara method we compute the single particle
Green’s function for free fermions Gk(τ − τ ′) = CAB(τ, τ

′), considering A(τ) = ck(τ ), B(τ) =

c†k(τ ) and the diagonal Hamiltonian of Eq. (3.32). By definition we have

Gk(τ − τ ′) = −
〈
Tτ

[
ck(τ )c

†
k(τ

′)
]〉

=

θ(τ ′ − τ)nF (εk)− θ(τ − τ ′)(1− nF (εk))


e−εk(τ−τ ′).

(3.57)

Using Eq. (3.56) with ωn = 2(n+1)π
β we compute the Fourier transform of Gk(τ−τ ′) with respect

to τ ≡ (τ − τ ′). The result is:

Gk(iωn) =
1

iωn − εk
. (3.58)
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We see that Eq. (3.35) can be obtained through Eq. (3.58) using the replacement iωn → ω+ iη.
The power of the Matsubara method relies on the fact that this property is general (see e.g.
[192], Ch. 11). Using the Lehmann representation it can be shown that the retarded/advanced
Green’s functions and the Matsubara function are all derived from a common, analytical function
CAB(z). As a consequence, the following analytic continuation apply:

GR/A(ω) = G(iωn → ω ± iη). (3.59)

In practical terms, we will use this formalism to evaluate the susceptibilities that define the
adiabatic linear-response coefficients Λt introduced in Section 3.1. Recalling the definition of the

adiabatic susceptibilities of Eq. (3.10), χÂ,B̂
t (τ ) = −(i/ℏ)θ(τ )

〈[
Â(τ), B̂(0)

]〉
t
we see that these

are Green’s functions of the form of Eq. (3.18) (before analytic continuation) with A,B two-
body operators such as n̂σ. For bilinear (free) Hamiltonians, these can be expressed as products
of single-particle Green’s functions of the form of Eq. (3.58) by using Wick’s theorem [192].

3.3.4 Interacting systems - SIAM model

The Single Impurity Anderson Model of Eq. (2.2) with local Coulomb interaction U coupled to
a single conduction band is:

HSIAM =

∑

σ

εdσd
†
σdσ + Un↑n↓


+
∑

kσ

Vk


d†σckσ + c†kσdσ


+
∑

kσ

εkc
†
kσckσ (3.60)

Here the dσ operator correspond to the impurity site and σ = {↑, ↓} the spin degree of freedom

of the electrons. The index k labels the particles of the band, being Hα → HB =


kσ εkc
†
kσckσ

and Hc,α → HC =


kσ Vk


d†σckσ + c.c.


.

3.3.5 Mean eld approach

A first approximation that one can do to deal with Eq. (3.60) is to replace the local interacting
term by an effective (Hartree-Fock) term:

Un↑n↓ ≈ U(n↑ 〈n↓〉+ n↓ 〈n↑〉 − 〈n↑〉 〈n↓〉). (3.61)

This approximation will destroy the many body effects (such as the Kondo resonance) but may
be still good enough to describe thermodynamic quantities and static susceptibilities for a wide
range of parameters, given that U is sufficiently small, as we will see in Chapter 4. The resulting
Hamiltonian for the quantum dot is

HS =
∑

σ

(εdσ − U 〈nσ̄〉)nσ (3.62)

where σ̄ means the opposite spin to σ. We have neglected the term U 〈n↑〉 〈n↓〉 since it is a
constant. With the definition ε̃dσ = εdσ−U 〈nσ̄〉 it is clear that we have two individual resonant
levels as in Eq. (3.37). The effect of the interaction in the mean field approximation for the σ
state is to introduce a rigid shift in the energy, proportional to the occupation of the σ̄ state.
Plugging the result for the spectral function of the resonant level Eq. (3.49) into Eq. (3.27) we
get:

〈nσ〉 =
∫

dω

2π

Γ

(ω − εdσ − U 〈nσ̄〉)2 + (Γ/2)2
nF (ω). (3.63)

We finally get the mean occupation number 〈nσ〉 by a self-consistent computation using Eq. (3.63)
iteratively.
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3.3.6 Numerical Renormalization Group

The next sections are devoted to the description of the Numerical Renormalization Group
(NRG) technique that is used in Chapter 4. For this we will mainly follow the presentation of
Ref. [201].

The NRG method

The NRG was introduced by Wilson [202] and it is based in the scaling and renormalization
group (RG) ideas. Since it is an exact diagonalization technique, it can be used in a broad
class of quantum “impurity” systems, including those containing local strong interactions like
the Kondo model or the interacting Anderson model. The main restrictions are imposed on

• the conduction bands, which are assumed to be composed of non-interacting particles

• the impurity size. Due to the computational complexity, it must contain few degrees of
freedom.

The main idea is to discretize the continuous conduction band hybridization function

∆(ω) = π
∑

k

V 2
k δ(ω − εk) (3.64)

using a logarithmic sampling in ω. The influence of the bath on the impurity is completely
determined by ∆(ω), then one can make modifications to HSIAM given that ∆(ω) is preserved.
The great advantage of the logarithmic approach is that, within the finite computational re-
sources limits, the lower energy scales are well resolved, while the higher energies (that cannot in
general be disregarded) are retained. A picture of this procedure is presented in Fig. 3.3.6. The
new discrete version of the problem is then mapped into a semi-infinite chain (Wilson chain)
which is diagonalized iteratively. Here we describe the key aspects of the NRG procedure as
presented by Bulla et al. [201], including the original results obtained by Krishna-Murthy et
al. [203] for the Single Impurity Anderson Model with a constant hybridization function.
Without loss of generality, it is assumed that the bath’s density of states lies on the interval

[−D,D]. We start with a continuos representation of the conduction band and the interaction
terms of Eq. (3.60):

HB =
∑

σ

∫ D

−D
dεgσ(ε)a

†
εσaεσ (3.65)

HC =
∑

σ

∫ D

−D
dεhσ(ε)


d†σaεσ + a†εσdσ


(3.66)

where the the band operators a
(†)
εσ are taken to fulfill the fermionic commutation relations{

a†εσ, aε′σ′
}

= δ(ε − ε′)δσσ′ and we introduce the dispersion and the hybridization functions:

gσ(ε) and hσ(ε) respectively. These functions can in principle be freely chosen, but must relate
to ∆(ω) through [201, 204]

∆(ω) = π
dε(ω)

dω
[h(ε(ω))]2 (3.67)

where ε(ω) is the inverse function of g(ε), g[ε(ω)] = ω. The bandwidth size D is used as an
energy unit of the problem, so in what follows we take D = 1. Eqs. (3.65) and (3.66) are an
useful representation for the logarithmic discretization of the conduction band. We introduce a
parameter Λ > 1 that defines a set of points in [−1, 1] according to

±xn = ±Λ−n, n = 0, 1, 2, ... (3.68)
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Figure 3.2: (a) Impurity fully coupled to the conduction band. (b) Logarithmic discretization

(see Fig. 3.3.6) For each interval defined by [xn+1, xn] a complete set of orthonormal functions
are introduced:

ψ±
np(ε) =


1√
dn
e±iωnpε for xn+1 < ±ε < xn

0 otherwise
(3.69)

where n labels the n-th interval and p the corresponding Fourier basis element. The lenght of
each interval is given by dn = xn − xn+1 = Λ−n(1 − Λ−1) and the corresponding fundamental
frequencies ωn = 2π/dn.
Using the ψ±

np functions, an expansion of the conduction band operators of Eq. (3.65) along the
logarithmic discretization is performed

aε,σ =
∑

n,p


anpσψ

+
np(ε) + bnpσψ

−
np(ε)


. (3.70)

Again, the operators a
(†)
npσ and b

(†)
npσ are required to obey the fermionic commutation relations.

At this point we will consider a constant density of states in the conduction band, meaning
∆(ω) = ∆0 in [−1, 1] and 0 otherwise. In this case, a suitable choice for the functions of
Eq. (3.67) is g(ε) = ε and [h(ε)]2 = ∆0/π. Introducing the expansion Eq. (3.70) into the
hybridization Hamiltonian term of Eq. (3.66) we get

HC =
∑

σ,n,p

d†σ

(∫ xn

xn+1

dεh(ε)ψ+
np(ε)anpσ +

∫ −xn+1

−xn

dεh(ε)ψ−
np(ε)bnpσ

)
+ h.c.

=
∑

σ,n,p

d†σ


∆0

π


dnδp,0anpσ +

∆0

π


dnδp,0bnpσ


+ h.c.

=
∑

σ

d†σ
∑

n


γ+n an0σ + γ−n bn0σ


+ h.c.

(3.71)
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with γ+n = γ−n = γn =
√
dn∆0/π. Note that due the particular form of h(ε), all the components

with p 6= 0 were filtered. Furthermore, a particle-hole symmetric hybridization function ∆(ω) =
∆(−ω) implieas that γ+n = γ−n .
A similar procedure is performed for the conduction band in Eq. (3.65). In this case all the p
modes appear and one must argue that retaining only the p = 0 states is a good approximation.
In practice, for Λ ≤ 2 it is safe to drop the extra terms. See Ref. [202, 201] for a discussion on
this point. Dropping the p 6= 0 terms the resulting expression is:

HB =
∑

nσ


ξ+n a

†
n0σan0σ + ξ−n b

†
n0σbn0σ


(3.72)

being ξ±n = ±1
2Λ

−n(1 + Λ−1). Eq. (3.72) contains the first approximation of the procedure.
The next step is to obtain the semi-infinite chain representation of the problem. To this end,
first we see from Eq. (3.71) that defining the (fermionic) operator

c0σ =


1/ξ0
∑

n

γn(an0σ + bn0σ) (3.73)

leads to the impurity connecting to a single site, with a new hybridization term


ξ0
π d

†c0σ. For
the conduction band the Lanczos algorithm is used to write Eq. (3.72) in a tridiagonal form.
Using

HB =
∑

σ,n=0

εnc
†
nσcnσ + tn(c

†
nσcn+1σ + c†n+1σcnσ) (3.74)

and the orthogonal transformation ansatz given by

anσ =
∑

m

umncmσ

bnσ =
∑

m

vmncmσ

(3.75)

one founds the recursion relations

εn =
∑

m


ξ+mu2nm + ξ−mv2nm



t2n =
∑

m


(ξ+m)2u2nm + (ξ−m)2v2nm


− tn−1 − ε2n

un+1,m = t−1
n


(ξ+m − εn)unm + tn−1 − un−1,m



vn+1,m = t−1
n


(ξ−m − εn)vnm + tn−1 − vn−1,m



(3.76)

which in general must be solved numerically. For the case we are analyzing here with∆σ(ε) = ∆0

in the Anderson model, Krishna-murthy et al. found the closed expression

tn =
(1 + Λ−1)Λ−n/2

2

1− Λ−n−1


(1− Λ−2n−1)(1− Λ−2n−3)

εn = 0.

(3.77)

Once the εn and tn coefficients are known, we finally arrive to the effective Hamiltonian in the
Wilson Chain form, as depicted in Fig. 3.3.6:

HWC = HS +


ξ0
π

∑

σ


d†σc0σ + dσc

†
0σ


+
∑

n

tn(c
†
nσcn+1σ + c†n+1σcnσ) (3.78)
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Figure 3.3: The complete mapping to the semi-infinite chain.

Numerical diagonalization

With the definition

HN = Λ(N−1)/2


HS +


ξ0
π

∑

σ


d†σc0σ + dσc

†
0σ


+

N−1∑

σ,n=0

tn(c
†
nσcn+1σ + c†n+1σcnσ)


 (3.79)

the chain of Eq. (3.3.6) is obtained in the limit

HWC = lim
N→∞

Λ−(N−1)/2HN . (3.80)

The relation between two successive HN defines the iteration of the NRG

HN+1 =
√
ΛHN + ΛN/2tN

∑

σ

(c†NσcN+1σ + c†N+1σcNσ) (3.81)

with the base case H0 composed of the dot site, plus the interaction with the c0σ site.
The energy scale of the HN Hamiltonian is in the order of Λ−(N−1)/2, meaning it captures the
physics at temperatures around kBT ≈ Λ−(N−1)/2D. The reason to include the Λ(N−1)/2 factor
in the definition of HN is to rescale the numbers to O(1) values. This ensures the numerical
stability of the iteration.
At this point Eq. (3.81) can be interpreted as a renormalizarion group transformation of the
form HN+1 = R[HN ]. Since in the NRG procedure we lack a specific set of parameters to relate
the transformation trough R, the RG flow is directly characterized by the energies Ei,N of the
HN Hamiltonian. Plotting Ei,N against N reveals the different regimes of the Anderson model,
and the convergence of the method. In Fig. 3.3.6 we reproduce Fig. 4 of Ref. [201].

Figure 3.4: Convergence of the method - NRG flow

In practice, the algorithm in the N -th iteration consist on the following steps:
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• Find a basis |m〉N where HN is diagonal, HN → Hd
N

• Sort the basis with respect to the eigenenergies of HN in ascending order and truncate
the elements to a limiting size Ns

• Find the matrix representation of the cNσ and c†Nσ operators in the |m〉N basis

• Add site: construct HN+1 using Hd
N and the cNσ matrices

Note that adding a site to the Hamiltonian implies to expand the basis by a factor of 4 (to
account for the {|0〉N+1 , |↑〉N+1 , |↓〉N+1 , |↑↓〉}N+1 states of the new site) meaning that after a
few steps we reach the truncation size Ns (usually taken in the order of 1000 for the SIAM). An
important detail in the NRG scheme is that truncation is an ad hoc step motivated by technical
limitations and could introduce undesirable effects. For each particular application one must
check the accuracy of the method and adjust the relevant parameters Λ and Ns.
We end this Section referring to the supplemental material, where an actual (minimal) working
implementation of the NRG iteration applied to the SIAM model can be found.

Computation of physical quantities

At each iteration step N we end with a basis set |m〉N associated to an energy scale in the
order of kBTN ≈ 1

2(1 +Λ−1)Λ−(N−1)/2D, as well as the energy spectrum. By keeping track the
representation of an O operator in the |m〉N basis, we can compute the expectation value 〈O〉
at any NRG iteration using

〈O〉N =
1

Z

∑

m

e−βEm
N 〈m| O |m〉N . (3.82)

where β = 1/(kBTN ).
In contrast to the thermal expectation values of operators Eq. (3.82) that are T -dependent,

dynamic quantities such as the spectral function Eq. (3.25) or the susceptibilities of Eq. (3.10)
have an additional dependence on energy. For this reason they are more difficult to compute
and are, in general, obtained with less precision.

In what follows we sketch the computation of the spectral function and the adiabatic charge
susceptibility χσσ′

(T, t) = −iθ(t) 〈[nσ(t), nσ′(0)]〉 of the quantum dot for the Anderson model,
which are two important functions that we use intensively in Chapter 4. We omit the N
subscript, understanding that the following expressions are computed at a fixed NRG iteration
step at temperature TN . The spectral function in the time domain is

A(T, t) = −2Im

GR(T, t)


. (3.83)

where GR(T, t) = −iθ(t)


d(t), d†(0)


. We can write GR(T, t) in the Lehmann decomposition
as

GR(T, t) = −iθ(t)
∑

m,n

e−βEn + e−βEm

Z(β)
〈n| d(t) |m〉 〈m| d†(0) |n〉 (3.84)

Here Z(β) =


n e
−βEn is the partition function and |n〉 (|m〉) are the eigenstates corresponding

to energies En(m) of HN . Using d(t) = eiHtd(0)e−iHt and plugging the previous decomposition
into Eq. (3.83), we find, after a Fourier transform:

A(T,w) =
∑

m,n

e−βEn + e−βEm

Z(β)

∣∣∣〈m| d†(0) |n〉
∣∣∣
2
δ (ω − (Em − En)) (3.85)

which again involves the representation of the d† operator in the |n〉 basis. An extra step in the
numerical computation is to provide a broadening of the δ functions to recover a continuous
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spectrum. This is usually performed using log-Gaussian functions of the same total weight, but
alternative approaches had been considered in the literature [205, 206].

We now focus on the susceptibilities χσσ′
(T, t), which are the key ingredient for the calcu-

lation of the adiabatic response functions as introduced in Eq. (3.8). In the Lehmann represen-
tation we find

χσσ′
(T, t) = iθ(t)

∑

n,m

eβEn − eβEm

Z(β)
〈n|nσ(0) |m〉 〈m|nσ′(0) |n〉 ei(En−Em)t (3.86)

After Fourier transform we get:

χσσ′
(T,ω) = i

∑

n,m

eβEn − eβEm

Z(β)
〈n|nσ(0) |m〉 〈m|nσ′(0) |n〉×

×


i

ω − (En − Em)
+ πδ(ω − (En − Em))


.

(3.87)

Now, using Eq. (3.9) we find the following expression for the adiabatic charge coefficient Λ
nσ ,nσ′
t

Λ
nσ ,nσ′
t = lim

ω→0

π

ω

∑

n,m

eβEn − eβEm

Z(β)
〈n|nσ(0) |m〉 〈m|nσ′(0) |n〉 δ(ω − (En − Em)) (3.88)

that can be computed at every iteration of the NRG procedure.

3.4 Weak-coupling treatment

3.4.1 Quantum Master Equations

When the system-bath coupling is weak, we can rely on a simple approach based on master
equations for the reduced density matrix of the central system. This is the case with the qubit
systems described in Section 2.3.

Here we follow Bhandari et al. [103] to illustrate the derivation of the QME formalism for
the case of a central quantum system slowly driven by external parameters ~X. We will, however,
specialize from the beginning to our case of interest and omit much of the discussion in favour
of a short exposition. In particular, we will consider the case where the system is coupled to
baths of bosonic excitations. The resulting equations will be valid up to first order in the small

velocities ~̇X and the coupling constants Vkα.
We start by considering the central Hamiltonian HS( ~X(t)) and an unitary matrix U( ~X(t))

that diagonalizes Hs at time t,

H̃S( ~X) = U( ~X)HS( ~X)U †( ~X) =
∑

`

ε`( ~X)|`( ~X)〉 〈`( ~X)| (3.89)

where the relation H̃S( ~X) |`( ~X)〉 = ε`( ~X) |`( ~X)〉 defines the instantaneous eigenstates |`( ~X)〉
of the Hamiltonian. From now on we omit the explicit dependence on t, remembering that it
comes through the ~X parameters. Written in the basis of these eigenstates we define the density
matrix

ρ̂`j( ~X) = |`( ~X)〉 〈j( ~X)| (3.90)

and we write the contact Hamiltonians in the same basis:

H̃c,α( ~X) =
∑

kα

∑

`j

Vkαλα,`j( ~X)
[
b̂†kα ρ̂`j + ρ̂`j b̂kα

]
(3.91)

where the λα,`j coefficients are the contact matrix of Eq. (2.5) rotated to the diagonal basis of
HS :

λα,`j =
[
U( ~X)σαU

†( ~X)
]
`j

(3.92)
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Derivation of the master equation

Let ρ̂0 be the state of the global system at time t0. We call ρ̂tot(t) the state evolved in time
through the full Hamiltonian H:

ρ̂tot(t) = U(t, t0)ρ̂0U†(t, t0) (3.93)

with U(t, t0) = T̂
{
exp

[
− i

ℏ
 t
t0
dt′H(t′)

]}
being the time evolution operator. Any observable O

acting on the subspace of the central system S can be decomposed as

O(t) =
∑

`j

O`j(t)ρ̂`j(t) (3.94)

where O`j = 〈`| O(t) |j〉 are the elements of O(t) in the |`( ~X)〉 basis. The expectation value of
this operator at time t is computed as

〈O(t)〉 = Tr

ρ̂tot(t)O(t)


= Tr


ρ̂tot(t)

∑

`j

O`j(t)ρ̂`j(t)


 =

∑

`j

O`j(t)ρ`j(t) (3.95)

with ρ̂tot(t) the state of the full system and the density matrix ρ`j is defined according to

ρ`j(t) = Tr

ρ̂tot(t)ρ̂`j(t)


. Note that O`j(t) is easy to compute since the basis |`( ~X)〉 is assumed

to be known. For calculating ρ`j(t) we need the master equation.
Using Eq. (3.93) for the evolved state, the density matrix elements are computed using

ρ`j(t) = Tr

ρ̂tot(t)ρ̂`j(t)


= Tr

[
ρ̂0U†(t, t0)ρ̂`jU(t, t0)

]
= Tr


ρ̂0ρ̂

H
`j(t)


(3.96)

where the H superscript indicates that the operator is written in the Heisenberg representation.
It is useful to define the following mixed Green’s functions,

G<
`j,kα

(t, t′) = −i
〈
b̂†Hkα (t

′)ρ̂H`j(t)
〉

G<
kα,`j

(t, t′) = −i
〈
ρ̂Hj`(t

′)b̂Hkα(t)
〉 (3.97)

Applying Tr [ρ0 ·] on both sides of the Heisenberg equation and using (3.97) we arrive to a first
equation for ρ`j

dρ`j
dt

=
i

ℏ
[ε`(t)− εj(t)]ρ`j(t) +

1

ℏ
∑

kα,α

Vkα×
∑

m

λα,m`(t)

G<

mj,kα
(t, t) +G<

kα,jm
(t, t)


−
∑

n

λα,jn(t)

G<

`n,kα
(t, t) +G<

kα,n`
(t, t)



(3.98)
A final expression for the master equation requires the evaluation of the Green’s functions of
Eq. (3.97) up to linear order in the coupling constants Vkα (meaning second order in Eq. (3.98))

and up to linear order in the velocities of the driving parameters ~̇X. This can be achieved
by using a Dyson equation and perturbation theory at the lowest order in Vkα in combination
with Langreth theorem in a non-equilibrium approach, plus an expansion using the adiabatic
approximation. Here we simply state the result of [103] for the corresponding matrix elements,
ρ`j(t):

dρ`j(t)

dt
=

i`j(t)

h
ρ`j +

∑

m,n,α

[
M jn

m`,αρmn +M `n
jm,αρnm −Mmn

jm,αρ`n −Mmn
m`,αρnj

]
(3.99)
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where we have introduced a shorthand notation for ε`(t) − εj(t) = ij(t) for the instantaneous

energy differences. The transition rates M ju
m`,α(t) for the problems coupled to bosonic baths are

given by

M ju
ml,α(t) =

λα,ml(t)λα,ju(t)

h
[nα(ju)Γα(ju) + (1 + nα(uj))Γ(uj)] , (3.100)

being nα(ε) = 1/

eε/(kBTα) − 1


the Bose-Einstein distribution function corresponding to the

temperature of the α-reservoir and Γα(ε) the α-bath spectral function. In our problems we
consider Ohmic baths of the form Γα(ε > 0) = γαεe

−ε/εC with a cutoff frequency εC , and
Γα(ε ≤ 0) = 0. The value of γα depends on the coupling strength as |Vkα |2. This quantity
defines the relaxation time τrel between the central system and the reservoirs, τrel ∝ γ−1

α ε.
By defining the vector p(t) = (ρ11, .., ρ1n, ρ21, ..., ρ2n, ..., ρn1, ..., ρnn)

T Eq. (3.99) can be
written in a compact form:

dp(t)

dt
= M(t)p(t). (3.101)

We can make explicit the different contributions to p(t) in the adiabatic approximation by
splitting it into a frozen plus an adiabatic contribution,

p(t) = pf (t) + pa(t), (3.102)

where the first term corresponds to the description with the Hamiltonian frozen at a given
time, for which the parameters take values ~X, while the second one corresponds to the correction
∝ dt ~X. The frozen contribution pf is calculated as a function of the time-dependent parameters
~X only (frozen time), and satisfies the stationary (static) limit dpf (t)

dt = 0. Hence, it can be
calculated from

0 = M( ~X) · pf ( ~X), (3.103)

with the normalization condition


j=1 ρ
f
jj = 1. On the other hand, the adiabatic component

satisfies

∂pf

∂t
=
∑

`

∂pf ( ~X)

∂X`
Ẋ`(t) = M( ~X) · pa(t), (3.104)

with the normalization condition


j=1 ρ
a
jj = 0. An important detail for the calculation of the

partial derivatives appearing in the left side of Eq. (3.104) is to take into account the effects
of the basis dependence in ~X. A practical way to perform the derivative is by expressing ρf in
the laboratory (fixed) basis first, and then rotate back to the instantaneous diagonal basis.

We can modify M to include the normalization condition for pa in a single equation [207,
55]. Naming M̃ the resulting matrix, we can finally invert Eq. (3.104) to obtain the closed
expression

pa(t) =
∑

n

M̃−1( ~X) · ∂p
f

∂Xn
Ẋn(t). (3.105)
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Chapter 4

Quantum dot under adiabatic
magnetoelectric driving

This chapter is based on the paper Phys. Rev. B 99, 115424: Work exchange, geometric
magnetization, and uctuation-dissipation relations in a quantum dot under adiabatic magne-
toelectric driving.
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4.1 Introduction

In the present chapter we study the adiabatic dynamics of the charge, spin and energy of a
quantum dot (QD) with a Coulomb interaction under two-parameter driving, associated to time-
dependent gate voltage and magnetic field. The quantum dot is coupled to a single reservoir
at temperature T = 0. This problem corresponds to the RC quantum circuit described in
Section 2.4, where the capacitive element is precisely the dot.

When the ac driving potential is applied to the QD, a net amount of energy is dissipated in
the form of heat. Several recent works indicate that for adiabatic driving and the reservoir is
at temperature T = 0, such heat generation follows an instantaneous Joule law (IJL) with the
universal resistance R0 = h/2e2 per conducting channel. This result holds for a non-interacting
QD [143, 144, 145] as well as for a quantum dot with Coulomb interactions [149] and extends
to more complex configurations containing normal and superconducting leads [208]. In the case
of QD with many-body interactions and single-parameter driving, the proof of the universal
IJL relies on an identity known as the Korringa-Shiba relation [209], derived for Fermi liquids.
After Ref. [143], several studies also focused on the distribution of the heat production along
the different pieces of the device and the role of the energy reactance [210, 211, 144, 145, 212,
213, 214].

Figure 4.1: Sketch of the setup. A quantum dot connected to a single electronic reservoir at
T = 0 is driven by means of a gate voltage Vg(t) and a magnetic field B(t). We model the
device by an Anderson Hamiltonian with a single level and Coulomb interaction U .

So far, all studies of the RC quantum circuit focused on driving protocols with a single time-
dependent parameter, corresponding to an ac gate voltage at the quantum dot. Adiabatically
driven systems with several time-dependent parameters enable more interesting effects. The
most well known example is the quantum pumping of charge between two electron reservoirs
in electron systems locally modulated by two time-dependent parameters. As we described in
Section 2.5, the net transfer of charge in this case can be characterized by a geometric quantity
akin to the Berry phase [54, 52]. Other geometrical aspects of adiabatically driven systems,
like geometric magnetism [69] adiabatic perturbation theory in closed systems [215], the ther-
modynamic metric in qubit systems [81] and rectification [216] have been recently analyzed.
Topological properties of the energy conversion have been so far considered only beyond the
adiabatic regime [217]. In the present chapter we study the RC circuit under two-parameter
driving. In addition to the usual ac driving at the gate voltage, we include the effect of an ac
magnetic field. A sketch of the setup is presented in Fig. 4.1. We solve this problem with the
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adiabatic approach introduced in Section 3.1 (see Ref. [80]), which treats the non-equilibrium
dynamics by expanding the evolution operator in powers of the velocities of the time-dependent
parameters. The coefficients of such expansion depend on frozen equilibrium susceptibilities.
In our case, the latter can be numerically exactly evaluated by recourse to numerical renor-
malization group (NRG) introduced in Section 3.3.6 [218, 219] as in Ref. [149]. Alike to the
case of single-parameter driving, the only dissipative element is the contact resistance. Hence,
dissipation of energy follows an IJL with the universal resistance R0 per spin channel. We show
that this fact, when analyzed from the perspective of a fluctuation-dissipation relation, implies
a series of relations between the static and dynamical charge and spin susceptibilities, which
constitute generalizations of the so called Korringa-Shiba law. We show that these relations
are valid for both the interacting and non-interacting cases. The interesting feature that the
two-parameter driving brings about is the non-equilibrium accumulation of a polarized charge
in the QD. The latter can be characterized by a geometric quantity, akin to the pumped charge
in quantum pumps in the sense of Section 2.5 [54, 52]. We show that many-body interactions
are crucial for this effect to be realized in the present system. In fact the non-interacting limit
effectively decouples into two single-parameter driven problems (one for each spin orientation).

The chapter is organized as follows. We introduce the model in Section 4.2. The theoretical
approach is presented in Section 4.3 and the results are presented in Section 4.4.

4.2 Model

We consider the Anderson impurity model as described in Section 2.2.1. The driving is encoded
in the parameters Xσ(t) = ε0σ + eVg(t) + sσµBB(t), being sσ = ±1 for σ = {↑, ↓}. We work in
the symmetric condition where ε0σ = −1/2U . The Hamiltonian for the QD in this case reads

HS =
∑

σ

Vσ(t)n̂σ + U(n̂↑ − 1/2)(n̂↓ − 1/2), (4.1)

with Vσ(t) = eVg(t) + sσµBB(t). The latter includes the effect of the time-dependent gate
voltage Vg(t), which shifts the energy levels of the quantum dot as a function of time, and
a time-dependent magnetic B(t), which introduces a time-dependent Zeeman splitting for the
two spin orientations within the quantum dot. The constants e and µB are, respectively, the
electron charge and the Bohr magneton. The Coulomb repulsion is denoted by U and n̂σ the
dot number operator for electrons with spin σ. For this work we consider the QD coupled to a
single fermionic bath, obtaining a complete Hamiltonian in the form of Eq. (2.1):

H = HS(t) +
∑

k

kc
†
kσckσ + V

∑

k


d†σckσ + c†kσdσ


(4.2)

4.3 Adiabatic response

As we mentioned in Section 3.1, the adiabatic regime refers to changes in the time-dependent
parameters within a time scale which is much larger than the typical life-time of the electrons
in the quantum dot. In the non-interacting case, the latter is determined by the coupling V and
the density of states of the reservoir. In systems with many-body interactions, this quantity
can be renormalized in a non-trivial way. Here we characterize the adiabatic dynamics as the
linear-response regime in the “velocities” V̇σ(t), following the steps of Section 3.1.
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4.3.1 Dynamics of charge, spin and work

Applying the adiabatic linear response theory to the instantaneous occupation nσ(t) = 〈n̂σ〉 (t)
operators with the dot Hamiltonian HS of Eq. (4.1) we define the coefficients [80, 149]

Λσσ′
(t) = −(i/ℏ)

∫ ∞

−∞
dt′Θ(t− t′)


n̂σ(t), n̂σ′(t′)



= −(i/ℏ)
∫ ∞

−∞
dτΘ(τ) 〈[n̂σ(τ ), n̂σ′(0)]〉 (4.3)

And so we have that the mean occupancy of the dot with electrons with spin σ at time t, noted
as nσ(t) = 〈n̂σ〉 (t), is

nσ(t) = nfσ(t) +
∑

σ′
Λσσ′

(t)V̇σ′(t) (4.4)

where nfσ(t) = 〈n̂σ〉t is the frozen occupancy of the dot, i.e. the occupancy evaluated with the
equilibrium density matrix, corresponding to the Hamiltonian Hf,t = H(t) frozen at the time t.

The adiabatic Onsager coefficients Λσσ′
(t) in this problem can be computed from Eq. (3.9)

Λσσ′
(t) = − lim

ω→0

Im
{
χσσ′
t (ω)

}

ω
. (4.5)

Here χσσ′
t (ω) is the Fourier transform of the susceptibility defined in Eq. (3.10), χσσ′

t (t− t′) =
−(i/ℏ)Θ(t− t′) 〈[nσ(t), nσ′(t′)]〉t, evaluated with the equilibrium frozen density matrix.

The local charge and magnetic moment at the QD are given by

en(t) = e
∑

σ

nσ(t),

m(t) = n↑(t)− n↓(t). (4.6)

Consequently, we can define the susceptibilities χc
t(t− t′) = −(i/ℏ)θ(t− t′)〈[n(t), n(t′)]〉, χm

t (t−
t′) = −(i/ℏ)θ(t− t′)〈[m(t),m(t′)]〉, and χcm

t (t− t′) = χmc
t (t− t′) = −(i/ℏ)θ(t− t′)〈[n(t),m(t′)]〉.

From these susceptibilities, we can define the transport coefficients in a similar way as in
Eq. (4.5). These coefficients can be collected into a dynamical Onsager matrix

~ΛC(t) =


Λc(t) Λcm(t)
Λmc(t) Λm(t)


. (4.7)

The latter coefficients are related to the previously defined ones through

Λc(t) = Λ↑↑(t) + Λ↓↑(t) + Λ↑↓(t) + Λ↓↓(t),

Λcm(t) = Λmc(t) = Λ↑↑(t)− Λ↓↓(t),

Λm(t) = Λ↑↑(t)− Λ↓↑(t)− Λ↑↓(t) + Λ↓↓(t). (4.8)

The current between the QD and the reservoir can be calculated from

Iσ(t) = eṅσ(t), (4.9)

and reads

Iσ(t) = e
dnfσ(t)

dt
+ e

d
[

σ′ Λσσ′
(t)V̇σ′(t)

]

dt
. (4.10)

The ac power associated to the driving is P (t) = 〈∂H/∂t〉. For the Hamiltonian (4.2) it can
be expressed as P (t) =


σ Pσ(t), with

Pσ(t) = nσ(t)V̇σ(t). (4.11)
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The instantaneous occupancies nσ(t) play the role of conjugated forces to the driving potentials
Vσ(t). In fact, notice that the latter satisfy nσ(t) = 〈∂H/∂Vσ〉. From Eq. (4.11) we see that, in
the present problem, the power is determined by the dynamics of the charge with σ polarization.
In the adiabatic framework, Eq. (4.4) leads to

Pσ(t) = nfσ(t)V̇σ(t) +
∑

σ′
Λσσ′

(t)V̇σ′(t)V̇σ(t). (4.12)

4.3.2 Onsager and symmetry relations

Since the susceptibilities entering the adiabatic dynamics are evaluated with the frozen Hamil-
tonian Hf,t corresponding to the equilibrium condition at time t, they obey micro-reversibility,
[220] which leads to the Onsager relation 3.13

Λσσ′
(V,B) = Λσ′σ(V,−B). (4.13)

The Hamiltonian defined by Eq. (4.1) is invariant under the transformation {↓, ↑} → {↑, ↓}.
This leads to the additional relation satisfied by the Onsager coefficients

Λσσ′
(V,B) = Λσ̄σ̄′

(V,B), (4.14)

where ↓̄ =↑ and viceversa. Also notice that the term 〈[n̂σ(t), n̂σ̄(t
′)]〉 is zero in the non-

interacting limit, hence the cross susceptibilities vanish for σ 6= σ′ in that case.

Combining the last property with the relation Eq. (4.13), we find that the crossed coefficient
satisfies

Λσσ̄(V,B) = Λσ̄σ(V,B). (4.15)

Notice that this relation implies that the matrix Λ(t) is purely symmetric, i.e. Λ(t) ≡ ΛS(t).

4.3.3 Geometric contribution to the occupancies

Let us focus on a cyclic driving protocol, where both driving fields depend on time with the same
period τ = Ω/2π, Vg(t+ τ) = Vg(t), B(t+ τ) = B(t), hence Vσ(t+ τ) = Vσ(t). Within the adia-
batic linear-response description, we see from the second term of Eq. (4.4) that the occupancy of
the quantum dot has a non-equilibrium contribution, nσ,non−eq =


σ′ Λσσ′

(t)V̇σ′(t). We define
the vectors V(t) = (V↑(t), V↓(t)) and n(t) = (n↑(t), n↓(t)) and we introduce the definition of the
matrix Λ(t), with matrix elements Λσσ′

(t). Using these definitions we can write

nnon−eq(t) = Λ(V) · V̇(t). (4.16)

In this expression we have introduced a notation that highlights the fact that the time-dependence
of Λ(t) ≡ Λ(V) is because of the time-dependent parameters Vσ(t).

Although the previous result is presented here in the case of N = 2 external parameters, it
is clear that Eq. (4.16) can be written for larger N . For a system with several parameters, this
non-equilibrium term has a geometric character when averaged over one period,

nnon−eq =
1

τ

∫ τ

0
dtΛ(V) · V̇(t) =

∮

C
Λ(V) · dV. (4.17)

The geometric nature of this component becomes explicit in the last equality, where we see that
this quantity depends only on the protocol defined in the parameter space V. In the present
problem, this implies a finite non-equilibrium accumulation of charge and a finite magnetization
induced at the quantum dot, akin to the pumped charge in quantum pumps [54, 52] driven by
two or more parameters as seen in Section 2.5.
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4.3.4 Power, dissipation and work exchange

We now turn to analyze the expected mechanisms in the dynamics of the energy. As in the case
of the charge, the power developed by the driving sources contains an equilibrium and a non-
equilibrium component. The latter is associated to dissipation of energy and heat production.

We can easily see that the first term ∝ V̇σ(t) in Eq. (4.12) is a conservative contribution, in
the sense that it has a zero mean when averaged over one period. Explicitly,

Pcons(t) =
∑

σ

Pσ,cons(t) =
∑

σ

nfσ(t)V̇σ(t) = nf (t) · V̇(t) (4.18)

To see this, we note that we can relate nf (t) to the mean value of the frozen Hamiltonian
Hf (V) = 〈Hf,t〉 through nf (t) ≡ nf (V) = ∂VHf (V). As in (4.16) we have made explicit the
time dependence of nf (t) through the Vσ parameters. Then, we can express the average over
one period of the conservative component of the power as follows,

Pcons =
1

τ

∫ τ

0
dt nf (t) · V̇(t) =

∮

C
∂VHf (V) · dV = 0, (4.19)

where

C denotes the integral over a closed contour in the parameter space V. Therefore nf (t)

is the conservative term of the force.

The second term of Eq. (4.12) contributes to the non-conservative component of the power.
Using our previous vector notation we define

Pnon−cons(t) = V̇T (t) · Λ(t) · V̇(t), (4.20)

where the superscript T stands for transposing the vector. In general we can decompose the
matrix Λ(t) = ΛS(t) + ΛA(t) into symmetric ΛS(t) and antisymmetric ΛA(t) parts, and from
Eq. (4.20) we see that only the symmetric component develops power (we already know that
Λ(t) = ΛS(t) in this problem). Later we will discuss this decomposition with more detail in
Section 5.3.

In the adiabatic regime, we expect that the evolution satisfies the second principle of thermo-
dynamics instantaneously, the matrix ΛS(t) should be positive definite, implying that its eigen-
values are λm(t) ≥ 0. The instantaneously dissipated heat equals the total non-conservative
power and reads

Pnon−cons(t) =
∑

m

λm(t) ˜̇V(t)2, (4.21)

where we have defined ˜̇V(t) = UV̇(t), being U the unitary transformation that diagonalizes
ΛS(t). In a system with several driving parameters, it is possible to have exchange of work
between the different induced forces, in addition to dissipation of energy. In fact, the non-
conservative power developed by each force can be expressed as

Pnon−cons,σ(t) =
∑

σ′
Λσ,σ′

V̇σ(t)V̇σ′(t),

= Pdiss,σ(t) + sσPexch(t), (4.22)

with sσ = ±. Hence, while it is satisfied

∑

σ

Pnon−cons,σ(t) =
∑

σ

Pdiss,σ(t), (4.23)

there is a finite amount of power Pexch(t), which can be exchanged between the two forces,
associated to the charges with different spin orientations. Interestingly, this exchange may take
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place instantaneously, and also have a net finite average over a period,

P exch =
1

τ

∫ τ

0
Pexch(t). (4.24)

4.3.5 Fluctuation-dissipation relations at T = 0

Fluctuation-dissipation relations are usually explained by the energy balance [221]. In the
present problem, the only dissipation mechanism is due to the electron flow in the lead. Notice
that in a system with electron-electron interactions like the one considered here, extra dissipation
mechanisms might take place. However, the present model is known to be a Fermi liquid and
such effects like inelastic-scattering are irrelevant within the low-energy regime, dominating the
adiabatic dynamics [209, 136, 149].

From the previous description, we can show that the instantaneous dissipated power follows
a Joule law per spin channel characterized by a universal resistance R0 = h/(2e2). We define

PJoule,σ(t) = R0 [Iσ(t)]
2 = R0


e
dnσ(t)

dt

2
. (4.25)

If we keep only terms up to second order in V̇σ(t) in Eq. (4.25), we get PJoule,σ(t) =

R0

[
e
dnfσ(t)

dt

]2
. From Eq. (4.4), we see that this is directly related to the fluctuation of the

frozen occupation, δnfσ(t), under a small variation of the gates taking place in a small time
interval δt, δVσ(t) = Vσ(t+ δt)− Vσ(t). Hence,

dnfσ(t)

dt
= lim

δt→0

∑

σ

δnfσ(t)

δVσ′(t)

δVσ′(t)

δt
. (4.26)

Introducing the definition of the static frozen susceptibility,

χσσ′
t (0) =

δnfσ(t)

δVσ′(t)
, (4.27)

Eq. (4.26) can be expressed as follows

dnfσ(t)

dt
=
∑

σ

χσσ′
t (0)V̇σ′(t). (4.28)

Using Eqs. (4.22) and (4.23) and collecting the coefficients proportional to the different combi-
nations of V̇σ(t)V̇σ′(t), we find that Pdiss,σ(t) = PJoule,σ(t) within the adiabatic approximation,
if the following identities are satisfied

h

2

{
[χσσ

t (0)]2 +

χσσ
t (0)

2}
= Λσσ(t),

h
[
χ↑↑
t (0)χ↑↓

t (0) + χ↓↓
t (0)χ↓↑

t (0)
]

= Λ↑↓(t) + Λ↓↑(t). (4.29)

The first of these identities has been discussed in Refs. [143, 144, 145] for a non-interacting
quantum dot, in which case, χσσ

t (0) = Λσσ(t) = 0. In the interacting case, this identity was
originally derived by Shiba on the basis of Fermi liquid theory in Ref. [209], for a system
without magnetic field. This was later generalized in Ref. [136] for a system with magnetic
field. The second identity is identically zero in the non-interacting case and, to the best of our
knowledge, it has not been previously discussed in the literature. It is highly non-trivial and are
a consequence of the fact that in the present model the spin fluctuations do not induce extra
mechanisms of dissipation to the Joule law expressed by Eq. (4.25).
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4.3.6 Generalized Korringa-Shiba relations

These relations are basically combinations of the relations expressed by Eq. (4.29). In fact,
substituting the fluctuation-dissipation relations presented in Eq. (4.29) into the definitions of
Eq. (4.7), the following relations can be proved

Λc(t) =
h

2


χ↓↓
t (0) + χ↓↑

t (0)
2

+

χ↑↓
t (0) + χ↑↑

t (0)
2

, (4.30)

Λm(t) =
h

2


χ↓↓
t (0)− χ↓↑

t (0)
2

+

−χ↑↓

t (0) + χ↑↑
t (0)

2
, (4.31)

Λcm(t) =
h

2


χ↑↑
t (0)

2
−

χ↓↓
t (0)

2
+

χ↓↑
t (0)− χ↑↓

t (0)


×

χ↓↑
t (0) + χ↑↓

t (0)
]

. (4.32)

Notice that Eq. (4.30) is the Korringa-Shiba (KS) law presented in Refs. [209, 136]. Here, we
show that the assumption of a dissipation mechanism in the form of the universal IJL in the
driving problem with two parameters leads to the additional relations expressed in Eqs. (4.31)
and (4.32).

4.4 Results

4.4.1 Verifying the KS relations
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Figure 4.2: Generalized KS relations computed by NRG for U = 0.03 and ∆ = 0.0008. The
driving protocol is V (t) = V0 sin(Ωt), B(t) = B0 sin(Ωt + π/4) + 0.0005, with V0 = 0.006, and
B0 = 0.0003. Energies are expressed in units of the bandwidth of the reservoir. Top panel:
Eq. (4.30), middle panel: Eq. (4.31), bottom panel: Eq. (4.32). Solid lines correspond to the
direct calculation of the Onsager coefficients ΛC and symbols to the evaluations from the frozen
occupancies.

The fluctuation dissipation relations, or, equivalently, the generalized KS relations intro-
duced in the previous section have a very important outcome. Namely, the dynamics of the
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driven quantum dot in contact to the reservoir at T = 0 can be fully described by the knowledge
of the frozen QD occupancy per spin nf,σ(t). In fact, given these occupancies, the static sus-
ceptibilities can be evaluated from Eq. (4.27). Then, the fluctuation-dissipation or KS relations
lead to Λ(t) or ΛC(t). These coefficients enable the full characterization of the charge, spin and
energy dynamics. Therefore, we start by verifying the fulfilment of the KS relations.

In the non-interacting case with U = 0, all local properties of the QD are characterized by
the instantaneous spin-resolved local density of states. Applying the result of Eq. (3.49) using
Γ = 2∆ we have:

ρσ(ε, Vσ) =
2∆

(ε− Vσ(t))
2 +∆2

, (4.33)

where ∆ depends on the hybridization between the QD and the reservoir, assuming for the latter
a constant density of states. The frozen occupancy, the static susceptibility and the adiabatic
Onsager coefficients can be easily calculated. The results are [144, 145, 149]

nf,σ(t) =

∫
dε

2π
nF (ε)ρσ(ε, Vσ(t)),

χσσ′
t (0) = δσ,σ′ρσ(µ), Λσσ′

(t) = δσ,σ′ [ρσ(µ)]
2 , (4.34)

where nF (ε) = Θ(µ− ε) is the Fermi-Dirac distribution function at T = 0 and µ is the chemical
potential of the reservoir. From the previous expressions, we can readily verify that the KS
relations are explicitly satisfied.

For the interacting case, we rely on numerical results obtained by the Numerical Renor-
malization Group (NRG) described in Section 3.3.6 [218, 219]. Results are shown in Figs. 4.2,
where we see an excellent agreement between the direct calculations of the Onsager coefficients
Λc(t), Λm(t), Λcm(t), and the calculation of these coefficients from the evaluation of the static
susceptibilities χσσ′

t (0) and the identities of Eqs. (4.30), (4.31), and (4.32).

4.4.2 Instantaneous occupancy

The dynamics of the occupancy in the present system can be qualitatively understood in terms
of a mean-field picture, where the Coulomb interaction term is replaced by U [(nf,↓ − 1/2)n̂↑ +
(nf,↑ − 1/2)n̂↓]. As we saw in Section 3.3.5, this leads to a local spin-resolved density of states
obeying Eq. (4.33) upon the replacement Vσ → Ṽσ(t) = eV (t)+ sσµBB(t)+U(nf,σ̄−1/2), with
the self-consistent relation

nMF
f,σ (t) =

∫
dε

2π
f(ε)ρσ(ε, Ṽσ). (4.35)

It is important to notice that this quantity effectively depends on two parameters entering the
definition of Ṽσ: Vσ and Vσ. This is in contrast to the non-interacting case given by Eq. (4.34),
which depends only on Vσ.

A sketch of the evolution is indicated in Fig. 4.3, where the levels corresponding to the up
and down occupancies are represented in red and blue, respectively. For fixed B, assuming a
configuration where the dot is initially singly occupied as in the left panel of the figure, there
is an energy gap between the occupied state with a given spin orientation (down spin in this
configuration) and the state with the opposite spin orientation. Such energy gap depends, not
only on the magnitude of the Zeeman splitting (equal to 2µBB), but also on the Coulomb energy
(equal to Unf,σ̄, in the mean-field description). The effect of changing the gate voltage is to
move these two levels upwards or downwards rigidly in energy, until a change in the occupation
takes place. The sketch shown in the right panel of Fig. 4.3 corresponds to a protocol where
Vg(t) decreases, lowering the energy of the levels and enabling the doubly occupancy. Changing
in time the magnetic field implies a change in time of the Zeeman splitting.
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Figure 4.3: Sketch of the evolution of the occupancy of the QD. The energy of the singly and
doubly occupied states have an energy gap δ which depends on the Coulomb interaction and
on the magnetic field.

Results for the occupancy with down spin orientation, nf,↓ as function of the frozen pa-
rameters Vg(t) and B(t) are shown in Fig. 4.4, where the results obtained within the mean
field description are compared with the ones calculated numerically with the NRG method of
Refs. [218, 219], considering a reservoir with a constant density of states and a bandwidth D No-
tice that the occupancy with the opposite spin orientation is given by nf,↑(Vg, B) = nf,↓(Vg,−B).
We see that the mean-field approximation is in very good qualitative agreement with the exact
numerical calculation, which means that the exact results may be interpreted in terms of simple
pictures of two moving levels as the ones sketched in Fig. 4.3.

The up and down frozen occupancies along the green curve in the previous figure are pre-
sented in Fig. 4.5. Here, we also notice the good agreement between the NRG and mean-field
description. This is because for the parameters chosen, the amplitude of the Zeeman splitting
2µB is larger than the Kondo energy kBTK =


V 2πU/2D2 exp


−π2V 2U/8D


[219, 218]. Un-

der these conditions, the Kondo effect is not robust, and the physics is dominated by Coulomb
blockade in combination with the magnetic field, as described by the sketch of Fig. 4.3. This
regime can be properly described by a simple mean-field approximation.

We can appreciate an interesting mechanism, which takes place just at the moment where the
occupancy change takes place (see arrows in the figure). This consists in a counter fluctuation
in one of the occupancies when the other one changes from a filled to an empty configuration.
This effect is a consequence of the shift in energy Unf,σ̄(t) experienced by the electrons with
spin σ, as nf,σ̄(t) changes, which induces a concomitant change in nf,σ(t). A similar effect was
found for driving only in Vg(t) and constant magnetic field (see Ref [149]).

4.4.3 Instantaneous Joule law and work exchange

The fact that the KS relations are satisfied implies that the rate at which the total energy is
dissipated follows an IJL with the universal resistance R0. This is, precisely, expressed in Eq.
(4.25). This does not necessarily mean that the total power developed in each spin channel
follows the Joule law (4.25). However, it can be directly verified from Eq. (4.33) and (4.34)
that each spin component of the non-conservative power is purely dissipative, and follows the
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Figure 4.4: Occupancy map of nf,↓ in the mean field approximation for U = 0.01 and
∆ = 0.0008. The green elipse indicates the driving protocol V (t) = V0 sin(Ωt), B(t) =
B0 sin(Ωt + π/4) + 0.0005, with V0 = 0.02, and B0 = 0.001. Left and right panels corre-
spond to results computed with mean-field and NRG, respectively. Energies are expressed in
units of the bandwidth D of the reservoir.

instantaneous Joule law per spin channel in the non-interacting limit (U = 0):

Pnon−cons,σ(t) = Pdiss,σ(t) = PJoule,σ(t), U = 0. (4.36)

For the interacting system (U 6= 0) the fulfilment of the KS relations discussed previously,
indicate that the dissipative component of the non-conservative power per spin channel fol-
lows a IJL, as expressed in Eq. (4.25). However, in the interacting case, the non-conservative
components may contain an extra term, denoted by Pexch(t) in Eq. (4.22). Fig. 4.6 shows the
behavior of the spin-resolved non-conservative power Pnon−cons,σ(t) in the interacting system
with two-parameter driving. In the upper panel of the figure, this power is shown, along with
the dissipative component PJoule,σ(t) for the two spin orientations. We can see that, although
Pnon−cons,σ(t) differs from PJoule,σ(t), the corresponding difference is, precisely, the exchanged
power between the two spin orientations Pexch(t), which is shown in the middle panel. The
lower panel of the Fig. displays the total non-conservative power, where we see that it is fully
dissipative and coincides with


σ PJoule,σ(t). Interestingly, we can see in Fig. 4.6 that Pexch(t)

has a non-vanishing mean value when integrated over a period, as indicated in Eq. (4.24).

We now turn to analyze the structure of the matrix Λ(V) for the interacting QD. As discussed
in relation to Eq. (4.21), all the eigenvalues of this matrix are positive in the dissipative system
and we can directly verify this property. Fig. 4.7 shows the minimum eigenvalue Λ(V).

It is interesting to notice that the largest values of the minimal eigenvalue correspond to
parameters favoring the charge fluctuation of the QD. Notice that the highest values are con-
centrated on values of Vg(t) for which the two many-body levels of the quantum dot, which
separated in the energy δ indicated in Fig. 4.3, become aligned with the Fermi energy of the
reservoir. For those parameters, the change in the occupation for small changes in Vσ(t), thus
the charge current Iσ(t) achieves high values. Hence, the dissipation following the Joule law is
also large.
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Figure 4.5: Frozen occupation along the curve of Figure 4.4. Solid line (blue): nf↓(t) computed
by NRG. Dashed line (black): nf↓(t) computed in mean field approximation for parameters
along the green curve of Fig. 4. Circles (red): nf↑(t) computed by NRG.

4.4.4 Non-equilibrium polarized charge population

In contrast to the case where the QD is driven by a single parameter, it is possible in the present
case to induce a net non-equilibrium polarized charge in the quantum dot. Akin to the pumped
charge between two reservoirs in quantum dots driven by two parameters, this quantity has
a geometric character, as expressed by Eq. (4.17). Importantly, for the dynamics to depend
actually on two parameters, it is necessary to have a many-body interaction in the quantum dot.
In fact, notice that in the non-interacting case, Eq. (4.33) and (4.34) make it explicit that the
dynamics of nf,σ(t) depends only on the single parameter Vσ(t) and it is completely independent
from Vσ(t). Instead, in the interacting case, even at the simple mean-field level it can be seen
that the evolution of the occupation nf,σ(t) depends on the two parameters Vσ(t) and Vσ(t)
[see Eq. (4.35)]. Results for the net charge accumulation with each spin orientation, calculated
with NRG, are shown in Fig. 4.8. It is important to notice, that such a non-equilibrium
charge accumulation takes place against the condition imposed by the chemical potential of
the reservoir. As stressed before, this quantity has a geometric nature, similar to the pumped
charge in two-parameter two-terminal driven systems. [54, 52] This also bears resemblance to
the geometric magnetism discussed in Ref. [69] and it is interesting at this point to discuss
similarities and differences between that work and the present contribution. Both works have
a common point of view in the general approach, in the sense that in both cases, the adiabatic
dynamics is addressed as a linear-response treatment in the velocities V̇. In Ref. [69] the
name “geometric magnetism” is used to characterize the antisymmetric component of Onsager
matrix Λ. This is because the resulting induced force in that case has the formal structure
of a Lorentz force, like the one experienced by a charged particle in a magnetic field. In such
adiabatic dynamics the field is not a real, but a ficticios one. In the system we analyze here,
the adiabatic dynamics has a purely symmetric Λ. Since the induced force is associated to
a real spin polarization in the quantum dot, we have real magnetism in the present problem.
In both cases, the induced net forces can be expressed in terms of a geometric quantity, like
the contour integral of Eq. (4.17). The latter is conceptually similar to the pumped charge
considered in Refs. [54, 52]. Importantly, the dynamics ruled by an antisymmetric Onsager
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Figure 4.6: Computed powers with NRG. U = 0.03 and ∆ = 0.0008, under the driving protocol
Vg(t) = V0 sin(Ωt), B(t) = B0 sin(Ωt + π/4) + 0.0005) with V0 = 0.006 and B0 = 0.0003.
Energies are expressed in units of the bandwidth of the reservoir. Top panel: plots in solid red,
dashed blue, green circles and black stars correspond, respectively, to P↑(t), P↓(t), PJoule,↑(t),
PJoule,↓(t). Middle panel: Plots in solid line red and dashed blue correspond to P↑(t)−PJoule,↑(t)
and P↓(t) − PJoule,↓(t), respectively. Bottom panel: the total power P↑(t) + P↓(t) is plotted in
solid black and coincides with the total total Joule dissipation. PJoule,↑(t) +PJoule,↓(t), which is
plotted in red circles.

matrix is non-dissipative, while the one ruled by a symmetric Λ is dissipative.
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Figure 4.7: Minimal eigenvalue (in log scale) of the matrix Λ(V) for U = 0.01 and ∆ = 0.0008.
Energies are expressed in units of the bandwidth of the reservoir.
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Figure 4.8: Mean charge accumulation for each spin orientation for U = 0.03 and ∆ = 0.0008,
computed with NRG, as a function of the phase difference φ of the driving protocol Vg(t) =
V0 sin(Ωt), B(t) = B0 sin(Ωt+φ)+0.0005), for V0 = 0.006 and B0 = 0.0003. Dashed line (blue):
σ =↓. Solid line (red): σ =↑.



Chapter 5

Geometric properties of adiabatic
quantum thermal machines

This chapter is based on the paper Phys. Rev. B.102 155407: Geometric properties of adiabatic
quantum thermal machines.
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5.1 Introduction

In the present chapter we will consider adiabatically driven thermal machines as presented in
Section 2.6. They perform cycles in contact to several reservoirs. Their cycle is controlled
by time-periodic changes of a set of parameters which are slow compared to the typical time
scales associated with the (quantum) working substance (see for example Refs. [193, 98]). The
modulation can be associated with parameters of the baths (temperature, chemical potential,
. . . ) or the working medium (external fields, coupling coefficients, . . . ), see Fig. 5.1. We will
refer to these quantum machines as geometric thermal machines. In this regime and for small
amplitude of the thermal bias, the operation has a purely geometric description. At the heart
of this description is the thermal geometric tensor, to be introduced in Section 5.3. We will see
that within the adiabatic linear response regime, the process of heat-work conversion is related
to the antisymmetric component of the thermal geometric tensor, while the dissipation and
entropy production are related to the symmetric component of the same tensor. Importantly,
the antisymmetric component has the structure of a Berry curvature, which depends only on the
geometry of the cycle in parameter space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful for identifying optimal protocols of
heat-work conversion. Furthermore, the symmetric component has a geometric interpretation
in terms of thermodynamic length and can also be represented as a line integral for cyclic
protocols, which is useful in the design of efficient protocols. Our approach does not only
allow one to describe a whole class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their performance, as we will see
later in Chapter 6. These results apply universally to any periodically and adiabatically driven
quantum system in contact with various reservoirs, irrespective of the statistics obeyed by the
particles, the strength of the coupling between the system and the reservoir, or the presence of
many-body interactions.

The chapter is organized as follows. In Section 5.2 we introduce the model of an adiabatic
thermal machine, some basic definitions and signs conventions. We perform an analysis of
the thermodynamic behaviour of the machines and introduce the linear-response formalism to
treat ac adiabatic and thermal driving. Section 5.3 is devoted to the formal definition of the
thermal geometric tensor. The principal results of this chapter is presented in Section 5.4 and
shows how the performance characteristics of the engine (efficiency, output power, etc.) are
of geometric origin. The central results of this approach are captured by Eqs. (5.28), (5.29)
and (5.30), which show that the pumped heat, the concomitant heat-work conversion and the
dissipated power have a geometric interpretation. In the same section we will also analyze
several classes of adiabatic machines depending on the various adiabatic drivings. Following
this general formulation, Section. 5.5 focuses on a specific example of a thermal machine, which
is particularly relevant for experimental implementation. We consider a driven quantum dot
coupled to two electron reservoirs. Appendices A and B at the end of the Thesis contain further
details on some derivation of the main results and explicit calculations for the example presented
in the main text.

5.2 Model of a geometric thermal machine

A sketch of the geometric thermal machine that we analyze throughout this chapter is shown in
Fig. 5.1. It consists of a central region containing the working substance, constituted by a few-
level quantum system, coupled to two thermal baths, as described in Section 2.6. The quantum
system is periodically driven by a set of N slowly-varying parameters ~X(t). The baths are
macroscopic reservoirs of bosonic excitations or fermionic particles. The macroscopic variables
characterizing the thermal environment such as the bath temperatures can also slowly vary in
time. We parametrize the bath temperatures as Tα(t) = T + δTα(t) (with α = h, c referring to
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Figure 5.1: Geometrical thermal machine setup. A central, parametrically driven quantum
system described by the Hamiltonian HS is coupled to macroscopic reservoirs. A cycle of the
machine is completely characterized by a closed path in the parameter spaceX. After a complete
cycle the averaged power P is dissipated as heat in the reservoirs. The net transported energy
JQ
tr flows from one reservoir to the other.

N Number of slowly varying coupling parameters

N + 1 Number of slowly varying coupling parameters
including thermal bias

~v Arrows denote N -dimensional vectors

v Bold fonts denote (N + 1)-dimensional vectors

` , `′ Labels of elements of N -dimensional vectors
or matrices

µ , ν Labels of elements of (N + 1)-dimensional
vectors or matrices

M (N + 1)× (N + 1) matrix

Table 5.1: Notation used in the text

the hot and cold reservoirs) and define ∆T (t) = δTh(t)− δTc(t). A (possible) time dependence
in the bath temperatures is only included in δTα(t).

Let us start with the simple observation that the thermal bias, without the action of the
ac driving, induces a net heat flow from the hot to the cold reservoir. On the other hand, it
is useful to consider an analogy with the operation of classical machines and notice that the
modulation of the parameters ~X(t) is introduced by some mechanism, which is akin to a weight
moving a wheel in the classical case. By the combined effects of thermal bias and ac driving
forces, it is possible to realize heat-work conversion, which constitutes the key for the operation
of the device as a thermal machine. Two main operational modes are possible:

(i) In the heat engine mode, part of the heat flowing in the direction of the thermal bias is
transformed into work performed against the mechanisms ruling the dynamics of ~X(t).

(ii) In the refrigerator mode, part of the work induced by the action of the ac parameters
can be used to extract heat from the cold reservoir, against the action of the thermal bias. In
the latter case, the thermal bias plays the role of the weight.

In the operation of the thermal machines, these processes come along with dissipation of energy
leading to entropy production. The efficiency of the thermal machine relies on the appropriate
balance between the heat-work conversion mechanism and dissipation.
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5.2.1 Heat, work, and operational modes

As we are interested in the dynamics for slow driving and small temperature biases, it is con-
venient to define the N + 1-dimensional vector of “velocities”,

Ẋ(t) =
{
~̇X(t),∆T (t)/T

}
(5.1)

These two types of vector notation (arrow and bold character) appear in several places through-
out the chapter. For later reference, the Table 5.1 summarizes the different symbols used in the
text.

A temperature bias as well as time-dependent system and bath parameters generally induce
net heat transport between the reservoirs. At the same time, any driving mechanism generates
heat that is dissipated into the reservoirs. Hence, the total heat current entering a given reservoir
has a component resulting from the net transport between the two reservoirs and a component
originated in the dissipation because of the action of the driving forces. The net heat current
JQ
α , averaged over one cycle of period τ = 2π/Ω, satisfies [222],

JQ
h + JQ

c = P, (5.2)

where P > 0 is the total dissipative power generated by the driving forces, also averaged over
one period. Identifying the component due to transport and that due to dissipation in JQ

α is a
non trivial task in general. The transport component satisfies

JQ
tr,c = −JQ

tr,h ≡ JQ
tr , (5.3)

and we notice that only the total dissipative heat contributes to Eq. (5.2). In the next section,
we exactly calculate JQ

α to linear order in Ẋ(t) and we show that it satisfies Eq. (5.3). Hence,
we identify it with the leading term of the transport current.

The net heat transported per cycle between the two reservoirs is

Qtr =
2π

Ω
JQ
tr . (5.4)

This component is defined such that Qtr > 0 when heat flows in the direction of the thermal
bias (hot to cold). We also define the net work W performed by the ac forces during one cycle.
We take W < 0 when the ac forces exert work on the system. The balance between Qtr and W
is the key to the performance of the thermal machine, which may operate as a heat engine by
transforming heat into work against the time-dependent driving or as a refrigerator, by using
the work performed by the ac driving to pump heat from the cold to the hot reservoir. In the
absence of heat-work conversion, one finds that Qtr ≥ 0 and W ≤ 0. In the heat-engine mode,
the heat–work conversion mechanism operates against the ac forces and consequently W > 0.
In the refrigerator mode, the heat–work conversion mechanism operates by using part of the
work done by the ac forces to pump heat against the thermal bias, so that Qtr < 0.

5.2.2 Adiabatic linear response

To analyze the performance of the adiabatic thermal machines, we need to compute the currents.
This can be done by conventional many-body techniques, such as the non-equilibrium Green’s
function formalism, scattering matrix theory (for systems without many-body interactions),
or master equations (for weak coupling between system and reservoirs). Although we use
these techniques to solve specific examples, we employ the Hamiltonian representation for the
temperature difference of Section 3.2 and a Kubo linear response framework for small ∆T to
derive general results. This enables us to analyze the energy dynamics induced by the thermal
driving on the same footing with that induced by the time-dependent driving. Here we follow the
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Luttinger’s approach [190] to thermal transport, which introduces a “gravitational” potential
whose gradients induce energy flows akin to the electrical currents induced by gradients of the
electrochemical potential. Details of this approach were given in Section 3.2.

We then introduce the Hamiltonian H governing the system of Fig. 5.1, which is a realization
of the prototypical Hamiltonian described in Section 2.1, with the addition of the Luttinger
terms

H(t) = HS(t) +Hbaths +Hc +Hth(t). (5.5)

The first term HS(t) is the Hamiltonian of the quantum system. It depends on time through
the N slowly and periodically varying parameters (driving potentials) ~X(t) = {X`(t)} with
` = 1, . . . , N , so that HS(t) ≡ HS [ ~X(t)]. The second term describes the two reservoirs, in
this case Hbaths = Hh + Hc. When considering a bath of fermionic particles, they are held
at the same chemical potential µh = µc = µ and should be described by the grand-canonical
Hamiltonian, Hα → Hα − µNα, where Nα denotes the number of particles in reservoir α. The
coupling between system and reservoirs, such as tunneling of particles and/or the exchange of
energy between system and reservoirs, is captured by Hc = Hc,h + Hc,c. Its form depends on
the specific implementation. A particular example will be given in Section 5.5, and later in
Chapter 6.

The last term in Eq. (5.5) accounts for the fact that the two reservoirs are held at different
temperatures and derives from the Luttinger formulation of thermal transport. Adapting the
definition of Eq. (3.16) to the present case, we define

Hth(t) = −
∑

α=h,c

J E
α (t)ξα(t), (5.6)

where ξα(t) plays the same role as the thermal vector potential and the operator representing
the energy flux entering reservoir α is given by

J E
α = Ḣα = −i [Hα,H] /ℏ. (5.7)

Recall that Hα is the Hamiltonian of reservoir α. When the chemical potential is the same for
all reservoirs, time averaging the mean value of this operator over one period τ = 2π/Ω directly
gives the heat current,

JQ
α =

Ω

2π

∫ 2π/Ω

0
dt〈J E

α (t)〉. (5.8)

The relation between the Luttinger field and the temperature bias, the counterpart of Eq. (3.17),
reads

ξ̇α(t) = δTα(t)/T. (5.9)

Our quantum machine operates in a regime in which both the driving parameters ~X(t) and
the temperature bias δTα (with the associated parameter ξα(t)) vary in time. Adiabatic driving
implies that the driving frequency Ω is small compared to any characteristic frequency of the
system’s degrees of freedom as well as the relevant relaxation times associated with the coupling
to the reservoirs. We can then regard the velocities at which the parameters are changed and
the temperature bias as sufficiently small so that the currents can be computed using the linear
response of Section 3.1 [80] for Ẋ. This procedure is similar to the one of Ref. [223] for closed
driven systems. Recalling Eq. (3.5) for the adiabatic time evolution of any observable O, in this
case we find the Kubo-like formula

〈O〉(t) = 〈O〉t +
N∑

`=1

ΛO,F`
t Ẋ`(t) +

∑

α=L,R

Λ
O,J E

α
t ξ̇α(t). (5.10)

As in Eq. (3.5), the left-hand side denotes an average with respect to the nonequilibrium density
matrix, while 〈O〉t is an average with respect to the equilibrium density matrix of the frozen
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Hamiltonian Ht = HS(t)+Hbaths+Hc, ρt =


m pm|m〉〈m|, where pm = e−βεm/Zt, β = 1/kBT ,
and Ht|m〉 = εm|m〉. Notice that the instantaneous eigenvectors |m〉 and eigenenergies εm
depend on the time t. Recall also the definition of the F` operators

F` = − ∂H
∂X`

, with ` = 1, . . . , N (5.11)

which has the interpretation of a force induced by the driving. Refer back to Section 3.1 for a
more detailed discussion of these objects.

Within this framework, we can evaluate the adiabatic evolution of any observable. We are
particularly interested in the energy current flowing into the coldest reservoir and the induced
forces. Similar to the definition in Eq. (5.1), we find it convenient to define the N+1-dimensional
force vector

F = ( ~F ,J E
R ). (5.12)

Using this notation, the adiabatic dynamics for the forces and the energy current into the coldest
reservoir can be written in the form of Eq. (3.7)

〈F〉(t) = 〈F〉t +Λ( ~X) · Ẋ. (5.13)

In Eq. (5.13), we introduce the response matrix Λ(X) with elements defined as

Λµ,ν( ~X) =

 Λ
Fµ,Fν

t µ ≤ N


α=L,R Λ

JE
α ,Fν

t µ = N + 1.

(5.14)

Some important features of the adiabatic susceptibilities are derived in Appendix A. The
physical response depends on the two Luttinger parameters ξh(t) and ξc(t) only through the
temperature bias ẊN+1(t) = ∆T (t)/T , as can be seen using Eqs. (A.7) and (A.8). Also, note
that in deriving the linear response expression for the current, one should neglect the term Hth

t ,
which would lead to a “diamagnetic” component of the heat current [191]. The notation in
Eq. (5.14) highlights the fact that the Λµ,ν( ~X) depend on time only through the parameters ~X.

As the coefficients of Eq. (5.14) are evaluated with respect to the frozen equilibrium density
matrix, they obey the Onsager relations of Eq. (3.13) [80, 194]

Λµ,ν( ~X, ~B) = sµsνΛν,µ( ~X,− ~B), (5.15)

where sν = ± for operators Fν which are even/odd under time reversal. In view of its relevance
for time-reversal symmetry, we made a possible dependence on an applied magnetic field ~B
explicit here, but will suppress it in the following unless necessary.

5.2.3 Adiabatic forces, currents, and entropy production over a cycle

In the geometric description of the adiabatic thermal machines, the central role is played by
integrals of the forces in Eq. (5.13) over a period, rather than by the instantaneous quanti-
ties. First consider the energy current 〈J E

c 〉(t) which leads to a description of the heat fluxes
introduced in Eq. (5.3) within the adiabatic linear response formalism.

The average of the instantaneous heat current over one period, 〈J E
c 〉(t), defines the trans-

ported heat flux within the adiabatic linear response formalism. In fact, evaluating this current
with the adiabatic expansion of Eq. (5.10) and using the identities of Eqs. (A.7) and (A.8) we
can see that the average over one period is identical in magnitude and opposite in signs at the
two reservoirs. Hence, we eliminate the label α and write

JQ
tr =

Ω

2π

∫ 2π/Ω

0
dt

N+1∑

ν=1

ΛN+1,ν( ~X)Ẋν(t). (5.16)
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The term corresponding to the sum ν = 1, . . . , N is the pumping contribution to the heat
current. The last term of Eq. (5.16), corresponding to ν = N +1, is the heat current flowing in
response to a finite temperature bias across the device (i.e. the thermal conductivity).

Note the strong similartity with the definition of the emissivities, Eq. (2.8). For a single
driving parameter and ∆T = 0, it is straightforward to show that the pumped heat current
vanishes. At least two parameters are necessary for pumping. This was originally noticed in
the framework of scattering matrix theory for driven electron systems [54, 52]. Moreover, a

spatially symmetric system has Λ
JE
L ,F`

t = −Λ
JE
R ,F`

t , so that these quantities should be zero in
view of Eq. (A.8). Hence, breaking of spatial symmetry is another necessary condition for a
non-vanishing pumping contribution to the heat current [199, 222].

The net generated power has components associated to the time-dependent driving forces
as well as to the thermal bias,

P =
Ω

2π

∫ 2π/Ω

0
dt


∂H
∂t


=

Ω

2π

∫ 2π/Ω

0
dt




N∑

`=1

〈F`〉Ẋ`(t) +
∑

α,β=L,R

〈J E
α 〉(t)ξ̇α(t)




=
Ω

2π

∫ 2π/Ω

0
dt Ẋ ·Λ( ~X) · Ẋ.

(5.17)

The response matrix on the right-hand side of Eq. (5.17) was introduced through the definition
of forces and the energy current in Eq. (5.13). While Eq. (5.16) for the fluxes are linear in Ẋ,
Eq. (5.17) is bilinear in these parameters. This reflects the fact that the dissipated heat, defined
in Eq. (5.2) is at least second order in these quantities – equivalent to being O(Ω2) [199, 222].
The cross terms proportional to the thermal bias and ac driving usually have opposite signs
and cancel one another when evaluating the total power. This happens, in particular, in the
absence of a magnetic field with driving forces symmetric under time reversal, as a consequence
of the Onsager relations (5.15).

From Eq. (5.2) for the total dissipated heat flux we have the following expression for the
entropy production rate

T Ṡ = JQ
L + JQ

R = P. (5.18)

Substituting Eq. (5.17) we get

Ṡ =
Ω

2πT

∫ 2π/Ω

0
dt Ẋ(t) ·Λ( ~X) · Ẋ(t). (5.19)

We present an alternative derivation for the above expression in Appendix B.

The forces 〈F`〉(t) enter the work performed by the thermal machine, as will be discussed
in more detail in Section 5.4 below. We also find it useful to introduce average of the force over
one period,

F` =
Ω

2π

∫ 2π/Ω

0
dt〈F`〉(t) = F`,BO + F`,ar, `,= 1, . . . , N. (5.20)

The first term of Eq. (5.20) corresponds to the instantaneous equilibrium (Born-Oppenheimer)
description given by the first term of Eq. (5.13), while the second term is the first order adiabatic
reaction force defined in Ref. [59].

5.3 Thermal geometric tensor

It is instructive to decompose the tensor Λµ,ν( ~X) into its symmetric and antisymmetric parts,

ΛS,A
µ,ν =

1

2
(Λµ,ν ± Λν,µ) . (5.21)
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Eq. (5.19) for the entropy production implies that the symmetric component ΛS
µ,ν controls

dissipation. Since the rate of entropy production Ṡ is non-negative, the symmetric part ΛS
µ,ν can

be viewed as a metric tensor on the space of thermodynamic states [83, 82, 81]. Then, geodesics
with respect to this metric correspond to adiabatic trajectories which minimize dissipation [83,
82, 81]. This contribution to Λµ,ν( ~X) has also been referred to as geometric friction [68, 83, 69].

Lehmann representation for the thermoadiabatic tensor

The Fourier transform of the adiabatic susceptibilities entering in Eq. (5.14) are given by
Eq. (3.9), we see that the elements of this tensor can be expressed as

Λµ,ν( ~X) = −(i/ℏ)∂ωχ
Fµ,Fν

t (ω)|ω=0 = lim
ω→0

Im
[
χ
Fµ,Fν

t (ω)
]

ω
, (5.22)

being χ
Fµ,Fν

t (ω) the Fourier transform of the susceptibility defined by Eq. (3.10), χ
Fµ,Fν

t (t −
t′) = −(i/ℏ)θ(t − t′)〈[Fµ(t),Fν(t

′)]〉t. Using the notation Fµ = −∂µHt and expressing the
susceptibility in the Lehmann representation we have

χ
Fµ,Fν

t (ω) = ℏ
∑

n,m

pm (εm − εn)
2

 〈∂µm|n〉〈n|∂νm〉
ω − (εm − εn) + iη

− 〈∂νm|n〉〈n|∂µm〉
ω − (εn − εm) + iη


, (5.23)

with η = 0+. Here, |n〉 and εn denote the instantaneous eigenstates and eigenenergies of Ht

and pm is the corresponding thermal weight. We have used the following identities, calculated
from Ht|n〉 = εn|n〉 and 〈n|∂µ (Ht|m〉):

〈n|∂µHt|m〉 = (εm − εn) 〈n|∂µm〉+ δn,m∂µεm,

〈m|∂µHt|n〉 = (εm − εn) 〈∂µm|n〉+ δn,m∂µεm. (5.24)

Calculating the derivative as indicated in Eq. (5.22), we have Λµ,ν( ~X) = ΛA
µ,ν(

~X) + ΛS
µ,ν(

~X).
The result for the symmetric component is

ΛS
µ,ν(

~X) = ℏπ lim
ω→0

∑

n,m

pm
(εn − εm)2

ω
Re[〈∂µm|n〉〈n|∂νm〉]

× [δ(ω − (εm − εn))− δ(ω − (εn − εm))] . (5.25)

Similarly, the antisymmetric component can be expressed as

ΛA
µ,ν(

~X) = 2ℏ
∑

m

pm Im [〈∂µm|∂νm〉] . (5.26)

In the limit of zero temperature, the sum over m is dominated by the ground state and ΛA
µ,ν(

~X)
reduces to its Berry curvature. For ∆T = 0, this component can be viewed as a velocity-
dependent force, akin to a Lorentz force, which does not contribute to the net entropy produc-
tion. This contribution has been referred to as geometric magnetism [68, 58, 61, 62, 63].

5.3.1 Denition of the thermal geometric tensor

It is interesting to compare Λµ,ν to the quantum geometric tensor for the instantaneous ground
state |ψ〉 of a closed system as a function of parameters X` [215, 224],

g`,`′ = 〈∂`ψ |∂`′ψ 〉 − 〈∂`ψ|ψ〉 〈ψ |∂`′ψ 〉 . (5.27)

Analogous to Λµ,ν , the symmetric part of g`,`′ defines a metric on the manifold of ground states
and the antisymmetric part equals the Berry curvature. The crucial difference between the
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two tensors is that the quantum geometric tensor is defined for a discrete spectrum, while Λµ,ν

assumes a continuous spectrum. This does not lead to essential differences for the antisymmetric
components of the tensors which are non-dissipative. In contrast, the symmetric part of Λµ,ν

controls dissipation and therefore vanishes for a discrete (or gapped) spectrum. We can therefore
view Λµ,ν as the analog of the quantum geometric tensor for systems with continuous spectra.
In view of this analogy, we refer to Λµ,ν as the thermal geometric tensor.

In time reversal symmetric systems subject to driving parameters ~X which also respect time
reversal symmetry, different parts of the thermal geometric tensor are either purely symmetric
or antisymmetric. The Onsager relations (5.15) imply that Λ`,`′ = Λ`′,` (`, `′ = 1, . . . , N) is
purely symmetric (corresponding to geometric friction without geometric magnetism). In con-
trast, ΛN+1,` = −Λ`,N+1 (corresponding to geometric magnetism without geometric friction).
In systems which break time reversal symmetry, both the symmetric and the antisymmetric
components of the thermal geometric tensor are generally nonzero.

5.4 Thermal machines and geometry

The above analysis implies that there are several purely geometric quantities which enter into
the operation of adiabatic quantum thermal machines. We will show in the following that in
a very concrete sense, it is the geometric aspects (in the sense of Berry) which are responsible
for the heat-work conversion underlying thermal machines. We will see that the Carnot limit
of the efficiency can be reached by means of purely geometric effects.

An essential quantity is the total heat transported between the leads per cycle, Qtr defined in
Eq. (5.4). In a heat engine, this heat is in part converted into useful work while in a refrigerator,
this heat is extracted from the colder reservoir. The transported heat takes the form

Qtr =

∮ N∑

`=1

ΛN+1,`dX` +

∮
dtΛN+1,N+1

∆T

T
. (5.28)

The first term on the right hand side is geometric, depending only on the path, and has a simple
physical interpretation. It is just the heat which is pumped between the reservoirs due to the
periodic variation of the parameters ~X,

Qtr,ac =

∮ N∑

`=1

ΛN+1,`dX`. (5.29)

The second term describes the heat current driven by the applied temperature bias as a result
of the heat conductance ΛN+1,N+1 of the system. Notice that the two terms typically have a
different dependence on the period τ = 2π/Ω. Due to its geometric nature, the first term is
independent of the period. In contrast, the second term is in general proportional to the period.

The pumped heat per cycle is essential for the operation of adiabatic quantum thermal
machines. To see this, we compute the work W = −


d ~X · ~F per period performed on the

system during one cycle of the ac sources. The forces, as described by Eq. (5.13), have an
instantaneous and a linear-response component. The instantaneous contribution depends only
on the parameters ~X and is evaluated in the absence of the temperature bias. This equilibrium
contribution to the force is necessarily conservative (in the mechanical sense) and thus gives
a vanishing contribution to the work performed over a cycle. Thus, only the linear-response
component contributes to the work per cycle,

W = −



∮

dt

N∑

`,`′=1

Ẋ`Λ`,`′Ẋ`′ +

∮ N∑

`=1

dX`Λ`,N+1
∆T

T


 . (5.30)
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First consider the second term on the right hand side. For constant ∆T/T , this term is again
a purely geometric line integral over a closed contour. Unlike the contribution of the instanta-
neous component, this term is in general nonconservative and gives a finite contribution when
integrated over a closed cycle. The reason is that this term originates from the nonequilibrium
contribution to the force which is generated by the temperature bias. Along with Eq. (5.29) for
the pumped heat, this geometric term is the essence of heat-work conversion and hence crucial
for the operation of the thermal machine. In contrast, the first term in Eq. (5.30) describes fric-
tional losses. Unlike the second term, which can take either sign, this term is always positive. It
then becomes evident that heat-work conversion is rooted in the geometric terms in Eqs. (5.28)
(in the sense of Berry) and (5.30), and it is the nongeometric terms (in the sense of Berry)
that are responsible for losses. We will see this again below when we discuss the efficiencies of
quantum thermal machines.

As a result of the Onsager relations (5.15), the geometric contributions to the transported
heat and the work are very closely related. If the system is time reversal invariant (which also
requires that the parameters ~X couple to time-reversal-even operators), the Onsager relations
imply that ΛN+1,` = −Λ`,N+1 and the prefactor of ∆T/T in Eq. (5.30) just equals minus the
pumped heat between the reservoirs. In that case, Eq. (5.30) is written as

W = Qtr,ac
∆T

T
−
∮

dt

N∑

`,`′=1

Ẋ`Λ`,`′Ẋ`′ . (5.31)

We can then understand the operation of a heat engine as follows. During one cycle of the
machine, the cyclic variation of the parameters pumps heat from the high-temperature to the
low-temperature reservoir. The corresponding change in free energy is converted into work. A
positive balance (i.e. W > 0) of the two terms contributing to Eq. (5.31) can be used to work
against a load. Here, the load corresponds to an external agent which couples to the dynamics
of the parameters ~X. This is analogous to the operation principle of inverted quantum pumps
as adiabatic quantum motors [225, 226, 227, 228, 229]. Similarly, in a refrigerator we have
Qtr,ac < 0 and work W = Qtr,ac∆T/T must be supplied by the ac sources to overcome the
thermal bias and to pump heat from the low-temperature to the high-temperature reservoir.
Both terms are negative since one has to overcome the frictional losses in addition to pumping
heat from the cold to the hot reservoir. It is important to notice that the two terms in Eq. (5.30)
are typically of different orders in the period 2π/Ω. While the first, nongeometric contribution
is inversely proportional to the period, the second, geometric contribution is independent of
it. Thus, one can often neglect the nongeometric term when considering the limit of small
frequency Ω.

It is also interesting to discuss this heat-work conversion in the context of the entropy
production rate defined in Eq. (5.18). With the definitions of this section, we can write

T Ṡ =
Ω

2π


−W +Qtr

∆T

T


=

Ω

2π



∮

dt

N∑

`,`′=1

Ẋ`Λ`,`′Ẋ`′ +

∮ N∑

`=1

dX`Λ`,N+1
∆T

T


 . (5.32)

The first term corresponds to the total power generated by the ac sources, while the second
term corresponds to the power invested to transport the heat Qtr per cycle in the presence
of the thermal bias ∆T . Due to the heat-work conversion, the geometric component of W
exactly cancels the component Qtr,ac of Qtr in the dissipated power (still assuming time-reversal
invariance). Entropy production is then associated with the nongeometric contributions to heat
and work. As we will show below, under certain circumstances the first term in Eq. (5.30) can
also be viewed as a geometric quantity even though it cannot be immediately rewritten as a
line integral.

We close this section by a few additional remarks. The operation of a heat engine or
refrigerator requires that a net amount of heat Qtr,ac is pumped between the reservoirs during
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a cycle, requiring that the force is nonconservative. Above, we have focused on the case that
∆T/T is constant over the cycle. In principle, the conditions for the operation of adiabatic
quantum thermal machines can be less stringent if one allows ∆T/T to vary along the cycle,
for instance by coupling the system to different reservoirs at different stages.

In the absence of time reversal symmetry, the Onsager relations connect the response func-
tions Λµ,ν at different magnetic fields. In this case, there is no general relation between ΛN+1,`

and Λ`,N+1 for a fixed magnetic field, and in addition to the antisymmetric contribution
ΛA
N+1,` = −ΛA

`,N+1, there could also be a symmetric contribution, ΛS
N+1,` = ΛS

`,N+1. Unlike

ΛA
µ,ν , the symmetric ΛS

µ,ν is associated with entropy production and dissipation according to
Eq. (5.17). Even if both the dissipative and the nondissipative contributions to the pumped
heat flow from the hot to the cold reservoir, the work performed on a load would involve the
difference between the antisymmetric and the symmetric contribution.

The time average of the forces ~F as defined in Eq. (5.20) also has contributions which are
purely geometric. From Eq. (5.13), the first-order adiabatic reaction component can be readily
rewritten as

F`,ar =
Ω

2π

∮ N∑

`′=1

Λ`,`′dX`′ +

∮
dtΛ`,N+1

∆T

T


(5.33)

Here, the first term on the right hand side is a line integral which is purely geometric in that it
depends only on the path.

Finally, we remark that under certain conditions, the dissipated component of W , corre-
sponding to the first term of Eq. (5.30), can also be formally represented in terms of a line
integral over a closed path in parameter space. This is not as straightforward as for Eqs. (5.33),
(5.28), and (5.30) since the power is bilinear in Ẋ. It is, however, possible when there exists a
well-defined mapping between Ẋ and X as the latter varies along the closed path γ. In particu-
lar, such a mapping exists for the case of periodic driving. For a smooth path γ, one can write
the relations Ẋµ = Ωgµ( ~X)|γ for all µ, where the functions gµ( ~X)|γ are defined by eliminating
the parametrization in t between Xµ(t) and Ẋµ(t). Then, we can write the dissipated power as
a line integral by using this relation to eliminate one of the factors of Ẋµ in Eq. (5.17) via these
relations. Note that the resulting line integral has a prefactor of Ω, making it explicit that the
dissipated power is inversely proportional to the period of the driving, as already mentioned
above.

The line integrals controlling the operation of adiabatic thermal quantum machines are
reminiscent of line integrals over Berry connections. This motivates us to introduce the vector
fields

~AA/S
µ =


Λ
A/S
µ,1 ( ~X), . . . ,Λ

A/S
µ,N ( ~X)


(5.34)

with µ = 1, . . . , N + 1 for the rows of the thermal geometric tensor. Similarly, we introduce

~L =
∑

`


Λ̃S
`,1(

~X), . . . , Λ̃S
`,N ( ~X)


, (5.35)

where Λ̃S
µ,ν(

~X) = gµ(Xµ)Λ
S
µ,ν(

~X). These vector fields control the pumped heat and the work
performed on the system as well as the dissipated power. Thus, they are useful to illustrate the
operation of the specific thermal machine which we discuss in Section 5.5. In terms of these
vector potentials Eqs. (5.29) and (5.30) read, respectively,

Qtr,ac =

∮
~AN+1( ~X) · d ~X, (5.36)

with ~Aµ( ~X) = ~AA
µ (

~X) + ~AS
µ(

~X) and

W =

∮ 
∆T

T


~AA
N+1(

~X)− ~AS
N+1(

~X)

− ~L( ~X)


· d ~X. (5.37)
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In the latter equation, the term ~AS
N+1(

~X) does not contribute for many systems. In particular,

this is the case in the presence of time-reversal symmetry (including driving parameters ~X
coupling to time-reversal-even operators). In such cases, we can write W = (∆T/T )Qtr,ac −
~L( ~X).

5.4.1 Eciencies

Heat engine

In a heat engine, heat transported from the high to the low temperature reservoir is partially
converted into useful work. We can then define an efficiency for the heat engine as

η(he) =
W

Qtr
. (5.38)

This expression can be readily analyzed for a time-reversal-invariant system with constant
∆T/T . In the limit of adiabatic operation of the heat engine, Ω → 0, we can neglect the
frictional losses to leading order and only the second term on the right hand side of Eq. (5.30)
contributes to the work performed against the load, W ' Qtr,ac∆T/T . If the heat transfer
across the system is dominated by the geometric contribution, one finds Qtr ' Qtr,ac, and hence
that the efficiency approaches η(he) ' ∆T/T . Remarkably, this is just the Carnot efficiency. We
thus find that a purely geometric quantum thermal machine reaches the optimal efficiency, and
it is the nongeometric contributions to W and Qtr (in the sense of Berry) which are responsible
for deviations from the Carnot efficiency. Indeed, a finite heat conductance diminishes the
efficiency of the heat engine, as do frictional losses described by the first term on the right hand
side of Eq. (5.30). Note that the contribution of the heat conductance to the transferred heat
is proportional to the period of the cycle. This implies that this term is less detrimental to the
efficiency as the frequency at which the machine operates increases. Conversely, by increasing
the frequency, the effect of the frictional losses becomes larger.

While the overall efficiency is fundamentally limited to the Carnot limit, there is no funda-
mental limit to reducing the detrimental effects of the nongeometric contributions. While the
frictional forces become arbitrarily small as one approaches the truly adiabatic limit, the limit
of a negligible heat conductance ΛN+1,N+1 ' 0 can be realized in a topological quantum pump.
In such pumps, the ground state is separated from the excited states by a gap. Consequently,
the symmetric contributions to Λµ,ν –including the heat conductance– are strongly suppressed.

Refrigerator

A refrigerator uses work W performed on the system to remove heat from a cold to a hot
reservoir. Thus, we can define a corresponding efficiency or coefficient of performance (COP)
as

η(fr) =
−Qtr

−W
. (5.39)

Again focusing on a time reversal invariant system with constant ∆T/T , this efficiency ap-
proaches the Carnot limit ηfr = T/∆T for zero heat conductance. The efficiency is reduced
by a finite heat conductance since, for a refrigerator, its contribution to the numerator has the
opposite sign compared to the pumped heat.

Heat pump

Of course, the device can also be used as an adiabatic heat pump in the absence of a thermal
bias ∆T/T . Heat is transported from left to right or vice versa due to the variation of ~X.
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According to Eq. (5.30), we need to exert work −W associated with dissipation, even if there is
no temperature bias. We can then define a corresponding efficiency of heat pumping through

η(pump) =
|Qtr,ac|
−W

. (5.40)

The denominator in this expression is proportional to Ω, so that the efficiency of the heat pump
grows as it becomes more adiabatic.

5.5 Driven quantum dot: a strong coupling example

We now illustrate the general formalism introduced in the previous sections with an exam-
ple. The configuration consists of a central quantum dot driven by a time-dependent magnetic

Figure 5.2: Illustration of the quantum dot driven by a magnetic field and connected to electron
reservoirs with different polarizations, represented by different orientations of the paraboloids.
The hybridization strength is modified according to the magnetic field’s pointing direction.
In (a) the electron hopping between the quantum dot and the right (z-polarized) reservoir is
favored, as is denoted by the thick arrow. In (b) the pointing direction of the magnetic field
has changed to x and now the quantum dot is stronger coupled to the left reservoir.

field and coupled to electron reservoirs with different polarizations. For the quantum dot the
Hamiltonian HS reads

HS(t) = Ψ†
d

[
Vg σ̂0 − ~B(t) · ~̂σ

]
Ψd, (5.41)

where Ψ†
d = (d†↑, d

†
↓) is a spinor representing the spin degrees of freedom of the electron in the

quantum dot, while d†σ and dσ are respectively the creation and annihilation fermionic operators
for these particles. The quantum dot contains two levels as a consequence of the Zeeman splitting
introduced by the magnetic field. ~̂σ = (σ̂x, σ̂y, σ̂z) is composed of the 2× 2 Pauli matrices and
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σ̂0 is the identity, while ~B(t) = (Bx(t), By(t), Bz(t)) is the external time-periodic magnetic field
and Vg is a gate voltage, which rigidly shifts the energies of the two levels.

The reservoirs are represented by systems of non-interacting fermions. The electrons in
the α reservoir are spin-polarized along the magnetization ~mα. The Hamiltonian Hα which
describes the reservoir reads

Hα =
∑

kα

Ψ†
kα

[
εkα − ~mα · ~̂σ

]
Ψkα, α = h, c, (5.42)

where Ψ†
kα =


c†kα,↑, c

†
kα,↓


are spinors composed by the fermionic creation/annihilation opera-

tors c†kα,σ and ckα,σ. We assume that both reservoirs have chemical potential µh = µc = 0.

The coupling between the quantum dot and the reservoirs is represented by

Hc,α =
∑

kα,σ=↑,↓
Vkα,σ


c†kα,σdσ + d†σckα,σ


. (5.43)

In order to solve the problem, it is convenient to change the basis of Hα to the one where the
quantization axis for the spin coincides with the direction of ~mα. This is accomplished by a

transformation

c†kα,↑, c

†
kα,↓


= Ûα


c†kα,+, c

†
kα,−


. In the new basis the Hamiltonians for the

reservoirs and the couplings read

Hα =
∑

kα,s=±
c†kα,sεkα,sckα,s, α = h, c, (5.44)

and

Hc,α =
∑

kα,s=±,σ=↑,↓
vkαs,σ


c†kα,sdσ +H.c.


, (5.45)

with vkαs,σ = Uα
s,σVkα,σ.

As discussed in Section 5.2.3, in order to have a non-vanishing pumping component we
need to break spatial symmetry. We achieve this by considering different polarizations in the
reservoirs. For concreteness, we consider the hot reservoir polarized along the positive x, and
the cold one polarized along the positive z direction. An illustration of the whole setup is
sketched in Fig. 5.2. Electrons with spins z, ↑ (x, ↑) will mostly tunnel between the quantum
dot and the R (L) reservoir. Therefore, when the magnetic field polarizes the quantum dot
along the positive x direction, the tunneling of the electrons between the quantum dot and the
h reservoir is optimal, while the tunnel between the dot and the c reservoir is optimal when the
electron in the dot is polarized along the positive z direction.

In addition, the quantum dot has a gate voltage, which moves its energy levels upwards
or downwards in energy, thus tuning different parts of the spectrum of the quantum dot into
the relevant transport window (∼ kBT ) around the chemical potential of the reservoirs. This
ingredient can be used to improve the performance, as we will discuss in Section 5.5.

The heat-engine operational mode in the present case could be practically realized by imple-
menting the time-dependent magnetic field by means of a rotating classical magnetic moment.
The dynamics of the latter realizes the load of the heat engine. In such a case, a pumped heat
Qtr,ac flowing in the direction of the heat current induced by the thermal bias, will generate a
torque and exert work on the magnetic moment, akin to the spin torque induced by an electrical
bias [230, 231, 232, 226].

We will analyze in detail protocols with two time-dependent parameters of the form ~B(t) =
(Bx(t), 0, Bz(t)), without focusing on the detailed mechanism generating the magnetic field.
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Bx(t) = Bx,0 +Bx,1 cos(Ωt+ φ),

Bz(t) = Bz,0 +Bz,1 cos(Ωt). (5.46)

These two components of ~B(t) are identified with the time-dependent parameters of Eq. (6.1)
as follows

~X(t) = (X1(t), X2(t)) ≡ (Bz(t), Bx(t)) . (5.47)

In addition, we will consider a constant difference of temperature ∆T , which defines Ẋ3 =
∆T/T . We will show results for the heat pump and refrigerator modes.

Green’s function approach

We can solve the problem exactly for arbitrary strength of the coupling between the quantum
dot and the reservoirs by recourse to Green’s functions. We will use the equilibrium finite-
temperature formalism (see Section 3.3.3) to evaluate the frozen susceptibilities and compute
the response functions from Eq. (5.14). This problem could be also exactly solved by recourse to
the non-equilibrium Schwinger - Keldysh formalism in the Floquet representation and afterwards
consider the expansion in small ℏΩ and ∆T as in Refs. [80, 222] arriving at the same results
as the ones we present here. We briefly summarize the results below and show some details on
the calculations in Appendix C,

ΛA
3,`(

~B) = − 1

h

∫
dε

dnF (ε)

dε
εTr

[
Γ̂cρ̂(ε)σ̂`ρ̂(ε)

]
, ` = 1, 2

ΛS
`,`′(

~B) = − 1

h

∫
dε

dnF (ε)

dε
Tr [σ̂`ρ̂(ε)σ̂`′ ρ̂(ε)] , `, `

′ = 1, 2

ΛS
3,3(

~B) = − 1

h

∫
dε

dnF (ε)

dε
ε2Tr

[
Γ̂cĜt(ε)Γ̂hĜ

†
t(ε)

]
, (5.48)

where nF (ε) is the Fermi-Dirac distribution function. We have also introduced the hybridization
matrix Γ̂α, with elements

(Γ̂α)σ,σ′ = 2π
∑

kα,s=±
Uα
σ,sU

α
σ′,s|Vkα|2δ(ε− εkα,s). (5.49)

We consider the h (c) reservoirs fully polarized with spins along the positive x (z) directions
and a constant density of states. Thus, Γα 'kα |Vkα|2δ(ε− εkα,+) and Γ̂α ' Γατ̂α, with

τ̂h ≡ 1

2
(σ̂x + σ̂0) , τ̂c ≡

1

2
(σ̂z + σ̂0) . (5.50)

The local density of states is described by the matrix

ρ̂(ε) = −2Im[Ĝt( ~B, ε)] = Ĝt( ~B, ε)Γ̂
[
Ĝt( ~B, ε)

]†
, (5.51)

which depends on the frozen Green’s function

Ĝt( ~B, ε) =

ε− ~B(t) · ~̂σ + iΓ̂/2

−1
, (5.52)

with Γ̂ = Γ̂h + Γ̂c.

In Eqs. (5.48) we have highlighted the symmetric or antisymmetric nature of the components
in each case. The fact that the components Λ3,`( ~B) are purely antisymmetric while Λ`,`′( ~B)
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are purely symmetric is a consequence of Onsager relations in combination with symmetry
properties of the setup. These properties can be directly verified from the explicit calculations
of Appendix C. The last component ΛS

3,3(
~B) is proportional to the thermal conductance. By

using the fact that we can define a relation of the form Ḃ` = g`( ~B)Ω for the protocol of
Eq. (5.47), we can express the total work in terms of purely geometric quantities by appliying
the results for the vector potentials, Eqs. (5.34) and (5.35). In the present case, they read

~AA
3 (

~B) =

ΛA
3,1(

~B),ΛA
3,2(

~B)

,

~AS
` (

~B) =

ΛS
`,1(

~B),ΛS
`,2(

~B)

, ` = 1, 2,

~̃A( ~B) = Ω

2∑

`=1

g`( ~B)

ΛS
`,1(

~B),ΛS
`,2(

~B)

, (5.53)

We have highlighted the antisymmetric and symmetric character in each case. Notice that,
according to the analysis of Sections 5.2.3 and 5.3, the symmetric component contributes purely
to dissipation of energy and entropy production, while the antisymmetric one is related to useful
work.

Results

In Figure 5.3 we present the pumped heat Qtr,ac(φ) and the work developed by the ac sources
W for ∆T = 0, as function of the driving phase difference φ between the two ac components of
the magnetic field.

Figure 5.3: Pumped heat Qtr,ac = Qtr (upper panel) and work done by the ac sources W (lower
panel) for ∆T = 0 as functions of the phase difference in the protocol defined by Bx(t) =
Bx,0 + Bx,1 cos(Ωt + φ), Bz(t) = Bz,0 + Bz,1 cos(Ωt) with Bx,0 = Bz,0 = 0.4kBT and Bx,1 =
Bz,1 = B1kBT . Γh = Γc = 0.4kBT and ℏΩ = kBT/800. The plot with B1 = 0.1 is multiplied
by a factor 20 in order to be shown in the same scale.

We see that for small enough amplitudes of the driving (Bx,1 and Bz,1) the integrals in
Eqs. (5.37) and (5.36) are proportional to the area, in the parameter space, enclosed by the
closed contour defining the protocol. Indeed, using the Green’s theorem, these integrals can be
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written as a surface integral of the derivatives of ~AA
3 with respect to ~B. When Bx,1 and Bz,1

are small, such derivatives do not depend on ~B and can be factorized outside the integral. For
this reason, the pumped heat Qtr,ac behaves as ∝ sin(φ) and the generated work as ∝ cos(φ)
plus a constant. For larger values of the driving amplitude the pumped heat departs from this
behaviour. However, Qtr,ac(φ) vanishes for φ = 0,π for any value of Bx,1 = Bz,1.

Figure 5.4: Vector fields ~AA
3 (

~B) for a driving protocol with ~B(t) = (Bx(t), 0, Bz(t)), corre-
sponding to a quantum dot coupled to reservoirs with different polarizations. c (h) reservoirs
is polarized along positive z (x) direction. Left panel corresponds to Γh = Γc and Vg = 0,
middle correspond to Γc = 0.1Γh and Vg = 0, while right panel corresponds to Γc = 0.1Γh and
Vg = 2Γc. The temperature of the reservoirs is kBT = 0.5Γc.

We now focus on the properties in the operation of the quantum-dot machine. To this end,

we further analyze the structure of the vector potentials ~A
S/A
µ ( ~B) and ~LS/A( ~B) in Eq. (5.53)

with the tensor Λµ,ν( ~B) of Eq. (5.48). The vector map for ~AA
3 (

~B) in the parameter space
for a given temperature T is shown in Fig. 5.4. This representation is useful to visualize the
symmetries of the setup and to select the driving protocol that maximizes the contour integral

~AA
3 (

~B) · d ~B. In the left panel the quantum dot is contacted with the same strength to both
reservoirs (Γh = Γc), h being polarized along positive x and c along positive z direction, as
indicated in the sketch of Fig. 5.2. In the middle panel, the contact is stronger to h than to
c (Γc = 0.1Γh). Consequently, we can visualize a higher intensity of the field ~AA

3 along the
Bx than along the Bz direction. Both left and middle plots have Vg = 0, in which case the

Hamiltonian of Eq. (5.41) is symmetric under the simultaneous transformations Ψ†
d → Ψd and

~B → − ~B. The first one is a particle-hole transformation, under which the heat current changes
the sign. Consequently, the field maps of Fig. 5.4 present the symmetry ~AA

3 (
~B) = − ~AA

3 (− ~B).
In the right panel, we can visualize that the breaking of the particle-hole symmetry by a gate
voltage introduces a strong asymmetry in the vector field.

With the picture of Fig. 5.4 in mind, we can readily design a closed trajectory that optimizes
pumping. The latter corresponds to a path that goes parallel to the vector field within the region
where its intensity is high, and closes antiparallel to the vector field in a very low-intensity region.
An example of such a trajectory is shown in Fig. 5.5. The corresponding vectors ~LS( ~B) along the
trajectory are also shown in cyan. Trajectories leading to high efficiencies of the machine would
have as small dissipation as possible, in addition to high values of heat pumping. While the
optimization of the pumping can be easily achieved by recourse to the vector field representation
~AA
3 (

~B), it is not easy to optimize a trajectory to decrease the integral over ~LS( ~B). However,
we know that this quantity can be reduced by decreasing the pumping frequency Ω.

Given a positive thermal bias ∆T , i.e. for Tc < Th, we focus on the protocol of Fig. 5.5, for
which we found a parameter set which removes heat from the cold reservoir (c). In Fig. 5.6 we
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Figure 5.5: Vector fields ~AA
3 (

~B) (cyan) and ~LS( ~B) (red) over a closed path (solid blue curve)
for the configuration shown in the lower panel of Fig. 5.4 (ΓR = 0.1ΓL). The driving protocol
defining the path is Bx(t) = Bx,0 + Bx,1 cos(Ωt + φ), Bz(t) = Bz,0 + Bz,1 cos(Ωt) with Bx,0 =

1.5Γc, Bz,0 = Γc, Bx,1 = Bz,1 = Γc, φ = π/2. The black arrows represent ~A3( ~B) outside the
defined protocol.

illustrate the performance (COP) of the driven quantum dot operating in refrigeration mode.
We plot the COP η(fr) as a black dashed curve, defined in Eq. (5.39), and the normalized COP

η(fr)/η
(fr)
C (red curve) as functions of ∆T , where η

(fr)
C = T/∆T is the Carnot COP. Starting

from ∆T = 0, the plot shows that η(fr) monotonously decreases with ∆T . This behaviour can
be understood by recalling that the refrigeration mode results from a competition between the
heat induced by the temperature difference and the pumped heat against the thermal bias. In
fact, Qtr is made up of two components: i) the component Q∆T = 2πJQ

tr,∆T /Ω, which is the
heat current flowing from the hot to the cold reservoir during one period, therefore entering
the reservoir c (Q∆T > 0). This component increases linearly with ∆T ; ii) Qtr,ac, which is the
pumped heat current extracted from the cold reservoir c (Qtr,ac < 0), which is independent of
∆T . Therefore Qtr remains negative as long as Q∆T is not large enough to compensate Qtr,ac.
In that condition the thermal machine is no longer a refrigerator (a further increase of ∆T leads
to a sign reversal of the heat current).

On the other hand, the ratio η(fr)/η
(fr)
C (red curve) is bell-shaped, since this ratio becomes

∝ ∆T . In the inset of Fig. 5.6 we plot the normalized COP as a function of the inverse of the
driving frequency Ω. Since Q∆T ∝ Ω−1, increasing the frequency – within the adiabatic regime
– favors the pumping component Qac relative to Q∆T . Notice, however, that by increasing the

frequency the dissipative component represented by ~̃A in Eq. (5.37) becomes more detrimental
to the efficiency. There is, thus, a compromise between the two effects and an optimal frequency
of operation. In the present case, we achieve values as large as 14 % ηfrC . The key to obtain
high efficiency values is the selection of an appropriate pumping protocol, taking for example
advantage of the extra features introduced by the existence of the gate voltage Vg.

We close this section by analyzing the geometric component of the first-order adiabatic
reaction force defined in Eq. (5.33). In the present problem, the latter coincides with the
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Figure 5.6: Coefficient of performance for refrigeration (absolute in dashed black and normalized
to the Carnot value in red) versus ∆T for the protocol of Fig. 5.5 for ℏΩ = ΓR/200 Inset:
Normalized coefficient of performance for refrigeration as a function of ℏΩ for ∆T = T/150.

magnetic moment of the quantum dot. For ∆T = 0, the magnetic moment of the quantum dot
is given by

m` =
Ω

2π

∫ 2π/Ω

0
dt〈Ψ†

dσ̂`Ψd〉(t) = mBO
` +mgeo

` ,

mgeo
` =

Ω

2π

∮
~AS
` (

~B) · d ~B, (5.54)

with σ̂x,y for ` ≡ 1, 2, respectively. Here, mBO
` is the average over one period of the the

instantaneous magnetization corresponding to the equilibrium frozen Hamiltonian, while mgeo
` is

the geometric component, corresponding to the first-order adiabatic reaction force of Eq. (5.33).
The vectors ~AS

` (
~B) are calculated from Eq. (5.48) as defined in Eq. (5.53). Interestingly, the

symmetric component of the thermal geometric tensor, which defines the dissipation, is directly
related in the present problem to a local physical quantity, which is the quantum dot geometric
magnetization [67]. The latter is experimentally accessible. In fact, notice that the component
mBO

` does not explicitly depend on the driving frequency, while the second term has an explicit
linear dependence on Ω. Therefore, in a concrete experimental measurement of the quantum
dot magnetization, both components should be distinguishable from one another.

The associated vector fields ~AS
` (

~B) are shown in Fig. 5.7 for configurations with stronger
coupling to the h (x-polarized) reservoir than to the c (z-polarized) one and a finite gate
voltage Vg, with the same values of the parameters as in the right panel of Fig. 5.4. In this
representation, we can visualize higher intensity of the fields along Bx, Bz > 0 relative to
Bx, Bz < 0, as a consequence of the polarization of the reservoirs along the positive x and
z-axis. The amplitudes of ~AS

1 (
~B), shown in the left panel, are larger than those of ~AS

2 (
~B),

shown in the right panel, due to the larger coupling to the reservoir polarized along x. The
result of calculating the integrals over closed trajectories with different phase lags φ between
the components Bx and Bz is shown in Fig. 5.8. As in the case of the pumped heat, both
components of the magnetization vanish at φ = 0,π.
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Figure 5.7: Vector fields ~AS
1 (

~B) (left) and ~AS
2 (

~B) (right) following Eqs. (5.53) and (5.48), for
the parameters of the right panel of Fig. 5.4.

Figure 5.8: Components of the geometric magnetization mgeo
1,2 , defined in Eq. (5.54) as functions

of the phase-lag φ corresponding to paths of the form Bx(t) = Bx,0 +Bx,1 cos(Ωt+ φ), Bz(t) =
Bz,0 + Bz,1 cos(Ωt) with Bx,0 = 1.5ΓR, Bz,0 = ΓR, Bx,1 = Bz,1 = ΓR, on the vector fields of
Fig. 5.7.



Chapter 6

Geometric optimization of
Nonequilibrium Adiabatic Thermal
Machines and Implementation in a
Qubit System

This chapter is based on the paper PRX Quantum 3, 010326: Geometric Optimization of
Nonequilibrium Adiabatic Thermal Machines and Implementation in a Qubit System.

77



78 CHAPTER 6. GEOMETRIC OPTIMIZATION OF THERMAL MACHINES

Figure 6.1: Schematic configuration of the setup. A working substance WS is in contact with
two reservoirs at different temperatures, Tc and Th. The state ρ̂ of the system changes at slow
but finite speed along a closed path defined by the Hamiltonian H( ~B(t)) in a quasistatic process.

6.1 Introduction

The aim of the present chapter is to optimize the performance of thermal machines with cycles
in permanent contact to two or more reservoirs at different temperatures using the geomet-
ric approach developed in Chapter 5 (and in particular Section 5.4). To this end we combine
the geometrical description of the two competing mechanisms of the non-equilibrium thermal
machine (namely heat-work conversion and dissipation) in order to find optimal protocols for
maximizing power generation of the heat-engine operation and the efficiency of the refrigerator
mode. We show that the problem of finding such optimal protocols reduces to an isoperimetric
problem [233] (also studied as Cheeger Problem [234, 235]), that is the task of finding the shape
which maximizes the ratio between area and length. This is one of the oldest geometric prob-
lems in history, and was solved already by the ancient Greeks in the standard 2-dimensional
Euclidean plane [236]. Nevertheless, when the underlying area density or length metrics are
nontrivial [237, 238, 239, 240], no general solution is known.
We illustrate these ideas in a prominent quantum system playing the role of the working sub-
stance (WS): a qubit driven by two parameters slowly changing in time and asymmetrically
coupled to two thermal reservoirs at different temperature (see Fig. 6.1). We show analytically
that the limiting value for the area in the parameter space is given by the celebrated Landauer
bound [241, 242], which has been the motivation of many studies including several experiments
(see e.g. [243, 244]). We also find that, operating as a heat engine, the qubit thermal machine
offers a very good ratio between generated power and efficiency in a wide range of parameters.

The chapter is structured as follows. In Section 6.2, we introduce the set-up and define the
relevant thermodynamic quantities to characterize the cycle. In Section 6.3, we describe the
underlying geometry of the system. In Section 6.4 we describe the heat engine and refrigeration
modes of the machine, and perform the optimization with respect to the driving time. In
Section 6.5, we develop the full optimization of the machine. We then compute in detail all the
relevant quantities in a model of one of the most paradigmatic and simplest quantum engines,
namely a driven qubit system (see Refs. [174, 97, 161]).

6.2 The setup and its thermodynamics

We focus on the usual configuration where the WS operates in contact to two reservoirs at
different temperatures Th (hot) and Tc (cold), with Th = T + ∆T and Tc ≡ T . A particular
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example, which will be studied in detail in forthcoming sections is sketched in Fig. 6.1. The full
system is described once more by the Hamiltonian 2.1

H(t) = HWS(t) +
∑

α=c,h

(Hα +Hcont,α) (6.1)

where we renamed HS(t) ≡ HWS( ~B(t)) in this context to emphasize the fact that the cen-
tral system acts as the working substance, with ~B(t) = (B1(t), . . . , BN (t)) , j = 1, N being
the control parameters. We are from the beginning interested in cycles, so we consider time-
dependent protocols satisfying ~B(t+ τ) = ~B(t), being τ the period of the cycle. The reservoirs
are represented by the Hamiltonian

Hα =
∑

k

εkαb
†
kαbkα, α = c, h, (6.2)

with bkα and b†kα being the annihilation and creation operators of a bosonic excitation. The
coupling is represented by

Hcont,α =
∑

k

Vkαπ̂α


bkα + b†kα


, (6.3)

where π̂α is a matrix with the dimension of the Hilbert space of the WS.

The crucial concepts that characterize the operation of the thermal machine are the work
performed and the net heat exchanged between the two reservoirs during the cycle. The opera-
tion of the driven quantum system as a thermal machine in the presence of a temperature bias
relies on the mechanism of heat–work conversion. Following the ideas of the previous chapters,
in the present case we make the two main assumptions:

(i) slow driving [193], characterized by a small rate of change of the driving parameters with
time, dt ~B (short for d

dt
~B). In most of the cases, such time scale is determined by the

relaxation time τrel of the WS with the reservoirs.

(ii) a small temperature bias ∆T between the two reservoirs.

This enables us to work in the linear-response regime with respect to dt ~B and ∆T , specifically
in the adiabatic linear response theory of Section 3.1 [80] using the framework developed in
Chapter 5, which is useful when τ  τrel. We also consider small temperature bias, such
that ∆T/T  1. Recalling Eq. (5.13), this description leads to a linear relation between the
relevant energy fluxes operating the cycle and the components of the vector dtX = (dt ~B,∆T/T ).
The relevant quantities are the net output work and transferred heat between the hot and cold
reservoirs. They are, respectively, defined as the average over one period of the power developed
by the driving sources, and the energy flux into the α-reservoir,

W = −
∫ τ

0
dt 〈∂HWS

∂ ~B
〉 · dt ~B, (6.4)

Qα = − i

ℏ

∫ τ

0
dt 〈[Hα,H]〉 , (6.5)

where 〈O〉 = Tr [ρO], being ρ the global state of system and baths (which in general will be
correlated due to the contacts). The corresponding expectations values were evaluated in linear
response with respect to dtX in Chapter 5, and we can apply the results directly from Eq. (5.28)
and Eq. (5.30) in the present context as
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W =
∆T

T

∫ τ

0
dt ~Λ · dt ~B −

∫ τ

0
dt dt ~B · Λ · dt ~B , (6.6)

Q =

∫ τ

0
dt ~Λ · dt ~B +

∆T

T

∫ τ

0
dt κ . (6.7)

(remembering that Qc = −Qh ≡ Q). We have renamed the different components of the thermal
tensor Eq. (5.14) for the sake of clarity in the discussion that follows.

The coefficients associated to the mechanism of heat–work conversion are denoted by ~Λ( ~B)
and corresponds to the elements ΛN+1,`, 0 ≤ ` ≤ N of Eq. (5.14).

The matrix Λ is an alias for the coefficients Λ`,`′ , 0 ≤ `, `′ ≤ N , and defines the finite-time
dissipation developed by the time-dependent controls.

Finally we rename κ = ΛN+1,N+1, the heat transport as a response to the temperature bias.

We stress that {~Λ,Λ,κ} are all local functions of ~B, while they also depend on the coupling
parameters, the density of states of the thermal baths and T .

Notice that the fundamental component for the thermal machine to operate is the heat–work
conversion term

 τ
0 dt ~Λ ·dt ~B. In fact, without this component, the only surviving processes are

the dissipation of the energy supplied by the driving forces and the trivial conduction of heat
as a response to the thermal bias.

It is important to notice that the second terms of Eqs. (6.6) and (6.7) have a defined sign.
In our convention, Λ is positive definite since it is directly related to the entropy production
rate, which means that it is detrimental for the work output. Similarly, κ can be seen to be
positive, as a consequence of the fact that this component of the transferred heat describes
the flux from the hottest to the coldest reservoir. These are direct consequences of the second
law of thermodynamics. Instead, the line integral

 τ
0 dt ~Λ · dt ~B may have any sign, depending

on the driving protocol and it is enough to time-reverse the function ~B(t) to flip the sign. As
mentioned before, this term describes the heat–work conversion process and its sign defines
the type of operation of the machine. In fact, when it is negative, the contribution of the
first term of Eq. (6.7) may overcome the heat flowing into the coldest reservoir and enable the
operation of the machine as a refrigerator. This has an associated cost, described by the first
term of Eq. (6.6), which must be developed by the driving sources. In the opposite situation
where

 τ
0 dt ~Λ · dt ~B ≥ 0, the first term of Eq. (6.6) may overcome the second one, enabling the

mechanism of work output. This has an associated extra heat transfer from the hot to the cold
reservoirs, which is accounted for the first term of Eq. (6.7). This operation corresponds to a
heat engine.

6.3 Geometry of the problem

We now elaborate on the interpretation of the different terms in Eqs. (6.6) and (6.7) presented
in the previous Section, which allows for the optimization of the thermodynamic protocols in
terms of clear geometrical quantities.

First, we factorize the total duration τ in the expressions Eqs. (6.6) and (6.7), such to
decouple the time-rescaling from the geometrical contribution to the different quantities. Indeed
by considering an adimensional time unit θ such that

~B(t) = ~B(θτ) , θ ∈ [0, 1] , (6.8)
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we can define, identifying from now on the adimensional time derivative ~̇B ≡ ∂ ~B/∂θ = τdt ~B,

A =

∫ 1

0
dθ ~Λ · ~̇B , (6.9)

L2 =

∫ 1

0
dθ ~̇B · Λ · ~̇B , (6.10)

〈κ〉 =
∫ 1

0
dθ κ . (6.11)

Accordingly, Eqs. (6.6) and (6.7) can be expressed as follows,

W =
∆T

T
A− L2

τ
(6.12)

Q = A+
∆T

T
τ〈κ〉. (6.13)

The names A and L2 are related the geometrical meaning of the quantities above, as we
discuss below. The representation of Eq. (6.9) highlights the fact that A corresponds to a
Berry-type phase in the parameter space as discussed in Chapter 5. Notice, that, in order to
have a non-vanishing value of A, at least two time-dependent parameters are necessary. This
is basically the same argument widely discussed in the literature of adiabatic charge pumping
[52, 54, 198, 197]. In addition, it is necessary to break some symmetries in the system to have
a finite value of this closed integral.

Given that ~B(θ) represents a closed trajectory in space, we can use Stokes’ theorem –in a
three-dimensional space or its corresponding generalization in higher dimensions– to re-express
the line-integral defining A

A =

∫

∂Σ

~Λ · d ~B =

∫

Σ
(~∇B ∧ ~Λ) · d~Σ , (6.14)

where Σ is a surface in the ~B space, with boundary ∂Σ coinciding with the control trajectory. In
the case of having 4 or more parameters, Eq. (6.14) should be replaced by the Generalized Stokes’
Theorem applied to differential forms in the appropriate dimension 1. In this representation, A
is the flux of the vector ~∇B ∧ ~Λ through the area enclosed by the control trajectory, and can
be also interpreted as the integral over this area weighted by the Berry curvature [51]. We can
therefore think of A as the area of the surface dened by the control trajectory (with local weight
depending on the Berry curvature). Note that this geometrical translation clarifies as well that
A depends only on the geometry of the trajectory ~B(θ): that is, not only A is independent of
τ , but it is also invariant under any reparametrization θ′(θ) which might change the local speed
and time spent on different points of the trajectory.

Concerning L2, it can be interpreted as a length squared of the control trajectory ~B(θ), as
it is clear from (6.10) that it represents the integral of a quadratic form that defines a metric
in the ~B space. At the same time, given the presence of two time derivatives, L2 can depend
in general on reparametrizations θ′(θ). However, L2 represents losses due to dissipation in the
driving – see Eq. (6.6) – and we are therefore interested in its minimum value, which can be
obtained through a Cauchy-Schwarz inequality

L2 ≥
∫ 1

0
dθ


~̇B · Λ · ~̇B

2

=

∫

∂Σ


d ~B · Λ · d ~B

2

≡ L2 . (6.15)

1Identifying ~Λ · d ~B with a 1-form ω over Rn, we can express Eq. (6.14) as A =
∫
∂Σ

ω =
∫
Σ
dω, where dω is

the exterior derivative of ω.
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The lower bound L is fully geometric (it depends solely on ∂Σ) and it is always achievable by

choosing the time-parametrization θ′ such that ~̇B · Λ · ~̇B is constant. L is a natural extension
of the standard thermodynamic length [71, 72, 73, 74, 75, 89, 90, 91, 83, 78, 95, 81] to non-
equilibrium set-ups where the WS is simultaneously interacting with several baths.

Finally, it is apparent that 〈κ〉 Eq.(6.11) represents the simple average of a scalar number (the
heat conductance) along the trajectory. In general it clearly also depends on reparametrizations
of the adimensional time θ′(θ), as the average can be arbitrarily close to the maximum value
κmax of the trajectoy, in case θ′ is such to spend almost all the time close to κmax. Similarly
〈κ〉 can be arbitrarily close to the minimum value along the trajectory κmin.

6.4 Performance of the machine and time-optimization

In this section we discuss the different operation modes of the thermal machine, and introduce
the relevant figures of merit for its characterization.

6.4.1 Heat engine

The system described in the previous sections can be used to extract work from two reservoirs
with a temperature bias. This is the engine operating mode of the system. We write the power
of the heat engine and its efficiency as

P =
W

τ
=

∆T

T

A(1− τD
τ )

τ
, (6.16)

η =
W

Q
= ηC

1− τD
τ

1 + τ
τk

, (6.17)

where we substituted Eqs. (6.6)-(6.7) and we defined the dissipation and heat leak timescales

τD =
T

∆T

L2

A
, τκ =

T

∆T

A

〈κ〉 . (6.18)

In the previous expressions ηC = ∆T/T is the Carnot efficiency. Given the expressions above,
we can optimize the duration of the cycles in order to maximize the power or the efficiency,
obtaining correspondingly

τP = 2τD, τη = τD +


τD(τD + τκ) . (6.19)

We see that the duration for maximum efficiency is always larger than the duration for maximum
power. The corresponding maximum power and efficiency at maximum power are

Pmax =
1

4

(∆T )2

T 2

A2

L2
, ηPmax =

ηC
2

x− 1

x+ 1
(6.20)

while the maximum efficiency and power at maximum efficiency

ηmax = ηC


1− 2√

x+ 1


, Pηmax =

(∆T )2

T 2
〈κ〉(

√
x− 1)2√

x
, (6.21)

with

x = 1 +
A2

L2〈κ〉 . (6.22)

See Fig. 6.2 for a summary and visual explanation of these results.
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Figure 6.2: Engine mode: Power and eciency vs. cycle duration.
The optimal operating region is the gray interval between the two dashed lines: indeed for any
point outside the region, there is a point inside with both larger efficiency and larger power.
In the limit of big heat leaks 〈κ〉 the corresponding heat leaks timescale τκ (6.18) is small, and
the difference between τP and τη (6.19) shrinks. That is, when the heat leak is the dominant loss,
power and efficiency maximization tend to coincide, as one could expect (this can be verified
by direct inspection of (6.16) and (6.17)); the corresponding maximum efficiency is also small
in this limit.
In the opposite limit of no leaks 〈κ〉 → 0, τκ tends to infinite, and we recover the standard
scenario in which power is maximized for a finite time, while the efficiency is maximum for
τ → ∞, where it tends to the Carnot efficiency, as the dominant loss is due to finite-time
dissipation. For finite values of 〈κ〉, the scenario is intermediate. In the plot τD = 1 and
τκ = 2.5.

6.4.2 Refrigerator

In the heat pump or refrigerating mode, external work is supplied to the system to extract heat
from the cold bath and transfer it to the hot one. Therefore we define the cooling power P ′ and
the coefficient of performance (COP) η′

P ′ =
−Q

τ
= A

1− τ
|τk|

τ
, (6.23)

η′ =
Q

W
= η′C

1− τ
|τk|

1 + |τD |
τ

, (6.24)

where η′C = T/∆T is the Carnot COP. The difference with the engine operating mode is that
in this case both Q and W are negative (heat is transferred against the thermal bias and work
is performed on the system). We have therefore A < 0 which implies τκ < 0 and τD < 0 are
formally negative as well (which is the reason of the absolute values in the equations). By direct
inspection of (6.23) we see that the maximum power of such mode is unbounded, as in the limit
τ → 0 the power tends to infinity. The slow-driving approximation τrel/τ  1 prevents us from
analyzing the limit of arbitrary small τ and a reliable analysis of the cooling power requires a
description beyond linear response [245, 246]. Thus, we focus only on maximizing the efficiency
of this operation, for which we get

τη′ = τη =


τD(τD + τκ)− |τD| , (6.25)
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η′max =
T

∆T


1− 2√

x+ 1


, (6.26)

P ′
η′max

=
∆T

T
〈κ〉√x , (6.27)

with x defined as in Eq. (6.22).

6.5 Full optimization and the isoperimetric problem

In the previous section we showed how to choose the optimal duration for cycles of two kinds of
thermal machines, and we derived formal expressions for the resulting powers and efficiencies.
The resulting figures of merit still depend on the particular trajectory chosen for the cycle.
Finding the fully-optimal solution is nontrivial, but we show in the following how the geometrical
picture of the thermodynamics introduced in Sections 6.3 and 6.4, helps in finding the most
advantageous control trajectories to be exerted on the machine.

An interesting question in the present problem is whether we can find a protocol that maxi-
mizes the output power of the system. We have shown in Section 6.3 that, given a parametriza-
tion ~B(θτ) defined over ∂Σ in the parameter space, we can compute the duration τ that upper
bounds the power for that protocol. The result is expressed in Eq. (6.20). Besides, we know
from the definition in Eq. (6.14) that the value of A2 does not depend on reparametrizations
θ′, while the value of L2 can be lower-bounded by L2 according to Eq. (6.15). With all these
considerations, we find that the maximum power developed by a protocol moving along a curve
∂Σ is expressed by

Pmax(∂Σ) =
1

4

(∆T )2

T 2

A2

L2
. (6.28)

Eq. (6.28) tells us that the problem of finding the maximum output power of the system is
equivalent to the problem of maximizing the term A2/L2 over the set of all closed curves ∂Σ
in the parameter space (known as isoperimetric or Cheeger problem [233, 234, 235]). The
optimization of this geometrical quantity is not a simple task in general, since one must choose
a test curve ∂Σ that maximizes A2, while keeping L2 small, being those quantities nontrivial
functions of ∂Σ when the corresponding metrics are not flat [237, 238, 239, 240].

For what concerns the efficiencies, ηmax, η′max, ηPmax are all increasing functions of the
same parameter A2/(L2〈κ〉). Like in Eq. (6.15) the denominator can be lower bounded with a
Cauchy-Schwarz inequality

L2〈κ〉 =
∫ 1

0
dθ ~̇B · Λ · ~̇B

∫ 1

0
dθ κ


≥
∫ 1

0
dθ

√
κ


~̇B · Λ · ~̇B

2

. (6.29)

In complete analogy to Eq. (6.15), the bound can be always saturated, by choosing a reparametriza-

tion θ′(θ) such that ~̇B · Λ · ~̇B/κ is constant in time, and can be interpreted again as a length
defined by an underlying metric

∫

∂Σ


d ~B · Λκ · d ~B

2

≡ L2
κ , Λκ = Λκ . (6.30)

The length Lκ is fully geometric, i.e. it depends only on the set of points defined by the
trajectory ∂Σ, and the maximization of ηmax, η

′
max, ηPmax is also mapped to an isoperimetric

problem

max
A2

L2〈κ〉 = max
∂Σ

A2

L2
κ

. (6.31)

The geometric expressions (6.28) and (6.31), which map the thermodynamic optimization to an
isoperimetric (Cheeger) problem, are the main results of this paper.
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6.6 A qubit thermal machine

We will exemplify these results for the specific case of a driven qubit, in which case, the Hamil-
tonian for the working substance entering Eq. (6.1) is HWS(t) = Hqb(t), where

Hqb(t) = ~B(t) · ~̂σ (6.32)

with ~̂σ = (σ̂z, σ̂x) being the Pauli matrices and ~B(t) ≡ (Bz(t), Bx(t)), being periodic with period
τ .

As already highlighted in Section 6.2, a key ingredient to have the heat–work mechanism
in the linear response regime, is some protocol leading to A 6= 0. We recall that this quantity
represents also the net pumped heat as a consequence of the time-dependent driving. In linear
response, A depends on response functions that are evaluated with the two reservoirs at the
same temperature T (see [80, 161] and Appendix D). When the two reservoirs are equally
coupled, any protocol implemented via changing ~B generates the same energy flow between
them and the qubit. This prevents a net energy transfer between the reservoirs and A = 0.
Therefore, it is necessary to introduce some asymmetry in the coupling between the qubit and
the reservoirs in order to have A 6= 0. For this reason, we consider the Hamiltonian describing
the coupling to the reservoirs introduced in Eq. (6.3) with π̂h ≡ σ̂x, π̂c = σ̂z, which breaks the c
↔ h symmetry in the absence of a temperature bias. Any other combination of Pauli matrices
with σ̂h 6= σ̂c would lead to similar results. As mentioned before, the other crucial ingredient
is a protocol depending on at least two parameters, which is necessary to define a non-trivial
surface Σ. In our case, we consider just two parameters: Bz(t) and Bx(t).

We solve the problem in the limit of weak coupling between the WS and the reservoirs
by deriving the adiabatic master equation by means of the non-equilibrium Green’s function
formalism at second order of perturbation theory in Vα as explained in Section 3.4 [103]. Details
are shown in Appendices D and D.1. In the specific calculations discussed below, we considered
the simplest case, where the two reservoirs have the same spectral density, Γc() = Γh() =
Γ() = Γ̄e−/C for  ≥ 0.

6.6.1 Adiabatic linear-response coecients

The adiabatic linear response matrix Λ is originally expressed as a function of the coordinates
(Bz, Bx). This matrix is positive defined and symmetric. When diagonalized it is found that
the eigenvectors, |r〉 = (sin(φ), cos(φ))T , |φ〉 = (cos(φ),− sin(φ))T correspond to radial and
tangential directions and thus Λ can be expressed as follows,

Λ = λr|r〉〈r|+ λφ|φ〉〈φ|, (6.33)

with λr,λφ ≥ 0. This suggests that it is natural to implement the following change of coordi-
nates: Bz = Br cosφ, Bx = Br sinφ. We get

~̇B · Λ · ~̇B ≡ λrḂ
2
r + λφB

2
r φ̇

2 ≡ λr| ~̇Br|2 + λφ| ~̇Bφ|2. (6.34)

The analytical expression for the radial component reads,

λr( ~B) =
ℏβ sinh(βBr)

Γ(2Br) cosh
3 (βBr)

(6.35)

and for the tangential one is

λφ( ~B) =
ℏΓ(2Br)

4B3
r

, (6.36)

being β = 1/kBT . The first component is associated to changes in the energy gap between the
two states of the qubit, while the second one leaves the spectrum unchanged but introduces a
rotation of the eigenstate basis.
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Figure 6.3: The Berry-type curvature
[
~∇B ∧ ~Λ(B)

]
y
. The integration of this quantity over

the area enclosed by the control trajectory defines the A as in Eq. (6.14). Parameters are
C = 120kBT and Γ̄ = 0.2. Curves (a), (b) and (c) are heuristically searched protocols of
elliptic shape, centered in (0, 0), (1, 1) and (−1.5,−0.45) respectively, that maximize the value
A2/L2 (see Sec. 6.6.3). Curve (d) is a protocol with the shape of a circular sector centered
at (0, 0), with radius R and spanning an angle Ω symmetrically with respect to the quadrant’s
bisector.

Regarding the other coefficients, the components of the vector ~Λ( ~B) = (Λz,Λx) = Λr〈r| +
Λφ〈φ| read

Λr( ~B) =
βBr sin

2(φ)

cosh2(βBr)
, Λφ( ~B) = 0 , (6.37)

while the parametric thermal conductance is

κ( ~B) =
βB2

r sin
2(2φ)Γ(2Br)

sinh (2βBr)ℏ
. (6.38)

6.6.2 Geometrical quantities and bound for the heat–work conversion

Given the above coefficients we can now calculate all the relevant geometrical quantities for the
characterization of the machine, namely, A, L and 〈κ〉 defined respectively in Eqs. (6.9), (6.10)
and (6.11).

As already mentioned when the representation of Eq. (6.14) was introduced, the net pumped
heat quantified by A is simply the value of the Berry curvature integrated over the area of the
(Bz, Bx) plane enclosed by a particular protocol. The Berry curvature as a function of (Bz, Bx)
is shown in Fig. 6.3. Because of the nature of the setup, this quantity changes sign at Bx = 0
and Bz = 0. Therefore, protocols with constant Br lead to A = 0. For any protocol, the sign
can be simply switched by changing the circulation of the boundary curve, hence switching the
operation from heat engine to refrigerator or viceversa.

It is also easy to visualize in Fig. (6.3), that protocols enclosing a large portion of the
dark blue or bright yellow areas lead to a large value of |A|. Focusing on simple curves that
do not cross themselves we consider a circular-sector trajectory like the curve (d) depicted in
Fig. (6.3), characterized by a radius R and an aperture angle Ω symmetric with respect to the
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Figure 6.4: Positive eigenvalues of Λ -see Eq. (6.33)- as a function of | ~B| = Br. Parameters are
C = 120kBT and Γ̄ = 0.2 (solid lines), Γ̄ = 0.05 (dashed lines). Note for Γ̄ = 0.2 (solid lines)
that most of the relevant region of Fig. 6.3 lies inside the interval (Br,low, Br,high) where the
radial dissipation is about one order of magnitude bigger than the polar dissipation.

the quadrant’s bisector. It is clear from the figure that the protocol leading to the maximum
achievable value of |A| in the present setup corresponds to a trajectory fully enclosing a quadrant.
Such a trajectory is, for instance, the special case of the circular-sector trajectory with Ω = π/2
that: i) starts at the origin and goes to infinity along the Bx axis, ii) rotates π/2 counterclockwise
and aligns in the Bz axis, iii) returns to the origin along the Bz axis.

This limiting protocol corresponds to a quasistatic Carnot cycle and the resulting value of
A is

Alim =

∫

quadrant
(~∇B ∧ ~Λ) · dŷ = ±kBT log(2), (6.39)

where the signs are determined by the enclosed quadrant and the circulation considered. Notice
that, according to Eq. (6.7), this corresponds to the extreme values for the energy that could
be transported between the two reservoirs at the same temperature T through the qubit, and
coincides with the famous bound obtained by Landauer’s argument [241] according to which
the change of Shannon entropy in the process of erasing the information encoded in a bit is
± log(2). In the present case, it is associated to the transfer of the same amount of entropy
between the reservoirs (a similar result was found quantum dots [25]). At finite ∆T , according
to Eq. (6.6) this quantity also sets the maximum value of the work that can be extracted in the
heat-engine operational mode (for Alim > 0) in the limit of vanishing dissipation. This result
is, respectively,

Wlim = kB(Th − Tc) log(2) = Alim ηC . (6.40)

We now turn to analyze L2, which assesses the dissipated energy for a particular protocol.
This quantity is determined by Λ given by Eq. (6.10). For the qubit, this matrix can be decom-
posed in two contributions, as expressed in Eq. (6.33) which are associated to the dissipation
of energy originated in the radial and polar changes of ~B.

We see from the analytical expressions of Eqs. (6.35) and (6.36) that Λ is symmetric along
the polar axis, i.e. it only depends on Br. This is illustrated in the left panel of Fig. D.1 in
Appendix D.1. In Fig. 6.4 we show the dependence of the coefficients λr and λφ on Br for two
different values of the Γ̄ parameter. For some values of Γ̄ we find an interval (Br,low, Br,high)
for which the dissipation is mainly due to changes in the energy spectrum induced by finite
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Ḃr. The specific values Br,low, Br,high depend on the working temperature and the coupling
constant Γ̄ between the qubit and the reservoirs. More details on the Λ submatrix and the
dissipation structure of the qubit can be found in Appendix D.1.

The final value of L2 for a protocol ~B(θτ) defined over ∂Σ in the parameter space still
depends on the chosen parametrization θ. Out of all the possible parametrizations, Eq. (6.15)
tells us that there exists a particular one for which L2 = L2. Furthermore, this corresponds to
the lower bound for L2 and, importantly, it is a function of ∂Σ only (it is geometrical).

In addition, for a given θ associated to ∂Σ, we are able to obtain the optimal parametrization
θ̄(θ) that saturates the bound, and defines the less dissipative protocol ~B(θ̄τ) around ∂Σ in time
τ . The new value of the velocity at a given time can be computed using (6.15), demanding that

~̇B(θτ) · Λ( ~B) · ~̇B(θτ) is constant at each point. The result is

∂ ~B(θ̄τ)

∂θ̄
= ~̇B(θτ)

√
L2

~̇B(θτ) · Λ( ~B) · ~̇B(θτ)
(6.41)

where the dot in ~̇B is the derivative with respect to the original parametrization θ. This driving
ensures constant entropy production along the cycle.

6.6.3 Maximum power

Although a global maximum for Pmax(∂Σ) in Eq. (6.28) is hard to find, it is still possible to
design simple trajectories with useful output power and reasonable efficiency. We perform a
numerical search of max∂ΣA

2/L2 using a gradient descent method, restricted to the space of
elliptic trajectories centered at a given point ~B. The trajectories (a), (b) and (c) shown in
Fig. 6.3 are examples of the resulting curves. We choose this type of curves because elliptical
trajectories are easy to implement experimentally, and flexible enough to perform an extensive
optimal search. The advantage of the elliptical protocols is not obvious, taking into account that
Fig. 6.3 suggests that the circular-sector protocols are better than the ellipses for maximising A.
However, this is not the case for A2/L2: we show in Section 6.6.5 that suitable chosen ellipses
can clearly outperform circular-sector protocols in terms of power output.

Focusing on the elliptic protocols, we see that the highest values of power are achieved for
test curves that avoid the region of small | ~B|, where the dissipation coefficient λφ diverges. The
curve (a) centered at (0, 0) is an interesting example. It maximizes A2 by enclosing the two
lobes in the first and third quadrant of Fig. 6.3, and closes the curve near infinity in order to
avoid the central region of high dissipation.

In Fig. 6.5 we depict the value of max∂ΣA
2/L2 found by the mentioned heuristic method,

as a function of the (fixed) central point of the ellipse. We distinguish two different regimes
leading to the optimal power, as a consequence of the crossover between the two mechanisms of
dissipation discussed in the context of Fig. 6.4. For small Br, where the less dissipative protocol
is radial, the optimal trajectories are like the case (a) in Fig. 6.3, while in the opposite limit
where Br is large, the optimal protocols are like the ones indicated with (b) and (c) in that Fig.

6.6.4 Maximum eciency

Following the same philosophy of the analysis of L2 presented in Fig. 6.4, we plot in Fig. 6.6 the
maximum eigenvalue of Λκ (defined in Eq. (6.30)) in order to visualize the value of the thermal
losses when the system evolves in the direction of maximum dissipation. Note that since κ( ~B)
is a scalar, hence, an equivalent decomposition to Eq. (6.33) can be done for Λ2

κ as follows:

Λk = λkr|r〉〈r| + λkφ|φ〉〈φ|. (6.42)

Furthermore the analysis presented for L2 in Section 6.6.2, and particularly the results shown
in Fig. 6.4 and Appendix D.1 still hold for the eigenvalues and eigenvectors of Λκ.
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Figure 6.5: max A2/L2 as a function of ~B, for an heuristic optimization of elliptic trajectories
centered at ~B. Parameters are C = 120kBT and Γ̄ = 0.2. Only positive values of Bx and Bz

are shown, since this quantity is symmetric with respect to Bx = 0 and Bz = 0.

Figure 6.6: Maximum eigenvalue of Λκ, indicating the losses due to the combined effect of dissi-
pation and thermal conduction. Parameters are C = 120kBT and Γ̄ = 0.2. Curves (b) and (c)
are heuristically searched protocols of elliptic shape, centered at (1, 1) and (−1.5,−0.45) respec-
tively, that maximize the value A2/L2

κ. Curve (d) (circular sector) is a quarter of circumference
centered at (0, 0), joined by two radial lines of length R along the axis.
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In the case of the efficiency, an optimal solution is trivially found by looking at Fig. 6.6 and
considering again the circular-sector curve (d) with Ω = π/2. From (6.38) we see that along the
Bx and Bz axis we have κ = 0, because in those regions the system is coupled to only one of the
reservoirs. It is clear from Eq. (6.30) that for the limiting circular-sector protocol with R → ∞,
enclosing the full quadrant and leading to Eq. (6.39) we have 〈κ〉 = 0, which implies x = ∞
in Eq. (6.21), hence ηmax = ηC . In fact, as already mentioned, this protocol is an equilibrium
Carnot cycle for the qubit, where the changes along the axis are the isothermal compression
and expansion. More details of the efficiency of this protocol can be found in Section 6.6.5.

In addition to this particular solution of special interest, we illustrate the usefulness of the
method in a more generic way. The strong equivalence between the geometrical quantities
A2/L2 and A2/L2

κ allows us to replicate the analysis done in the previous subsection in a
straightforward manner. Once again, for a given a trajectory the value of A2 is computed from
Eq. (6.14) while the lower bound for L2 〈κ〉 and the corresponding optimal parametrization
is given by (6.30) in complete analogy with Eqs. (6.15) and (6.41) from the maximum power
analysis.

We perform the numerical search of max∂Σ{A2/L2
κ}( ~B) again for the special case of closed el-

liptic curves centered at a given point ~B. The computed result is presented in Fig. 6.7. In Fig. 6.6
we also show some of these trajectories, centered at the points ~B = {(1, 1), (−1.5,−0.45)}. Note
that, while some differences can be spotted between these trajectories and the ones shown in
Fig. 6.3, the qualitative intuition is that efficient protocols are the ones with big A2.

Figure 6.7: Maximum A2/L2
κ as a function of ~B for a heuristic optimization of elliptic trajectories

centered at ~B. Parameters are C = 120kBT and Γ̄ = 0.2.

6.6.5 More discussion on the circular sector

Here we present a more detailed study on the power and the efficiency of the circular sector
defined in Section 6.6.2. In Fig. 6.8 we compute the geometrical value A2/L2 as a function of
the two parameters R and Ω that define the curves of this class.

We see from Fig. 6.8 that for big enough R the value of A2/L2 depends only on Ω. This
fact can be understood by looking at the left panel of Fig. D.1: for Br > Br,high we have Λ ≈ 0,
which implies that the dissipation outside the solid circle is negligible, and only the radial
sections contained in the solid circle contributes significantly to L2. Furthermore, since Λ has
rotational symmetry, the value of L2 is independent of the direction of the radial parts. These
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Figure 6.8: Geometrical values A2/L2 for the circular-sector protocols. We found a saturation
value equal to 0.022(kBT )2/ℏ which corresponds to the trajectory defined by Ω = π/2 and
R → ∞.

two observations leads us to the conclusion that L2 has a saturation value in the circular sectors
with R >> Br,high. Finally, the dependence on Ω is explained by looking at Fig. 6.3, where it
is clear that A = A(Ω) for R >> Br,high as well, and the maximum occurs at Ω = π/2. The

saturation value of A2/L2 for the circular sector is found to be maxcirc−sec
A2

L2 = 0.022(kBT )2/ℏ,
which comparing to Fig. 6.5 is around 30% smaller than the ellipses case.

Figure 6.9: Computed efficiency for the circular sector with Ω = π/2 as a function of the R
parameter. At R → ∞ we recover Carnot efficiency for the optimal parametrization.

In Fig. 6.9 we show the computed maximum efficiency ηmax in Eq. (6.21) of the circular-
sector protocol with Ω = π/2 as a function of R.

Recall from discussion in Section 6.6.4 that the limiting case of the circular sectors with the
mentioned Ω and R → ∞ defines a Carnot cycle when optimized for maximum efficiency. This
fact is clearly seen in Fig. 6.9 as the saturation value of ηmax/ηC goes to 1 as R >> Br,high.

6.6.6 The impact of optimizing the driving speed

The aim of this section is to gather further insight on the effect of selecting the optimal protocol,
regarding the trajectory ∂Σ and the optimal speed for the circulation on the resulting power
and efficiency of a heat engine.
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We consider an elliptical protocol for which we can define a “trivial” circulation with constant
angular velocity. For the case of the power, we compare the results of such trivial circulation
with the one corresponding to the optimal velocity as defined in Eq. (6.41). For the case of
the efficiency we compare the trivial circulation with with the one corresponding to the optimal
velocity, as defined in Eq. (6.41) with the replacements L → Lκ and Λ → Λκ.

For sake of concreteness we focus on ∂Σ given by the protocol (b) of Fig. 6.3. Results are
shown in Fig. 6.10, where we show the power and efficiency of the machine as a function of the
cycle total duration. Plots in solid and dashed lines correspond, respectively, to the protocols
with constant angular velocity and optimal velocity. We note from this figure that the optimized
parametrization is around two times bigger in power, and around four times more efficient, with
respect to the trivial parametrization of the ellipse circulated at a constant angular velocity.
Dashed lines in Fig. 6.10 are akin to those of Fig. 6.2 where power values are normalized to
Pmax and efficiencies to ηmax, and summarizes the performance of the machine.

Figure 6.10: Power (blue) and efficiency (orange) for curve (b) of Fig. 6.6 as a function of the
cycle duration τ . Solid lines: circulating around the curve at constant angular velocity. Dashed
lines: Using the optimal velocities given by Eqs. (6.15) (for power) and (6.30) (for efficiency).

6.6.7 Estimates for the performance

To finalize the analysis of the qubit heat engine, it is interesting to analyze concrete values
characterizing its performance. As before, we focus on the protocol (b) of Fig. 6.3, for which
we have

A2 = 0.233k2BT
2 L2 = 7.71ℏ. (6.43)

For these values, we find using Eq. (6.20):

Pmax =


1.364 × 10−2 pW

K2


(∆T )2,

which for a working temperature of T = 100mK and a temperature bias corresponding to
∆T = 0.05T , as in previous Figures, gives Pmax = 0.341aW with efficiency ηPmax = 0.23ηC .
The total time τP for maximum power output per cycle is computed through Eq. (6.19):

τP = 2τD = 48.8ns

which corresponds to an operation frequency in the order of 0.1GHz.
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It is interesting to compare the value obtained for the maximum power in the protocol
under consideration with the power associated to the limiting value for the work given by Eq.
(6.39). Such limiting power can be obtained by replacing τP of Eq. (6.18) in Eq. (6.12), where
we see that at finite time the net work done by the machine operating at maximum power
is WPmax = A ηC/2. Taking into account that for the heat engine A ≤ log(2)kBT – see Eq.
(6.39)– we conclude that the bound for the maximum operating power in a cycle of duration τP
is Plim = log(2) kBT ηC/(2τP ). For the case of the protocol (b), given the values of Eq. (6.43),
we get Pmax = 0.7Plim.

In a similar way using Eq. (6.21), the optimized parametrization that maximizes the effi-
ciency of the cycle give us the value ηmax = 0.34ηC .

Specific values for the maximum efficiency of the machine operating under other protocols
can be obtained by substituting in Eq. (6.22) the values shown in Fig.6.7. This calculation
shows that this machine can achieve a performance as high as ηmax > 0.55ηC . These results are
very encouraging regarding the possibility of the experimental implementation of this system.
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Chapter 7

Summary and conclusions

In the present thesis we have investigated the adiabatic dynamics of a wide family of few-level
quantum devices in contact to thermal reservoirs. We have applied some of the general results
to particular examples, in an effort to give concrete use of the developed theory and aiming for
the future experimental verification of the theoretical work.

In Chapter 4 we have investigated the adiabatic dynamics of a QD with many-body inter-
actions connected to a single reservoir at T = 0 and under the effect of two-parameter driving
with a gate voltage and a magnetic field. This induces time-dependent flow of charge, spin and
energy through the contact between the QD and the reservoir. Under these conditions, the net
dynamics is fully dissipative[247]. We have verified that energy is instantaneously dissipated
in the form of a Joule law with a universal resistance R0. This was previously discussed in
the framework of non-interacting, [143, 144, 145], as well as interacting systems under single-
parameter driving[149].

We also have derived fluctuation-dissipation relations within the framework of adiabatic
linear response theory, which constitute generalizations of the so-called Korringa-Shiba law,
previously derived for Fermi liquids[209, 69]. We showed that in the presence of many-body
interactions, other interesting effects take place as a consequence of the two-parameter driving.
These are the net work exchange between forces as well as the non-equilibrium polarized charge
population with geometric nature, akin to quantum pumps[54, 52]. These features are amenable
to be explored experimentally in quantum capacitors like those studied in Refs. [124, 125, 126,
127]. In fact, these systems are constructed in the quantum Hall regime, under the effect of
a strong magnetic field. By introducing a time-dependent component in this magnetic field,
along with the variation of the gate voltage would lead to a scenario like the one studied in the
present work. At finite T , the effects we have studied could be relevant in the implementation
of driving protocols for thermal machines, [185, 248, 66, 249, 228, 250, 251] as well as in the
discussion of shortcuts to adiabaticity[252, 253, 254].

In Chapter 5 we have presented a general description of the geometrical properties of quan-
tum thermal machines under the effect of adiabatic periodic driving and a small thermal bias
due to the contact to reservoirs at different temperatures. The cyclic time-dependence is intro-
duced via classical variables, varying slowly in time, that enter the quantum Hamiltonian of the
system. We show that the operation of the thermal machine, consisting of a few-level quantum
system, is fully characterized by the thermal tensor Λµ,ν defined in Section 5.3.

The formal derivation of this tensor is obtained by means of the adiabatic linear response
theory complemented by Luttinger’s representation of the thermal bias. The symmetric compo-
nent of Λµ,ν characterizes the total rate of entropy production, thus controlling the dissipation
of all the sources involved in the operation of the machine. When the system is driven by two
or more periodically-varying parameters, it is possible to obtain pumping of heat between reser-
voirs, even in the absence of a temperature bias. The heat pumped, the work performed on the
system, and the dissipated power can be described by means of vector fields defined through the
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thermal tensor. In particular, the pumped heat by the driving and the work performed can be
expressed in a purely geometric form as line integrals of those vector fields over the closed paths
which represent the driving cycles in the parameter space. In the presence of a thermal bias,
these two quantities allow the characterization of a thermal machine which realizes heat-work
conversion.

We have illustrated these ideas using a paradigmatic quantum system coupled to two thermal
reservoirs: a quantum dot coupled to electronic reservoirs and driven by an harmonically time-
dependent and rotating magnetic field. We solve the problem exactly for arbitrary coupling
by recourse to linear response and Green’s function formalisms. We have calculated the vector
fields responsible for the geometric characterization of the systems as thermal machines. We
have computed the heat pumped and the work as functions of the phase lag between the two
driving parameters. The efficiency of the thermal machines has been analyzed in terms of the
temperature difference between reservoirs, the average temperature, and the frequency of the
driving parameters.

Finally, in Chapter 6 we have applied the geometrical approach of Chapter 5 to describe
the two competing mechanisms of a non-equilibrium adiabatic thermal machine: the dissipation
of energy and the heat–work conversion. While the first mechanism is described in terms of
a length, the second one can be represented by and area in the parameter space. We then
showed that the problem of finding optimal protocols reduces to an isoperimetric problem,
which consists in finding the optimal ratio between area and length in a space with non-trivial
metrics.

We applied this description to a thermal machine which consists of a single qubit asym-
metrically coupled to two bosonic reservoirs at small different temperatures and driven by a
cyclic protocol controlled by two parameters that vary slowly in time. We solved this problem
in the limit of weak coupling between the qubit and the reservoirs. We analytically show the
limiting value of the pumped heat between reservoirs is given by Landauer bound in an ideal
Carnot cycle. We analyzed in this problem the type of cycles leading to optimal performance of
the machine. Interestingly, the qubit machine has a very good ratio between performance and
power within a wide set of parameters.

Possible directions for further exploration

In terms of the physical systems explored in the thesis, a natural extension for the quantum
dot studied in Chapter 4 is to include a second reservoir to find the geometric properties of the
particle transport. At T = 0 the Korringa-Shiba relations derived in this work can be applied
directly to simplify the heavy computations of the response functions in the interacting case.
Interpreted as a thermal machine, the energy transport properties of the interacting quantum
dot can also be studied using the framework developed in Chapters 5 and 6.

According to our analysis in Section 6.6.7 for the qubit machine, efficiencies larger than 0.55
of the Carnot cycle can be achieved and values of the corresponding output power of 0.7 of the
limiting power, corresponding to the work done in an ideal Carnot cycle divided by the duration
of the cycle at which the maximum power is achieved. These estimates are very encouraging for
the experimental implementation of this machine. In this sense, a very promising platform is
a superconducting qubit coupled to resonators, in which there are several configurations under
study for some years now [255, 256, 257, 258, 259, 260]. Other possible platforms are those in
which the Otto cycle has been already implemented, like AMO systems [46, 179, 45], as well as
spin systems in NMR setups [33]. Quantum dots, where electron pumping has been observed [35,
104] are also candidates for implementing the heat engine and refrigerator operations as well
as nanomechanical systems [44, 261]. This geometrical optimization can be also very naturally
extended to analyze other systems like motors operating under slow driving and a bias voltage
[225, 226, 228, 64].

In the present work we have focused on the linear-response regime, where the geometric
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description becomes explicit. The weak-coupling calculations of the heat and work presented
in Section 6.6 and Appendix D can be extended to analyze the operation beyond this regime
for specific thermal machines in future works. Finally, the analysis performed for the qubit
machine can easily be extended to include more complex architectures (such as two or more
interacting qubits) allowing the design of optimal heat engines and refrigerators with concrete
experimental realizations such as those of Ref. [260, 114].
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Appendix A

Identities satised by the adiabatic
susceptibilities

In order to prove the identities used to write Eq. (5.14), satisfied by the adiabatic susceptibilities
for the thermal driving corresponding to the frozen Hamiltonian Ht, we proceed by writing the
following equation satisfied by the current operators,

J E
L (t) + J E

R (t) = ḢS(t), (A.1)

where ḢS encloses all the terms of Ht corresponding to the central system and contacts between
system and reservoirs. All the operators are expressed in Heisenberg representation with respect
to Ht ∑

α,β=L,R

Λ
JE
α ,JE

β

t = ΛḢS ,ḢS
t = 0. (A.2)

In order to prove that the right-hand side (rhs) of this equation is zero we start from the
definition of the adiabatic susceptibility as expressed in the form of Eq. (3.9),

ΛḢS ,ḢS
t = −i lim

ω→0
∂ωχ

Ṡ,Ṡ
t (ω) = lim

ω→0

Im[χṠ,Ṡ
t (ω)]

ω
, (A.3)

being χṠ,Ṡ
t (ω) the Fourier transform of the susceptibility defined in Eq. (3.10), χṠ,Ṡ

t (t − t′) =

−i/ℏθ(t− t′)〈
[
ḢS(t), ḢS(t′)

]
〉t. Since all the mean values correspond to the equilibrium frozen

Hamiltonian Ht, we have χṠ,Ṡ
t (t − t′) = ∂t∂t′χ

S,S
t (t − t′), being χS,S

t (t − t′) = −(i/ℏ)θ(t −
t′)〈[HS(t),HS(t′)]〉t. Hence,

χṠ,Ṡ
t (ω) = −ω2χS,S

t (ω). (A.4)

For a system with a bounded spectrum, ΛḢS ,ḢS
t = 0 when the limit ω → 0 is evaluated in Eq.

(A.3). In fact, introducing the Lehmann representation in χS,S
t (ω) and using (A.4) and (A.3)

we get

ΛḢS ,ḢS
t = π lim

ω→0
ω2

∑

n,m

pm|〈m|HS |n〉|2

× [δ(ω − (εm − εn)) − δ(ω − (εn − εm))] (A.5)

with Ht|m〉 = εm|m〉. In the latter equation |〈m|HS |n〉|2 is finite for a system with a bounded
spectrum, while


n,m [δ(ω − (εm − εn)) − δ(ω − (εn − εm))] is the density of states for the ex-

citations of the full system. Typically, the latter function is gapped or has a power-law behavior
∼ |ω|γ with γ > 0, which proves the rhs of Eq. (A.2).
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Using Eq. (A.2), we get the identities of Eq. (A.7). A similar argument can be elaborated
for the identities related to the response functions combining energy currents and ac-driving
forces. In that case, we can prove

∑

α=L,R

Λ
JE
α ,Fl

t = ΛḢS ,Fl
t = 0,

∑

α=L,R

Λ
Fl,JE

α
t = ΛFl,ḢS

t = 0, (A.6)

following similar reasoning as with Eq. (A.2).
Summarizing, the adiabatic response functions in which the energy current enters are

Λ
JE
α ,JE

α
t = Λ

JE
ᾱ ,JE

ᾱ
t

Λ
JE
α ,JE

α
t = −Λ

JE
α ,JE

ᾱ
t , (A.7)

Λ
Fl,JE

α
t = −Λ

Fl,JE
ᾱ

t ,

Λ
JE
α ,Fl

t = −Λ
JE
ᾱ ,Fl

t , (A.8)

up to some function that vanishes when averaging over one period. In the above equations ᾱ
denotes the reservoir opposite to α.



Appendix B

Entropy production rate

In what follows, we present a microscopic derivation of the expression for the entropy production
rate associated to the combined effect of the time-dependent and thermal driving in the adiabatic
regime.

ac driving

We start by analyzing the effect of the time-dependent driving. To this end, we can proceed
along the lines of Refs. [84, 144] and start from the definition of von Neumann entropy

S(t) = −kBTr [ρ(t)lnρ(t)] . (B.1)

We also introduce the following auxiliary function,

S[Ht] = kBTr [ρ(t) (βHt + lnZt)] , (B.2)

with Zt = Tr

e−βHt


. Under a small change in the parameter space, X(t) → X(t + δt), the

Hamiltonian evolves to

Ht+δt = Ht +
∂H(t)

∂X
· Ẋ(t)δt = Ht −F · Ẋ(t)δt. (B.3)

Consequently,

S[Ht+δt] = kBTr [ρ(t + δt) (βHt+δt + lnZt+δt)] . (B.4)

The change in the latter function is δS[H] = S[Ht+δt] − S[Ht], which keeping terms up to first
order in δt explicitly reads

δS[H] = kBβ {Tr [ρ(t + δt)Ht] − Tr [ρ(t)Ht]} + (B.5)

kB lnZt+δt − kB lnZt − kBβTr [ρ(t)F ] · Ẋ(t)δt.

In the last Eq. we have used Tr [ρ(t + δt)] = Tr [ρ(t)] = 1. We can identify the first term with
a change in the internal energy,

U = Tr [ρ(t)Ht] , (B.6)

i. e. δU = Tr [ρ(t + δt)Ht] − Tr [ρ(t)Ht], as well as the change in the internal free energy,

F = −kBT lnZt. (B.7)

The other terms are related to the work developed in the change of the time-dependent param-
eters [262],

δW = −Tr [ρ(t)F ] · Ẋ(t)δt. (B.8)
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Therefore, Eq. (B.6) can be expressed as follows

T δS[H] = δU − δF + δW. (B.9)

Following Ref. [84, 263, 264, 265], we define the non-equilibrium entropy production as the
following difference

δSneq = δS − δS[H], (B.10)

and we evaluate it for a protocol δC in the parameter space starting in X(t0) and ending in
X(τ ), which consists in a sequence of the previous small changes. Using Eq. (B.1) and (B.6),
and introducing the definition of the relative entropy S [ρ(t)||ρt] = S(t) + kBTr [ρ(t)lnρt], the
non-equilibrium entropy change can be written as in Ref. [84]

δSneq = S [ρ(τ )||ρτ ] − S [ρ(t0)||ρt0 ]

+kBβ

∫

δC
dtTr [ρ(t)F ] · Ẋ(t). (B.11)



Appendix C

Driven quantum dot - calculation of
the thermal geometric tensor

We need to calculate the following coefficients

Λµ,ν(t) =
1

ℏ

∫ −∞

−∞
dt′(t− t′)χµ,ν(t− t′)

= − lim
ω→0

Im [χµ,ν(ω)]

ℏω
, µ, ν = 1, 2, 3 (C.1)

with

χµ,ν(t− t′) = −iθ(t− t′)〈

Fµ(t),Fν(t′)


〉, (C.2)

being F1,2 = Ψ†
d σ̂x,zΨd, and F3 = JQ,R = −i


kR,s,σ εkR,svkR,s,σc

†
kR,sdσ + H.c.. We can

calculate (C.1) following standard procedures based on the formalism of imaginary-time Green’s

functions. We can define Ĝ(τ ) = −〈Tτ

[
Ψd(τ )Ψ†

d(0)
]
〉 and ĜkR,d(τ ) = −〈Tτ

[
ΨkR(τ )Ψ†

d(0)
]
〉,

where Tτ denotes ordering along the imaginary axis. In terms of this, it is possible to write

χ`,`′(iqn) =
1

β

∑

ikn

Tr
[
σ̂`Ĝ(ikn + iqn)σ̂`′ Ĝ(ikn)

]
,

χ3,`(iqn) =
1

β

∑

ikn

∑

kR

Tr
{
ε̂kR v̂R

[
iĜ(ikn + iqn)σ̂`

×Ĝd,kR(ikn) − iĜkR,d(ikn)σ̂`Ĝ(ikn − iqn)
]}

= −χ`,3(iqn), `, `′ = 1, 2,

χ3,3(iqn) = − 1

β

∑

ikn

∑

kR,k′L

Tr
{
ε̂kR v̂RĜkR,d(ikn + iqn)ε̂k′R v̂LĜk′L,d

(ikn)

+Ĝd,kR(ikn + iqn)ε̂kR v̂RĜd,k′L
(ikn)ε̂k′L v̂L

}
(C.3)

with εkα,s,s′ = εkα,sδs,s′ , α = L,R, qn = 2πn/β and kn = (2n + 1)π/β.

It is convenient to introduce the spectral representation

Ĝ(ikn) =

∫
dε

2π

ρ̂t(ε)

ikn − ε
,

Ĝkα,d(ikn) =

∫
dε

2π

ρ̂kα,d(ε)

ikn − ε
(C.4)
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with

ρ̂t(ε) = −2Im
[
Ĝt(ε)

]
= Ĝt(ε)Γ̂

[
Ĝt(ε)

]†
, (C.5)

ρ̂kα,d(ε) = ρ̂0kα(ε)v̂αρ̂t(ε) + ρ̂0kα(ε)v̂αρ̂t(ε), (C.6)

where ρ0kα,s,s′(ε) = 2πδs,s′δ(ε − εkα,s) and G0
kα,s,s′(ε) = δs,s′ (ε + iη − εkα,s)

−1. The retarded
frozen Green’s function of the quantum dot in contact to the reservoirs is given in Eq. (5.52),

while Γ̂ = −2Im
[
Ĝt(ε)

−1
]

=


α Γ̂α is the hybridization matrix accounting for the contact

between the quantum dot and the reservoirs, being Γ̂α =


kα
v̂kα ρ̂

0
kα
v̂kα .

Using Eq. (C.4) into Eq. (C.3), after some algebra and performing the analytic continuation
to the real axis we get

Λ`,`′(t) = − 1

h

∫
dε

df(ε)

dε
Tr [σ̂`ρ̂t(ε)σ̂`′ ρ̂t(ε)] , `, `

′ = 1, 2

Λ3,`(t) = − 1

h

∫
dε ε

df(ε)

dε
Tr

[
Γ̂Rρ̂t(ε)σ̂`ρ̂t(ε)

]
,

= −Λ`,3(t) ` = 1, 2,

Λ3,3(t) = − 1

h

∫
dε ε2

df(ε)

dε
Tr

[
Γ̂RĜt(ε)Γ̂LĜ

†
t(ε)

]
, (C.7)



Appendix D

Calculation of the adiabatic
coecients for the Master equation
approach

In what follows we calculate all the linear response coefficients entering Eqs. (6.6) and (6.7) in
the weak-coupling limit between the qubit and the reservoir, following Ref. [103]. We rely on
the adiabatic quantum-master equation approach under small temperature bias ∆T to evaluate
the coefficients Λµ,ν , which enable the calculation of the net transferred heat and work defined
in Eqs. (6.6) and (6.7).

We can now use the described approach in 3.4 to obtain explicit expressions for the linear-
response coefficients entering in the thermal geometric tensor Λµ,ν . To this end we calculate
the power developed by the ac-driving sources as follows,

Pac(t) = Tr
[
Ḣqb(t)ρ(t)

]
, (D.1)

being

Ḣqb(t) =
∑

`

∂Hqb(t)

∂B`
Ḃ`(t). (D.2)

We now write

W = −
∫ τ

0
dtPac(t), (D.3)

and replace Eq. (3.102) into Eq. (D.1), to finally use the solutions for pf and pa obtained in the
previous subsection. The resulting expression can be directly compared to the formal relation
in Eq. (6.6) for W , where the matrix elements of the thermal geometric tensor are multiplied
by different powers of Ḃk.

In order to discriminate the contribution of the developed power ∝ ∆T , and recalling that
we are considering small temperature differences, we introduce the following extra expansion in
frozen component: ρf = ρfT + δT ρ

f∆T . Therefore,

Λ`,3( ~B) = −Tr


∂Hqb

∂B`
δT ρ

f ,


. (D.4)

while

Λ`,n( ~B) = [Λ]`,n( ~B) = Tr


∂Hqb

∂B`


M̃−1

T ( ~B)
∂pf

T

∂Bn


, (D.5)

where we highlight with the sub-index T that the quantities are calculated with the reservoirs
at the same temperature T and the quantity between parentheses is to be understood as a
2x2 matrix. Notice that the contribution of Eq. (D.1) evaluated with ρfT corresponds to an
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equilibrium quantity. It represents the power developed by the conservative ac forces, and it,
thus, leads to a vanishing value when averaged over the cycle.

In the same formalism used to derive the reduced density matrix, the heat current entering
the reservoir α, calculated at the second order of perturbation theory in the coupling to the
reservoirs and within the adiabatic regime, reads [55, 103],

Jα(t) =
∑

m,n,u

un(t)Re

Mnu

mn,α(t)ρun(t)

. (D.6)

We can follow the same logic as before to calculate this current at the first order in ∆T and ~̇B.
The first one is “thermal” component associated to the the frozen components evaluated with a
thermal bias ∆T , while the second one is the heat current “pumped” by the ac driving without
temperature bias.

The linear-response net transported heat between the two reservoirs is

Q =

∫ τ

0
dtJc(t) = −

∫ τ

0
dtJh(t). (D.7)

We follow the convention of Ref. [161] and consistently with the definition (6.7), we focus
on the current entering the cold reservoir to define the net transported heat. Associating each
term of Eq. (6.7) with those arising from Eq. (D.6) upon substituting ρ by its expansion in ∆T

and ~̇B, we identify the linear coefficients,

Λ3,`( ~B) = ~Λ`( ~B) =
∑

m,n,u

unRe


Mnu

mn,c,T


M̃−1

T

∂pf

∂B`



un


(D.8)

and

Λ3,3( ~B) =
κ( ~B)

T
=

∑

m,n,u

umRe
[
Mnu

mn,c,T δT ρ
f
]
un

(D.9)

These coefficients satisfy the following Onsager equations [80, 161],

Λ3,` = −Λ`,3, Λ1,2 = Λ2,1. (D.10)

D.1 Explicit expressions for Λ( ~B), ~Λ( ~B) and κ( ~B) in the case of

equal baths coupling

Assuming equal spectral density in the L and R baths, i.e.

ΓL() = Γ̄Le
−/C = Γ()

ΓR() = Γ̄Re
−/C = Γ()

(D.11)

with Γ̄L = Γ̄R constants, we get explicit expressions for the complete geometric tensor.
Using (Bx, Bz) = Br(sinφ, cosφ) and β = 1/(kBT ) we arrive to the following results.

D.1.1 Explicit expression for Λ

The Hamiltonian for the qubit can be expressed, after an appropriate unitary transformation
U , in the instantaneous diagonal basis |j〉, j = 1, 2 as follows:

Hqb(t) = E1(t)|1〉〈1| + E2(t)|2〉〈2|, (D.12)

where E1,2(t) = ∓Br(t) are the eigenvalues of the Hamiltonian of Eq. (6.32).
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Using Eq. (D.12) and the expression for the reduced density matrix in the same basis, we
can write for the terms with partial derivatives in Eq. (D.5):

∂Hqb

∂B`
=

∑

j

∂`Ej( ~B)|j〉〈j| + Ej( ~B)(|∂`j〉〈j| + |j〉〈∂`j|) (D.13)

∂pf
T

∂Bn
=

∑

ij

∂`p
f
T,ij(

~B)|i〉〈j| + pfT,ij(
~B)(|∂`i〉〈j| + |i〉〈∂`j|) (D.14)

with the notation ∂
∂B`

= ∂`. We note that the term Ej( ~B) depends only on the absolute

value of the magnetic field Br. In addition, the density matrix pf
T ( ~B) is a function of the

energy spectrum, since it is computed in thermal equilibrium considering both baths at equal
temperature T , and thus depends only on Br as well.

On the other hand, the operators |∂`i〉〈j| and |i〉〈∂`j| are nonzero only for variations in the
polar coordinate φ because the eigenvectors |i〉 are associated to the unitary transformation
that makes Hqb diagonal, and do not change when ~B stays in the same direction.

These facts allows us to separate the linear response coefficient Λ into a radial contribution
λr (changes in the energy spectrum) and a polar contribution λφ (basis rotation). Inserting the
solution to (3.103) and (3.105) into Eq. (D.5) we get:

〈r|Λ|r〉 = λr( ~B) =
ℏβsinh(βBr)

Γ(2Br)cosh3(βBr)
(D.15)

〈φ|Λ|φ〉 = λφ( ~B) =
ℏΓ(2Br)

4B3
r

(D.16)

Eq. (D.5) finally reads:

Λ = λr|r〉〈r| + λφ|φ〉〈φ|. (D.17)

We now turn to analyze L2, which quantifies the dissipated energy for a particular protocol,
determined by Λ through Eq. (6.11). In the upper panel of Fig. D.1 we show the maximum
eigenvalue, max [λr,λφ] as a function of (Bz, Bx). This plot reflects the behavior resulting
from the analytical expressions of Eqs. (D.15) and (D.16). At every point, and depending on
the values of Γ̄ and T , this maximum eigenvalue corresponds to a pure polar or pure radial
displacement of ~B. Within the small circle plotted in dashed lines and outside the one in solid
lines, the highest eigenvalue is λφ, while within the two circles, λr is the largest one. This means
that for small Br < Br,low as well as for large Br > Br,high, protocols leading to the smallest
dissipation are those associated to changes in Br, while for Br,low < Br < Br,high, protocols
associated to rotations are the least dissipative ones. The specific values Br,low, Br,high depend
on the temperature and the coupling between the qubit and the reservoirs, as shown in Fig. 6.4
for two values of Γ.

The precise shape of the interval Br,low, Br,high is shown in the lower panel of Fig. D.1 and
depends only on Γ̄, while the final value has a linear dependence on kBT . We see that for
Γ̄ ' 0.6 the rotational dissipation dominates for all values of | ~B|.

D.1.2 Explicit expression for ~Λ and κ

Again, plugging the expressions describing p(t) given by Eqs. (3.103) and (3.105) into Eq.
(D.8) we get for the qubit:

~Λ1( ~B) = −βBr sin3(φ)sech2(βBr) (D.18)

~Λ2( ~B) = −βBr sin2(φ) cos(φ)sech2(βBr). (D.19)
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Figure D.1: Left panel: Maximum eigenvalue max [λr,λφ], which ultimately defines the maxi-

mum possible dissipation at a given point ~B. Right panel: Br,low (dash line) and Br,high (solid
line) as function of Γ̄. The values Br for which λr = λφ are determined by Γ̄ only and scales
linearly with kBT .

And lastly, using Eq. (D.9), the thermal conductance is explicitly written as:

κ( ~B) =
4B2

r sin2(φ) cos2(φ)Γ(2Br)csch


2Br
TkB



ℏkBT
. (D.20)
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[49] Rogério J. de Assis et al. “Efficiency of a Quantum Otto Heat Engine Operating under
a Reservoir at Effective Negative Temperatures”. In: Physical Review Letters 122.24
(June 19, 2019), p. 240602. issn: 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.

122.240602. url: https://link.aps.org/doi/10.1103/PhysRevLett.122.240602
(visited on 08/18/2021).

[50] Y. Aharonov and D. Bohm. “Significance of Electromagnetic Potentials in the Quantum
Theory”. In: Physical Review 115.3 (Aug. 1, 1959), pp. 485–491. issn: 0031-899X. doi:
10.1103/PhysRev.115.485. url: https://link.aps.org/doi/10.1103/PhysRev.
115.485 (visited on 08/17/2021).

[51] Michael V. Berry. “Quantal phase factors accompanying adiabatic changes”. In: Proceed-
ings of the Royal Society of London. A. Mathematical and Physical Sciences 392.1802
(Mar. 8, 1984), pp. 45–57. issn: 0080-4630. doi: 10 . 1098 / rspa . 1984 . 0023. url:
https://royalsocietypublishing.org/doi/10.1098/rspa.1984.0023 (visited on
02/11/2022).

[52] P. W. Brouwer. “Scattering approach to parametric pumping”. In: Physical Review B
58.16 (Oct. 15, 1998), R10135–R10138. issn: 0163-1829, 1095-3795. doi: 10 . 1103 /

PhysRevB.58.R10135. url: https://link.aps.org/doi/10.1103/PhysRevB.58.

R10135 (visited on 08/17/2021).

[53] T. A. Shutenko, I. L. Aleiner, and B. L. Altshuler. “Mesoscopic fluctuations of adia-
batic charge pumping in quantum dots”. In: Physical Review B 61.15 (Apr. 15, 2000),
pp. 10366–10375. issn: 0163-1829, 1095-3795. doi: 10.1103/PhysRevB.61.10366. url:
https://link.aps.org/doi/10.1103/PhysRevB.61.10366 (visited on 08/17/2021).



114 BIBLIOGRAPHY

[54] J. E. Avron et al. “Optimal Quantum Pumps”. In: Physical Review Letters 87.23 (Nov. 13,
2001), p. 236601. issn: 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.87.236601.
url: https://link.aps.org/doi/10.1103/PhysRevLett.87.236601 (visited on
08/17/2021).

[55] Hernán L. Calvo et al. “Interaction-induced charge and spin pumping through a quantum
dot at finite bias”. In: Physical Review B 86.24 (Dec. 12, 2012), p. 245308. issn: 1098-
0121, 1550-235X. doi: 10.1103/PhysRevB.86.245308. url: https://link.aps.org/
doi/10.1103/PhysRevB.86.245308 (visited on 08/17/2021).

[56] Masahiro Hasegawa and Takeo Kato. “Temperature-Driven and Electrochemical-Potential-
Driven Adiabatic Pumping via a Quantum Dot”. In: Journal of the Physical Society of
Japan 86.2 (Feb. 15, 2017), p. 024710. issn: 0031-9015, 1347-4073. doi: 10.7566/JPSJ.
86.024710. url: https://journals.jps.jp/doi/10.7566/JPSJ.86.024710 (visited
on 08/17/2021).

[57] Masahiro Hasegawa and Takeo Kato. “Effect of Interaction on Reservoir-Parameter-
Driven Adiabatic Charge Pumping via a Single-Level Quantum Dot System”. In: Journal
of the Physical Society of Japan 87.4 (Apr. 15, 2018), p. 044709. issn: 0031-9015, 1347-
4073. doi: 10.7566/JPSJ.87.044709. url: https://journals.jps.jp/doi/10.7566/
JPSJ.87.044709 (visited on 08/17/2021).

[58] Jie Ren, Peter Hänggi, and Baowen Li. “Berry-Phase-Induced Heat Pumping and Its
Impact on the Fluctuation Theorem”. In: Physical Review Letters 104.17 (Apr. 27,
2010), p. 170601. issn: 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.104.170601.
url: https://link.aps.org/doi/10.1103/PhysRevLett.104.170601 (visited on
08/17/2021).

[59] M V Berry and P Shukla. “High-order classical adiabatic reaction forces: slow manifold
for a spin model”. In: Journal of Physics A: Mathematical and Theoretical 43.4 (Jan. 29,
2010), p. 045102. issn: 1751-8113, 1751-8121. doi: 10.1088/1751-8113/43/4/045102.
url: https://iopscience.iop.org/article/10.1088/1751-8113/43/4/045102

(visited on 08/17/2021).

[60] Michele Campisi, Peter Talkner, and Peter Hänggi. “Fluctuation Theorem for Arbitrary
Open Quantum Systems”. In: Physical Review Letters 102.21 (May 26, 2009), p. 210401.
issn: 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.102.210401. url: https:

//link.aps.org/doi/10.1103/PhysRevLett.102.210401 (visited on 08/17/2021).

[61] Niels Bode et al. “Scattering Theory of Current-Induced Forces in Mesoscopic Systems”.
In: Physical Review Letters 107.3 (July 11, 2011), p. 036804. issn: 0031-9007, 1079-7114.
doi: 10.1103/PhysRevLett.107.036804. url: https://link.aps.org/doi/10.1103/
PhysRevLett.107.036804 (visited on 08/17/2021).

[62] Niels Bode et al. “Current-induced forces in mesoscopic systems: A scattering-matrix
approach”. In: Beilstein Journal of Nanotechnology 3 (Feb. 20, 2012), pp. 144–162. issn:
2190-4286. doi: 10.3762/bjnano.3.15. url: https://www.beilstein-journals.org/
bjnano/articles/3/15 (visited on 08/17/2021).

[63] Mark Thomas et al. “Scattering theory of adiabatic reaction forces due to out-of-equilibrium
quantum environments”. In: Physical Review B 86.19 (Nov. 19, 2012), p. 195419. issn:
1098-0121, 1550-235X. doi: 10.1103/PhysRevB.86.195419. url: https://link.aps.
org/doi/10.1103/PhysRevB.86.195419 (visited on 02/11/2022).
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[80] Maŕıa Florencia Ludovico et al. “Adiabatic response and quantum thermoelectrics for
ac-driven quantum systems”. In: Physical Review B 93.7 (Feb. 18, 2016), p. 075136. issn:
2469-9950, 2469-9969. doi: 10.1103/PhysRevB.93.075136. url: https://link.aps.
org/doi/10.1103/PhysRevB.93.075136 (visited on 08/17/2021).

[81] Matteo Scandi and Mart́ı Perarnau-Llobet. “Thermodynamic length in open quantum
systems”. In: Quantum 3 (Oct. 24, 2019), p. 197. issn: 2521-327X. doi: 10.22331/q-
2019-10-24-197. url: https://quantum-journal.org/papers/q-2019-10-24-197/
(visited on 08/17/2021).

[82] A. T. Rezakhani et al. “Quantum Adiabatic Brachistochrone”. In: Physical Review
Letters 103.8 (Aug. 21, 2009), p. 080502. issn: 0031-9007, 1079-7114. doi: 10.1103/

PhysRevLett.103.080502. url: https://link.aps.org/doi/10.1103/PhysRevLett.
103.080502 (visited on 08/17/2021).

[83] David A. Sivak and Gavin E. Crooks. “Thermodynamic Metrics and Optimal Paths”.
In: Physical Review Letters 108.19 (May 8, 2012), p. 190602. issn: 0031-9007, 1079-7114.
doi: 10.1103/PhysRevLett.108.190602. url: https://link.aps.org/doi/10.1103/
PhysRevLett.108.190602 (visited on 08/17/2021).

[84] Sebastian Deffner and Eric Lutz. “Nonequilibrium Entropy Production for Open Quan-
tum Systems”. In: Physical Review Letters 107.14 (Sept. 30, 2011), p. 140404. issn:
0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.107.140404. url: https://link.
aps.org/doi/10.1103/PhysRevLett.107.140404 (visited on 08/17/2021).

[85] Harry J. D. Miller et al. “Work Fluctuations in Slow Processes: Quantum Signatures
and Optimal Control”. In: Physical Review Letters 123.23 (Dec. 4, 2019), p. 230603.
issn: 0031-9007, 1079-7114. doi: 10.1103/PhysRevLett.123.230603. url: https:

//link.aps.org/doi/10.1103/PhysRevLett.123.230603 (visited on 08/17/2021).

[86] Paolo Abiuso and Mart́ı Perarnau-Llobet. “Optimal Cycles for Low-Dissipation Heat
Engines”. In: Physical Review Letters 124.11 (Mar. 19, 2020), p. 110606. issn: 0031-
9007, 1079-7114. doi: 10.1103/PhysRevLett.124.110606. url: https://link.aps.
org/doi/10.1103/PhysRevLett.124.110606 (visited on 02/11/2022).

[87] Yuki Hino and Hisao Hayakawa. “Geometrical formulation of adiabatic pumping as a
heat engine”. In: Physical Review Research 3.1 (Feb. 26, 2021), p. 013187. issn: 2643-
1564. doi: 10.1103/PhysRevResearch.3.013187. url: https://link.aps.org/doi/
10.1103/PhysRevResearch.3.013187 (visited on 02/16/2022).



BIBLIOGRAPHY 117

[88] Yuki Izumida. “Hierarchical Onsager symmetries in adiabatically driven linear irre-
versible heat engines”. In: Physical Review E 103.5 (May 14, 2021), p. L050101. issn:
2470-0045, 2470-0053. doi: 10.1103/PhysRevE.103.L050101. url: https://link.aps.
org/doi/10.1103/PhysRevE.103.L050101 (visited on 02/16/2022).

[89] Bjarne Andresen. “Finite-time thermodynamics and thermodynamic length”. In: Revue
Générale de Thermique 35.418 (Nov. 1996), pp. 647–650. issn: 00353159. doi: 10.1016/
S0035-3159(96)80060-2. url: https://linkinghub.elsevier.com/retrieve/pii/
S0035315996800602 (visited on 08/27/2021).
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[121] M. Büttiker, A. Prêtre, and H. Thomas. “Dynamic conductance and the scattering matrix
of small conductors”. In: Physical Review Letters 70.26 (June 28, 1993), pp. 4114–4117.
issn: 0031-9007. doi: 10.1103/PhysRevLett.70.4114. url: https://link.aps.org/
doi/10.1103/PhysRevLett.70.4114 (visited on 08/18/2021).
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[144] Maŕıa Florencia Ludovico et al. “Dynamics of energy transport and entropy production
in ac-driven quantum electron systems”. In: Physical Review B 94.3 (July 21, 2016),
p. 035436. issn: 2469-9950, 2469-9969. doi: 10.1103/PhysRevB.94.035436. url: https:
//link.aps.org/doi/10.1103/PhysRevB.94.035436 (visited on 08/17/2021).



122 BIBLIOGRAPHY
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