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Abstract: The T = 1 pairing Hamiltonain is exactly solved in a two-level model and both energy 
eigenvalues and transtion matrix elements are obtained. The system undergoes aphase transition 
for a value G, of the coupling constant. In both limits, G << Gc and G > Gc vibrational and 
rotational patterns are observed. The exact results are compared to the RPA and to a Nilsson- 
like treatment. 

1. Introduction 

The purpose of the present paper is to study the additions and changes of the 

ITzl = 1 pairing vibrational and rotational patterns when the isospin degree of  free- 
dom is taken into account 1,2). In the framework of the two-level model one can 
make an exact calculation and check the accuracy of some approximate treatments. 

In the vibrational limit the pattern obtained is the same as the one corresponding 
to two three-dimensional harmonic oscillators, i.e., the addition and removal modes 1). 
The selection rules for the two-particle transfer operator are checked. In the super- 
conducting limit the system presents a permanent deformation in isospace as suggested 

by the T(T+ 1) splitting of the levels, and performs rotations also in gauge space. 
Within the adiabatic approximation for a deformed system 3) one can factorize the 

wave function into the collective and intrinsic parts. The first will be responsible for 

the selection rules for the two-particle transfers, while the intrinsic part will give 
enhancements of  the matrix elements. The intrinsic ground states are obtained through 

a BCS calculation and the A- and F-vibrations are obtained by means of the RPA. 

2. Exact  treatment of  the T = 1 pairing Hamiltonian 

In this section we follow ref. 4) closely. In order to take into account the fact that 
the J = 0 pairs carry unit isospin one can extend the pair creation operators intro- 

duced in the treatment of the ITs[ = 1 pairing Hamiltonian defining 

A (j) E j-m + + j - . +  + = = ~ ½ ( - - )  P j m P j - m ,  ½ ( - - )  n j m n j - - m ,  A+I(j) 
m m 

( - W "  ,,+ 
A° ' ( J )=~m 2~/2 (~mPj+-m+Pj+mnf-m)' (1) 
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where n~m, (Pj+m) are the ordinary fermion operators which create neutrons (protons) 
in states with angular momentum j and projection rn. The operators A + ( j )  can be 
regarded as the three components of a vector operator A + ( j )  in isospace. One can 
further introduce 

N(j) = ~ n+mnjm+P+mPjm, 
m 

T+(j) = E n;mP.im' T_(j) = E P+m njm, (2) 
n l  m 

To(j) ½ E + + = (njm nym -- Pjm Pjm)" 
m 

These operators together with A and A + are related to the infinitesimal generators 
of R s written in the standard form by 

~ ~ A -t- • H~ ½i~(j)-I2j, EH(j) A~(j), E,o(j ) o(J), Ex-~(J) -A+-~(J), 

n2 = To(j), E_~_t ( j )  = A~(j), E_~o(j ) = Ao(j), E_,~(j) = -A_~(j) ,  

Eo~(j ) = T+(j)/x/2, e o - l ( j ) =  T_(j)/x/2, 

f2j = j + ½. (3) 

The irreducible representations of  Rs can be labelled by the seniority v, the reduced 
isospin t (t is the total isospin of the v nucleons which are not coupled in pairs of 
angular momentum zero), the total number of pairs M (only even nuclei are going 
to be considered), the total isospin T and its projection Tz and an extra quantum 
number that is not needed for the values of  v and t in which we are interested. Since 
only J = 0 states are going to be considered, the angular momentum quantum 
numbers are omitted throughout. 

2.1. DEGENERATE CASE 

It must be pointed out that if in the definitions (1) and (2), a summation ove r j  is 
performed and a total degeneracy t2 = ~f2j is introduced, the new operators so 
defined have the same commutation relations and therefore they are also related to 
the infinitesimal generators of  R5 by eq. (3). An overall seniority and overall reduced 
isospin can be introduced. 

As in the ITzl = 1 pairing case, all the states with overall seniority zero are a sub- 
space of the one spanned by the states with individual shell seniority zero. In what 
follows, whenever the index j is dropped, a summation over j is understood. With 
this convention, the pairing Hamiltonian can be written as 

~gOp ~ -  - -  G ~ A f  Au (4) 
# 

and the two-particle transfer operator is A~ +. The Hamiltonian (4) commutes with 
the total number of particles operator and with T 2, and can be written in terms of the 
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R5 Casimir operator 
C = H2-]-H2--~ E Ea, bE-a,-b  (5) 

a, b 
as 

~ p  = - ½G{C-  Z 2 -  n 2 + 3H1 } (6) 

being therefore diagonal in the basis Iv, t, M, T, Tz). The eigenvalues are: 

Ev, t,~t,r = - ½ G { ( M - ½ v ) ( 2 f 2 + 3 - M - ½ v ) - T ( T + l ) + t ( t + l ) } .  (7) 

For  a given M, v and t a "rotational band"  appears following the T ( T +  1) rule, with 
an associated moment  of  inertia J = 1/G. I f  the states with v = 0 are considered, 
the band has only even (odd) T states if M is even (odd). 

The splitting of two states with the same T but belonging to the bands v = 0 and 
v = 2 is GO, which is the same result as the one found in the [Tzl = 1 pairing force 
problem. There are other families of  states that can be grouped into bands, those are 
the states having the same v, t, M = 2f2+rn and T = I rn-2s l  for s fixed and 
m = 0, 1 . . . . .  In all the cases the energies follow a parabola and are the equivalent 
of  the superconducting bands of  the pairing among identical particles. This grouping 
into bands is particularly meaningful if transition probabilities are considered. Since 
the two-particle transfer operator with J = 0 and T = 1 is one of the infinitesimal 
generators of  R 5, it will not connect states labelled by different v and t. Its reduced 
matrix elements can be obtained f rom the Rs/R 3 Wigner coefficients and are tabu- 
lated for several values of  v in ref. 4). In the v = 0 case the matrix elements are given 
by 

( M + I ,  T + IIIA+IIM, T )  = [½(T + I ) ( 2 f 2 - M -  T ) (T  + M + 3)] ½, 

( M + I ,  T - 1 I I A + I I M T )  = [ ½ T ( 2 1 2 + I - M + T ) ( M - T + 2 ) ]  ~. (8) 

I t  must be pointed out that any state with given T should be considered as a 2 T +  1 
isobaric multiplet, therefore the Tz = T member of  the lowest multiplet for a given T 
is the ground state of  a nucleus having A = 2M, N = T +  M, Z = M -  T. Since only 
doubly even nuclei are considered, transitions starting f rom any state of  the v = 0 
band should be take into account. Due to the Av = 0 selection rule, members of  the 
v -- 2 band are not going to be populated by any of these reactions. All the transitions 
among members of the same s-band have essentially the same relative values, inde- 
pendent of  s and depending basically on the initial and final T. 

2.2. TWO-LEVEL CASE 

Now the Hamiltonian is 

= ~ sj ~ ( j ) -  ~,~p, (9) 
J 

where ej are the single-particle energies. Since ~ is a scalar in isospace, a suitable 
intermediate coupling is the one in which the irreducible representations of  R s are 
left uncoupled while the isospin quantum numbers associated with each level are 
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coupled to a total isospin T. We are going to restrict the treatment to those states with 
shell seniority vj = 0, due to the fact that the states with overall seniority v = 0, 
contained in this basis, are possible ground states of doubly even nuclei. If  the vj and 
t~ quantum numbers are dropped, the basis for the two-level case cart be written 
as [M1, Ti, M2, 7"2, T, Tz>; where M i (M2), T 1 (T2) are the total number of pairs 
and isospin of the level 1 (2). 

The pairing part of the Hamiltonian (8) can be split into: 

- G E A+Aj, = 3~fp = - G[3Cfp(1) + 5¢°p(2) + 3¢fp(1, 2)], 
tz 

3C°p(j) = ~" A+(j)A,,(j), .Zfp(1, 2) = ~] (A+(I)A~,(Z)+A+(Z)A~,(1)). (10) 
# /t 

Both ~,~p(1) and .~fp(2) are diagonal in the above mentioned basis, the matrix 
elements can be evaluated from eq. (6) setting v = t = 0 

(MI 7"1 M2 T2 TTzI~,~v(1)IM~ 7"1 M2 T2 TT~) =½[M~(2~ +3 - M x ) -  7"1(7"1 + 1)]. (11) 

The off-diagonal terms are due to ~p (1 ,  2) 

[T~ T~ 

x [ ( - ) r " + r 2 + r ( M  1 TIIIA+(1)]IM'I T;>(M 2 T2]lA(2)IIM'2 T~>+(-) T%+T'+T 

× <M2 T211A+(2)IIM'2 T~><M, TdlA(1)IIM'~ Z;>]. (12) 

The reduced matrix elements are given in eq. (8). The eigenvectors of the full Hamil- 
tonian will be expressed as 

IeMTT~) ~ Mr~ = CM~T1M2T21M1 7"1 Mz 7"2 TTz). (13) 
T1, T2, MI +M2 =M 

If both levels have a similar radial dependence, the two particle transfer operator 
can still be defined by A +, its matrix elements are 

(M1 7"1 M2 Tz TIIA +IIM~ 7"1' M; Z~ Z ' )  = (--)T~+ T'~ + tx/(2Z+ 1)(2T'+ 1) 

X [~TIT'2 ( ~ M 2 M ' z ( - - )  T" {Tit T; 1} (Ma TdIA+(1)IIMI T;) 
T T2 

+6r,T'16Za,M'~(--) r {T T2, T~ 1} ( M  2 T2IIA+(2)IIM,2 T~)I " (14) 
T T, 

Within this approximation the cross section will be related to 

I(~MTIIA +II~'M'T')[ 2 

_ I~rMT~ rM'r'~" / ~  T1MzT2TIIA+IIM~T;M'2T~T')I 2. (15) - -  ~ ' ~ M I T I M 2 T 2  ~ ' ~ M ' I T ' I M ' 2 T ' 2 \  ~w 1 
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3. Approximate treatments 

In the following two equally degenerate levels are considered, and the number of 
particles is such that for G = O, the lowest level is completely filled. 

3.1. SMALL G-LIMIT 

When t2G/D << 1, D being the distance between the levels, the collective excitations 
associated with the pairing force have a phonon-like spectrum. The RPA in this 
model gives a frequency W such that 

G 2G~2 (16) hW = D ( 1 - x )  ~r, x = - 
Go D 

The phonon creation operator with T = 1, T= = /~ are 

Gx/g2 
+ A+~(jl)~ r ÷ _ , A ( h )  + 

"'" L O - W  D + W J  

- Gv/f2 rA •(j2) +Aj'(J') 1 (17) 
F,,~, ( l --x)* LD+W O-W_l 

and obey the usual quasi-boson commutation relations *. Within this approximation, 
the different states of the system are those of two uncoupled three-dimensional har- 
monic oscillators, therefore, the wave functions can be written as: 

]Na T,, N, T,; TT,) = 1 ¢Sr+N"tT'sF +Nrl'rrlT [0), (18) 
~), a J t r J Y T z  

where Na (N,) are the total number of addition (removal)-type phonons coupled to 
isospin T~ (T,); T, T~ stand for the total isospin and its projection and Jg'~ is a normal- 
ization constant. 

The two-particle transfer operator can be written in terms of the phonon operators 
a s :  

P, = AaFa+u+A~Fr.~ A, = A r = ~½(1-x) -* (19) 

and its reduced matrix elements are 

(N, T~ Nr T~; TIJP+IIN'~ T/N'~ T/; r'> = (_)T.+ Y'r+ 1[f2(1 --X)-~(2T+ 1)(2T' + 1)] ~ 

T T~ (N.T.IIr. IINaZ~> 

+(--)T~NnN'at~TaT'a {~t 7"IT 1T,} (N, TrllF~IIN~. T/)  1 . (20) 

t In performing the RPA one has to retain terms in N/~ for the levels below the Fermi surface; 
since here it is assumed that the level Jl is full, one has 

+ • 
[-A~, (Jr), A~,'(Jl)] ~ ~3m,'. 
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The reduced matrix elements of F + can be evaluated using the well-known results 
of the three-dimensional harmonic oscillator 

( N + I ,  T-I[II'+IINT) = IT(N-T+2)]  t, 

( N +  1, T +  l l l r+  lINT) = [ (T+  1)(N+ T +  3)] ~, 

(NTI IFI IN 'T ' )  = ( - ) r -T ' <N ' T ' I I r+I INT) .  (21) 

3.2.  L A R G E  G - L I M I T  

For large values of G/Gc, the results for the two-level case will resemble those of 
the degenerate model in which G¢ = 0. As suggested by the latter the system will 
present permanent deformations in isospace as well as in gauge space. If  both, 
intrinsic and collective degrees of freedom are split, one can think in a Nilsson-like 
picture in which a given intrinsic structure performs rotations in both spaces. 

The intrinsic wave functions can be evaluated using the BCS formalism for the 
T = 1 pairing force 6). The total normalized wave function for the system will be 3) 

F2T + 1-] ~ 
IA, ha, nr,  K, T,,T~) = L 1-i~-3 j exp [i(A-Ao)d?-lDrj:(o~,)tnA, nr, K), (22) 

where ~b is the gauge angle, and c~ i are the Euler angles specifying the orientation of 
the intrinsic system in isospace. Within this picture the two-particle transfer operator is 

= ( 2 3 )  
k 

where Ak are the expectation values of the two-particle transfer operato r in the intrinsic 
system. In a symmetric model (Jl = Jz, the level 1 is full) one has A 1 = A_ 1 = 0, 
therefore the operator ~ will only connect states having the same K. For ground 
state to ground state transitions one finds (both initial and final states have 
n,t = n r = K = 0 ) ,  

I ( M + I ,  T'II~IIMT)} = 4o x / 2 ~ ( 1 Z 0 0 1 T ' 0 )  = x / ~ >  t2 ~ x 2 - 1 ~  (24) 

where T> stands for the larger of the two T values that are involved and A o is related 6) 
to the gap parameter A through A o = Ax/2/G. 

The energy splitting can be calculated with the cranking model approximation of 
the inertial parameters 7). It is found 

E~ = {G ~ [T(T+I)+(M-Mo)Z]-6GA. (25) 

The 6GA term is a self-energy Hartree-type contribution of the pairing field that should 
be included since it is not supposed to be taken into account in the cranking-model 
approach. Using the RPA it is found that the energy of the pairing vibration with 
T = 0 is 24 as in the ordinary pairing force problem. It must be pointed out that 
the T = 1 state will have in addition a rotation energy T(T+ 1)/2S. 
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4. Discussion of  the results 

All the calculations, except when otherwise stated, where performed for two equally 

degenerate levels with pair degeneracy f2 = 10, separated by a distance D. The Hamil- 
tonian was diagonalized for several values of M ranging from M = 2f2 up to 
M = 212+4; in all the calculations x was allowed to vary from 0.25 up to 4.0. 

I I I I I 
8 

Z 

3 

I I I I 
1 2 3 4 

Fig. 1. The energy of the states belonging to the first two rotational bands (with T ~ 5) are plotted 
as a function of G/Go for £2 = 10 and M = 20. 

In fig. 1 a vibrational like spectrum can be observed in the limit x << 1. The fre- 
quency (16) given by the RPA is compared to the exact result in fig. 5. Anharmonic 
effects cause the levels with different T to split. A phase transition takes place for 

x = 1 and for x > 1 the levels tend to group into rotational bands. All the spectrum 
for x ~ 4 is already accurately given by formula (7) of the degenerate case. In the 
intermediate region, when x g 1, the RPA frequency tends to zero and neither 
description is good. 

In fig. 2, states have been labeled by (T, m, 0 0, 0c denotes if it is the first, second etc. 
time that a state with isospin T and M = 2f2+ m appears. In the limit x << 1 the 
AN = 1 selection rule is observed to be satisfied, N being the number of phonons. 
Different selection rules are valid for the superconducting region. In general, three 
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types of transitions can be considered, namely those that are allowed or forbidden in 
both limits and those that are allowed in the vibrational and forbidden in the super- 
conducting descriptions. This latter type of transitions populate the so called pairing 
vibration states 8) of the system with a given M. In the case that is plotted the two 
states with T = 0 and 1 will show enhanced transition probabilities for x = 1. 

There are not forbidden-allowed transitions that could be compared to the qua- 
drupole moment operator in the electromagnetic case. This is connected with the 
fact that the specific operator here involved has not diagonal matrix elements. As 

25 

20 

15 
A 

z 

10  

I I I I 

r T 

o o)ofl ~ -  M - 2 ~  .1 
M-2.,~ 

01¢~009 

1 2 3 4 

Fig. 2. The absolu te  value of  the reduced t rans i t ion  mat r ix  elements between M = 20 and M = 21 
as a funct ion of  G/Gc and ~2 = 10. A level scheme clarifies the t ransi t ions  tha t  are considered. The 
full double  ar rows are a l lowed-al lowed,  the dashed  one is forbidden-forbidden connect ing a g round  
state of  M = 20 wi th  an excited state of  M = 21; the dot ted  double  ar rows are the a l lowed-forbidden 

t rans i t ions  popu la t ing  the pa i r ing  v ibra t ion  of  the M = 20 system. 

can be seen, all the general features shown by both energy levels and transition 
probabilities observed in the ]Td = 1 pairing problem 9) are obtained here, and will 
give the same results in the limit of  large T and O. 

The x >> 1 limit is displayed in fig. 3. The lowest part of the spectrum is structured 
in two bands that correspond to the v = 0 and v = 2 of the degenerate model. 
Within the picture suggested in ref. 3) the v = 0 band has na = n r  = 0 = K .  The 
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sequence of possible isospin of the v = 2 bands is 0, 1, 2 2, 3, 4 2, . . .  etc. if M is even 
and 1, 2 2, 3, 4 2, 5 . . . .  if M is odd. For  the symmetric model here considered, the 
doublets are degenerate for any value of G if M = 212, this fact can be checked if a 
perturbative calculation is performed. If  M # 2f2 the states are no longer degenerate 
but their splitting is very small (less than 1 7o). If  the condition f2 z = f22 is relaxed, 
the degeneracy is removed, for the tested case (~1 = 5, f22 = 6) the splitting is also 
very small (less than 1 7o). In the limit of large x, the splitting completely disappears 
as predicted by the degenerate model 4). The v = 2 bands correspond to rotations 
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Fig. 3. The two lowest states for each isospin are displayed for G = 4Go; the energy scale is given in 
units of the single-particle splitting of the two levels. 

on top of the A-vibrations (an = 1, nr = 0, K = 0) and on top of the F-vibration 
(an = 0, nr = 1, K = 1) of  ref. a). The possible isospins of  each band are T = K, 
K +  1, K + 2  . . . .  with the additional restriction IT-M[ even if K = 0. Each of the 
members of the above mentioned doublets belongs to different bands, therefore the 
fact that they are essentially degenerate indicates that 094 = Ogr, as can be further 
checked by the RPA frequency 2A. Furthermore from the exact calculation it is 
obtained that both frequencies are independent of M if G ~ Go. 

If  G >> Gc rotations will also appear in gauge space. All the states belonging to the 
s = 0 and s = 1 bands are joined by a dotted line in fig. 3. In fig. 4 the transition 
matrix elements among members of these bands are plotted as a function of x. In 
this figure the last number of the label (T, m, ~) was dropped. In the small x-limit 
all the matrix elements are related to each other by phonon-type geometric c o e f f i -  
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cients. In the large x-limit the transitions involving the same initial and final T tend 
essentially to the same value regardless of the s-value for each band. This can be seen 
comparing one-to-one the transitions (0, 0 ) ~  (1, l)  ~ (2, 2) to the (0, 2 ) ~  (1, 3) 

(2, 4). The grouping into bands is already noticeable for x ~ 1.5. 
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Fig. 4. The absolute value of  the transition matrix elements connecting the ground states o f  
M = 2 D + m ,  m = 0, 1, 2, 3. A level scheme clarifies the transitions that are considered. Transitions 

involving the same initial and final T have essentially the same value for G/Gc >> 1. 

The small differences for x >> 1 between transitions within different s-bands tend 
to zero with increasing f2, formula (8) yields 

(T ,m)~- . (T+l ,m+l )  = F . ( f2 -m-T) ( f2+T-+m+3)  l~- -*  1. (26) 
(T, m + 2 ) * - * ( T + l ,  m + l )  L(g2-m+T+l) ( f2+m-T+2)J  o~¢o 

Furthermore, the ratio between any two transitions among states belonging to the 
same s-band is 

t T ,m)*- , , (T+l ,m+l)  
(T+I, m+ 1),--~ (T+2, m+2) 

= F- (T+I ) ( f2 -m-T) ( f2+T+m+3)  7 ~ -. [ T + I ~  ~ (27) 
L(T+2) (O-m-T-2 ) ( f2+  T+m+5)I  ~-.~o LT+2_I 
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The l imi t ing ra t io  (27) is the one pred ic ted  by the Ni lsson- l ike  a p p r o a c h  (23). Out  o f  

all  the  t rans i t ions  tha t  are  involved in this  calculat ion,  for  those having T, Tz --- T and  

T +  1, T z = T +  1 as ini t ial  and  final states, the same resul t  as that  o f  the o rd ina ry  

pa i r ing  force p rob l em is obta ined.  One fur ther  relates here these to all o ther  poss ib le  

t rans i t ions  by  geometr ic  coefficients. 
The  app rox ima te  t rea tments  ment ioned  in the preceding section were checked 

agains t  the exact  results in bo th  energies and  t rans i t ion  probabi l i t ies .  The compar i son  

3 

1 2 3 4 

Fig. 5. The energy levels forO = 10, with T = 0, 2, 4 when M = 20, and T = 1 when M = 21, and 
T = 0, 2 for ~ = 5 and M = 10 as a function of GIGs. The dotted lines are the cranking model 
results, the dashed line is the RPA energy for the T = 0 excited states, and the dot and dash line is 

the two-phonon energy. 

is shown in figs. 5 and  6. The  Ni lsson- l ike  a p p r o a c h  was pe r fo rmed  for  the T = 2 and  

4 states of  the  v = 0 b a n d  with  M = 2 0  and for  the T = 1 state with M = 2 0  + 1, 

the superconduc t ing  R P A  result  was checked  with the first excited T = 0 state wi th  

M = 20 .  F o r  the sake o f  s implici ty  the non-superconduc t ing  R P A  is p lo t ted  only 

for  the two p h o n o n  states. In  fig. 5 also the  T = 2 and  T = 0 states for  O = 5 are  

p lo t ted  to check the O-dependence  o f  the approx imat ions .  As  expected all o f  them 

improve  with increas ing 12, a n y h o w  a good  accuracy  o f  the c rank ing  calcula t ions  for  

low O and values o f  x close to  the phase  t rans i t ion  region is found.  Trans i t ion  mat r ix  
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elements show departures of  the order of I/f2 (10%) although ratios are better pre- 
dicted. In the region were x g 1 and the phase transition takes place all approxima- 
tions fail to give the right answer as showo by the fact that the cranking parameters 
and the RPA frequency tend to zero. 

For an a-like transfer the specific operator in a symmetric model will be {A + A + } r = o. 
It must be pointed out that matrix elements are I2 times larger in the deformed region 
than in the normal one. 
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Fig. 6. Approximate and exact results as a function of G/Go of two allowed-allowed transitions for 
M = 20 and O = 10. The two transitions that are considered are displayed in a level scheme. 
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