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A b stra c t— Practical application of the zero-crossing correlation m ethod for m easuring slightly-subcritical 
reactivities in a swimming-pool reactor required the use of detector locations in the reflector zone near to the 
core boundary. Experim ental investigations of neutron-noise cross-power spectra showed significant 
deviations from the poin t-reactor model at higher frequencies (>  100 Hz). Nevertheless, the use of the point- 
reactor model was found to be a useful approach in the analysis of the zero-crossing correlation m ethod, 
yielding results which agreed well with those obtained from the rod-drop m ethod. The theoretical part of the 
work is concerned with a space-dependent model calculation in tw o-group diffusion theory to support the 
experim ental findings. The model calculation can explain the trends observed in the neutron-noise spectra as 
well as the applicability of the point-reactor model to the zero-crossing correlation m ethod. To obtain  better 
insight, the calculations have been extended to neutron-noise spectra when one o r both detectors are located in 
the core zone. In the case of a large core and widely-spaced detectors, with at least one detector in the core zone, 
a sink frequency appears in the spectra. This effect is well known in coupled-core kinetics.

1. 1NTRODUCTION

The application of neutron-noise analysis to measure 
or monitor slightly-subcritical reactor states is a well- 
known technique (see Seifritz and Stegemann, 1971; 
Saito, 1979, for reviews). A special on-line correlation 
method in the time domain, established as the ‘Zero- 
Crossing Correlation Method’, has been developed at 
EIR (Behringer et al., 1974a,b, 1975). It is based on a 
two-detector measuring device and special signal 
conditioning to extract the prompt-neutron kinetics 
information. The method was originally developed for 
a reactor system with slow prompt-neutron kinetics. It 
was used in practice on the D O z-moderated reactor 
DIORIT which has been out of operation for several 
years. Successful investigation of the method was also 
performed on the graphite-moderated critical facility 
KAHTER (Süssmann et al., 1976). The method is 
general and can also advantageously be applied to 
faster kinetic systems. Plans are currently being made 
to use this reactivity meter on the swimming-pool 
reactor SAPHIR as an item of operating equipment. 
The core of the reactor SAPHIR does not allow a 
proper incore instrumentation as normally used for this 
type of neutron-noise analysis application, since the 
neutrón detectors can normally be located only in the 
reflector zone near the core boundary.
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The determination of subcritical reactivities by 
means of the prompt-neutron kinetics requires a 
frequency range for the analysis which must exceed the 
break frequency of the reactivity transfer function. But, 
even for small-reactor systems, the appearance of 
higher modes cannot be disregarded at higher 
frequencies and may introduce spatial effects. 
Therefore, the use of the point-reactor model to analyse 
the experimental data can introduce sources of 
systematical error in the evaluation.

In the original application of the reactivity meter at 
the reactor DIORIT, there was no need to search for 
spatial effects. Both detectors were well centred in the 
core. Experiments performed by Buhl et al. (1968) in a 
large zero-power natural uranium graphite-moderated 
reactor indicated that simple point-reactor kinetics 
adequately describe the neutron-noise spectra every- 
where except near to the core edges. On the other hand, 
the roll-off of neutrón cross-power spectra measured by 
Thomas et al. (1973) on a large D 20-facility does not 
seem to be in agreement with the point-kinetics 
prediction, even for the case of central detector 
locations.

There is an intuitive feeling that measurements to be 
performed especially in the reflector (at the position of 
the thermal flux peak) should be influenced by both 
space and energy effects. Measurements of cross-power 
spectra, which were begun on the reactor SAPHIR, 
showed the appearance of significant deviations from 
the point-kinetics behaviour at higher frequencies



(> 1 0 0  Hz). This finding is somewhat contrary to the 
results obtained by Ricker et al. (1968) on a light-water 
pool-type facility who concluded that the point- 
kinetics model is valid up to 1 kHz. Since only auto- 
power spectra were measured, the detection-noise 
component was a parameter determined by the data fit. 
The analysis, therefore, may not be sufficiently sensitive 
to reveal high-frequency efiects.

The main aim of this work is to give theoretical 
support to the experimental findings and to investígate 
on a simple 1-D reflected-reactor model in two-group 
diffusion theory how far space-energy eflects will be 
involved. In the numerical results typical data for a 
highly-enriched reflected L WR are used. Our treatment 
follows basically the space-dependent neutron-noise 
theory de veloped by Sheffand Albrecht (1966a,b) in one 
energy group. The calculation procedure is extended to 
two energy groups and applied to the reflected-reactor 
model.

In Section 2, the concept of the model is explained, 
and the associated problems and assumptions to be 
made are compiled. The quantity, which is to be 
calculated and investigated as a function of the system 
reactivity, the nuclear parameters, the core size and the 
detector locations, is the cross-power spectral density 
of the count-rate fluctuations between the two 
detectors. The application of the inverse Fourier 
transform to this quantity, imposed with the filter 
function of the signal conditioner, gives the 
corresponding cross-correlation function and the 
dependence ofits zero-crossing point on the reactivity. 
Section 3 is concerned with the general problem of how 
system fiuctuating quantities will spatially affect the 
count-rate cross-power spectral density. The treatment 
is based on first-order kinetic perturbation theory using 
Langevin techniques. The derived relation is then 
applied to the input neutrón processes by introducing 
noise-equi valent sources specifically responsible for the 
appearance of correlations between the detector 
signáis. Since the major interest is in the shapes of the 
spectra, possibilities of comparing them with a 
reference spectrum yielding space-independent results 
are considered in Section 4. Section 5 describes the 
experimental investigations and summarizes their 
results before proceeding to the numerical results of the 
model calculation which are discussed in Section 6. In 
order to get better insight into the space eflects, the 
calculations also include cases of neutrón spectra when 
one or both detectors are located in the core zone. In 
Section 7 the conclusions are summarized.

2. MODEL ASSUMPTIONS AND ASSOCIATED 
PROBLEMS

The model is shown in Fig. 1. It represents a 1-D

Homogeneous Core Infinite Homogeneous
Reflector

O H x

Fig. I. Reflected reactor model.

reactor system consisting of a homogeneous core, 
which gives good thermalization of the neutrons, and 
an infinite homogeneous reflector on the right-hand 
side. The moderating material in the core and the 
reflector material is water.

It should be emphasized that numerical results 
derived from simple-model assumptions are certainly 
not sufficient to be applied to the actual reactor 
conditions. SAPHIR is a research reactor (5 MW(th)). 
Its core configuration does not have simple rectangular 
geometry, and is changed when a fuel element shuffling 
is made. On one side, a Be-reflector bank is normally 
used. The strongly asymmetrical and inhomogeneous 
core does not facilítate the comparison of experimental 
data with the results of simple theoretical calculations. 
Nevertheless, the chosen reflected assembly is the 
simplest model that can be handled analytically with 
relative ease, and is believed to give meaningful results. 
The theoretical treatment will be based on the two- 
group diffusion equations which are the mínimum 
requirement for handling this type of problem. Whereas 
for the static flux calculations there is no important 
difference in the formalism when one would consider a 
symmetrical reflected system, the latter would make the 
space-dependent treatment of the neutrón noise into a 
three-regional problem. An additional reflector on the 
left-hand side is expected to have little influence on the 
points of observation in the reflector zone of the right- 
hand side. It would unnecessarily complícate the 
mathematics and require the use of a Computer at a 
much earlier stage.

The detectors are supposed to be of the ‘point’ type. 
This means, in a 1-D treatment, that physically they 
have the shape of a very thin píate in parallel to the slab 
geometry of the reactor system. With regard to the 
purpose of our investigations the numerical calcu­
lations are based on the assumption that both detectors 
are only sensitive to thermal neutrons and have 
identical detection characteristics. The general theory, 
however, includes the option that a detector might also, 
or exclusively, be sensitive to fast neutrons. There is an 
interesting note by Penland et al. (1971) who measured 
neutrón lifetimes in the core and in the reflector of a



pool critical assembly by means of a thermal-fast 
neutrón detector combination. Specifically, the fast- 
thermal CPSD-technique allows measurement of the 
thermal-neutron lifetime independent of the delayed- 
neutron fraction. This possibility was predicted by 
Nieto et al. (1968) using a two-energy group space- 
independent model, and by Ackermann et al. (1971) 
who extended the model to a reflected system in two 
energy groups and two space nodes. A two-detector 
measuring device eliminates the detection-noise 
component which is uncorrelated between both 
detector signáis and would otherwise be a dominant 
background. Since every neutrón detector operated as 
an ionization chamber in the current mode has a certain 
inevitable sensitivity to y-radiation, the application of 
this technique becomes imperative in subcriticality 
measurements on power reactors for the y-rejection 
(Penland and Hanauer, 1968).

We follow the practice, adopted in most neutron- 
noise theories, of neglecting the depression of the 
surrounding flux due to the presence of a detector, The 
effect of a detector perturbation may influence the 
interpretation of noise-spectra in water-moderated 
systems (Williams, 1974). The detector tends to sample 
preferentially from shorter chains, simply because there 
are relatively more of these in its neighbourhood. We 
feel that such an effect should be less pronounced for 
excore detectors. In our model, we assume a fast 
stationary neutrón source in the core with a 
distribution corresponding to the critical thermal flux. 
With this assumption higher static modes do not exist 
in the unperturbed subcritical system. Throughout this 
paper the static reactivity concept associated with the 
fundamental eigen valué of the static reactor equations 
is used (Gozani, 1963).

A first estímate of the zero-power kinetic behaviour 
of reflected reactors has been given by Cohn (1962). A 
simple two-point model (core and reflector) was used. 
Within each región the theory is space-independent 
and assumes one energy group. It was found that with 
typical data for a thermal reactor the source transfer 
function in the core has the same shape as the 
equivalent bare-reactor transfer function in the 
frequency range up to the break frequency. Some 
deviations appear at higher frequencies. The same 
approach was used by Randall and Grifíin (1964) to 
derive an expression for the power spectral density of 
the noise in the reflector. Cohn (1964) later extended his 
model to two energy groups. It seems to us that if, in this 
type of model (see also Ackermann et a l, 1971), one 
simply keeps adding regions and coupling coefficients, 
then there is a tendency to oversimplify the kinetic 
behaviour of the system by considering spatially- 
independent regions.

A useful space-dependent neutron-noise theory 
using one-group diffusion equations has been 
developed by Sheff and Albrecht (1966a,b). First-order 
kinetic perturbation theory and Langevin techniques 
are applied to obtain an output correlation function in 
terms of an input-noise correlation function as a double 
convolution over two system Green’s function. Noise- 
equivalent source terms present within the system are 
introduced by means of the Schottky formula. The 
theory has especially been applied to the case of a bare 
unreflected cubic reactor to demónstrate that, even 
when the extraneous source distribution is assumed to 
be fundamental mode, distinct spatial effects can be 
expected in the detector noise spectra. Our treatment of 
the refiected-reactor model in two energy groups 
basically follows these ideas. Adjoint function 
techniques in the frequency domain are used. Sheff 
(1969) states that, in the calculation of space-energy- 
dependent detector noise spectra, a two-group 
approximation is not representative of experiments 
that are possible in thermal reactors. He suggests that a 
treatment in at least three energy groups is required. We 
agree insofar as, in LWRs, the neutrón spectrum is 
relatively hard. A multigroup treatment of the noise 
may certainly give quantitatively improved results. On 
the other hand, the two-group diffusion equations 
contain all the information that is essential for 
describing energy eflects. In the soludon of the kinetic 
eigenvalue problem of a bare homogeneous reactor 
there are two roots, a /j-root and a /-root. The Green’s 
function in the frequency domain is correspondingly 
composed of a ¿¿-component and a 1-component in 
each energy group. Each component is a solution of the 
kinetic equations which has to satisfy the condition of 
vanishing at the core boundaries. The /«-component has 
a spatial range of the order of the reactor size and 
contains (though not exclusively) the reactivity transfer 
function (for more details see Behringer et al., 1979a; 
and Appendix C). The /.-component represents a 
neutron-spectrum eflect which is reflected in space with 
a short relaxation length of the order of the thermal 
diffusion length. Its contribution to the detector 
response is completely negligible at lower frequencies 
as long as reactivity-induced fluctuations are dominant 
in the spectra. Analytis (1982) has recently investigated 
this ¡x- and /.-component concept of the neutrón noise in 
three energy groups. He showed that the detector 
response to the neutron-noise field in homogeneous 
media can be separated into a component with a long 
relaxation length (/¿-component) and two spatially- 
localized components (/l1,¿ 2'Components), whose 
relaxation lengths in water-moderated reactors are 
similar and of the order of the thermal diffusion length. 
This result implies that in an M  multigroup treatment



of the noise in water-moderated reactors there is one 
long range /¿-component and A i—1 very local 
components which all have relaxation lengths of the 
same order of magnitude and may represent only a fine 
splitting of the two-group /-component. In the two- 
group treatment of the noise in a reflected system, the fi- 
component and the /-component are not distinct and 
separate solutions of the Green’s function equations. 
They are coupled via the interface boundary 
conditions. As shown by Pázsit (1978), in particular an 
appreciable contribution of the A-component to the 
detector response at the position of the thermal flux 
peak in the reflector can be expected.

3. COUNT-RATE CROSS-POWER SPECTRAL 
DENSITY DUE TO THE FISSION 

BRANCHING PROCESS

The time-dependent two-group diífusion equations 
are given by

div D, grad <j>¡ + v l f(l - /})<t>2 + Y 4¿¡C¡ + Q

- L i r  <“ »v x ot

div D2 grad <£2- Z 20 2 +  ER<£, =  — ^  (Ib)
v2 8t

dC
= -Á iC i + P ivZffc,

where all symbols have their usual meaning

4>i><p2 =  fast and thermal neutrón flux response 
D u D2 =  diffusion coefficients 

£ i  =  £ al + S R
■̂2 =  ^a2

Xa | , Xa2 =  absorption cross sections 
£ r =  removal cross section 

vZf =  thermal fission cross section multiplied by 
the average number of neutrons emitted 
per fission

Q =  density of an extraneous fast neutrón 
source (assumed to be distributed within 
the reactor system)

C¡ =  precursor density of the delayed neutrón 
group i 

).¡ =  decay constant of C¡ 
fi¡ =  effective fraction of delayed neutrons of 

group i

i
v-l,v 2 = neutrón velocity in the fast and thermal 

group.

Fast fission has been neglected. The group parameters 
and the extraneous source term are considered to be 
generally space- and time-dependent. According to the 
two-group approach concept, the fast- and thermal- 
neutron velocities are regarded as constants through- 
out the reactor system. Neutrons can onlyjump from v¡ 
to v2. The /í.-’s are also treated as constants. A /?¡ can be 
considered as the conditional probability that given a 
neutrón is emitted, it will be a delayed neutrón from 
group i (Sheff and Albrecht, 1966a). The two-group 
diffusion equations must be solved with the boundary 
condition that the fluxes have to vanish at the 
(extrapolated) system surface.

Let us consider the case in which the reactor is at first 
in a stationary subcritical state in equilibrium with a 
time-constant extraneous source. The static fluxes are 
given in matrix notation by

with

)+ (? )= «

div Z>! grad — vEf 
2„, div D2 grad —

(2a)

(2b)

( le )

where the group parameters are functions of the space- 
vector x only. We perturb the stationary reactor system 
by small stochastic fluctuations of the group 
parameters and the extraneous source. We assume 
ergodicity of the random processes. These fluctuations 
(with zero expectation valúes) produce fluctuations of 
the neutrón fluxes and the precursor densities. We 
lócate a neutrón detector of very small size (point 
detector) at x , within the reactor system. Its average 
count-rate per unit detector volume is

^(x l) =  £ld</, l(x l) +  2'2d<̂2(x 2)! (3)

where X ,d,X 2(J =  detection cross section of fast and 
thermal neutrons, respectively.

If the fluxes are fluctuating, the count-rate* will also 
fluctuate. Its fluctuating part is given in the frequeney 
domain by

<5R(x,,w) =  E ,d¿</>,(x„Ét)) +  E2d54>2(x,cü). (4)

The count-rate spectrum can be related to the 
fluctuating parts of the group parameters and the 
extraneous neutrón source by using adjoint-function 
techniques (van Dam, 1976; Behringer et a i, 1977, 
1979).

d v ( < ¡ > t , < P +2 ) "  , 'r i ' ,3Q+ (5)

* In w hat follow s we use the count-rate per unit volum e  
except where explicitly stated to the contrary.



Equation (5) represents the linear detector response 
to spatially-distributed perturbations. The parametric 
perturbation operator Pop is given by

_  /d iv  6 £>, g r a d -Ó I ,, <5(vEf) ( l - / i ) \
<52R, div SD2 grad — <5£2 /

where
Pi

<x> =  angular frequency.

All fluctuating terms are functions of the space-vector x 
and the frequency cu. <¡>¡, 4>2 are adjoint functions 
which we will cali the kinetic importance functions. 
They are defined by

+ ) =  - < 5 ( x - x , )m :

with the adjoint operator

div D , grad —

where JO)

JO)

<5(x — Xj) denotes the Dirac delta function. <pi ,4>i are 
functions of x, x , and cu. They are space-adjoint Green’s 
functions in the frequency domain. They can also be 
regarded as transfer functions between a perturbation 
occurring at point x and the detector response at the 
point of observation x ,. The reactor perturbations are a 
space-continuous múltiple input and the detector acts 
as a single output system.

The representation of equation (5) in the frequency 
domain has the advantage of being more convenient 
and transparent than the representation formulated in 
the time domain, where a time-convolution integral 
additionally appears. The whole formalism can easily 
be extended to multigroup treatment. A general versión 
in transport theory has been elaborated by van Dam 
(1977). By applying equation (5) to a second point 
detector located at x 2 within the system (where this 
second detector is presumed to have the same detection 
characteristics as the first one), the one-sided count-rate 
cross-power spectral density C PSD R (per square unit of 
detector volume) follows from (e.g. Bendat and Piersol, 
1971)

CPSDR(x1,x2,co) =  2 lim
T  -* oo

<<5K*(x „ co,T)<5K(x 2,cü,T )>

considering that truncated records o f finite time- 
length T  have implicitly been used for establishing 
equation (5). The angle brackets in equation (9) denote 
the ensemble average is taken. In the same way 
ensemble averages must be taken between pairs of the 
various input signáis. When one writes

( n ( < ¡ > ( SQ)

(7)
5S- 0

(10)

the output C PSD r can be expressed by the input 
CPSDs related to the fluctuations SS¡, dS2-

C PSD r(xj, x2, cu) =  £
i,k

(¿,*=1,2) I
á V  d K '^ ^ X jX j.w )

(8a)

M"" * vZf( l - h ) ,  div D2 g r a d -Z 'J  (8t>)

(8c)

(8d)

x CPSDs .k(x, x', a>)4>¿(x', x2> ct>), (11) 
i, k refer to group Índices.

Due to equation (10) each CPSDS|1[ is composed of a 
subset of input CPSDs from the various individual 
processes and possible cross-terms in general. 
Equation (11) indicates, how their contributions to the 
output C PSD R are to be weighted by the kinetic 
importance functions. Equation (11) gives a general 
basis for treating the space phenomena appearing in 
neutrón noise. There is one exception: equation (11) 
can be used for describing the CPSD„ of a two-detector 
measuring device by making further assumptions 
concerning the noise sources. In zero-power reactors, 
though, it does not hold for computing count-rate auto- 
power spectral densities. The reason for this is that one 
has to consider not only the various input processes 
involved in the neutrón field but also the detection 
process itself which cannot be isolated.

The input neutrón processes as far as they contribute 
to the C PSD r are sharply localized in space. There is no 
space-correlation except for identical space points. 
Henee, writing

CPSDSlk(x, x', w) = S ik(x, oj)S(x — x') (12)

and substituting the input CPSDs in equation (11) by 
equation (12) results in the output C P S D :

C PSD rÍXj. x^ cu) =  ^  ( d K ^ * (x ,x ,,w )

x S¡t(x,cu)0k+(x ,x 2,co). (13)

The further assumption needed to make the Langevin 
method applicable, and to obtain useful results through 
application of equation (13), is the Schottky formula 
(Cohn, 1960).* This is a noise-equivalent source for the

* Saito (1967a) showed that the Schottky form ula is not 
necessarily a specific assum ption but rather the consequence 
of a  m ore general assum ption th a t the m acrostochastical 
variables characterizing the State o f a  nuclear system behave as 
if they were M arkovian.



input and is particularly suitable for representing 
discrete random phenomena. For a source term S¡k as 
input to equation (13), the formula reads

s ik =  2  £  qfm,, (14)

where q¡ is the net number of neutrons produced (or 
removed) in the occurrence of one nuclear reaction of 
type /, and m, is the average reaction rate of type l 
occurring per unit volume. In equation (14) the 
assumption is implicitly made that the various reaction 
processes are independent.

The Schottky formula is the result of a white-noise 
assumption. The approximation is valid up to 
frequencies of the order of the reciprocal of the mean 
reaction time of a process. The kinetic importance 
functions, however, act as low-pass filters cutting the 
high-frequency input components in a frequency región 
which is much lower than the validity range of the 
Schottky formula.

Saito (1967a) has extensively studied the properties 
of the random noise sources which give rise to the 
inherent statistical fluctuations in nuclear reactors. We 
have to distinguish between single- and paired-neutron 
contributions. In general, for example, absorption, 
scattering and emission from the extraneous source are 
single-neutrón efTects. The fission term, however, 
results in both single- and paired-neutron contri­
butions. Other paired-neutron efTects, which will not be 
included here, can arise from múltiple emission by a 
radioactive decay in an extraneous source or from the 
(n, 2n) reaction in a Be-reflector.

A detector removes a neutrón when it detects it. The 
detection process destroys any single-neutrón corre- 
lation which, otherwise, the neutrón would have in the 
future. Single-neutrón effects contribute either nothing 
(e.g. leaking neutrons) or only to the variance of the 
count-rate, i.e. they appear only in the so-called 
detection-noise component which is a (dominant) 
white-noise term in the one-detector count-rate APSD. 
As used up to this point, equation (13) gives an 
incomplete description of a count-rate APSD. It 
represents in this case only the paired-neutron 
contribution. The detection-noise component is 
uncorrelated between two detectors and is eliminated 
by a two-detector cross-correlation measuring device. 
The only term which remains as a contribution to the 
CPSDk is the paired-neutron effect in the fission 
process. The fission process appears in the signal S S , of 
equation (10) as

<5Sj = ( l - / ! ) Z f0 2<5v.

of the Schottky formula when delayed neutrons are 
included. <5v is the fluctuation in the total number of 
neutrons ( =  <5vp prompt neutrons +  <5vd delayed 
neutrons) per fission. The processes of prompt- and 
delayed-neutron emission are not independent—as 
application of the Schottky formula would require. The 
mean lifetime for the ith group of delayed neutrons is 
1 /Á¡, which is clearly of such order as to make the white- 
noise assumption for delayed neutrons invalid. On the 
other hand, one can regard a delayed neutrón as a 
neutrón ‘stored’ in a precursor particle which is 
instantaneously generated by fission. Since we have 
eliminated the fluctuations of the precursor densities 
and used a reduced number of stochastic variables, the 
retardation effect induced by the temporary ‘storage’ in 
precursors appears in equation (15) as a feedback to the 
neutrón field via the frequency-dependent factor 1—h. 
According to this consideration, we have therefore to 
apply the Schottky formula to the total number of 
neutrons emitted by fission. Combining equations (15) 
and (14) with qv, =  v'— 1 and mv. =  Zf<¿>2P v., where /%., 
is the probability of a given fission emitting totally v' 
neutrons, and separating the paired-neutron effect 
appearing as v'(v' — 1) ordered pairs, result in the noise- 
equivalent source:

S u  =  2|1 —h \ v ( v — l)Z f</>2- (16)

Inserting equation (16) into equation (13) gives the final 
result for the C PSD R due to the fission branching 
process initiated by thermal neutrons:

C PSD r(X],x2,cü) =  2|1 — h\
2 v(v — 1)

(15)

A problem which has led to some discussion (Sheff 
and Albrecht, 1966a; Saito, 1967b) is the applicability

d V(j> i *(x, x i , cü)vZf(x)(/>2(x)(/> \ (x, x2, w). (17)

The result is consistent with the one-energy group 
approach.

Theoretically, one can bring the second detector to 
the location of the first one. Equation (17) remains valid, 
because even overlapping detectors are different 
detectors.

For the evaluation of equation (17), the static fluxes 
and kinetic importance functions must be known. A 
standard method for solving the static and kinetic 
equations is to use series expansions in space- 
eigenfunctions and to approximate the result with a 
limited number of terms. In our 1-D model, however, 
the kinetic problem can be solved in an analytically 
closed form. This was first remarked by Sheff (1968). For 
the static subcritical fluxes we assume the shapes of the 
critical fluxes. The explicit expressions for the static 
fluxes are given in Appendix A. The solution of the 
kinetic importance functions are represented in



Appendix B for both an excore detector and an incore 
detector. Since the space-dependence in all these 
functions appears via trigonometric and exponential 
functions, the integral in equation (17) can readily be 
evaluated. The numerical evaluation then only requires 
simple programming work.

4. REFERENCE GLOBAL POWER SPECTRAL DENSITY

The major interest in the application of the zero- 
crossing correlation method to reactivity determi- 
nation is the spectral shape of the C PSD R for any 
detector location chosen in the system. In order to have 
available a basis for comparison of how strongly the 
spectral shape is influenced by space-energy effects, it is 
considered convenient to introduce a reference power 
spectral density (PSD) yielding space-independent 
results, and to express the C PSD R relatively to this 
quantity.

1CPSDR(X„X 2,0;)|
PSD(cü)

(18)

£ represents the relative magnitude of the CPSD„ and 
may be normalized to 1 at a suitable low-frequency 
point (e.g. in the plateau región of the reactivity transfer 
function) for the given detector locations.

There are several possibilities for defining a reference 
PSD:

A first-reference PSD can be established by first- 
order approximation of the kinetics of our reflected 
system to those of an equivalent bare system with 
detectors uniformly distributed through the core. This 
bare-reactor equivalent CPSD, which will be denoted 
by PSDp, has the spectral shape (see also Appendix C) 
when we include for completeness the small feedback 
effect of the delayed neutrons appearing in the noise- 
equivalent source term of equation (16):

PSDp ~  \ l —h\2\G\2

1
jcoA + h — p ’

G -
1

constant of the fundamental prompt-period mode. The 
use of equation (19) as reference requires the 
determination of A (as an overall quantity of the 
system) or an a-search, respectively.

An alternative reference is the APSD of the reactor 
power when we fictitiously apply small random 
reactivity perturbations to the unperturbed stationary 
reactor system. This second-reference case can be 
formulated independently of the a-concept. There are 
still other reference concepts possible, e.g. to use the 
C PSD R of detectors completely distributed through the 
reflected-reactor system. This case will be discussed in 
Section 6.

4.1. u-Search

Following the paper of Preskitt et al. (1967), we seek 
solutions to the reactor kinetic equations which vary 
exponentially in time after instantaneous removal of 
the extraneous source from the stationary subcritical 
reactor system at the time point í =  0.

0i„(x.f) =  < M X) e'""' (21a)

=  «M x) e""' (21b)

C J x ,t) =  ch( x ) e - '  (21c)

If these vectors are substituted into the source-free 
kinetic equations (la -c) and the precursor densities are 
eliminated, we obtain the system of co- or period- 
eigenfunctions:

div D l g r a d - I , ,  vZf( l - / i „ ) \
div D2 g r a d -Z 2 ) \ i ¡ /2„

(22)

(19)

In equation (19), G is the familiar point-reactor 
reactivity transfer function.

with the abbreviation

K  =
fit

A,- -t- (on

(20a)

where A is the neutrón generation time and p the 
reactivity.

Equation (20a) becomes in the prompt-neutron

■ • (  f  approximation I a> > —

(20b)

Equation (22) is the general expression to be satisfied by 
all exponentially-varying solutions to the reactor 
kinetic equations and evidently does not contain any 
reference to the reactivity of the system.

According to the conventional reactivity concept, 
the reactivity defined as p = (k — \)/k  (where k is the 
effective multiplication factor in the static reactor) is the 
algebraically-largest eigenvalue resulting from the 
static multiplication eigenfunction equation

A(ja> + a)

a =  (/?—p)f A is the prompt-neutron decay-time
div D¡ grad — 2 , ,  vEf( l — p) 

div D2 grad — S 2
=  0. (23)



Writing the adjoint functions q>t,(P2 of equation (23) 
and using the definition of adjoint operators allow the 
elimination of the loss operators since these are 
common to equations (22) and (23). The result is a 
generalized inhour equation,

P =

dK( —  ( P t ^ l n + —  <PÍ^2n

+  1
dV (p¡ v L s\j/2

k¡ + w„

(24)

in which we can identify the neutrón generation times 
for the spectrum of the (fundamental) kinetic modes 
satisfying equation (24) by

A„ =  -

p = — a.A + p.

input signal <5SX of equation (10) as

<5S, =  -( l-h )vT ,,( j> 25p. (27)

This signal 6S¡ produces, at a space point x ,, 
fluctuations of the thermal-neutron flux which follow 
from the application of equation (5) when we formally 
set the detection cross-section E ld =  0 and X2d =  1, 
and correspondingly redefine the system of kinetic 
importance functions given by equations (8). We will 
denote these functions by 4>'*, <p'2 . We obtain then, for 
the thermal-flux fluctuations,

S 4>2( x ¡ ,a ) )

-■ - ( 1  -h)5p(a>) d V 4>\+ (x, x j, tu)v£f(x)02(x). (28)

(25)

The frequency spectrum of the reactor power 
fluctuations follows from

SP(co) = C d K .I f íx J á ^ x ,) , (29)

All the roots a>n have negative valúes. The prompt 
decay-time constant a in equation (20b) is equal to the 
largest negative eigenvalue belonging to the subset of 
eigenvalues and corresponding kinetic modes which 
can satisfy equation (24). If A is the prompt-neutron 
generation time corresponding to the eigenvalue —a, 
equation (24) results to a high approximation in the 
well-known relationship

C is a conversión constant. Substituting equation (28) 
into equation (29) yields

5P(to) =  (1 -  h)GVF(o))Sp(oj), (30)

where GPF is a transfer function given by

GpF(<w) =  C
h

(26)

In the numerical investigation of our reflected- 
reactor model we have followed the generally- 
convenient concept of generating subcritical states by 
fuel manipulation, i.e. simply by setting vZf =  fc(vZf)cr 
where (v£f)cr is the flssion cross section used previously 
in a criticality calculation to establish the critical 
dimensión of the system. Since in this procedure p and [í 
were known quantities, a was determined by solving 
equation (22) and A resulted then from equation (26). 
The eigenvalue equation for the cu„ can formally be 
written very similarly to the static eigenvalue equation 
(A.9) of Appendix A. However, equation (25) was used 
as a cross-check. A further check was that the prompt- 
neutron lifetime should remain invariant while the 
reactivity State of the previously-defined critical system 
was changed by fuel manipulation.

4.2. PSD o f  power fluctuations induced by random 
reactivity fluctuations

We perturb fictitiously the stationary reactor system 
by small stochastic reactivity fluctuations Sp(t) with the 
expected valué <<5p(t)> =  0. These reactivity fluctu­
ations expressed in the frequency domain appear in the

d KEf(x i )<t>\+ (x, x ,, w)vZf(x)flí)2(x).

(31)

The power spectral density, PSD pf, of the reactor 
power fluctuations follows then from

PSDpf =  |1 —h\2 IGpppPSD,, (32)

PSDp denotes the PSD of the input reactivity 
fluctuations. It is to be noted that in writing equation
(32) we factored out the small delayed-neutron effect 
|1 — h\2, so that this term appears as a common factor 
between the C PSD R and PSD PF and the previously- 
defined reference PSD P, and is cancelled in £.

With a white-noise assumption for the reactivity 
fluctuations, equation (32) establishes another possi- 
bility for a reference PSD. In the first-reference case 
(PSDp of equation (19)) only the contribution of the 
prompt fundamental mode is considered, while in this 
second-reference case (PSDPF of equation (32)) the 
closed solution of </>,+ contains implicitly all kinetic 
modes, and therefore also completely the neutronic 
feedback of the reflector to the core.

In the numerical evaluation we have found 
diíferences in the spectral shapes between the PSD P and 
PSD pf in our reflected model. Small, but negligible 
diíferences (of the order of a few percent) were observed



at higher frequencies (toward the end of the considered 
frequency range of 400 Hz) in the case of a light-water- 
moderated core with a light-water reflector. The 
moderator and the reflector have here the same nuclear 
properties. For this reason, we generally used the 
simpler reference concept of the PSDP. If, however, one 
replaces the light-water reflector by a heavily-reflecting 
one (such as D zO or graphite) one finds significant 
deviations due to the expected distortion by higher 
kinetic modes. These also occur at low frequencies 
where the delayed-neutron contribution becomes 
important.* In the next section we will give a summary 
of the experimental in vestigations before proceeding to 
the numerical results of the model evaluation.

5. SUMMARY OF THE EXPERIMENTAL 

IN VESTIGATIONS

Neutron-noise analysis with various two-detector 
arrangements in the reflector zone was performed on 
the reactor SAPHIR in the time domain as well as in the 
frequency domain. The zero-crossing correlation 
technique is an on-line method in the time domain and 
uses a polarity correlator. Under the assumption ofthe 
applicability of the point-kinetics model the zero- 
crossing point of the polarity cross-correlation function 
is primarily related to the prompt-neutron decay 
constant a. When, in a calibration measurement, the 
prompt-neutron decay constant ac at delayed critical is 
determined, the reactivity can be obtained for 
subcritical states down to about — 5 For more 
subcritical states the method becomes insensitive. If 
significant spatial eflects are present, invalidating the 
application of the point-kinetics model, the method 
does not give a direct indication of such effects. To 
obtain more detailed information cross-power spectra 
were simultaneously measured. The cross-power 
spectra were compared to the spectral shape resulting 
from the point-kinetics model. An independent valué of 
the reactivity was obtained using the rod-drop method.

In the experiments, the detectors were highly- 
efficient ionization chambers filled with 3H e.f The 
active length (40 cm) ensured a good flux integration

* W e will no t represent these findings by plots, because we 
prefer to restrict the investigations to  a light-w ater-m oderated 
core with a light-w ater reflector.

f T h e  3H e detectors were specially m anufactured by the 
L aborato ry  Professor Berthold. D-7547 W ildbad/ 
Schwarzwald, G erm any. The active volume was 40 cm in 
length and 4 cm in diam eter. It was filled with 99% guaranteed
3H e a t a pressure o f 5 bar w ithout addition  o f  any quenching 
gas. The inner collector electrode consisted of a  small tube to 
ensure operation  in the ionization range. F o r dealing with 
detector currents of the o rder of several fiA  under sa turation  
condition a  high tensión of 1600 V was required.

o ver the core height (60 cm). The collector electrode was 
connected via an 8-m long cable to the low-impedance 
input of a current ampiifier stage at virtual ground, 
whereas negative high tensión from a battery was 
applied to the chamber box. Each chamber was 
completely shielded with a ground connection 
separated from the reactor mass. This procedure 
prevented any appreciable pick-up of the 50 Hz mains 
hum, the frequency of which lies inside the required 
frequency range. The chamber setup was placed in a 
waterproof guiding tube (i.d. 7 cm) and well centred in it 
at the reactor mid-plane. Each guiding tube had a rigid 
extensión (about 1 m long) with ceramic isolated wires 
to give further protection of the cables from radiation 
damage. The guiding tubes were always inserted in free 
lattice positions outside the core adjacent to a fuel 
element.

For the application of the zero-crossing correlation 
method, the noise signal from each detector was 
amplified by a recently-impro ved ampiifier system with 
automatic d.c.-offset, input sensitivity control and gain 
control of the post-amplifier stage following signal 
filtering, to keep the output signal r.m.s. at a constant 
level of 1 V independently of the reactor flux conditions. 
The latter was a desirable feature with regard to the 
small inherent hysteresis of the signum generators in 
the polarity correlator. The polarity correlator is a 
completely digital device and contains a feedback to the 
delay path in one channel for an automatic search for 
the zero-crossing point i 0 of the polarity cross- 
correlation function. For the theoretical background, 
and a block-diagram of the equipment, reference is 
made to the paper of Behringer and Peier (1979). 
Instantaneous valúes of the meter display (propor- 
tional to t 0 ) can periodically be read out on paper tape, 
allowing in particular an estímate of the display 
variance. Another available signal provides for the 
output of display valúes which represent time-a verages 
during each read-out period.

The signal conditioners in both measuring channels 
were well matched. Each band-pass filter consists of a 
single RC high-pass filter and double RC low-pass 
filter. They were adjusted in each channel to <aJ2n 
=  15 Hz (3 dB low frequency cut-off) and (Oyjlit = 200 
Hz (effective 3 dB high frequency cut-off). The zero- 
crossing correlation method requires a frequency range 
to be set coL á  a(j>) < coH. The high-pass filter is 
responsible for the generation of the zero-crossing 
point while the low-pass filter cuts the detection-noise 
component in each channel. This component does not 
affect x0, but its variance, and is a necessary prerequisite 
for the generation of well-defined signum signáis. 
Moreover, this low-pass filter is expected to reduce 
correlated high-frequency noise components which are
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due to space effects, and to make the point-reactor 
model applicable to a good approximation.

The filter parameters enter into the relation between 
a and t 0 . Filter characteristics can be measured very 
accurately, so that the presence of systematic errors, in 
this connection can be practically excluded. An 
experimental check on the overall-performance of the 
meter does not require a reactor. The noise sources can 
be simulated by three independent white-noise 
generators. This technique (explained in the paper of 
Behringer and Peier (1979)) was used not only for a 
periodical check of the equipment performance but also 
for the verification of the display variance behaviour as 
theoretically predicted. For the spectrum measure­
ments, broad-band noise signáis (0.1 Hz-1 kHz) were 
taken from each amplifier channel and fed to the dual 
channel Fast Fourier Transform Analyzer 
OM NIFEROUS FFT 400B (Nicolet Scientific Corp.) 
or to a magnetic tape for post-analysis.

First experimental checks showed that an excore 
detector arrangement gives sufficient detector ef- 
ficiencies to obtain the required information within 
reasonable measuring times. Assuming the validity of 
the point-reactor model, and approximately equal 
detector efficiencies in the selected positions, an 
estímate of the so-called reduced detector efficiency can 
be obtained either from the slope of the polarity cross- 
correlation function at r0 * or from a coherence 
function measurement at a frequency co =  ac when the 
reactor is made critical. The reduced detector efficiency 
is defined by Behringer and Peier (1979) as

fi =

f W  D 
B

(33)

states, the y-background becomes more important. 
Systematic investigations performed on different core 
configurations with varied and sometimes widely- 
separated detector positions around the core (exclud- 
ing the región of the Be-reflector) yielded reasonable 
consistency between a-values given by the zero- 
crossing correlation method and those evaluated from 
the magnitude of the cross-power spectra. In the 
considered frequency range up to 500 Hz, the CPSD  
always showed zero-phase behaviour.

For the evaluation of the cross-power spectra, the 
PSDp of equation (19) was used as reference, and a was 
varied until the fit gave a horizontal line for c of 
equation (18) in a frequency range from about 5 to 
about 100-150 Hz. In the measurements any forced 
coolant flow had to be avoided. Manual control of the 
reactor was used for measurements in the critical 
reactor State, oc-determinations with various detector 
positions in the same core configurations gave the same 
result within the experimental accuracy. Reactivity 
determinations via equation (26) using the previously- 
measured ac-value agreed well, in most cases, with 
valúes obtained by the rod-drop method, strongly 
suggesting that the use of point kinetics is a valid 
approach. As an example Fig. 2 shows a core

W  =  detector efficiency inunitcounts per fissionin the 
system

B =  Bennet factor, with B defined as q2/q 2, where q is 
the charge released per detected neutrón

D =  Diven factor
/  =  spatial correction factor, of order unity, 

depending on reactor geometry and spatial 
fission-rate distribution.

The results given by the two methods were not in 
good agreement. However, the valúes Q obtained under 
critical-reactor conditions varied between (1 -4) x 10 " 3 
indicating a very high detector efficiency. Since a 
detector may have a non-negligible but unknown 
sensitivity to y’s, it is felt that Q need not be a constant 
(for unchanged detector positions) when, in subcritical

* This slope could be m easured by a special feature included 
in the design of the polarity correlator. By disturbing the 
in tegrator (forw ard-backw ard scaler) in one direction with a 
well-defined external pulse rate, r 0 could be shifted.

E l Fuel Element

CR'. With Coarse 
Control Rod

FR'. With Fine 
Control Rod

Beryllium  Element

©
Fig. 2. Core configuration 392B of the sw im m ing-pool reactor 
SA PH IR  with indication of the detector positions (lattice size: 

81 x 77 mm).



configuration (392B) in which severa! measurements 
have been made. This core configuration represents a 
rather unfavourable case. There is a Tuel element 
between the detector positions and nearby an empty 
lattice place (reserved for isotope production) and 
coarse control rods. Significant flux perturbations were 
therefore expected in this core región. Results are given 
in Table 1.

The rod-drop method for the determination of 
subcritical reactivities is a routine procedure on 
SAPHIR. The neutron-flux decay after a rod-drop is 
measured by a high-resolution counting channel 
equipped with a fission counter. It processes pulse-rates 
upto 107cps with dead-time losses ofabout 12%atthat 
counting rate. This device, which was developed by 
Behringer and Phildius (1974), enables measurement of 
the flux decay over several decades and is insensitive to 
the y-background. The evaluation method developed 
by Demarmels (1968) is based on a modified technique 
using the modal approach with kinetic eigenfunctions 
and the elimination of the prompt harmonics and the 
kinetic distortion. The photoneutrons produced in the 
Be-reflector are not considered in the code. As pointed 
out by Cohn (1959), they can give rise to transients 
which could introduce appreciable errors in the 
reactivity determination. Since the Be-reflector used in 
SAPHIR covers only a part of the core, it appears, 
according to previous experience, that this photo- 
neutron effect should give only a negligible pertur­
baron. The errors given in Table 1 represent 
overestimates in the case of the results from the noise 
method, whereas they are purely statistical for the rod- 
drop results.

In the core configuration shown in Fig. 2, an on-line 
measurement of the time evolution of the xenón 
poisoning after a shutdown from a steady power

operation was performed. The results of this 
measurement will be reported separately. They give 
further indication of the applicability of the point- 
reactor model. The evaluation of this measurement 
allowed an estímate to be made of the core-average 
thermal flux at power and the equilibrium xenón 
reactivity worth and, in addition, an independent but 
indirect determination of ac. The latter measurement 
gave a valué of ac =  114 +  2 rad/s, which is in excellent 
agreement with the other results given in Table 1. 
Koehler (1980) recently began a calculation of ac for this 
core configuration under the actual burnup conditions 
of the fuel elements. His very preliminary result 
obtained by this calculation using a 2-D code is ac 
=  129.6 rad/s. This valué seems to be somewhat too  
high, but is of the same order as the experimental data.

Two typical experimental cross-power spectra from 
about 2.5 to 500 Hz, represented by the quantity £ of 
equation (18) with varied valúes of a, are shown in Figs 3 
and 4. Figure 3 refers to the case of a very nearly critical 
reactor state (reactor power ~  500 W), and Fig. 4 to the 
case of a subcritical state with p = —3.7 $. The 
measuring time was 30min in both cases. The curves are 
normalized around 10 Hz and slightly band-pass 
corrected in the higher-frequency región. In the lower- 
frequency región which is larger in the subcritical case 
due to the more extended plateau in the reactivity 
transfer function, ¿j can be brought practically to a 
horizontal line by a proper adjustment of a. This 
suggests (but does not confirm) that this lower- 
frequency región may be regarded as the validity range 
of the point-reactor model. At higher frequencies, 
where statistics become inadequate due to the rapidly- 
decreasing coherence, £ increases significantly with 
frequency. This behaviour, which is less pronounced in 
the subcritical state, indicates that the measured cross-

Table 1. M easured valúes o f the prom pt-neu tron  decay constan t a and the reactivity p  a t core configuration 392B

D etector
locations

Coarse control 
rod  positions 

(mm)

Prom pt neutrón 
decay constant 

(rad/s) 
ob tained from

Reactivity
( - «

Remarks

Noise
m ethod

(polarity
CCF)

Rod-drop
m ethod

Polarity 
C C F  C PSDCR , c r 2 c r 3 c r 4

75/77 283 283 283 283 115 +  4 Critical
pow er 5 kW

75/77 0 281 281 281 220 +  7 225 +  5 0 .91+0.09 0.923 +  0.0015
75/77 0 281 0 281 540 +  32 555 +  20 3.70 ±0 .32 3.62 +  0.03
75/77 0 0 0 0 745 +  58 5.48 +  0.55 5.24 ±0.08

74/78 276 276 276 276 115 +  4 115 +  3 Critical
pow er 5 kW

74/78 0 0 0 0 702 +  53 5.10 ±0.51 5.11+0.06

C R -positions: 600 =  upper lim it; 0 =  lower limit.



F r e q u e n c y  ( Hz )

Fig. 3. A typical cross-pow er spectrum  m easured in a  nearly critical reactor State and represented relative to the 
point kinetic C PSD  with varied valúes o f the break frequency.

power spectra decrease less strongly than predicted by 
the point-reactor model. This trend was generally 
found in all cross-power spectra measurements with 
excore detector locations varied around the core. 
Before discussing this result further we shall consider, in 
the next section, the numerical results of our model 
calculation and put the question whether this trend 
observed in the experimental investigations can be 
reproduced by our simple model.

6. NUMERICAL RESULTS OF THE 
MODEL CALCULATION

frequencies, i.e. up to frequencies which may not be 
higher than several times the break frequency ac,* if

H  « (34)

where M =  migration length and ¡í = effective fraction 
of delayed neutrons, and the detectors are not too cióse 
to the core boundaries. The importance of the 
inequality (34) is explained in Appendix C. A reactor 
system which satisfies the inequality (34) may be called a 
small one. Unfortunately, there is no further criterion 
available for specifying how well this inequality should

For the appearance of space effects, an important »T, . ,  , . . . . , ... > r  * Thts statem ent is n o t valid in the case o f a  pertu rbation
parameter is the core-size H. In a bare homogeneous propagating through the core, like the two-phase coolant flow
reactor, space effects are negligible up to moderate in a BWR (Behringer et al (1979)).
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F r e q u e n c y  ( H z )

Fig. 4. A typical cross-pow er spectrum  measured in a subcritical State a t — 3.7 $5 and represen ted relative to  the 
point kinetic CPSD with varied valúes o f  the break frequency.

be satisfied by a small system. For a small equivalent 
system which is reflected, the reflector saving is 
normally relatively high. Core- and reflector-kinetics 
must, therefore, be coupled rather strongly. Up to this 
point, the appearance of space effects is not governed by 
the core-size, H, alone, but also by the nuclear 
properties of the reflector material.

The r.h.s. of the inequality (34) is of the order of 2.5 m 
for an LWR. Power-LWRs have typical core sizes of 
this order of magnitude. Thus, one should not speak of 
large systems, but rather of systems of intermedíate size. 
Nevertheless, we will follow the usual concept and 
speak of a large system in this case. A reflector on such a 
system has little influence on incore measurements. But, 
in any case, the core kinetics start to become space 
dependent.

In the numerical calculation we used group 
parameters that are typical for a highly-enriched 
uranium-water lattice and a light-water reflector. The 
data are given in Table 2 (Winkler and Koehler, 1975). 
They were selected for a rather high burnup ( ~  50%). In 
this case we reached a critical core-size, H  = 77.6 cm, 
and an ac-value of 122 rad/s (with fi =  7 x 10“ 3). These 
figures are representative for the reactor SAPHIR in an 
ad vanced burnup condition and are believed to be cióse 
to the actual conditions under which the experimental 
investigations have been performed. Since, with regard 
to the inequality (34), this core size cannot be regarded 
as small, we cali this model a realistic system.

In order to get deeper insight into the trends of the 
spatial elfects, a large system with H = 197 cm was also 
considered. It was created by adjustment of the thermal
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Table 2. Tw o-group param eters used in the model calculation

Core H 20  reflector

D¡ (cm) 1.441 1.152
d 2 2.848 x 10“ ' 1.652 x 10” 1
Eal (cm ') 2.742 x lO " 3 4.876 x 10" 4

Z .2*
7.680 x 10" 2 

8.110 x 10-2

for H  = 77.6 cm 

for H  = 197 cm
1.780 x 10“ 2

2.718 x 10‘ 2 5.166 x 10“ 2
vZf 9.360 x 10“ 2
v¡ (cm/s) 5.304 x 10 7
v2 2.482 x 105

* Adjusted correspondingly to the m odels and different core sizes to obtain  
criticality.

absorption and had an ac-value of about 130 rad/s. The 
same procedure of adjusting the thermal absorption 
was used for performing comparison calculations for a 
bare-reactor model.

As mentioned in Section 4.1, subcritical states were 
generated by fuel manipulation. We confine the 
representation of the results obtained in the frequency 
domain to two states, the critical State and a subcritical 
State at — 5 $. With regard to a few calculations ex­
tended to very low frequencies (see Fig. C l) the usual 
six groups of delayed neutrons were generally taken 
into account. The detectors were assumed to be 
sensitive to thermal neutrons only.

A useful quantity for characterizing the togetherness 
of the detected neutron-noise field, or the coupling 
between regions being sampled by the detectors, is the 
coherence function (Albrecht and Seifritz, 1968). We 
define it here by

COI-^x ^ x^ cü)

= _________[CPSDj¡(Xi,x2,q))[_________
^ /[C P S D rÍx  ,, x ,, a>) • C P S D r (x 2, x 2, co j]

6.1. Both detectors located in the core

Figure 5 shows first the case where relative CPSDRs, 
i.e. the quantity £ defined by equation (18), are plotted
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Fig. 5. Relative C PSD s of incore detectors a t different com m on positions. The upper figures refer to the critical 
State, the lower figures to a subcritical State at — 5 C urve 1: detector position x , — x 2 =  0.10 x H ; curve 2: 

detector position x x =  x 2 =  0.50 x H ; curve 3 : detector position x , =  x 2 =  0.90 x H.



for difieren! detector positions in the core when both 
detectors are located at the same point (or are always 
very cióse together). In this, and all following figures 
representing relative magnitudes of the CPSD„, £ has 
been normalized to equal 1 at 1 Hz. The frequency 
range considered extends from 1 to 400 Hz. One 
recognizes the general trend, that at higher frequencies 
the C PSD Rs roll-off less strongly than predicted by the 
point model. The onset and increase of the spatial 
effects with increasing frequency are obviously more 
pronounced for the large system than for the realistic 
system, and for coincident detector positions near the 
core boundaries. Due to the asymmetry of the reflected 
model, the deviation from the PSD P is somewhat less 
for a detector position nearer the reflector side (curve 3) 
than for a position near the free core boundary and 
symmetrically placed with respect to the core centre 
(curve 1). There must be a position in the vicinity of the 
core centre where the magnitude of the space effects is 
minimized (in a bare homogeneous reactor, this point is 
exactly the core centre where the first prompt harmonic 
vanishes). The space dependence appears less 
pronounced and its onset is shifted to somewhat higher 
frequencies in the subcritical State than in the critical 
State due to the competing longer plateau región of the 
reactivity transfer function. Calculations performed 
e.g. by Sheff and Albrecht (1966b) and Natelson et al.
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(1966) on a bare reactor, and by Sheff (1968), who 
included the case of a reflected system, show similar 
results.

The general behaviour of the CPSD„s in Fig. 5 can be 
understood by considering, that it should asymptoti- 
cally approach the infinite médium form at high 
frequencies. This form is given in Appendix C. Using 
equation (C.21), the frequency dependence of £ results

í (X i  =  x 2,w )  -
a + ̂ J(co2 + a2)_

(36)

Equation (36) represents a very rough approxima- 
tion, but nevertheless exhibits the main characteristics 
of the trend.

The situation appears to be different when one 
considers detectors at separate positions in the core. 
Figure 6 shows C PSD Ks (relative magnitude and phase) 
and coherence functions in the critical State for the 
realistic system, whereas Fig. 7 represents results in the 
subcritical State. Results corresponding to the large 
system are shown in Figs 8 and 9. There are again cases 
where, in the higher frequency range, the magnitude of 
the CPSDfl decreases less strongly with increasing 
frequency than the PSDP, but there are more recent 
cases showing an opposite behaviour. It seems that 
these characteristics are related to the first prompt

10 10 10 to
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Fig. 6. Relative C PSD s and coherence functions of incore detectors a t different separated positions in the 
critical State for H = 77.6 cm. Curve 1 : detector position x  ¡ = 0.10 x H, x 2 =  0.25 x H ; curve 2 : detector 
position x ,  =  0.10 x H, x 2 =  0.90 x H ; curve 3: detector position x , =  0.25 x II, x 2 =  0.75 x H ; curve 4: 

detector position x , = 0.75 x H, x 2 = 0.90 x H.
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Fig. 7. Relative C PSD s and coherence functions of incore detectors a t different separated positions in a 
subcritical state a t — 5 $ fo r  H  =  77.6 cm. The curve n u m bersco rrespond to  the detector positions indicatedin

Fig. 6.
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Fig. 8. Relative C PSD s and coherence functions o f incore detectors a t diflerent separated positions in the 
critical sta te for H  — 197 cm. The curve num bers correspond to the detector positions indicated in Fig. 6.
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Fig. 9. Relative C PSD s and coherence functions o f incore detectors at different separated positions in a 
subcritical State at — 5 $ for H =  197 cm. The curve num bers correspond to the detector positions indicated in

Fig. 6.

harmonic mode and depend on whether it has equal or 
opposite sign at the space points considered.

It should be noted that the eflect of a decrease of £ 
with frequency was experimentaliy observed on the 
reactor SAPHIR in a measurement where the 3He 
chambers could be installed at two different empty 
lattice positions provided for isotope production. 
However, a clear interpretation of the result cannot be 
given due to the irregular core configuration, the 
unknown flux perturbations introduced by the 
detectors and control rods in the vicinity and the 
impossibility of making check measurements in other 
incore locations.

For detectors widely spaced in the large-core model 
unusual behaviour of the CPSD„ or coherence 
function, respectively, can be observed. A sink appears 
at a particular frequency. There are further sinks at 
higher frequencies not shown in the figures. At these 
sink frequencies a sign change of the real part of the 
CPSD„ occurs, leading also to a phase jump, and the 
CPSD r becomes purely imaginary. The valúes of the 
sink frequencies increase with increasing subcriticality

and decreasing detector distance. The possible 
appearance of a sink structure is well known in coupled- 
core kinetics and has been experimentaliy verified 
(Hendrickson and Danofski, 1967; Albrecht and 
Seifritz, 1968; Seifritz and Albrecht, 1968; Ebert et a l, 
1974a,b;Viehl, 1975;Genoud, 1977;Morishima, 1979; 
Nagy et al., 1979). It is an interesting feature that such a 
structure can also appear in our continuous model. The 
physical reason for sink frequencies is a certain 
cancellation of stochastic fluctuations at a particular 
frequency of cross-correlation due to neutrons arriving 
at the detectors with cancelling phase relationships 
caused by spatial effects (Albrecht and Danofski, 1969). 
Using the picture of the infinite médium approach (see 
Appendix C), widely-separated detectors sample from 
different, not completely common regions of the 
neutrón field. This is manifested by the relatively bad 
coherence at low frequencies in Figs 8 and 9. If we 
disregard the influence of the reflector and consider for 
simplicity the case of widely- and symmetrically-spaced 
detectors in a large bare homogeneous reactor, the 
system approaches a coupled symmetrical two-spatial

A N E  9:9 - C



node model. Each node contains an independent 
driving source with the same statistical property, and is 
fedback by the other node through a transfer function 
characterizing the transit of neutrons with a delay time 
(or a delay-time distribution). Albrecht and Seifritz 
(1968) showed, that such a system must have at least one 
sink frequency in the coherence function. This sink 
frequency is shifted to higher valúes with increasing 
subcriticality.

The space-dependent characteristics of the CPSD„ 
shown for detector positions in the core are not typical 
for the reflected system, except when a detector is 
located near to the core-reflector interface. A light- 
water reflector is in principie a bad reflector which does 
not significantly influence the kinetics of the light- 
water-moderated core. This follows from a comparison 
study on the bare homogeneous reactor model (in two 
groups). Very similar characteristics resulted, and in 
addition the sink structure for widely-spaced detectors 
in a large system was found. These calculations were 
performed in two ways, using the closed solution of the 
kinetic importance functions, and the method of modal 
expansión. Both procedures led to the same results.

6.2. One detector in the core, second detector in the 
reflector

Plots are given in our EIR-report 446 (1981), when 
one detector is located at various positions in the core, 
whereas the other detector is located at the position of 
the thermal flux peak in the reflector. The

characteristics are similar to the case when both 
detectors are incore. There is no significant difference. 
When the detector spacing is large in the large system, 
the sink structure appears again.

Robinson and Alexander (1971) reported on a 
calculation sho wing a break frequency beha viour in the 
imaginary part of the C PSD R in the vicinity of 500 Hz 
for detector distances of 9.8 and 15.9 cm. This 
behaviour is not predicted by nodal models, but was 
found in measurements at ORNL. When we plotted the 
imaginary part of the C PSD R referring to the realistic 
system, we found very similar curves. The onset of this 
break behaviour shifts to lower frequencies with 
increasing detector distance. In our calculations, it 
began at about 100 Hzfor an incore detector position at 
x , =  0.1 x H  (detector distance about 72 cm). Thus, we 
conclude, that our simple space-dependent model 
contains all the essential information.

6.3. Both detectors located in the reflector zone
Spatial effects in the reflector zone have been studied 

for detector positions around the región of the thermal 
flux peak. Positions far away from the core-reflector 
interface are not of interest because the noise is dying 
out in these regions.

Figure 10 shows results obtained for the relative 
C PSD rs. In the frequency range under consideration 
the curves again show a roll-off at higher frequencies, 
which is weaker than given by the PSDP. The behaviour

F re q u e n c y  ( H z )

F re q u en cy  ( Hz )
Fig. 10. Relative C PSD s of excore detectors in the critical State and in a  subcritical State a t — 5 ?. Curve 1: 
detector position x ,  =  x 2 =  reflector peak ; curve 2 : detecto r position x ,  =  x 2 =  reflector p e a k +  20 cm ; 
curve 3: detector position x ,  =  reflector peak, x 2 =  reflector peak +  20 cm. Index (a), H  =  77.6 c m ; index (b),

H  =  197 cm.



of £ was found to be insensitive to variations o f detector 
position in the vicinity of the thermal flux peak—e.g. the 
difference in the curves of £, when both detectors are 
located directly at the core-reflector interface or both 
detectors are located at the position of the thermal flux 
peak or even one or two diffusion lengths further apart, 
is so small, that it cannot be fully resolved in the 
graphical representation. Phase relations in the 
C PSD r for separated detectors are independent o f the 
core size and reactivity. A case is included in Fig. 10 
(curve 2) in which both detectors are placed a little 
deeper in the reflector. There is an indication that £ will 
pass through a máximum and then decrease. It seems 
that the reflector behaves as a low-pass filter cutting-oíf 
higher-frequency components as more material is 
introduced between the points of observation and the 
core boundary.

The coherence function for separate detector 
positions (within the spatial región investigated) was 
found to be almost 1 throughout the frequency range 
considered and was independent of the core size and 
reactivity. We feel, that this feature may be attributed to 
the 1-D character of the model.

In Fig. 10, the curves la  are of most interest. The 
increase of £ with frequency, starting at about 100 Hz, is 
in agreement with the experimental results shown in 
Figs 3 and 4 (second curve from the top). There is also 
fairly good agreement in the magnitude although this 
may be fortuitous. The spatial efTects appearing in the 
measurements are somewhat larger than predicted by 
the model calculation.

In order to check the validity of our numerical results 
which are based on two-group diffusion theory, Amato 
(1981) recently calculated the kinetic importance 
Tunctions and the CPSD^s for the critical realistic 
system using the 1 -D  transport code t a s k  in two groups 
and the S — 2 approximation. The infinite reflector was 
replaced by a finite reflector of 30 cm length. The 
C PSD /(s (magnitude and phase) and coherence 
functions were found to be in good agreement with our 
calculations for the various incore, excore and 
incore/excore detector locations. The differences in the 
valúes of the magnitude of the CPSD^s between our 
two-group diffusion theory calculations and the ones 
obtained by using the aforementioned transport code 
were within 2% at 100 Hz and 8% at 400 Hz.

6.4. Application to the zero-crossing correlation method

The cross-correlation function (CCF) is obtained by 
applying the inverse Fourier transform to the C PSD R. 
We will relate the CCF to current signal fluctuations 
including signal conditioning rather than to count- 
rates. For both detectors located at the same position,

the CCF is a symmetrical function with respect to the 
time lag t, and follows from

CCF(x¡ =  x 2, r)

ñi.1 
2 n .

dw^X! =  x2, m)PSDp(oj) \H{oj)\ eosojt. (37)

Equation (37) has been written so that £ appears as a 
spatial correction term to the point-kinetics results. H  
(co) is the transfer function of the band-pass filter in each 
channel, consisting of a single RC high-pass filter and a 
double RC low-pass filter. q is the charge released per 
detected neutrón (both detectors assumed to have 
identical operational characteristics).

According to the previous spectra investigations, the 
appearance of space effeets in the CCF depends on the 
frequency región where £ begins to increase from 1, and 
also on the reactivity. If this frequency región is 
sufficiently far above ac, space-dependent contri- 
butions to the CCF are expected to be small in very 
slightly subcritical states, in spite of the fact that the 
magnitude of £ shows a greater variation in these states 
than in more subcritical states. When, with increasing 
subcriticality, the plateau and the roll-off of the PSD P 
extend to higher frequencies, space-dependent contri- 
butions can become appreciable. They can be reduced 
to some extent by a proper setting of the high-frequeney 
cut-off in the filter function.

Figure 11 shows the results of the calculated 
reactivity-dependence of the zero-crossing point of the 
CCF obtained using data of the filter function as used in 
the experimental setup. Curve 1 refers to the space- 
independent case with í, =  1 for all frequencies, curve 2 
to the favourable case with both detectors located in the 
middle of the core, where according to Fig. 5 the space 
effeets are very small, and curve 3 to the case where both 
detectors are located in the reflector zone at the position 
oT the thermal-flux peak. It can be seen that in the 
realistic system (upper part ofFig. 11) the point-kinetics 
approximation holds very well, even for the excore 
detector locations. In the large system (lower part of 
Fig. 11), measurements with both detectors at the core 
centre would also follow the point-kinetics approxi­
mation fairly well, while measurements with excore 
detectors would exhibit a significant difference, since 
the spatial effeets begin at frequencies as low as ac. 
Curves for other coincident incore detector positions at 
a distance away from the core centre in the direction of 
the free core boundary (but not too near the edge) 
should range between the two space-dependent cases 
shown in Fig. 11. This is expected from the similar 
shapes of the relative C PSD Rs in Figs 5 and 10, and the 
comparable order of magnitude of the space effeets 
involved in these curves.
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Fig. 11. Zero-crossing point of the cross-correlation function vs reactivity with band-pass filtered detector 
signáis (single RC low-frequency cutoff a t 15 Hz, double RC high-frequency cutoff at 200 Hz). C urve 1: point 
m odel; curve 2: detector position x , =  x 2 = 0 .5  x H ;  curve 3: detector position x , =  x 2 =  reflector peak. 

Index (a) (upper figure), H  =  77.6 c m ; Index (b) (lower figure), H  =  197 cm.

The zero-crossing point of the CCF was obtained 
from graphical plots. For the space-independent case 
and in the prompt-neutron approximation, the CCF 
can easily be represented by an analytical expression. 
The inclusión of space effects required a numerical 
treatment of equation (37) and this was achieved by 
applying the finite in verse Fourier transform to the 
CPSDj, via an FFT-algorithm. The integration limits 
in frequency were successively extended below and 
above the filter band-pass until convergence was 
achieved for a given accuracy of the result.

6.5. Distributed detectors

If each detector is uniformly distributed over a 
certain región of the reactor system, the count-rate 
cross-power spectral density C PSD rd referring to the 
volumes Vu V2 occupied by the detectors, is given by

CPSDrd( Fi, V2,co) = dVt dK2CPSDk(x , , x 2 ,o j) .

(38)

Distributed detectors are certainly unrealistic, because 
they can never be realized in practice. It is of interest to



consider them for cases when the occupied volumes 
correspond to system zones. Equation (38) should then 
yield results which should approach the simple 
treatment of the reflected system by using a two-point 
model and two energy groups, except that the core size 
does not enter as a fixed parameter.

Four cases of distributed detectors were considered:

—both detectors distributed o ver the core región;
—one detector distributed over the core región, the 

other one distributed over the reflector región; 
—both detectors distributed over the reflector región; 
—both detectors distributed throughout the complete 

system.

The results are shown in Fig. 12. The relative C PSD rd 
of overlapping incore detectors (curves 2,6) is cióse to 
unity in the frequency range considered. There seems to 
be a discrepancy between the present results and those 
given by the one-group two-node treatment of Cohn 
(1962), according to which there should be an increase 
of £ above a when this C PSD rd of the reflected system is

compared to the PSD P of the equivalent bare reactor. 
Analytis (1981) checked the numerical example given 
by Cohn. Cohn used an extremely high valué for the 
neutrón lifetime in the reflector in his model 
calculation. The discrepancy vanishes, if a lower, more 
realistic valué is inserted. In addition, Cohn’s approach 
uses separate lifetimes for the core and the reflector 
while our comparison is based on a PSD P with a 
weighted overall generation time including the 
reflector. Cohn (1964) stated in a later note, that in 
reflected-reactor kinetics, when the lifetimes do not 
differ by large orders of magnitude, the combined core 
and reflector could be treated reasonably well as a 
single-región system with an equivalent lifetime. Thus 
we feel that the behaviour of the relative CPSD rd o f the 
incore detectors and the very similar behaviour of the 
relative C PSD rd of detectors distributed through 
the complete system (curves 3, 7 in Fig. 12) indicate 
the validity of this approach.

The relative C PSD rd (magnitude and phase) and the 
coherence function of a distributed incore detector and
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Fig. 12. Relative C PSD s and coherence functions of distributed detectors. Curves 1, 5: detector position 
Xj =  x 2 — reflector zone; curves 2 ,6 : detector position x x =  x 2 =  core zone; curves 3, 7: detector position 
Xj =  x 2 =  core +  reflector zones; curves 4 ,8 : detector position x 1 = c o re z o n e ,x 2 =  reflectorzone. Curves 1- 

4: critical S tate; curves 5 -8 : subcritical sta te a t — 5 $ ; Index (a), H  =  77.6 c m ; index (b), H  — 197 cm.



a distributed excore detector (curves 4, 8) show an 
obvious weighted behaviour when compared to the 
point-detector cases. The relative C PSD fiD for both 
detectors distributed o ver the reflector (curves 1, 5) 
exhibits a behaviour similar to that of the relative 
C PSD r for point detectors when they are located in the 
reflector near the core boundary (see Fig. 10). This is not 
surprising since for distributed detectors only the 
reflector región near the core gives a significant 
contribution to the noise. One may conclude, that 
(within the frame of our 1-D model) the actual size of a 
practical detector located in the reflector zone does not 
have an important influence on the spectral shape of the 
C PSD r .

7. CONCLUSIONS

The work reported is part of a programme to 
investígate a neutron-noise method in the time domain, 
i.e. the zero-crossing correlation method, for measuring 
prompt-neutron decay constants and small negative 
reactivities, and its practical applicability on a 
swimming-pool research power reactor. There is a 
restriction in the measurement, i.e. the neutrón 
detectors can be positioned only in the reflector zone 
near the core-reflector interface. This constraint 
immediately raises the question of the extent to which 
space-energy elfects might invalídate the applicability 
of the point-kinetics approach to the analysis.

As far as we could check the literature, the problem of 
space effects in neutron-noise analysis in a reflected 
system has not been extensively investigated. There are 
only a few examples of measurements with excore 
detectors. These measurements have been performed 
on ‘clean’ facilities and did not give a clear indication of 
the extent to which space effects are present.

Our investigations have been divided into two parts: 
experimental and theoretical.

The experimental investigations yield the following 
results:

—There is no problem in achieving a sufficiently high 
detection efficiency with detectors located in the 
reflector zone near the core and to measure the 
neutrón correlations with a high accuracy within a 
reasonable measuring time. The detection efficiency 
may be influenced by the y-background which 
becomes important in subcritical states. This possible 
influence is, however, of minor importance. An 
indication of other disturbing effects from the y- 
background was not found in the data analysis. 

—Measurements of cross-power spectra show an 
increasing deviation from point kinetics at higher 
frequencies starting at about 100 Hz. The roll-off of 
the cross-spectra becomes weaker than predicted by

the point-kinetics reactivity transfer function. This 
behaviour indicates the presence of space-energy 
effects. The zero-crossing correlation method ana- 
lyses the reactivity-dependent break characteristics. 
For subcritical states below —5 $1, the method 
becomes insensitive. The reactivity transfer function 
acts itself as a low-pass filter cutting-off higher- 
frequency components. For slightly subcritical 
states, the valúes of the break frequency a are much 
below the frequency región where the space effects 
appear. In more subcritical states, when the plateau 
in the reactivity transfer function extends to higher 
frequencies, the low-pass filter in the signal 
conditioner which confines the detection-noise 
component helps to reduce the influence of spatial 
effects.

—The use of the point-kinetics model in the data 
analysis is a very good approximation. a-values 
obtained from the zero-crossing correlation method 
and from simultaneously-measured cross-spectra, 
evaluated below 100-150 Hz, were in good 
agreement. Reactivity determinations were also 
found to agree with results obtained by the rod-drop 
method. Varied detector positions around the core 
with different detector separations did not show any 
observable space effect in the ¡xc- and reactivity- 
determination (except for the obvious effect that a 
change of detector positions can be accompanied by a 
change in the reactivity worth of the chambers).

Most of this work is concerned with a theoretical 
investigation of the space-energy effects to be expected 
in neutron-noise analysis in a reflected LWR. The 
investigation has been performed on a simple 1-D 
model consisting of a homogeneous core and a one- 
sided infinite homogeneous reflector using two-group 
diffusion theory and the Langevin technique with a 
noise-equivalent source of the fission process. In order 
to obtain a deeper insight, the calculations have not 
been confined to detector locations in the reflector 
zone, but have been extended to other detector 
locations (both detectors incore or one detector incore 
and one in the reflector). The detectors are assumed to 
be sensitive to thermal neutrons only. Fast fission has 
been neglected. Its inclusión in the numerical treatment 
would mainly increase the Computer time without 
significantly altering the picture of the space effects 
appearing in the cross-spectra.

The important results of the theoretical investigation 
can be summarized as follow s:

—The model reproduces the shape of the cross-spectra 
found in the experiments when both detectors are 
located in the reflector zone near the core boundary. 
Using data thought to be realistic, the frequency



región where space effects appear and also the 
magnitude of the space effects appearing in the 
spectra are of the same order when compared with the 
experimental findings. Applying the model calcu- 
lation to the zero-crossing correlation method with 
the same instrumental data as used in the 
measurements reveáis that the point-kinetics 
approximation holds very well. In spite of the fact 
that space-dependent noise theories have had little 
verification, we believe that our theoretical results 
strongly support the applicability of the point- 
kinetics approximation.

—The space-dependent characteristics of the cross- 
spectra and coherence functions for incore detectors 
are not typical of the reflected system. They are 
influenced by the reflector, but not very strongly. A 
light-water reflector is in principie a bad reflector. 
Very similar characteristics can also be obtained for 
the bare reactor. With increasing frequency, the 
coupling of the neutrón field decreases. Increasing 
core size shifts the onset of the decoupling to lower 
frequencies and finally, for widely-spaced detectors, 
leads to the appearance of a sink structure in the 
cross-spectra at higher frequencies. This sink 
structure is well known in coupled-core kinetics. The 
same behaviour is also manifested in the cross- 
spectra when one detector is excore. The breakdown 
of point kinetics in such cases is not a new result, but 
rather a confirmation of the validity of our 
calculations.

It m ust be emphasized that the statements made in 
this paper refer to a  light-water-moderated reactor with 
a light-water reflector. For highly-reflected systems, 
space-dependent effects start becoming important at 
frequencies as low as those associated with the delayed 
neutrons.

In the introduction of statistical methods to assist 
reactor-operation problems of a swimming-pool 
reactor, the reactivity meter can be regarded as a useful 
item of equipment. Its special feature is that it allows a 
rapid measurement of <xc. The knowledge of ac is not 
necessary for the operation of a reactor, but is required 
in safety evaluations of dynamic transients.
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APPENDIX A

Static F lux Shapes

The static flux calculation in two energy groups for a 
symmetrical slab reactor system consisting of a hom ogeneous 
core with a hom ogeneous reflector on both  sides can be found 
in any standard  work on reactor theory. The modifications 
necessary for our asym metrical model are m inor. F or 
completeness, a brief review will be given.

The m ultiplication eigenfunctions <p¡(x), <p2(x) in the fast 
and therm al groups, respectively, are given by the equations in 
the core zone 0 <  x <  H :

=  0 (A.l)

and in the reflector zone x >  H, where for distinction all 
quantities are denoted by an index R :

d 2

' 1R d ? ' ~ Z l R ’ °

d x 2

' •PlR
VPin.

=  0.

boundaxy condition o f vanishing at x =  0, takes the fo rm :

<p¡(x) =  a sin i¿x + c sinh Xx (A.3a)
. .  „ .  o • . , 0 <  x <  / / ,

<p2(x) =  aS„ sin n% +  cS, sinh Xx (A.3b)

w here :

principal buckling,

1 T + 1}
í1 2 TÍ?

1 + 4 t  L2 fk „ k ,

alternate buckling,

, 1 x + l}
l - i  - s r <1+ 1 +

(t + L2)2

4x1} ( k„ k

- - 1

(A.4a)

(x+¡}y

infinite m ultiplication factor,

Ferm i age,

therm al diffusion area,

= Di

¡} =  —

principal coupling coefficient,

' d 2

alternate coupling coefficient, 

SK 1
SA =  —  

D,
-X2 + -

1

1
L1

Zr 1 

n + -

(A.4b)

(A.4c)

(A.4d)

(A.4e)

(A.4f)

(A.4g)

(A.2)

F or n =  1, the bucklings correspond exactly to  those of the 
critical-core fluxes (fundam ental m ode bucklings).

The solution o f the reflector equations (A.2) with the 
condition o f vanishing when x -» oo, can be expressed by the 
interface fluxes at x =  I I :

<p,R(x) =  exp[>'(x — f/)]<p1R(/í) (A.5a)

<f>2R(x) =  SR{exp[ó(x — H)] — exp[y(x — íf)]}

x <pjR(H) +  exp[¿(x — H )](p2¡t(H) x  3= / / ,  (A.5b)

w here :

reflector Ferm i age,

£*ir
According to  the  assum ption m ade for the extraneous source 
in the core región, th a t its spatial d istribution  follows the shape 
of the critical therm al flux, the static subcritical fluxes </>,, <j>2 
correspond to the solution of the eigenfunctions <p2 for the 
largest eigenvalue k = k¡.

The solution of <piy q>2 in the core zone, which satisfies to the

reflector therm al diffusion area,

(A.6a)

(A.6b)



reflector coupling coefficient, 

^rr tr^rS R —
- n

and

y = -

5 =

1

VT R 
1

Lr

(A.6c)

(A.6d)

(A.6e)

q>¿H) =  <p1R(H) 

= <P2rW

d<f>2
dx

= D, ¿VlR 
dx /H

_  r2Ó C ,+ r¡yC 2 + qC } 

C j +  C 2 +  C j 

with the following abb rev ia tio n s:

1 d <p¡

ri — OiíJD l

r2 ~ ^2R¡^2
c ,  =  S ^r yy -q )

C 2 =  S 2(q — r 2<5) 

C3 =  r2SR(ó-y ).

sin fiH

P ~ r  ¡rc = ---------------a0
sinh /.H

The norm al continuity requirem ents of the fluxes and currents 
across the interface between the two zones,

(A.7a)

(A.7b)

(A.8a)

(A.8b)

lead to the equation for the eigenvalues k„, which can be 
expressed according to Meem (1964) by

(A.9)

P =  ( —  —  „,í = 0 =  Z 'c tg / j / /  (A. 10a) 
<P i dx '

q =  I —---- —  ) =  X ctgh XH (A. 10b)
\<Pl dX /H.a-0

where a0 can be related, for example, to  the extraneous source 
strength, the fluxes can finally be written a s :

<Pi(x) =  a l q. r ' y sin ¡ I X - , f f u  sinh X x ) (A.13a) 
\s in  ¡iH sinh XH J

0 <  x $  H

q>2(x) = a l  S „ ------— sin n x  — S ¡ —-----—  sinh Xx ) (A.13b)
2 V si" MU sinh XH J

and

<Pir(x) =  ao(q — p) exp[y(x — H)] (A.14a) 

x tf

<¡P2r(*) =  K S r (<7 -  P) {exp[y(x - H ) \ -  exp[á(x -  H )]}

+ lS „ q - S l. p - r l y (S„ -  S,)] exp[<5(x - / / ) ] ] .  (A. 14b)

APPENDIX B

Kinetic Importance Functions

The functional dependence o f the kinetic im portance 
functions on space, detector location and frequency in our 
reflected-reactor m odel can be represented by a closed 
analytical solution. The solution procedure is very sim ilar to 
the static flux calculation. We have to distinguish the two 
cases: detector in the core and detector in the reflector.

W e consider first the case when the detector is located in the 
reflector a t a  space po in t x , >  H. According to the general 
definition of the kinetic im portance functions by equations (8), 
the system of equations to be solved i s :

For the core

(A. 10c) 

(A.lOd) 

(A.lOe) 

(A.lOf) 

(A.10g)

o . dx2

\vSf(i-ft),D 2- - r 2

F or the critical system {kl =  l),theequation(A .9)connectsthe 
group param eters with the critical dim ensión H. It represents 
an equivalent relation to th a t o f equalizing m aterial buckling 
and geom etrical buckling as a t a bare hom ogeneous reactor. 
U nfortunately, it is a highly transcendental equation  and 
cannot be solved analytically for H, o r if H  is given, for the 
eigenvalues kn.*

W hen equation  (A.9) is solved, one can then establish a 
relation between a  and  c in equation  (A.3a) using equations 
(A.7a), (A.8a) and (A.5a)

a(p — r¡y) sin ¡íH + c(q — r íy) sinh XH = 0. (A.l 1) 

If one sets

q -r ¡y

and for the reflector

' ^ " d ?  ~ S ‘R’

0, D,
d x 2

(B.l)

=  - á ( x - x , ) 2i. (B.2)

The solution in the core zone satisfying the boundary  
condition a t x  =  0 can be written as

<t>f =  A + sin / /x  +  C + sinh X'x

0 2 =  A + S*  sin /i'x  +  C +S /  sinh X'x

(B3a)

0 =Sx

(A. 12a) 

(A. 12b)

(B.3b)

A + and C + are complex functions of the frequency and the 
space point x , of the detector location in the reflector zone. 
The bucklings are frequency-dependent quantities, given by

/2 1 x' + L,2

2 x'V?

1 -

* In  o u r case, only k¡ is needed.

1 + -
4 t '£ 2 f k „ k ( l - h ) x ’L.2

(t ' + L2f x L 2
(B.4a)

A N E  9 : 9 - 0



2 1 t  ’ + E 2 
2 t ’E 2

1 + 1 +
4t'E 2 f k ^ k i ]  — h)x'E2

(x' + E 2 xE1
(B.4b)

where x' and  E 2 denote a  frequency-dependent Ferm i age and 
a  frequency-dependent therm al diffusion area, respectively, 
defined by x' — D 1fL'i and  E 1 = D2fL'2. and  S ¡  can be 
called adjo in t coupling coefficients and are also complex 
functions of the frequency.

s ; _  i

s :  =
v lf( l - h ) O,

(B.5a)

(B.5b)

F o r frequencies that are no t too high, and for slightly- 
subcritical states, the ^ -roo t o f equation  (B.4a) contains in 
particu lar the infinite-core reactivity transfer function. O r one 
can use a m ore realistic approach  by in troducing the bare-core 
equivalent reactivity transfer function through a fictitious 
geom etrical buckling satisfying the criticality equation (see 
also Appendix C). Due to  the reflector saving an equivalent

bare reactor is larger in size than  the core of the reflected 
reactor. In both  concepts, however, the overall kinetics are 
finally determ ined by the coupling with the reflector 
properties. A core volume distributed  source will m ake a 
dom inant contribution  from alm ost all core points to the 
detector response via the corresponding /¿-term in the 
equations (B.3a,b). In the higher frequency range when the 
reactivity transfer function is dying out and higher p rom pt 
m odes implicitly appear, the n -term  contribution  can com pete 
with the A-term contribution  in equation (B.3a,b). The /- ro o t 
of equation  (B.4b) represents a  typical spectrum  effect and is 
not present in a one-group treatm ent. It can be approxim ated 
by ~  1 /L , since x is » l 3  in LWRs. It becomes appreciably 
frequency dependent in the high-frequency range ( ^  100 Hz). 
The corresponding /- te rm  shows short spatial-range 
characteristics. A core volum e distributed source contributes 
to the detector response via this com ponent preferably from a 
small core región a t H  only—or in the case of an incore 
detector, from a  small localized field around the detector 
position.

The solution in the reflector zone with the condition of 
vanishing for x -► oo can m ost elegantly be obtained by 
applying the F ourier transform  to  equation (B.2) with regard 
to the space variable x. U sing the same notation  as in 
Appendix A, but with frequency-dependent reflector Fermi 
age and reflector therm al diffusion area, the result can be 
written in a  general way w ithout distinguishing the regions 
H  ^  x <  x , and x >  x ,.

<l>¡R =  <Kr(H)exp[-/(x - H] - Sr ^ ( H )  {exp[5'(x- H)] - exp[-/(x- H)]}

+  { e x p [/ |(x - H ) - (x , - / / ) |]  - e x p [ /( (x - H )  + (x¡ - I I ))]}
¿L) IR

+  S í  ^ ^ [ s / M e x p j y  | ( x - H ) - ( x , - H ) | ] - e x p |y ( ( x - H ) - t - ( x 1-.fí))]}
^2R

-  Z^expC á' |(x — H )—(x , H)|] -  exp[á'((x -  H) +  (x , -  //))]} J (B.6a)

x  >  H

<t>lr =  exp[á '(x  — H)] + A , {exp[á' |(x - H )- (x , -  / / ) |] - exp[«5'((x -  W) +  (x , -  //))]}, (B.6b)

where S¿ is the reflector adjo in t coupling coefficient

£+ ^ -« r  (B-7)
^ I R  t R — E r

The spatial relaxation lengths involved in equations (B.6a,b) become appreciably frequency dependent only a t high frequencies.
The coefficients A + and C + in equations (B.3a,b) are obtained by using the interface boundary  conditions of equations (A.7) 

and (A.8). This leatis to the following system of eq u a tio n s:

/Q > '- r , y '- r !SR+ S* ( / - <5')] sin fi'H , [q '-  r ¡y '-  r S¿+(/-< 5 ') ]  sinh Á 'H \ / A +\  =  F A

\  S*(p' —r2ó') sin /j'II, S¿(q' — r2S') sinh ) ‘H J \C  + J  F 2J ’

F u  F 2 in equation  (B.8) represent the source functions

F i =  exp[-/(x , — //) ]  +  r ‘SnR l2<* {exp[/(x  j - / / ) ]  - e x p [á '(x i  - / / ) ] }  (B.9a)
DlR Í)2R

F 2 =  ^ ^ e x p [ á ' ( x , - H ) l  (B.9b)
®2R



In the second case, when a detector is lo c a ted in  the core zone, 0 <  x , <  H, we have to sol ve the system  o f equations for the core
0  <  x  <  H

T 7  — £'i,ax

jv Z f í l- h ) ,  D 2-— - Z ’2 
dx

+ I =  -< 5 (x -x ,)
2., (B.lOa

and for the reflector x >  H

The solutions can be w ritten as

4>\ =  A + sin ^ 'x  +  C + sinh X'x

<j>j  =  A + S*  sin fi'x +  C + Sj sinh X'x

0+ =  A  + sin /í'x +  C + sinh A'x —A ¿  sin |/'(x — x ,) — Cq sinh A'(x —x ,)

(¡>í =  A +S„+ sin íí'x  +  C ’ S;+ sinh A 'x -A ¿ S +  sin / / ( x - x O - C Í S *  sinh A '(x -x , 

0 ¡r  =  0 r R(/f)exp['/(x -  / í) ]  -  Sr 02+r (H) {exp[á'(x -  H)] -  exp[-/(x -  H]\)
x ^ H

(B.lOb)

(B .lla )

(B .llb )

(B .llc)

(B .lld )

(B.12a)

(B.12b)<I>2R = 4>2r(H) exp[¿'(x — W)].

E quations (B. 12a,b) follow im mediately from equations (B.6a,b) by rem oving the source terms. A ¿  and C„ in equations (B. 1 lc,d) 
stand for

1 / vSK l-h )l,
0 ^ z w ^ ' V V  s ;

1 /v S f(l - h ) T , a
Co+ =

(B.13a)

(B.l 3b)
D ,D 2̂ 2 + X'2) X '\  S ¡

The coefficients A + and C + ,  which are now  dependent on the detector location in the core zone are again determ ined by 
equation  (B.8), bu t with the functions F , ,  F 2 on the r .h .s.:

F¡ =  Ao+[ P Ó - r i / - r , S R+s ; ( / - á ' ) ]  sin / / ( H - x O - C J f o i - r . y ' - r . S Í S Í Í y ' - á ' ) ]  sinh ¿ '( H - x , )  (B.14a)

F 2 =  S*[p'0 - r 2ó'] sin f i ' ( H - x , ) - C ¿ S t [ q '0 - r 2ó'] sinh X '(H -x ¡ ) ,  (B.14b)

p'o =  pi’ ctg n ’(H - x , )  (B.l5a)

q'o = X' ctgh ;.'( // -  x ,). (B. 15b)

where

The pair of functions F Í,F 2 in equations (B.14a,b) show a 
steady transition  to the o ther pair of functions in equations 
(B.9a,b) when the detector is located at the interface with 
x ,  = H .

O ne can show, th a t the determ inant on the l.h.s. of equation 
(B.8) reduces to the criticality equation  (A.9) for zero frequency 
when the reactor is in the critical state, i.e. this determ inant 
becomes zero and the kinetic im portance functions diverge for 
(0 = 0. This behaviour reflects the physical fact that a critical 
reactor is in a labile equilibrium  State, if the presence of power 
and contro l feedbacks are disregarded. There is no pow er to 
drive a  critical system in to  a defined equilibrium  position. This 
leads also to a  divergency of the C S P D K at zero-frequency or 
likewise to a divergency of the count-rate  cross-correlation

function* for any delay time. As D ragt (1966) pointed out, the 
consideration is correct for any system which has a G reen’s 
function with a zero-pole, but it is based on the assum ption of 
an infinitely-long m easuring time. In practice, however, 
estim ates are always based on a finite m easuring time which 
eliminates this divergency. The zero-crossing correlation 
m ethod has the further feature, that it avoids this divergency 
problem  by high-pass filtering o f the detector signal 
fluctuations.

The in terp retation  of the solution of the kinetic im portance 
functions is extremely com plicated. Any elforts to try  rigorous 
approxim ations and to investigate their validity ranges are

* M ore exactly, it is a  covariance function.



m ore com plex than the application of the given form ulae by 
straightforw ard program m ing w ithout any approxim ations.

APPENDIX C

Space-effects in the Count-rate Cross-power 

Spectral density in a bare homogeneous reactor

The appearance of spatial effeets in the C P S D R of detectors 
located in a  bare hom ogeneous reactor depends decisively 
upon the system dim ensión H. In this appendix the conditions 
yielding approxim ately space-independent results are con- 
sidered. The sta tic  fluxes are assum ed to  follow the 
fundam ental-m ode distribution. The associated problem  
concerning how  big the detectors m ust be when H  is given, so 
that point kinetics become valid, has already been treated  by 
Sheff and Albrecht (1966b).

F o r the calculation o f the C P S D R via equation  (17) we need 
only the kinetic im portance function <¡>¡ and  the therm al- 
neutron  flux <j>2- <t>\ can be represented as

$ i n  —

</>>+A =

(S2 +  D2H 2)£Id +  ̂ R^-2d
o,zw2+;.'2) 9

(£2  — + ̂ -B̂ 2d

where

9„=<

D t D2(p'2 + X'2)

sin p 'x  sin p'(H  — x j  

p! sin p'H  

sin p'(H  — x) sin p'x¡  

p! sin p'H

~9i,

X «S X,

sinh X'x sinh X'(H — x¡)

9x=<
X  sinh X'H 

sinh X'(H — x) sinh / ’x, 

X’ sinh X'H

x < x ,

(C.3b)

According to  the decom position o f <j>,+ in to  a /í-term  and a X- 
term , the C P S D K consists of a  sum of three com ponents, a puré 
^-com ponent, a puré /-com ponen t and a mixed pX- 
com ponent,

C P S D r =  C P S D Ru +  C P S D Ri +  C PSD RliX-

with

/ 2 s  B 2( \ - ¿  

xi3

kk„
B 2M 2G( co )

B 2 is the static buckling ( =  (n/H )2) and  M 2 is the m igration 
area ( =  x +  L 1). G is the reactivity transfer function of equation 
(20a) with the neu trón  generation time A given by

A ~  I ' + '
/c \t21S 1(l + tB 2) k2̂ 2(1 +IÍB2)

(C.5d)

The m ain approxim ations m ade for establishing the equations 
(C.5a,b) are neglect o f the frequency dependence of and E '2 
except in the small difference appearing  in the square roo t of 
equation (B.4a). 3  is the governing param eter for the 
observation of possible space effeets in the C P S D R up to 
m oderate frequencies. If |<?|is «  1, the reactor will show point- 
kinetics behaviour. A critical reactor which fulfils this 
condition for a frequency up to  the end of the plateau región in 
G, where G is approxim ately real, m ust have a size

H  «
nM

w
(C.6)

( C . l )

0 iii> 0 n  are the \i- and A-terms, respectively, corresponding to 
the roots of equations (B.4a,b). Using the previous notation , 
these term s are given by

(C.2a)

(C.2b)

(C.3a)

A reactor which satisfies the inequality (C.6) is defined as a 
small system. The usefulness o f this definition is related to the 
frequency range which is norm ally involved in the reactor 
control. According to  how well the condition (C.6) is fulfilled, 
the appearance of space effeets will occur la ter o r earlier with 
increasing frequency.

Let us further consider a small system with therm al-neutron 
detectors located not too cióse to  the core boundaries, and 
restrict the frequency range up to m oderate frequencies. Since 
| / / 2| is « |Á '2|, 4 ¡^  and  <¡>¡x can be approxim ated by

: n 2D 1D2X'2

, _  ^«^2d 
2D¡D2X'

; sin Bx  sin Bx¡

3 exp( —A '| x - x , | )

(C.7a)

(C.7b)

¡pin of equation  (C.7a) encom passes the whole reactor size, 
whereas 0 ^  of equation  (C.7b) shows clearly a  very local 
range. In o rder to obtain  a rough estím ate of how  much the X- 
term will contribute to the detector response relatively to the 
/¿-term, let us assum e a detector position in the core centre and 
a pertu rbation  localized in a small región around the detector.

H
(55, =  S,(cu)<5(x — X[);  x ,  = (C.8)

Substituting equations (C.7a,b) and  (C.8) into equation (5) 
gives a ratio  between the A-component and the /i-com ponent 
in the count-rate  spectrum  for a frequency point in the plateau 
región of G

(C.4)

F o r frequencies th a t are no t too high, i.e. no t m uch higher than  
a few times the critical break frequency ac, the /¿- and  A-roots of 
equations (B.4a,b) can approxim ately be represented 
(Behringer et al., 1977) by

dR,

SR„
_  H Lfi(\ —p* 

4~M2
(C.9)

(C.5a)

(C.5b)

(C.5c)

where p*  is the S-reactivity.
W ith the num erical da ta  used inSection 6, a n d / /  =  77.6 cm, 

p* =  — 5 ? , this ratio  yields a  valué o f 2.3%, indicating that the 
/-te rm  contributes very little in this frequency range. D ue to 
the spatially very different ranges of the p- and  /-te rm s, 
equation (C.9) represents an overestim ate with regard to  a 
source distributed th roughout the core. Fig. C1 shows the 
negligible contribution  of the A-term to  the C PSD „, even at 
high frequencies. In these calculations no m athem atical 
approxim ations were used. O ne sees a small con tribu tion  of 
the A-term in the high-frequeney range for detector locations 
rather near to the core boundaries and this contribution  comes



Fig. C 1. Relative residual C PSD s for different detector positions in a  bare hom ogeneous reactor, when the puré 
ji-term  contribution  is subtracted. H  = 77.6 cm. Curve 1 : detector position x , =  x 2 =  O .lO x // ;  curve 2: 
detector position x , =  x 2 =  0.25 x H  \ curve 3: detector position x t =  x 2 =  0 .5 0 x H \  curve 4 : detector 
position x , =  0.10 x H, x 2 — 0.90 x H  \ curve 5: detector position x t =  0.25 x / / , x ¡  =  0.75 x H. The upper 

figure refers to the critical state, the lower figure to a subcritical State at — 5 ?.

mainly from the mixed ¿ü-com ponent in equation  (C.4). The 
allowance for the neglect of the i-te rm  contribution  makes the 
calculation of the C PSD „ by using the ¿i-term only, equivalent 
to an approach  in one-group diffusion theory, except where 
the therm al diffusion length should be replaced by the 
m igration length. The approxim ation  of 0,+„ by equation 
(C.7a) represents the first term  of a m ore general 
representation of equation  (C.2a) by an expansión in S :

1
t>í„ =  ( - ) - + ( - )  +  (■

account, this would correspond to the ad iabatic approx i­
m ation  (K osály et al., 1977). If one writes for the therm al flux

<̂>2 =  02max Sin Bx (C .ll)

and assum es that the therm al-neutron  detectors m ight have 
different detection cross-sections £ 2dl, £ 2d2, equation  (C.7a) 
can be brought in to  the form

0 Í„(x ,x„ íü) =  2I 2dl<£2(x ,) CM

(C.10)

We will now show, that the use of only the first term  in this 
expansión leads to the point kinetics result of the C PSD „, 
which we will write in a form  taken from the literature. It is to 
beno ted  that, if the second term  in equation  (C. 10) is taken into

G(cu)

sin Bx  (C.12a)

sin Bx  (C.12b)
H vL

Inserting equations (C .ll)  and  (C.12a,b) in to  equation  (17),



and neglecting the small delayed-neutron eífect in h, gives 

C P S D fi(x ,, x2, o>)

v(v 1) 4 £ 2dl0 2(x 1)E2<120 2(x2) íl2 | J  • T „  
=  2----- -̂-------------rrrrr-1----------— |G(<u)| dx  sin3 B x

H2Sf0 2max
i? ,(x ,)i?2(x ,) ,

=  2 /D  lV 2V |C?(a>)|
F

D  is the Diven factor, defined by

■1”

D  =
v(v-l)

(C.13)

(C.14a)

F  is the fission-rate in the system (per unit area in the 1-D 
model), given by

F  =  2 , dx  <¡!>2(x) (C .l4b)

f  is a spatial form  factor o f o rder unity  in troduced by O tsuka 
and Iijim a (1965) to correct results derived from space- 
independent treatm ent for finite reactor geom etry and  spatial 
fission-rate d istribution. It am ounts, here, to 
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3ir2
and R ¡, R 2 are the detecto r count-rates

/  = ^ = 1 . 0 8 (C.14c)

^l(Xl) — -̂2<1102(Xl) (C.14d)

R 2(x2) =  I 2d2tf>2(x2). (C.14e)

If one regards the norm alized C PSD „, N C P S D „ 
=  C P S D r/R i R 2 as a  m easure o f  space-dependence for any 
detector locations x 1, x 2 in the system, this quan tity  is clearly 
space-independent for the result of equation  (C.13). E quation  
(C.13) can be altered to  a  slightly different form  by in troducing 
local-detector efficiencies:

h-i (x ,) =  /? ,(* ,)/F  (C. 15a)

w2(x2) =  R 2(x2)/F. (C. 15b)

This allows one to  write for equation  (C.13):

C P S D ^X j.X j.a)) =  2 /D w 1(x ,)w 2(x 2)F |G M |2. (C.16)

The definition o f the local detector efficiency corresponds to 
the experim ental result o f T hom as et al. (1973) who found the 
space dependence o f detector efficiency to be p roportional to 
that of average detector count-rates.

If one distríbutes the detectors uniform ly through  the 
reactor by in tegrating  over x , and x 2, equation  (C. 16) reduces 
to the well-known po in t-reactor result (see e.g. W illiams, 
1974):

C P S D kd(cu) =  2 /D W ,1W'2F|G(cu)|2 (C.17)

where W¡, W2 ha ve the usual m eaning of detector efficiency.
Let us briefly consider the o ther case of the infinite m édium  

approach. If H  is very large and both  detectors are located far 
away from the core boundaries, (j) becomes

<¡Ii r„(x, x i , cu) S  í í i L  G„(cü)T(cu) exp[ -  T(cu) |x -  x ! | ]
(C.18a)

í>r„(x,x2,(u)^
2vEf

G J o j ) T ( o j )  exp[ -T (cu) |x -  x 2| ],
(C.18b)

where 1/T is a  spatial relaxation length following from

(C.19)

here, G „  is the reactivity transfer function o f the infinite 
reactor. The resulting C P S D fi can be written as 

C PSD „ s  2Dtv1w2F |G  J 2

x t f  r e x p ( -T * |x 2- x , | )  +  e x p ( - T |x 2- x 1|)

X 4 I 1 1
----- h —
T* T

, e x p ( -T * |x 2- x 1| ) - e x p ( - T |x 2- x , | )
+ . (C.zU)

T* ~ T

The N C P S D R of equation (C.20) is obviously strongly space 
dependent. A detector never sees the whole neutrón  field, but 
only a part determ ined by the spatial relaxation length. This 
part decreases with increasing frequency. There is a  com m on 
spatial región, where the visual ranges o f bo th  detectors 
overlap. It is this com m on región of the neu trón  field which 
contributes to the CPSDj¡. The further ap art the detectors are 
spaced the sm aller it is, and m ust finally vanish, when |x 2 — x , | 
is very large.

Inspection o f equation  (C.20) shows, th a t the frequency 
dependence o f the C PSD „ in a very large m ultiplying médium 
is different from  the result of equation  (C.16) for a small 
reactor. An expression can easily be obtained for the case of 
overlapping detector locations. It yields in the prom pt- 
neutron  kinetics ap p ro x im atio n :

1
C P S D R(x2 =  X i, Co)----- T— Z----- 5-----T--------r—:----- 5—.

J(co2 + a2) ■ +  7 (0) +  a 2)]
(C.21)

The result o f equation (C.21) is in agreem ent with the form 
derived for píate detectors by N atelson et al. (1966) and 
W illiams (1966). By sum m ing equation  (C.20) for the case of 
distributed detectors, again the poin t-reactor C PSD „ m ust 
result. An infinite m édium  contain ing  uniform ly-distributed 
idealized detectors m ust be equivalent to  a  poin t reactor o r 
space-independent reacto r since the neutrons from  all fission 
sources have an equal probability  of being detected. The 
integration o f equation  (C.20) over x , and x 2 gives

C P S D KD(co) =  2DW/1W/2F |G !0(co)|2 (C.22)

E quation (C.22) m ust be regarded in units of volume. It is 
necessary after the in tegration  o f equation (C.20) to  divide by 
H  before tak ing  the limit for H  -> oo, since one canno t have a 
f in iten e u tro n flu x an d afin iten u m b ero fn éu tro n s in an  infinite 
reactor a t the sam e time.

Finally, we should like to m ake an observation concerning 
the fast-therm al C PSD -technique for m easuring the therm al- 
neutron  lifetime. If one locates a fast-neutron detector and a 
therm al-neutron  detecto r closely together in the critical 
reactor, i.e. ideally a t the sam e space point, any phase 
relationships involved in the space integration are cancelled. 
The only term s which can give rise to a phase difference 
between the detector signáis are the complex nom inators in 
the first factors in equations (C.2a,b). Since for well-centred 
detector positions the ¿-com ponent contribution  can be 
neglected, even at high frequencies, and th e /j '2-term  or <?-term, 
respectively, in the nom inator o f the /í-com ponent factor 
(equation (C.2a)) is a second-order effect, there rem ains a 
dom inating  phase satisfying the relationship tg <p = — cuAlh 
with A,„ defined by l/i?2S 2(l + Ü B 2). This relationship is a 
typical high-frequency effect. The phase-plot from an incore 
m easurem ent perform ed by Penland et al. (1971) shows a 
linear relationship in the considered frequency range up to 
800 Hz.


