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5 y G u id o  Beck

I n s t i t u t o  de F i s i c a  " D r .  J . A . B a l s e i r o "  - 3 . C .  ¿s Bar i lo-  

che .

A 3 ST SA C T :  It  is  sJi.own that  the problem  of a two-level  

l á s e r  l e a d s  to p r o c e s s e s  in  w h ich  bosons  tra n s fo r m  i n t e  ?er~ 

mions anci v ic e  v e r s a .  Such  p r o c e s s e s  l i e  beyond the f r a me
«

w ork  of  p r e s e n t  f i e l d  t h e o r i e s .

1 .  The n a i n  f e a t u r e s  of the p a s s a g e  of a l i g h t  beam trov-^h 

a t r a n s p a r e n t  médium are  w e l l  d e s c r i b e d  by L o r e n t z '  

c l a s s i c a l  model of  a system  of  c o n t i n u o u s l y  d i s t r i b u t e d ,  

i n d e p e n d e n *  harmonio  atomic  o s c i l l a t o r s ,  ( o s c i l l a t o r  

p l a s m a ) ,  w h ic h  are  co u p le d  to the r a d i a t i o n  f i e l d  

( e l e o t r o m a g n e t i c  o s c i l l a t o r  ) .  L o r e n t z '  d i s p e r s i ó n  

theory  can be e a s i l y  t r a n s c r i b e d  i n t o  quantum theory  

and  l e a d s  to q u a n t i s e d  c o l l e c t i v e  v i b r a t i o n s  of ooth 

atom ic  a n é e l e c t r o m a g n s t i c  o s c i l l a t o r s ,  w h i c h ,  in  second  

q u a n t i z a t i o n ,  ap p e a r  as the r e s u l t  os p r o c e s s e s  i n  w h ic h  

b o s o n ic  chotono  become tr a n s fo r m ed  in to  b o s nn ic  

e x c i t a t i o n s  o§ the atomic  o s c i l l a t o r  system  and v ice  

ve r s a ( x )

The phenomena ,  how ever ,  w h ic h  are  a c t u a l l y  of 

i n t e r e s t  in  d i s p e r s i ó n  theory  r e q u i r e  g e a e r a l i s a t i o n s  

of  L o r e n t z *  c l a s s i c a l  model in  s e v e r a l  r e s p e c t a , The 

p rob lem  of o p t i c a l  pumping  r e q u i r e s  the atoms or 

o s c i l l a t o r s  to be c o u p le d  among e a c h o t h e r ,  e i t h e r  by 

f o r c e s  a c t i n g  betw een  them d i r e c t l y ,  or i n d i r e c t l y

S e e :  L . K a s p e r i ,  S u p l .  Nuovo Cim ento  4, 1 ,  ( 1 9 5 9 ) . -
( X  )
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h y c o u p l i n g  w i t h  a new f i e l d  ab le  ío c arry  the e x c i t a t a t i o n  

e ne r g y  w h i c h  fe^eds a l á s e r ,  (x)

A n o t h e r  m o o i f i c a t i o n  of L o r e n t z ’ model is  n e c e s s ar y

¿n ord e r  to ac c o u n í  f or the f a c í ,  tha t d i s p e r s i ó n  is

not c aus e é  by harmonio  o s c i l i a t o r s ,  but  by more

r e a l i s v i c  a t o n i c  m o d els ,  w h ic h  malee the d i s p e r s i ó n

phe nome non no d e l  C • i-'rndc ir¿ tha r e s o n a n c e .  r e g i ó n ,

I n  the p r e s e i t  paper  we s h a l l  d e a l  w i t h  a model in

w h i c h  the o s c i l i a t o r s  are r e p l a c e d  by two-level  atoms

f o r  w h ich  the ground  s t a t e  and the e x c i t e d  s t a t e  of

e n e r g y  h .  u ;  of the i-th atom are r e s o e c t i v e l y  
o "

g i v e n  &y V . ( x  and l P ( x . ) .
' 1. i ) X. JL

2. *íe s h a l l  assun e  that  N two-level  atoms are

d e n s e i y  d i s t r i b u t e d  over a volóme V ,  and we s h a l l ,  at

f i r s t ,  omit the i n t e r a c t i o n  of  these  atoms w i t h  the

lí
r a d ia t io r .  f a e l d .  The syctsm  c o s e s o e s ,  th en ,  2 s t a t e s

-  2  -

w i t h  a iiigh de a r»o p of dege n e ra c y  . The complete  se t  of

e ig e n f- a ct io n s , i:he ir energy  va lú e s and t h e i r  n u l t i-

p l i c i t y  are g i v e n in T

T a b l e  I

Energy 3 i g e n f u n e  t i ons M u l t i p l i c i t y

n A'x «tu
o

^ " 2 ri-  ̂ * 7 • • • >11 , 1

, X
n . U . UJ

o j >O¿U y 0 ....................... ( N )
\ n /

2 ^-<U0 1 X , 2 * ¿4 ^ 1 , 3  ’ .......... ^ h - i , k  n.íri- 1 )

2
... .Wo

&  1 ’ h
0 1

( x )  One ao p e ct o f tze new f e a t a r e s whieli are i n t r o d u c e  ó

fcy the f e e d i n g p r o c 9s s sha 1 1  be d e a l t  w i t h  in  a fortil­

coming paper  by I . da Cunha Lima • *

/ / / •



The e igenfunctiono  ft) of table  I are producís
JT r y s j • • •

of N i;i*JLv.lCus.l e ig e n f  une t loas and teñó, in the l im it in g

case, to functionals  of f i e l d  theory.  The grounó state

eigenfunctions  is  given  b y .

N

= T T  i t t  (x , )

-  3  -

í

f -=i

r means ,  th a t  in  ( i )  ~\¿í~ (x  ) has been  re p l a c e d  bv
| r r

t p ^í x ^ )  e t c .  The complete  s e t  of e i g e n f u n c t i o n s  i n  ta b le  I

hao been  o r d e r e d  so th a t  in  0
J» I1 j G j u j * * » « * r ^  3 ^  t

The f i r s t  two l i n a s  from below of ta b l e  I  do not p r e s e n t  

any ó i f  f i c u l t i e s  . The r e l e v a n t  p r o p e r t i e s  of the ei^enfv-iic- 

t ions  from the other  l i n e s  fo l l o w  by s t r a i g h f o r w a r d  genera- 

l i s a t i o n  frorn the b e h a v io u r  of the ones of the t h i r d  i in e  , 

-ndxca ted  by an arrow  . ^íe • 3 ha 11  w r i t e  the e i g e n f u n e t i o n c

of t h i s  l i n e  raore e x o l i c i t l y  in  ta b le  K

0 ,

O
2 , 3

0
f"1 z 2 , r

^ 3 , r

o
N-l, N 

0

rabie I I

They f i l l  a h a l f  sq uare  of d i a g o n a l  z e r o .

F o r n a l l y ,  ho-wever, i t  is  more c o n v e n ie n t  to work  wit'i  

a q u a d r a t i c  scheme of e i g e n f  u n c t io n s  . Vle na y c o m ple te ,  

t h e r e f o r e , our h a l f  sq uars  to a complete  s q u a r e ,  e . g .  by 

~iakxng i t  synme trxe  or antisyrnir.etric. /?e have to be 

a w a r e , h o w s v e r , tha t  ouch an e x t e n s i ó n  is  o u r e ly  form al ,  

wit ;iout  any p h y s i c a l  m ea ning ,  and makes the system  of 

e i g e n f a n c t i o n s  ws use o v e r c o m p l e t e . T h is  i m o l i e s  that  

s e r i e s  developmento  i n  t h i s  overcom plete  s e ts  of e igen-

/ / / .



A  _

f u n c t io n s  are no lon ger  uniq-ae. F urt i ier , the e x t e n s i ó n  

we want to rnake is a r b i t r a r ; /  and r e q u i r e s  a nsw c o n v e n t i o n ,  

We s h a l l ,  now , i n t r o d u c e  c r e a t i o n  o p e r a t o r s  by

h  * ’V j 4 ' = *v h  ' K - K -  f  • etc- (2>

The b + and the c o r r e s p o n d i n g  d e s t r u c t i o n  o p e r a t o r s  b. havs 
r * v*

to s a t i s f y  anticomrautation  r e l a t i o n s

• + , -f .
o . b + b . o = 1  ( 3 )

r r r r v '

i n  ord e r  to a s s u r e ,  that  the r-th two l e v e l  system  cannot

be e x c i t e d  t w i c e .  The com muíatioa  r e l a t i o n s  b etw eea  

. + , . + .
d ana remaxn,  no w ever ,  mtíe te m i n e  d for  r ^ s and

can be é e t e r m in e d  by c o n v e n t i o n .

We s h a l l  examine  two p a r t i c u l a r l y  s im ple  c o n v e n t i o n s :  

a) o . o - b . o = 0  
r s *s r k *' 

o) b + b .b  = 0  (•:)■C 3 3 r

3o til p o s s i b l e  c o n v e n t i o n s  ex  te no the h a l f  square  of 

ta b le  I I  to a complete  s q u a r e .  C o n v e n t i o n  ( 4 ) rnakes 

t^e e i g e n f u c t i o n s  , a c o o r ¿ i a ¿  to ( 2 ) ,  s y m m e t r ic a l l y  over- 

cornóle te

Pr,s‘ h,r ’ Pr,r-G <3>
w h i l e  c o n v e n t i o n  ( 5 )  maltes them antisymme tr i c a l l y  over- 

coT.plete T

-  '  f . , ,  <7 >

As lo n g  as we d e a l  w i t h  the b a s i c  s e t  of e i g e n f u n c í i o n s  

g iv e n  i n  Ta'oles I  and I I  t h e i r  p r o p e r t i e s  can  be e a s i l y  

o v e r l o o k e d  and we r,iay, w i t h o u t  d i f  f i c u l t i e s  use e i t h e r

/ / / .



c o n v e n t i o n  (4 )  or c o n v e n t i o n  ( 5 ) .  A p p l i c a t i o n s  of the 

f o r m a l i s n  r e q u i r e ,  how ever ,  that  we s h a l l  be a b le  to pa: 

from one b a s i s  system  te a n o t h e r ,  e . g .  by a u n it a r y  

trano fo r m a t io n

(S)

Unóer the t r a n o r o r m a t io n  (3 )  the e x t e n d e d  overcom plete  

e i g e n f u n c t i o n s  of T a b le  I t r a n s fo r m  l i k e  t e n c o r s .

A c c o r d i n g  to c o n v e n t i o n  ( b ) these  tenso re  are a n t i s y m n e t r i c  

and t h e ir  l i n e a r  dependeney  remains  e a o i l y  o v e r l o o k a b l e . 

A c c o r d i a g  to c o n v e n t i o n  ( 4 ) t h o w e v e r ,  the te n c o rs  become 

syrnme tr í c  ana c o n t a i n  Tí a d d i t i o n a l  l i n e a r  é s p e n d e n c i s o , 

due to the f a c t ,  that  the d i a g o n a l  e lem ento  in  the o r i ­

g i n a l  b a 3 is  system  have to v a n i s h .  C o n v e n t i o n  (5 )  i s , 

t h e r e f o r e ,  e a s i e r  to be h a n d l e d  than c o n v e n t i o n  ( 4 ) .

3 .  C o n v e n t i o n  (4 )  has been  a d op te d  in  a paper  by 

SOüWABL and THlSlvUTG (x )  and they ha ve showa ,  th a t  th i s  

c o n v e n t i o n  is  c o n v e n ie n t  in  the case  of low on©rgy e x c i — 

t a t i o n s  of the two—l e v e l  a í o n s .  The e x c i t a t i o n s ,  

a c c o r d i n g  to r e l a t i o n s  (3 )  and (4 )  are  c e r t a i n l y  no bo s o n s ,  

b'jit they b e h a v e ,  i n  the c e n s i d e r e d  l i m i t i n g  case  in  gooo 

a p p r o x i m a t i o n  as i f  they were b o s o n s .  The r e s u l t o  of 

o c h w a b l  and T h i r r i n g  show,  that  in  the c o n s i d s r e d  l i m i t  

l o r e n t z * d i s p e r s i ó n  formula© r e n a i n  v a l i ó  e v e n  in  the 

case  of tw o - level  átomo. In  the g e n e r a l  case  of arbi-  

t r a r i l y  h i g h  e x c i t a t i o n s ,  hovrever, c o n v e n t i o n  (4 )  is  no 

lo n g e r  use f u l .

(x )  F .  3CI-IVJA3L u .  y .  T3IESIIT9 :  3 r g e b . e x a k t .  Naturw .

3 5 ,  213  ( 1 9 5 4 ) .
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I f  we a d o p t ,  h o w e v e r , c o n v e n t i o n  ( 5 ) ,  r e l a t i o n s  ( 3 ) 

anc  (b) saow,  that  e x c i t a t i o n s  of a cyotera of two— l e v e l  

ato.ns can be t r e a t e d  r i s o l o u o l y  as ferinions .  S i a c e  

thc-y are e x c i t e c  by é i p o l e  t r a n o i t i o n s  they llave nsceosa- 

r i l y  s p i n  o n e . We ar a ,  t h e r e f o r e ,  leatí to c o n c iu ¿ e  th a t  

¿ernuons  of m t e g e r  s p ín  e x i c t  and p la y  an important  

role  in  p heno nena  ir .plying  two-level  atoms.

On the other  hand ,  we know tliat the axior.ic of f i e l d  

theory  are  chosen  in  such  a w a y , that  they e x e l u d e  the 

p o o s i c i l i t y  to couple  f i e l e c  of f e r n i o n s  of i n t e g e r  s p i n  

( cpj_n — o t a t i s t i c s  tne orev.i) , ">Je can ,  t h e r e f o r e ,  h a r d l y  

a s s u m s , th,at the p r o b l e n  of d i s p e r s i ó n  by tw o- level  atoras, 

r e q u i r o d  f or a t.ieory of the l á s e r ,  can be s o l v e d  w i t h i n  

the  fram ework  of p r a s e n t  f i e l d  theory  and we ha ve to 

c o n j e c t u r e , th a t  the a s s s o í l a l l y  non—l i n e a r  i n t s r a c í i o n c  

w h i c h  take p la c e  b etw een  the i n v o l v e c  bosons  and f e r n i o a s  

o f  i n t e g e r  s j m  r e q u i r e  a b r o ad e r  a x i e m a t i c  o a s is  then 

the ene we know at  p r e s s n t .-


