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Low-Energy Scattering of Charged Particles. 
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PACS.  34.50. - I ne l a s t i c  s c a t t e r i n g  of a t o m s  a n d  molecules .  

S u m m a r y .  - T h e  off -energy-shel l  T - m a t r i x  for  two cha rged  par t i c les  is s tud ied  in  
t h e  low m o m e n t u m  l i m i t  ( /c-+ 0). T h e  T - m a t r i x  for  a Cou lomb  i n t e r a c t i o n  (To) is 
u sua l ly  cons ide red  as t h e  l i m i t  of t h e  a m p l i t u d e  for  a sc reened  p o t e n t i a l  (T~) w h e n  t h e  
sc reen ing  is r emoved .  W e  show t h a t  t h i s  s t a t e m e n t  is no t  t r u e  for  s m a l l  enough  energies.  
F o r  a n  a t t r a c t i v e  i n t e r a c t i o n  T o a n d  T~ differ  s ign i f i can t ly  w h e n  k-+0.  T c b e h a v e s  as k-~, 
wh i l e  T~ keeps  i t s  k -~ b e h a v i o u r  even  w h e n  t h e  sc reen ing  is t u r n e d  off. W e  no t e  t h a t  t h i s  
is a n  effect w h i c h  wou ld  be  obse rved  in  i o n - a t o m  coll is ions w h e n  one e lec t ron  is e jec ted  
f r o m  t h e  a t o m  a n d  c a p t u r e d  i n to  a c o n t i n u u m  s t a t e  of t h e  ion.  

W e  cons ide r  t h e  T - m a t r i x  e l e m e n t  in  t h e  m o m e n t u m  r e p r e s e n t a t i o n  

(ks ) 
for  rea l  Pl = ]PlI, P ~ =  ]P21 a n d  k. F o r  a p u r e  Cou lomb  i n t e r a c t i o n  t h i s  a m p l i t u d e  
does n o t  a p p r o a c h  a wel l -def ined  l i m i t  on t h e  h a l f  e n e r g y  she l l  pl  = k or P2 = k. As 
was  p o i n t e d  ou t  b y  FORD (1,~) t h e  T - m a t r i x  is d i s c o n t i n u o u s  a t  t h e  ene rgy  shells.  I n  
o rde r  to  ana lyse  t h i s  s i t u a t i o n ,  m a n y  a u t h o r s  (~-a) h a v e  i n t r o d u c e d  sc reened  Cou lomb 
p o t e n t i a l s  a n d  s t ud i ed  t h e  b e h a v i o u r  of t h e  T - m a t r i x  as t h e  sc reen ing  is t u r n e d  off. 
T h e  sc reen ing  is c h a r a c t e r i z e d  b y  a p a r a m e t e r / : ,  w h i c h  g ives  t h e  r a n g e  of t h e  force. 
A large  change  in  t h e  m a g n i t u d e  of t h e  T - m a t r i x  t akes  p lace  w i t h i n  a n a r r o w  s t r ip  a r o u n d  
t h e  shel ls  Pl = k or  p~ ~ /c whose  w i d t h  is of o rde r  1/R. W h e n  ~ goes to  i n f in i ty  
a n d  k is f ixed,  such  t h a t  /~R >> 1, t h e  sc reened  p o t e n t i a l  a m p l i t u d e  converges  to  t h e  
C o u l o m b i a n  one. 
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In  a tomic-col l is ion physics Coulomb in terac t ions  be tween  the  par t ic les  are assumed,  
howeve r  t he  expe r imen ta l  condi t ions  impose  a finite na tu ra l  cut-off on the  in te rac t ion  
and  the  condi t ion  /~R >> 1 fails  for smal l  enough values  of lc. In  spite of being of ac tua l  
in teres t ,  the  zero energy l imi t  (k --~ 0) of the  screened Coulomb T-ma t r i x  has no t  been 
researched.  I n  th is  paper  we show tha t  the  order  of t he  double  l imi t  k --~ 0, R --~ oo 
is cr i t ica l  and the  present  resul ts  migh t  give rise to some in teres t ing  exper i lnentM 
consequences.  

I n  the  fol lowing we shall  be concerned pa r t i cu la r ly  wi th  the  analysis  of the  zero- 
energy  l imi t  of the  ~( half  ~)-shell ampl i tude  

(2) t = <T~-[Vlp> (p # k ) ,  

where  W~ is t he  final sca t ter ing  s ta te  of m o m e n t u m  k. According  to the  f inal-s ta te  
in te rac t ion  t heo ry  (~), the  zero energy l imi t  is domina ted  by  the  inverse  of the  s-wave 
J o s t  func t ion  fo(k, R) ,  which is cal led the  enhancement  factor ,  

1 
(3) t ~ - -  < k l V I p >  (k small)  

?o(k, R) 

and is g iven  by  the  fol lowing in tegra l  expression (6) (a tomic units) : 

(4) 

co 

o 

Here  Va is a screened Coulomb po ten t i a l  of range R and ~Oo~ is t he  l = 0 regular  solu- 
t ion  of the  corresponding rad ia l  equat ion .  W h e n  k is smM1, ~00~ approachs  zero l inear ly  
in k, and 

1 - -  iak  
(5) ]o(k: 2?) oc - -  (/~ smMl) ,  

a 

where  a is a constant .  On the  o ther  hand,  i f  we suppose tha t  t he  two-body  in te rac t ion  
is g iven  by  a pure  Coulomb po ten t i a l  V = Z/r ,  t he  final scat ter ing s ta te  T~  is a Coulomb 
wave.  I t s  normal iza t ion  fac tor  is t he  complex  conjugate  of the  Coulomb fac tor :  

(6) ]c(~.) = exp [--  ~ / 2 ] / ' ( 1  4- ic~) , 

m Z  
(7) ~ = ~ j .  

This  fac tor  ]c(~), fac tored out  f rom the  T -ma t r i x  e lement ,  is the  corresponding 
enhancement  fac tor  and forecasts  an energy dependence which  is obvious ly  qui te  dif- 
ferent  f rom the  zero energy l imi t  p rev ious ly  described. In  fact/~(/c) ~ 2m=Z/k  (k small).  
This  rough discussion shows tha t  the  two l imi ts  k -+ 0 and 17 -+ c~ do no t  commute .  

(5) 3~2. M. WATSON: Phys. Rev., 88, 1163 (1952); g. GILLESPIE: Final-State Inleraction (San Fran- 
cisco, Cal., 1964). 
(6) J. R. TAYLOR: Scattering Theory (New York, N.Y., 1972). 
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Further,  into this problem let us consider a particular exponential screening given 
by the Hulth~n potential 

(s) V.(r)  = ( z /R) / (exp  [r/R] - ~)-~. 

The corresponding s-wave regular solution of the radial equation is 

(9) ~ok(r) = kRq ~/~(1 + ifi, 1 - - i ( f i  + 2kR); 2; e)exp[i/~r],  

(lO) = 1 - -  exp [-- r /R],  

(11) 1] 8=  I 

Replacing in the integral equation for the s-wave Jost function, we have 

(12) 
1 

/o(k,  R )  = - 2  zRf(1 - § ifi, 1 - - i ( f l  + 2 k R ) ;  2; ~ ) d Q .  
o 

This gives an analytic expression for fo(k) 

(13) /o(k, R) = ~ ( - i / ~ ,  i(p + 2kR); 1; 1), 

which can be writ ten in terms of gamma-functions (:) 

(14) ]o(IC, R) = / ' (1  - -  2ikR) 
r (1  + i~) r (1  - i ( ~  + 2kR)) " 

This expression depends on R through the product kR, so the ordering of the double 
l imiting process k --~ 0 and R -4 co is important.  In  fact, when 21~ [ << kR it can be 
easily verified that  

1 
(15) ]o(k, R) ~ /~  exp [ -  is In (2kR)] (2]~] << kR) .  

This result agrees with Kolsrud (4) conjecture which states that  (( the absolute values 
of screened-Coulomb T-matrices may converge in the l imit  of vanishing screening to 
the results of the s tandard short-range theory. The condition is simply that  the values 
of the momenta should be fixed before the l imit ing process )). 

The absolute value of the s-wave Jost function may be writ ten as 

(16) ]]o(k, B)[2 = sinh (zfi)sinh(~(fl + 2kR)! 

zz sinh (2~kR) 

In  the l imit 21~ I << kR, it precisely displays the behaviour predicted by eq. (15). 
On the other hand, when 21a [ )> kR the energy behaviour of the s-wave Jost function 
differs significantly from that  described by the Coulomb factor. 

(7) :~r AB1RAMOWITZ and I. STEGLT~'~I: Handbook of Mathematical Functions (Kow York, hr.y., 1965). 
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In fact, when k goes to zero the following approximation is valid: 

R 1 + bk 2 
(17) ]]~ R)[2 ~ 2 m Z  b 

with 

[ 75 
(18) b(_R) = - -  sinh ( ~ / ~ ) J  ' 

which is an expected result (compare with eq. (5)). 
In particular,  for an atract ive Hulth6n potential  Z ~ 0, the factor b becomes 

(19) b(R) ---- Sin ( z ~ / 2 m ~ ) J  " 

I t  has a finite value except when a zero-energy resonance occurs. In this case the factor 
b(B) is infinite and the s-wave Jost  function approachs zero linearly in k, e.g. the (( half ~ 
off-shell amplitude behaves as k -1, meanwhile the Coulomb amplitude behaves as k-L 
These results are not  unique to the Hulth4n potential  and can be obtained starting from 
other cut-off Coulomb potentials. 

We conclude that  the zero-energy l imit  of the screened Coulomb T-matr ix  shows 
a behaviour similar to that  found by FORD at the energy shells: When the range /~  is 
large and k is greater than a quant i ty  of the order of l /R,  the absolute value of the 
T-matr ix  does not differ from that  of a pure Coulomb potential. However, when k 
approaches zero the energy dependence of the screened Coulomb T-matr ix  is quite dif- 
ferent from the zero-energy l imit  of the pure Coulomb T-matrix.  In the authors'  opinion, 
almost all the  analyses of processes with Coulomb interaction in which two particles 
constitute a small-energy continuum state must be re-examined in view of these results. 

A very small-energy charged beam (electrons or ions) would allow us to observe 
deviations from a Coulomb behaviour in the direct-scattering iomion cross-section. 
However, it seems experimentally very difficult to produce a monoenergctic beam with 
the appropriate characteristics. A particular process where the results of our analysis 
could be verified is the electron capture to projectile 's continuum effect (ECC) in ion- 
atom collisions (s). In  that  case the ejected electron can move with arbitrari ly small 
velocities relat ive to the projectile. This ECC effect is observable as a sharp cusp in the 
double differential electron cross-section. The shape of this peak might  depend on 
whether  the interaction should be considered screened or not. 

Another  interesting feature of the present result is as a partial  proof of Kolsrud 
conjecture. 

The foregoing analysis can be extended out of the energy half-shell, although similar 
conclusions are expected. 

(s) J. )IAOEK: Phys. Rev..4, 1, 285 (1970); G. R. GARIBOTTI and J. MIRAGLIA: Phys. Rev..4,  
21, 572 (1980); J. Phys. B, 14, 863 (1981). 


