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Summary. —  A general formulation of quantum fielcl theory for massless 
tensor fields, compatible with the supplementarv conditions, is given. 
The free field (or the interacting iield in the interaction representation) 
is expressed in terms of its componente « along » tlie transversal pola- 
rization tensors defined in the text. These components are taken as 
canonical co-ordinates, on which the canonical commutation relations 
are imposed. The corresponding commutation relations of the fiekl com­
ponents are given.

1. -  Introduction.

The field of an elementary partióle with vanisliing mass, satisfies tlie 
equations (x):

The ñeld quantities A v¡ are the components of a symmetric tensor of 
rank s. (1.1) is the field equation and (1.2), (1.3) are tlie supplementary con­
ditions which ensure tliat the theory is based on an irreducible representation 
of a unique spin s.

In the usual quantization procedure, the field components are taken as 
canonical variables and tlie canonical commutation relations are imposed.

(1 .1) 

(1.2)

(1.3)

(*) H . U m e z a w a : Quantum Field Theory (1956).
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However, these commutation relations will not be compatible with the sup- 
plementary conditions (1.2) and (1.3). Therefore, a subsidiary condition on 
the state vector is adopted instead of equations (1.2) and (1.3). Nevertheless, 
this procedure is not universally adhered to (2).

We want to approach the problem of the quantization from a different 
point of view. We intend to take (1.2) and (1.3) as constraint equations and 
so we are going to extract the independent components from the fleld tensor. 
As a consequence, a generalización of a method for the vectorial fleld due to 
J. O. V a l a t i x  (3) will result. Of eourse, the commutation relations between 
the independent components of the fleld will be compatible with the supple- 
mentary conditions.

2 -  Decom position of the f < eld tensor.

Starting with the symmetric and traceless tensor of rank s, A,  satisfying 
the equations (1.1), (1.2), (1.3), let us define by recurrence the following 
tensors:

= n  ...n t A '

=  s -*3,, -
r  - 1

(2-1) =  nt,r+i... n J A t, ^  ~  £
í =  0

(2.2) -A'” 3>v+i... d„Â  Vr +  (symm)

nv is an arbitrary time-like unit vector: n,nr =  — 1. « (symm) » means terms 
necessary to obtain a symmetric tensor. 0 =  nvdv and 0_1 is the inverse ope- 
rator (C o e s t e r  and J a u c h  (4)).

All these tensors satisfy (1.1), (1.2) and (1.3). We also have:

(2.3) nvlA ''Z~Vr =  0 r ^ 0

(2A ) nvr+l -  nvAZ-v, =  K U  ■

From (2.1) with r =  s, we have:

(2-5) =  2  K ..v , ■l̂ í> 
"i- í=o

(2) See, for example: T. K ijiüiía: Prog. Theor. Phys., 16, 555 (1956); S. O z a k i : 
Prog. Theor. Phys., 14, 511 (1955).

(3) J. G. V a l a t i n :  Danske Vidensk. Selsk. Mat. F ys. Medd., 26, No. 13 (1951).
(4) F. C o e s t e r  and J. M. J a u c i i : Phys. Rev., 78, 149 and 827 (1950).
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The tensor A (vrt v (r ^ 0) being ortliogonal to d„ and to w„, has the same 
number of independent components as a symmetric and traceless tensor in 
two dimensions. This number is two. Of course, A w being scalar, has only 
one component. Prom (2.2), we deduce that A ^ r¡ posseses the same number 
of independent components as Then, equation (2.5) is a decomposition
of the field tensor in s+ 1  tensors witli a total of 2,v +  l  independent com­
ponents. The tensor ^  is purely longitudinal, while A ' " ' i s  purely trans­
versal.

3. -  Polarization tensors.

Let us take two derivation operators a„ and /?„, in sucli a way that:

They are symmetric and traceless. Furthermore, tliey are orthogonal to 
nv and 8„, and

Let us cali them tlie transversal polarization tensors.
Two independent components of v (r /- 0) may be obtained by means of

n, xv =  0 =  0

xrdr =  0 fivdv =  0 

a „a» =  1 /?„/?„ =  1

a,./?, =  0 .

(They are not unique).
ÍTow, let us deñne by recurrence, the following tensor operators

(3.2)

(3.1)

and /S, A ?

Then, we can put:

(3.3)

(3.4) .á'01 =  Qw .

By means of (2.2) we can obtain the tensors A™
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The 2s +  l  scalar quantities Q'e) (o =  1, 2 s + l)  are free variables which 
may be taken as canonical co-ordinates of the fleld. They satisfy the equation

(3.5) dvdvQ,Q' =  0 ,

without any supplementary condition.

4. -  Gauge transformations.

If the tensor A n . „ _ satisñes (1.1), (1.2) and (1.3), tlien it follows from

(4.1) =  r ,, , , +  (symm) 

that

(4-2) -  -I,,.,.. +  ,

also satisfles the same equations. The transformation A -> B  is called a Gauge 
transformation.

The decomposition of A is (cf. eq. (2.5))
s - l

.i =  y  a w 
t = 0

Then

(4.3) GV1...V, =  X < ? :U -
t - o

The tensor G has no totally transversal component:

&: u  = 0 •

Thus, if a gauge transformation is made on A, all but one of its tensor 
components are changed. The part unaffected by a gauge transformation is 
A™ v , i.e. Q,2s> and QI2S+V. They are actually the free components of A. The 
other components are needed to describe the « direct» or « longitudinal» inter- 
action between the sources of the ñeld.

5. -  Quantization.

The quantities Q<e) form a system of independent co-ordinates satisfying (3.5). 
Therefore, we impose on them the « canonical» commutation relations

(5.1) [QÍQ)(x), Q<e ’(»')] =  i - d^ -D {oc -oc ' )  ,

pe' =  0 q #  q' ; ÓM =  ±  1 .
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(We leave open the assignment of sign. See (3) for the electromagnetic field)
(3.3), (3.4) and (5.1) give

(5.2) [A'tlJoc), A ^ ljo c ') ]  =  í-<T '-(^ c c ^  +  P ^ p ^ y D i x - x ' )

=  ■dvl...vr-,„l...„r:D(X — X') •

It is easily seen that dVi v . /t¡ is independent of the choice of the polarization 
vectors a„ and /?„. In fact, from (3.1) and (3.2) we can derive the recnrrence 
relations:

a _/? /? _o &
U' v l ...v r + Í \ / ¿ 1. . . iU r+ 1  V l - V r ; H v H r  ^ V r + í ,  ftr + 1  V ^ V , ' ,  V r + 1 ; ^ r+1

e f l : . v r + t ; M t - P r + l  t u - M r  e * r + i :  V r + t  ^ v v . . v , \  M i -  V r  H ¡  H r + 1  '

With

e v ¡ . . . v r -, l t , . . - l t r  X V 1. . , V r P l ¿ i . . . fl r  ^ » 1. . . v r a JM1. . . í l ,  >

d and ev;/¡ are actually independent of a„ and fiv; they are the fundamental 
tensors (symm. and antisymm. resp.) in a plañe perpendicular to nv and c1,,. 

Deñning now,

(5-3) =  0_2<s_r)0„r+i... SVs0„r+i... d^dv̂ v . ^  +  (symm)

we have (cf. (2.2) and (5.2)):

(5.4) [< .. , . (* ) ,  -  *') •

Finally, summing over r and r' we obtain

(5-5) ~  x' ) ’

(5-6) =
r

(5.4) are the commutation relations to be imposed on the ñeld tensor. They 
are compatible with the supplementary conditions (1.2) and (1.3).

6. -  Examples.

In the case s =  1, taking — ó00 =  ó11 =  1, the commutation relations (5.5) 
are reduced to those of J. V a l a t in  (3) for the electromagnetic field,
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In the case s =  2, we liave

A'°l =  ; _á(°> =  Qw

K  = + a' 10̂ ' ; K "  =  + / W 3’

4 2  =  V 2 (4, +  / y ? (H

(6.2) a mv =  a-*a„a,<2<» +  a-naA  +  a>flg g «>  +

-f 3 -1 (0 /, +  d,(3JQ^ +  o l ^  +  / ^ < 5’ ,

(6.3) [A^(x), A^(x')] =  i • &»d-*dlld,d9daD(x - x ' ) ,

(6.4) \_A™{x), A™{x')] =  í-<511c -2(aíía ^ ;>„ +  (symm))X>(* — a?') ,

(6.5) [ ¿ < » ,  ¿<*> ')] =  ¿ - ¿ " ( a ^  +  ^ J Qa)D{x -  x ’ ) =

=  » ■ ÓMK - e< «  +  ^ V X e  -  K - v ^ - a ) ^  -  X') ■

The last commutation relation coincides with that of T. K i m u r a  (5) for 
the incoming transversal fleld if the trace part is substracted from his result.

(5) T. Kimura: Prog. Tlieor. Phys., 16, 555 (1956), p. 566, eq. (4.10).

E l  A  SS U N T O  (*)

Si dá una formulazione generale della teoría quantistica dei campi, per campi di 
tensori privi di massa, compatibili con le oondizioni supplementari. II campo libero 
(o il campo interagente nella rappresentazione per mezzo dell’interazione) si esprime 
in termini delle sue componenti « secondo » i tensori di polarizzazione trasversali de- 
flniti nel testo. Tali componenti si prendono come coordínate canoniclie alie quali si 
impongono le relazioni di commutazione eanoniche. Si danno le corrispondenti rela- 
zioni di commutazione delle componenti del campo.

( * )  T ra d u zion e  a  cu ra  della  R ed azione
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