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ABSTRACT:

Partial solubility in quantum mechanics is investigated
by studying the logarithmic derivative of the wave function. By
axplicitly isolating the singularities of the | logaritmic
derivative, a modified Ricatii equation for the regular component
is obtained. For the finite Laurent series potentials considered,
we derive the constraints on the coupling constants to obtain
©losed form solutions for a subset of eigenstates. With an
appropriate change of variables the method is generalized in order
Lo cope with more general potentials. In this way, new families of
partially solvable potentials related to the already known exactly

solvable ones are identified.
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I. INTRODUCTION

Exactly solvable potentials are of great interest in quantum
mechanics, both for their intrinsic meaning and for testing the
quality of perturbative, numerical or semiclassical
approximations. The wusual concept of a solvable hamiltonian
entails the possibility of knowing exactly its whole set of
eigenfunctions and the corresponding spectrum. The potentials that
satisfy such a criterion are comparatively few, and are mostly

[1,2]

those contained in the classification of Infeld and Hull plus

3 with

the ones related to them by the method of Abraham-Moses[
the advent of supersymmetric theoriesli] extensive use of their
methods has been made to study solubility in quantum mechanics as

(S]. Howeverr it has been

a consequence of shape invariance
provedIEI that this approach is,equivalent to the factorization
method cited above.

In the last years there has been a growing interest in a wider
category of solvable potentials. Their characteristic is that they
have an exactly solvable subset of eigenfunctions. Recently
several papers have been  published dealing with this

(720) " These potentials fall in two categories: those

problem
which have only one exactly solvable state (from now on we will
call them partially solvable potentials), and (much more
interesting) those which have a family of exactly solvable states

(quasi-exactly solvable potentials). A well known example of this

last class 1is the sextic symmetric anharmonic polynomial



oscillator.

In this work we consider an alternative approach to investigate
partial solubility based on a modified Ricatti equation for the
regular component of the wave function logarithmic derivative,
where the necessary conditions for exact solutions to exist arise
naturally. The simplest version of the method is specially suited
to cope with finite Laurent series type potentials. They include
among others the anharmonic polynomial oscillators, intensively
considered in the context of quantum field theory, the
3-dimensional anharmonic polynomial oscillators, the Coulomb plus
polynomial terms potentials (both of relevance in the problem of
quark confinement in QCD) and the generalized Lennard-Jones type
potentials used to describe molecular interactions.

Furthermore, a generalization of the formalism, induced by
simple mappings, allows us to analyze partial and quasi-exact
solubility in a very much larger class of potentials. These last
can be thinked of as members of families related to the well known
exactly solvable ones. A detailed analysis of this generalization
and further developments will be presented in a forthcoming
article[21y

This paper is organized as follows. In Section II we introduce
the main features of the modified Ricatti approach for finite
Laurent series type potentials. In Section ITI, IV and V we
analyze the anharmonic polynomial oscillators, the fractional

polynomial potentials and the general potentials with polynomial



plus fractional terms respectively. In Section VI we sketch the
generalized formalism which suggests new families of partially
solvable potentials related to the exactly solvable ones. Finally,

Section VII is devoted to concluding remarks.

I1. The Modified Ricatti Approach

In the present work we will restrict ourselves to potentials
which admit bounded eigenfunctions, having in consequence a
discrete energy spectrum. Let wus consider the logarithmic

derivative of the m-th excited state wave function,

g (x) = ‘;_x log ¥_(x), (2.1)

which has prove to be very useful in classifying most of the

exactly solvable Hamlltonianslz]. In terms of it we can write

v,bm(x) = exp [rdy gm(y) ] (2.2)

When inserted into the Schrédinger eqﬁation

d2
[_2 ¢ E - V(0 ] v (0 =0, (2.3)
dx '

it gives place to the Ricatti equation for gm{x}
g(x) + g(x) = V(x) - E_. (2.4)

As follows from Eq.(2.2), a wave function will have a closed

expression if and only if gm(x) has a primitive expressible in



closed form. If in addition the resulting gm{x} function is such

that (g:+g;) and (gi—g;] have the same functional dependence on X,

Il

after some reparametrizatlon[sJﬂ, the problem will be strictly

solvable in the sense of Infeld and Hulliz{
The solubility problem has been traditionally addressed by

making an ansatz for the wave function of the form

v _(x) Bm(x) U(x),

B (x) exp [dey g(y) ]. (2.8)

where g(x) = (log ¥)’ and yY(x) gives the leading behaviour of the
wave function at the boundaries. As the wave function |is
normalizable we can loosely assume that it will vanish at the
boundary of the physical domain (the real interval {x_.x+}). i.e.

lim y(x) = 0 and so

XA
+
,1(3,{'}; rdy gly) = -o . (2.6)

In the case of solubility y¥(x) can be written in closed form so
that Bn(x) becomes ﬁ finite power series. The key in this.game is
certainly the election of ¥(x) (or equivalently g(x)).

For all the very well known exactly solvable Hhmiltonianslz]
Y(x) can be constructed by solving the Schrédinger Eq.(2.3) in the
limit xaxt. Conversely the same can be said about g(x) which can
be obtained by solving the Ricatti Eq.(2.4) in the limit x-x_.

For an arbitrary potential we lack a general procedure to

identify the adequate decomposition as given in E3.(2.5). However



for a particular, still large, class of potentials which
generalize the exactly solvable ones, we propose a systematic
method to identify g(x) through the modified Ricatti approach
(Eq. (2.9) below).

As a first approach we will only require that the potentials
will be regular almost everywhere in the complex plane; by these
words we mean that if V(x) has singularities they are located at
the boundaries x=x, or at infinity (|x]|— o ). We will come back
on this point in the Section VI. Removing this restriction will

lead to other cases left out in this work[ahaat

From the Sturm-Liouville theorylzal. the normalizable wave

function wﬂ(x} representing the m-th excited state has m simple

zeros {xJ}J_ on the real axis in x <x<x . Moreover, being

1y06a,m
V(x) regular almost everywhere in the complex plane, all the zeros

of the wave function must be simple almost everywhere[24a and we

can explicitly isolate them:

wix) (x - xj)

3=1

wm(X;nJ

v(x) Bn(x;n) ; m=n (2.7)

We have introduced a notation that discriminates between the total
number of zeros n, and the m=n nodes of the wave function (the
zeros in the interval [x_,x.) ). The so defined factor y(x) is
regular almost everywhere.

In terms of the logarithmic derivative Eq. (2.7) becomes



g (x,n) = g(x) + S (2.8)

=1 X - X
’ J

where g(x)= d(log ¥ )/dx 1is regular almost everywhere in the

complex plane.
Inserting Eq.(2.8) 1into Eq.(2.4) and by decomposition Iin

partial fractions of the resulting expressions, we obtain a

modified Ricatti equation for g(x),

g(x) + g (x) +2 F(xn) = V(x) - E_, (2.9)
where
n glx) - 7
F (x;n) = Z SN > (2.10)
m
3=1 (x - x)
J
- : e =
and ?n’j= I:=1'k¢1 (xkx} for J=1,2;...5m, together with

70'0571'050 and F (x;0)=0. An useful property is 23=1 ¥, 0.

Being the potential V(x) regular almost everywhere the left

hand side of Eq.(2.8) cannot have singularities at x=xj. so

Fm{x;n) cannot have them either. Therefore g(;] . 7nj must be

proportional to {x*xj). or

g{xj} = wn‘J(xl.xz,---.X Yo J=1,2,...,n (2.11)

strongly relating the zeros of the wave function to the regular

component of 1its logarithmic derivatiyve. Now we can rewrite

Fm(x;n) = En

- (:r—xj)'1 [E(x)-g(x)]. We should remark at this

point that, for a given n, the non linear system of Egs.(2.11) can

have more than one solution set {x,,j=1,2,...,n} and

J



correspondingly, more than one wave function with n zeros can be
obtained.

Let us consider that there is more than one solution set to
Egs.(2.11). In principle, each set {xj, j=1,2,...,n}, will lead to
a different F;(x;n) ‘and thus, the right hand side of Eq.(2:8) must
accordingly change. For a fixed value of n there are two
possibilities:

a) If the F;(x;n} corresponding to distinct solution sets {xJ}
differ from each other in its x dependence, the resulting wave
functions correspond to different potentials (partially solvable
potentials).

b) Another much more interesting possibility is that the F;{x;n]
corresponding to distinct solution sets {xj} differ from each
other by an additive constant. In this case, the different wave
functions correspond to eigenstates of the same Hamiltonian, with
different energies. The solution sets differ from each other in
the number m of nodes or  zeros in the physical

domain. We have a quasi-exactly solvable potential.

The set of Egs.(2.11) is crucial for pur formal analysis. Once
g(x) is known for a given n, a family of wave functions with n

zeros, in principle, can be completely specified. This is because

IT b x{

Jj=1

the remaining polynomial factor B (x;n) = n}ﬂ{x—le

can be determined at least in two ways:

a) We can solve the nonlinear system (2.11) for the zeros of the



wave function and from them construct Bm(x;n) (see Eq.(2.7)).
However, except for low values of n this can be very difficult to
implement due to the structure of Egs.(2.11).

b) An alternative to Egs.(2.11) is to solve the set of Egs.(BS)
(in general also non linear) for the coefficients {b}}J:o”_'n_1
of the polynomial Bm{x:n] (see derivation in appendix B).

This being pointed out, let us study the conditions under

which it can be easy to determine g(x) through Eq.(2.9).

A. The general Laurent type potential

The modified Ricatti Equation (2.9) is clearly well suited to

treat finite Laurent type potentials

2M
Vi) = ) . X, M,L =0 (2.12)
k=—2L
as it allows an almost algebraic determination of g(x). The

simplest example is V{x)=u3x2/4, for which Jjust by inspection of
Eq. (2.9) we derive g(x)=-wx/2.

For L=0,M>0 the potential becomes a polynomial and the physical
domain spans the whole real axis, i.e., (X_,X+)={—w,+m}. For L>0
we will consider (x_,x+}=(0.+w} either because 0_2L>0 or
alternatively because we are thinking of Eq.(2.12) corresponding
to a spherically symmetric 3D potential.

We are looking for g(x) which is regular almost everywhere, (if

it has singularities they lie at infinity in the complex plane)

with its primitive expressible in closed form. An obvious a



solution of Eq.(2.9) satisfying such requirements is the finite

Laurent series
M
g(x) = z a x°, (2.13)
k=-L
and thus

a

a
Y(x) « x "1 exp [ ~ K ¥ ] (2.14)

L k+1
1

#iu~=
=

k
k

B. The symmetric case

Reflexion symmetric potentials, i.e. Vix) = V(-x), of
Laurent type deserve special attention. Introducing the mapping
usx>, a more economic formulation of the problem can be presented:

M
W) =) wut . (2.15)
k=-L
We will restrict the analysis to L and M both odd positive

integers. In analogy to Eq.(2.7) the eigenfunctions can be written

Y (x;n) = ¥ (u;v) = C (u;v) ¥(u) (2.186)
m n n

where CM(U;V)= Hjﬂ(u—uj) = Z:ﬂ cj uj. is a polynomial of degree
v=[n/2]) and p=[m/2] is the number of zeros of C“(u;vJ in the real

™ is

positive axis. When L=0, the well defined parity (-1)
accounted for by the remaining factor ¥. The logarithmic
derivative of the wave function is according to (2.1)

gm(x;n) - B 8 log ¥ (u;v)

dx du K dx

du

G (u;v) (2.17)
H

Thus, in the symmetric case, the Ricatti equation (2.4) modifies

to

10



4 u [ Gz(u;n] + G (u;n) ] + 2 G (u;n) = Wu) - E (2.18)
n i n m

where the dot denotes derivative with respect to u. Decomposing as

before Gp{u;v) in its regular and singular components,

v
G (wiv) = Glw) + Y . S (2.19)

=1 u-u
. ]

where G(u)= d(log ¥)/du, and replacing this expression in

Eq.(2.18), a modified Ricatti equation for the symmetric case

results:
4u [52(u) + E(u)] + 2 G(u )+ 2 d?“(u:v) = W(u) - Em (2.20)
where
v 4u(5(u)-l"u ) + 1
® (u;v) = z »J (2.21)
H = (u-u)
j=1 u-u
J
i i v -1 - ;
and rv’j=z:=1'k$1(uk uj) for J 1,2,...,n, together with

=T =0 and ¢ (x;0)= 0.

0,0 1,0 0
If the right hand side of Eq.(2.20) 1is regular almost

everywhere, Qu[u;v).must be regular too and consequently

E(uj} s+ L ar =1, 2,000, (2.22)

4u v,
]

which are certainly a similar but simpler alternative to
Egs. (2.11) ([n/2] equations instead of n), relating the zeros of
the wave function to G(u). As in the general non symmetric case
the knowledge of G(u) completely specifies the wave function.
Moreover, the recognition of partial, gquasi-exact or exact

solubility derives from the analysis of @u(u;v} (constant or

11



u-dependent )
For the symmetric Laurent type potentials (2.15) it |is

immediate to sate that

_ (M=1)/2 .
G(u) = Ak u . (2.23)
k=-(L-1)/2

The connection with the general case treated in section II.A is

given by the identification a_=0, a =2A . It is convenient to
2k 2k+1  k

rename the coefficient A T &8/2; for L=0, &=n-2v=0,1 is the

parity of the wave function, while for L>0, & = a_,.

Until now we have discussed the cases for which the modified
Ricatti equation is suitable to determine the regular components g
(in the general case) and G (in the symmetric case). Next we apply
the formalism here presented to analyze partial solubility for the
potential given in Eq.(2.12) in the cases (L=0,M#0), (L#0,M=0) and

(L#0,M#20) in both its general and reflection symmetric forms.

III. Polynomial potentials (L=0,Mz0)
A. The general case

In order to ensure the existence of bound states we require
. > 0. For even values of M, Eqgqs. (2. 14) violate the
normalizability condition (2.6) and therefore we will further

restrict it only to odd values and aH<0 . The function F (x;n)
m

defined in Eq. (2.10) is then a polynomial of degree M-1

12



M-1 "
F (x;n) = [ f:
k=0
where the coefficients f: are derived in Appendix A,
M
=) as

k -k-1
q=k+1 Ol

with
)'i q
s = (x )" .
q =) J
Notice that 8- n and consequently

fk =" ak+1 * 2.8 k-1
q=k+2 2 &

From Eq. (2.9) we get for the potential
4 H
V(x) = E + [ a® + (2n+1) a + 2 E a s ]
m (4] 1 s m m-1

M-1
k
+ { kz;x [(2n+k+1] a .t

g L

q=0 m=k+2

AL L)

13

M
aq aI|:—q +.2 Z am Sm-—k—l]}

(3.1)

(3.2)

(3:3)

(3.4)

(3.5)



This implies the following relations to hold

k M
(2nekel)a, + Laga, v zgamsn_k_l. k=1,2,...,M-1 (3.6-a)

+
+1
1=0

M
L a a_ k=M,M+1,...,2M (3.6-b)
skt A D

so the wave function and the energy are given by

a 3
Y (x;n) = B (x;n) exp[ o B L
" = k=0 k+1 4
” M 3
Em = - [ a + (2n+1) a+ sz;a“ sm_1J : (3.7)

By construction g(x) depends on M+1 parameters: the ak’s.
Moreover from Eq.(2.11)

xj = xj(ao.al....,au] ” J = 3,25 coa B« (3.8)

and so the wave function wm(x;n) depends only on M+1 independent
parameters. On the other hand the potential (2.12) is defined by
2M coefficients. It is clear that not all the polynomial
potentials (i.e. with arbitrary coefficients {uk}) will have a
corresponding wm(x;n) expressible in the closed form given above.
For this to be the case the coefficients {0k}k=1,2,“.,2ﬂ must
satisfy M-1 consistency (in general nonlinear) equations.

If M=1 there are no constraint relations and we are confronted
with a truly exactly solvable potential, the displaced harmonic

oscillator. In this case F (x;n) = na, does not depend on the
m

position of the zeros of the wave function and consequently the

14



equations (BS) for the coefficients {ban,...,b_d} of the wave

n

function become linear. All the wave functions of the form given
above are solutions of the potential, and m=n label the state. As
far as we know, the relations (2.11) between the zeros of the
Hermite polynomials have never before appeared in the lliterature.

A general systematic procedure to obtain exact eigenfunctions
wm(x;n) for the anharmonic oscillator (2.12) can be developed.
From the M+1 Egs.(3.6-b) it 1is straightforwvard to derive
{ak} in terms of {u;} by means of the

k=0,1,...,M k=M,M+1,...,2H

following backward recurrence relations

a = =¥ u = al(u )

M 2M 2M
By-1 T “5u—1/ 2an = an-i{uzn—i’uzn) (3.9)
M
a = 1 s - ¥ a = a (u 8 ;
k 2 a k+ ] k+M-} k k+H’ k+M+1' "' 2N
J=k+1
k =M-2,M-3,...,0

We have rejected the solution aH>0 as it would have resulted in a
non-normalizable wave function. The scheme here proposed
univocally determines all the coefficients {ak} in terms of the
higher coupling constants {“h}k=u.n+1p..,2u' Thus from Eq.(2.14)
we obtain yY(x).

The remaining polynomial factor Bm(x;n)= rﬁ=1(x—xj} EZ?=1 bJ 2
can be determined as discussed in Section ii and the energy of the

state can then be evaluated from Eq. (3.7)

This systematic sequence ends up with wave functions and

15



energies completely specified only Ilay the M+1 higher couplings of
the potential {o".....uzn}. Different solutions for Bn(x;n] not
necessarily correspond to the same potential, as the remaining
couplings are subject to the constraints given by (Eq.3.6-a) that
depend on each particular solution. ‘'The only exceptlon Iis for
"n-x'_‘"u-:(“n""'”zu'n]' which does not depend on the position of
the zeros but on the total number of them.

A very interesting situation exceptionally arises when the
constraints only depend on n: the different w-{x;n] will
correspond to the same potential that we will call V(x;nj. For
each solution set the number of zeros in the physlical domain must
be different (for 1D problems the bound states are non degenerate
due to time reversal symmetry). Thus for a given arbitrary n we

would have found a Hamilt.onian,!:"m with an exactly solvable

subset, with at most n elements, of its Hilbert space.

Let us i1llustrate the method for the simplest non trivial case,

i.e., for M=3. The general sextic polynomial oscillator reads' >

_ 2 .3 4 5 8
V(X)-01x+02x+uax+c‘x+?5x+nax. (3.10)

This potential has been treated in the literature only in its
symmetric version (with the particular choice g= gw o= 0).

Proceeding as described above we obtein

16



a_ = -n_f2Vu
2 s 6
u: (3.11)
a = [———&94]/2!/498
dag
6
2
Ys Ys
a0=—[ [————04]+u3]/2fu6
24.96 4&93

and the resulting constraints

. = (2n+2) a_+ 2aoai+ zassl({xj})

5 (3.12)
s = (2n+3) a + 2a a + a
2 3 02 1

Let us consider the case n=1, i.e. we are going to look for
eigenfunctions with only one zero in the complex plane. Being
s, =X, and the coefficient o, real, from Eq.(3.12) X, must be one
real solution of Eq.(2.11), in this case the cubic equation:

2
a +a x +a_ x +a_x =0.
o 1 71 2 "1 3

Upon the particular values of LR R and “5 we can obtain:
a) One real solution X, and two complex conjugate roots or,

;X

b) Three real solutions {xbl, X 3}.

b2 b

The wave functions and their energies can be Iimmediately

constructed from Egs.(3.11), (2.14) and (3.7)

wltx;l) o« (x—xa} Yix) .
(3.13)

2
E = - a’+ 3 a+ 2a x + 2a_x°
1 ¢} 1 2« 3«

where X, generically denotes solutions of type a) or b). Every

17



solution found is an eigenfunction of a different Hamiltonian, as

o= nl(xa) according to Eq.(3.12), and has a different eigenvalue

from Eq. (3.7).

B. The symmetric case

For the symmetric polynomial potentials

M
Vix) = Wu = x°) = Z W u® (3.14)
k=0

the method of the previous section is far from being the most
synthetic one because it explicitly includes several null

parameters ({s_ }, {a_ } , etc.). The more appropriate

: {s },
2k+1 2] 2q+1

discussion of the modified Ricatti approach for symmetric
potentials in Section II applies. For instance, from Eq. (2.20) we

inmediately realize that

_ (M-1)/2
G(u) = z A
k=0

ko, 8/2

U = (3.15)

In order to avoid unnecessary duplications, we notice that the
previous reasoning remain unaltered by substituting xz—a u,

V - W, s —w, g —2xG, a —»>2A, B — C , and so on.
2k k k m u

2k+1
An interesting non trivial example is the sextic symmetric
oscillator (M=3 in Eq.(3.14)). By solving Egs.(3.8) or the

corresponding mapped equations we obtain

Al = =V ws / 2
(3.18)
AO = ~Wé/4V W

Notice that in the general formalism ao=a2=0 would be derived from

18



Eqs. (3.11). The only constraint (mapped from Egs. (3.12)) becomes

w=2(2n+3)A + 24 = -~w/2¥V w_ - (2n#3) V w
1 1 ) 2 3 3

(3.17)
=w (w_,w_;n).
1 2 3

(in the general formalisnlaﬂ= 0 is also a constraint automatically
satisfied by definition). The quasi-exXactly solvable symmetric

sextic potential takes the following compact form
Wlu;n) = wu (u + ”5/2”5]2 - (2n+3)V wou . (3.18)

The wave functions and corresponding eigenenergies are

W YV W

¥ (u;v) « C (u;v) ua/z exp [— 2 _u- 2. @ ], (3.19)
H ® 4v wé 4
W v
E = [(n+1/2) 2. &1 v, ): u ] : (3.20)
" v A =y )

When looking for the zeros of Ch(u;v) through the system of

Egs.(2.22) we find several solution sets. The p-th set, say

{uj“) = {xj}2 = (x(p) )2; Jj=1,2,...,v}, is characterized by

n+l-j

having only a subset of psv positive roots, i.e., u?” > 0 for

Jj=1,2,...p while u;“’ <0 for J=u+l,...,v. Associated to each
solution set, a wave function with m = 2u+é nodes (m=n) and n=2v+s$

zeros is obtained.  From symmetry considerations the nodes of a

particular wave function ¢ (x;n), are located at i[ujm]l/2
m

1=j=u, and when n is odd (8=1) at x=0 also. The remaining (n-m)
zeros of the wave function appear in complex conjugate pairs on

the imaginary axis at *i|u

{“)|1/2, p+1sjsv,

J
For a fixed value of n, the constraint relation (3.17) holds,

19



irrespective of the particular solution set considered; then we
are left with a family of eigenfunctions and corresponding
eigenenergies of the Hamiltonian whose :potential is defined by
Eq.(3.18). Let us write out these results for the first n values.

For n=0 (v=0) we have simply:

Ya Y3 ~
Y (x;n=0) « exp [— —_u - u ] = ¥(u)
@ 4v wb 4

(3.21)
E=w/ 2V w_ .
0o 2 3
i.e., for the potential V(x,n=0), only the ground state has a closed
expression.

For n=1 (v=0) there is only one node at the origin, X = 0 and
the wave function wl(x;n=1) x x ¥(u), corresponds to a first

excited state in the potential V(x;n=1) with energy E1 = 3wé/2¢ W

For n=2,3 (v=1) we explicitly find, after solving Eq.(2.22)

Ya Bu v w, %
n=2 u = —— |tsgn wz[ 1+ —Te ] - 1] (3.22)
4w W
3 2
A 24w5V LA %
n=23 (7 [tsgn w [ 1+ ] - 1]. (3.23)
1 2 2
4w6 ”é

In both cases there are two solution sets with only one member.
Let us denote u; (ui*) the positive (negative) solution in
Egs. (3.22-3.23). The first set (u=0) provides two pure imaginary

(conjugate pair) zeros at X, = Fi (Iu;l}bq. while the second

L]

(p=1) provides two real zeros at X = F ( uI )2, For n=2 we

obtain exact solutions for the ground state and the second excited

20



state:

¥, (x;in=2) (xz-'-lu;ll ¥(x)

wzlx;n='2] o (x°- u:] ¥(x)
In a similar way, for n=3 we obtain exact solutions for the
first and third excited states:

¥, (x;n=3) o« x (x°+ Iu;I) ¥(x)

U, (x;in=3) « x (x°- u} ) ¥x)
For large values of n, it is no longer easy to solve Egs. (2.22)

(4)

for the zeros {r.xJ }. of the polynomial C.“(u;v). Instead, one can

obtain the coefficients of these polynomials by solving the system

of Egs. (B9) with has v+l independent solution
sets: {ci’”} yu=0,1,...,v. From them v+1 eigenfunctions can be
constructed, with m=n,n-2,...,8 nodes in the x real axis. The

corresponding eigenenergies are readily obtained through Eq. (3.20)
W _ - (w ’
by noticing that zl;=1 uJ Cq
Another purely algebraic procedure has been recently developed
in Ref.11, that seems to be more adequate for computational

purposes (see appendix B).

IV. INVERSE POWER POTENTIALS (L#0, M=0)

Now we consider potentials of the form

0
V(x) = E s x (4.1)
L J
J=-2L
with u_lato (this excludes the possibility of analyzing symmetric

potentials), ©_ = -1/4 and the remaining coupling constants {uk}
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ensuring the existence of bound states. This form is sultable to

model atomic and molecular potentials.

From Eq. (2.13,2.14) we have

o]
z (x) = kZ-L a, x* (4.2)
- 84 2 & Kk+1
vix) « x exp [ Z x ] (4.3)
/

From the requirement that y(x) be square-integrable it follows

that a_ < 0 when L > 1 and a_1>-1/2 when L = 1. From Eq.(2.10)

and (4.2) -1
F (x;n) = z o x" (4.4)
]

k==L
where the coefficients f: are derived in Appendix A:
K
g-1,

q=-L

o Sqoit” k=-L,-L*1,...,-1 (4.5)

Inserting Eq..(4.4),(4.5) and (4.2) in the "modified Ricattl
Eq.(2.9) we obt.allr_a the following relations between the

coefficients {ak} and {uk}

[ k+L _
E aa -2L s k s -L-2 (4.6-a)
)=-L
-1
-L a_+ aj a——l.-l-j k =-L-1 (4.6-b)
s = 4 y=-L
K
f‘ 0
-2 i % sq_k_l+ {k+1)akuojzkajak_j -L = ks -1
{ (4.6-c)
for k= -1,-2,...,-2L.
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=0
In order to have a unified description we define f: = 0. The

wave function and the energy are given by

a 0o a i

Y (x;n) « B (x;n) x ™ exp[ Z L xk+].
) ) bk kel

(4.7)

so they are completely specified by 'the L+1 coefficients

{a } The index m (the radial quantum number) denotes the

k' -L<k<O’
number of zeros of the wave function in the O<Re(x)<eo.

The Egs.(4.6-a,b,c) contain both the consistency relations and
the definitions of the {ak} in terms of the {un}. The systematic
procedure to obtain exact eigenfunctions when the potential is
given by Eq.(4.1), can se implemegted as- follows. From

Eq.(4.6-a,b) (for k=-L,-L+1,...,-1) it 1is possible to obtain the

- }. The

coefficients a as a function of {u_ ; P

L »
2L -2L+1

cases L=1 or L>1 require slightly different approaches:

For L = 1 we must have'?® ML2=X(A+1)2—1/4 and adopting A>-1/2
we get
a=2+ [ les =241 (4.8)
2 4
the other root, a_ = -A leads to a wave function that does not

satisfy the Schrédinger equation[z”.

On the other hand, when L>1 we have
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(4.9)

k=1
% T : [ukL_ E aak—L—]+IL5-1u
X i j=-L+1 : ] 2 ’
k = -L+1,-L+2,...,-1.

The coefficient a is defined through Eq.(4.6-c) with k=-1 :

a =L—[u - 2f" ] (4.10)
o -1 -1
2a
-1
In order to write g(x) and the energy E in terms of the
coupling constants h’u}’ it seems that we first need to obtain
f:l({xj}jﬂ.,z,...n) . However, after Eq.(4.10), the set of Egs.
(2.11) that define the nodes can be rewritten as

-1 k 0_1-21"_'1
ag s —— =g, j=1,...,n. (4.11)

k=-L K 2a 2
-1
Thus, summing (4.11) over the index j and taking into account

Eqs. (4.5) and {fj‘_l 7, , = 0 ve have

na 4
£ e —ET e (4.12)
-1
2 (n+a_1]

which substituted in Eq.(4.10) gives

pe
& F (4.13)
2( n + a_ll

In this way both ¢ and the energy

L] 3 2
E=- [ ~ ] (4.14)
" 2(n + a_li{uk})

are completely specified by L+1 of the couplings o and by n.
For the remaining polynomial factor Bm{x;n} the discussion of

Section II applies.
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For L>1 different solutions for Bm(x;n} not necessarily
correspond to the same potential, as the remaining L-1 couplings
are subject to the constraints given by (Eq.4.6-c) that depend on

each particular solution.

Through some simple examples we will now show how this approach
works and briefly quote the results obtained for the cases L=1,2

and 3.

a. Coulomb-Kratzer type potential (L=1):

The Coulomb-Kratzer potential is given by

(4.15)

Vix) = [M—-z_z]

2
X Xa
B

where A is not necessarily an integer and a= 2/82 is the Bohr
radius like parameter. In this- case there are no consistency
conditions, and we are confronted with a truly solvable potential,
i.e., all the levels are expressible in closed form. From
Egs. (4.8) and {4.13j

a = A+l
-1
7 (4.18)

0 aB(n+A+1]

This leads to the well known result:
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A+1 Z x

1] A(x) = B (x) x exp -———
" = a_(n+A+1)
) (4.17)
E . mo oz
HaA a’ (nea+1)®
where, for example, the nodes for n=1,2 are located at
n=1 X, = (A+1) (A+2) ab/Z (4.18)
n=2 R (2A+3 = VvV 2A+3 ) (n+a+1) aB/{22). (4.19)
b. L =2
The potential
hz “—4 0—3 “—2 "—1
V(x) = —{ — + — + — + — (4.20)
4 3 2
21 X X b4 b

with . > 0 models a repulsive interaction at short distances. As
before we assume that the remaining coupling constants {uk} are

such that the potential admit bound states. For it we get

_ (1+x 3/21/0 4] o Vs
Yix) = x i - exp{ ~ X - —_"}
2(n + 1 + 0_3/2\/4.9_! ) X
s 2
En = — [ ] (4.21)

2(n + 1 + 0_3/2\/&;_4 )

when the couplings are related by the constraint

0_19'“-‘ A3 3 L]
8= +[ 1 + = ] S 2 s
(n+1+wn /2Vs ) ave J 2ve -4

(4.22)

26



c. L =3
Finally for the potential

2 rm 19 It 2 8 U
Vix) = Bl 8 B 2% e PO, NS (4.23)

6 2
2u X X x X X X

with . > 0 we get
U s Vs

a
- : A = 6 1
Yix) = x X exp { S S— 8 A = g — }
2(n + a_l] ZV“LB b'e 2 X
8 2 .
E =_[_-‘__ ] (4.24)
" 2(n+a )
-1
with a = 3/2 + (0_4— “65/4"_5)/2V"_5 , “ while the consistency

relations for the potential to be solvable are given by

Tl s
a (a - 1) + =B [ — - s ] -2 Vu s
1 %1 ) 1 -8

S “ -2
- ) 2(n + a
-8 ol
(4.25)
5 he
o= = (- 1) Ve, [ — —251]
- ti; - n+a, -

V. FINITE LAURENT TYPE POTENTIALS (L=#0, M=0)

For the general potential considered in Eq.(2.12) only some
minor modifications need to be addressed. With respect to the
range of the coupling constants of the potential the
considerations made in the preceding sections apply. The only

significant difference is that the maximum power M in the
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potential is not restricted to be odd as the wave function (2.14)
is normalizable in any case.

Proceeding as before the relations between the coefficients
{ak} and {“l} now read

-

k+L
z a a -2L s k = -L-2 (5.1-a)
L %3 k-3
J=-L
-1
-La + Z a a k = -L-1 (5.1-b)
-L ] -L=-1~]
J=-L
A=
min(L+k,N)
2f" + (k+1)a + aa -L=sksM-1 (5.1-¢)
k k+1 ) k-]
J=-min(L,H-k)
M
E 2y qey Msk=2M (5.1-d)
- J=k-H

for k#0. In these equations f: is the coefficient of the finite
Laurent expansion of F;{x:n) defined through Egs. (2.10):
M-1 X
F(xin) = ) f2x (5.2)
k=-L
with the coefficients f: defined in Eq.(3.1) for k=0 and in
Eq. (4.5) for k<0. Finally the wave function and its energy are

given by

%4 £ * k+1
¢ (x;n)= B (x;n) x exp-{ oD },
m m 5::% k+ 1

(5.3)

min(L,6M) M-1
E =—[ 2 [n+A+3/2] a_ + a a +2 ) a s ],
m 1 } -1 m+l m
J=-min(L,H) m=1
J#1

As before, the polynomial factor Bm(x;n] can be determined from

the knowledge of the coefficients 1{'5@'(]'_!_‘““”'l and thus both the
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wave function and its energy are now completely specified by L+M+1
free parameters. The systematic procedure can also be adapted for
this case as follows. From Eq.(5.1-a,b) it is possible to obtain

the coefficients a for k=-L,-L+1,...,-1, in terms of {u_ ;

2L

8 , ., } and from Eq.(5.1-d) the coefficients a for
-2L+1 -L+k k

k=0,1,...,M, in terms of {“2n'uawq"""“M+k}' The relations are

the same as those given in Egs.(3.8) and Eq.(4.8) for L=1 or
Eq. (4.9) for L>1.

The discussion of section II applies to the polynomial factor
B_(x;n). As before different solutions for Bm(x;n) not necessarily
correspond to the same potential, as the remaining M+L-1 couplings
are subject to the constraints given by (Eq.5.1-c) that depend on
each particular solution
% ui{ulzL'u—zL+1'""“—1'°n'"n+1’""“2n;f:{xj}]'

k=-L,...,M-1. (5.4)

As an illustration of the method we explicitly give the
nodeless function a(x}, the energy En, and the consistency
relations between the coupling constants for the Coulomb like

potential plus polynomial terms up to the sixth (L=1 and M=1,2,3),

e.g.

[ aa+1) | P S
Vix) = [ T oy — + E:ukx ] (5.5)

After some elementary algebra we obtain
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1:

- A+1 “1 \,0_22
Y(x) = x exp[— x ——x]
2Vs_ 2
2
2
e
# =[2(n+a+3/2}ﬁ?——]
e 2
4x
2
e
wr- e[ 2e2s )
K Vas_
2
2 ‘
8 /4 - A3 Vi
a[x)=XAIEXP[ 4 s D B &xa]
2\/4? 41/4?4 3
A3 1 ui 2
E=[{n+h+3/2}i——[*—‘“z]‘z‘/“isi]
m Vs 4ws 4n
4 4 4 -
2
1 “3
u=2(2l+1)[—[——02]-s_1]
- 2V L 4w
4 4
2
e 85
u=—[uz——]—2ﬁ3:(n+7\+2)
X 28 4us
A3 02
a(x]=x lexp{"i‘_‘ i[i-qgi]-bua]xq-
2vas_ L 2 4as
5] B
,uz A3 \,0_
1 5 2 s 3 3]
+ — —-—04]:(— X _
4vs_ \ 4wm 6Vas_ 4
6 6 6
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E - [(n+A+3/2) 2 - —] =

n

02 “2 3
u=_L[i_n‘][[J_ui]L+u3] (5.8)
1 248 4x 4 205
6 8 6 3]
“5
- (n+¥A+2) — - 2 VuB s,
Vi
2 2
{“5/4”5-04) L L% s
8 = i + — | = — = +n
“ 6 28 28 A
3] 6

- (2n + 2A + 5)\/«76

From Eqgs.(5.6-5.8) it 1is immediate to state the consistency
relations, energy and wave function for the ground states. From a
formal point of view there is no problem to continue with the
excited states, but in general they involve rather cumbersome
algebraic (and sometimes numerical) manipulations in order to find
explicitly the nodes by solving Eq.(2.11). For the sake of brevity
we explicitly show only the solution for the first excited state

in the case M=L=1, e.g.

A(A+1) . 3:1

2

+ X+ uzxz]. (5.9)
X x

Vix) = [
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For n=1 Eq.(2.11) yields two solutions

A9 2 1/20
xizi[[_i]+’f_1 e SN (5.10)
1 4w Vs _ 4rs

2 2 2

being x:>0 (inside the physical domain) and x;<0 (outside the
physical domain). Recalling the discussioﬁ in Section II we obtaln
two wave functions w*(x)swm(x;nﬂ} and ¢ (x)=p__ (x;n=1) with

one and zero nodes respectively, both with the same eigenvalue E

s Vi
w:(x) = xﬁ+1 {x—xf] exp [_ 1, - 2 2 ]
zv'm_2 2
(5.11)
2
“1
E= [2 (a+5/2)ﬁs;——]
Qué

They are eigenfunctions of the Hamiltonians Hi with the potentials
+
V- given by Eq.(5.8) having their "charge" parameter fixed to the

value

. LU
,ufl = - {A-I-l) [ . + L ]. (5.12)
X

&

=i

For the symmetric Laurent type potentials, the mapping
considered in Section III-B lets us recover the discussion above
with minor modifications. As an illustration we quote some
interesting results which can be derived for the 3D version of the

anharmonic sextic polynomial oscillatorrio’

w(u) = MA+l)
7

2 3
+ wu+wu+wu 5.
) & QU (5.13)

The coefficients Ao= —WE/QV wa and A1=—V wa /2 coincide with those

derived in the 1D case, while 244= 8 =A+1 should be considered.
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Notice that p is now the radial quantum number, equal to the
number of nodes in the physical domain Re(x)>0 which at most can
be equal to v. Then, the 3D results are easily obtained by the
substitution n — 2v+A+1 in the 1D expressions derived in section
1I11.B (here m and n have no physical meaning). The only constraint
for the potential to be quasi-exactly solvable now reads

w = 2(4v+2A+5)A_+ 44 °

1 1 ]
= —wz/zf w3 - (4v+2A+5) V w3 ; v=0,1,... (5.14)

and the eigenfunctions and eigenvalues read

W vV w
2 3 2
w - u ]
v w 4

3

77 (u;v) « Cp(u;v) u{h+1)/2 exp [—

KA

E, 5 * [{2v+h+3/2) o - A E u;“’ ]
, Vr;; =
For the remaining polynomial factor Cu{u;v}, the discussion in the
appendix B applies (see also section III-B for general
considerations).

In conclusion for the 3D symmetric sextic anharmonic polynomial
oscillator given by Eq.(5.13) and subject to the constraint
relation (5.14), the first v+l eigenfunctions and the
corresponding energies can be obtained by purely algebraic

methods.
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VI. Generalization of the modified Ricatti approach

The modified Ricatti approach can be also suitable for looking
at a more general class of potentials as was anticipated in
Section I1I. There we considered the transformation u=x2 when W(u)
is an even finite Laurent series in u. This particular case leads
to a large family of partially solvable potentials having as a.
particular exactly solvable member the harmonic oscillator (1D and
3D). We also found the very interesting quasi-exactly solvable
potential: the 1D and 3D sextic symmetric anharmonic poiynomial
oscillator.

In this section we investigate the occurrence of partial and
quasi-exact solubility in families related to already known
exactly solvable potentials. The latter are particular cases in
the broader context of the partial solubility analysis.

Suppose that the potential is regular almost everywhere and can
be written as some simple function of u(x), say V(x)=W(u).

Proceeding as before it is natural to write the wave functions as
wm(x;n) = W”(u;v}. (6.1)

The indexes u,v are related to the number of zeros of the wave
functions (except those at the boundaries) in the x and u complex
plane. For instance, if u=x2. v=[n/2] and p=[m/2]. According to

(6.1), the logarithmic derivative of the wave function is

g (x;n) = dz d [log \I!p(u;v)] = du G, (uiv). (6.2)

dx du dx
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The replacement of Eq.(6.2) in Eq.(2.4) modifies the Ricatti

equation to:

calu) [ Gz{u;v} + G (u;v) ] + B(u) G (u;v) = W(u) - E, (6.3]
n M M )

where o(u)=[(u’(x)1%, B(u)=u’'’(x), and the dot denotes derivative
with respect to u. Decomposing as before Gﬁ(u;v) in its regular

almost everywhere and singular components

v
} (6.4)

G (u;v) = G(u) +
M =1 umu

and replacing this expression in Eq.(6.3) the generalized modified

Ricatti equation reéults:
=5 = =
alu) [ G (u) + G(u) ] + B(u) G(u) + 2 0“(u;v} = W(u) - Em (6.5)

where it easy to derive
v

a(u) [G(u) - r, 1+ Blu)r2
® (u;v) = Z +J (6.8)
P (u - uj]
ahd r’v'JE{:ﬂ.k:J(uk-uj)“l for J = 1,2,...,n, together with

=T =0 and ¢ (x;0)= 0.
0,0 1,0 o

Provided that W(u), «(u) and B(u) are regular almost
everywhere, the left hand side of Eq.(6.6) must also be regular in

the same domain. Therefore we have:

[E:(u) + ga] =T, . J=1, ,v. (6.7)
u=u ;

If a(u) is a polynomial in u with their zeros at {zi}, i.e...
a(u) « n?=1[u-zl), we can apply the considerations of section

II. Referring back to Eq.(2.9), it is clear that the generalized
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Ricatti equation (6.5) is well suited provided that both the
potential W(u) and B(u)/a(u) = -d/du [log(dx/du)] can be written as

a finite Laurent-like series potentials in the variables

{(u-z)), i=1,. i,

Certainly, for some of the well known[m” exactly solvable
potentials V°(x), a transformation wu(x) with the desired
properties is available. In Table I we explicitly show the proper
choice u(x), and the resulting W (u) and G (u),

In order to copstruct a family of new partially solvable

potentials we will consider the addition of regular almost

everywhere terms to the solvable G (u), i.e.

q 4
Glu) = G(u) + [ 43 ll;li(u—zl)Jl = G(u) + &G (6.8)
7
where j=(j RN ()
1 q

A detalled analysis of these families, which closely resembles
the discussion of the previous sections, will be given

[21]

elsewvhere From Eq.(6.8) 1is inmediate to see that the

candidates for partial solvability will be of the form

W(u)=W"(u) + alu) [2 ¢ 56 + (66)% L (s0) ] + B(u) &G.
du
(6.9)

With the particular choice u = x and u = x>, Egs.(6.1)-(6.9)

are consistent with the formalism developed in the previous

sections.

Our restrictions to almost regular potentials considered here,
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can be removed leading to minor modifications of the formalism.
For example, by redefining the concept of regularity almost
everywhere in order to include as exceptional points the
singularities of the potential, we are able to generate partially
solvable potentials associated to the Rosen-Morse and

Manning-Eckart oneslzlt

VII. FINAL REMARKS

We have developed a systematic procedure to study the problem
of partial solubility in quantum mechanics for a large class of
potentials. The method is based on isolating the singularities of
the logarithmic derivative of the wave function. We have shown
that the regular component g(x) characterizes univocally the
solvable subspace, fixes the position of the zeros of the wave
function, and satisfies a modified Ricatti equation (see Eq.2.9)
which, for a very wide class of potentials, is simpler to solve
than the corresponding one for gm{x}. The regularity (almost
everywhere) of the function g(x) is the key to determine its
functional form. This gives a great generality to the approach
here presented, providing a unifying scope for the several
partially solvable systems discussed in the literature. In that
sense we have shown the effectiveness of the scheme in finding
exact solutions for both general and symmetric finite Laurent type

potentials in the 1D and 3D cases. This includes: the anharmonic
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polynomial oscillators, the Coulomb-like plus polynomial terms and
the Lennard-Jones type potentials.

By means of an adequate transformation x — u, we generalized
the method providing a constructive scheme to generate new
families of partially solvable potentials, associated to the well

known exactly solvable ones. A detailed analysis will be developed

21
elsewhere[ ].

For simplicity we have only outlined the skeleton of the
method, and restricted ourselves to those E;(x;nJ with only simple
poles outside the physical domain and potentials regular almost
everywhere. The removal of these conditions enlarges the class of
hamiltonians on which partial solubility can be investigated. We
will present the corresponding resuits elsewhere[an.

Lastly, we want to remark that the problem of exact solubility
arises as a very particular case of partial solubility and thus we
have given an alternative perspective to the Infeld and Hull‘zl
approach.

The possibilities of the method are far from being exhausted
and we mention now two .of them. The first involves the
construction of the isospectral supersymmetric partner of the
already found partially solvable potentials, through the

[2,s]

factorization approach The second one consists in using the

results so far obtained to obtain better approximations to

29]

unsolvable problems through perturbation[ theory as well as by

semiclassical methodslan.
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APPENDIX A

In this Appendix we will derive explicitly the expression for
Fm(x;n) as defined through Egs.(2.10), for the functional form of
g(x) discussed in Sect.IV (the case of Sect.III is implicitly

considered by making L=0 ). Let us write

~ i m of Bl m
glx) = § a x =x a X (A1)
m=-L m=0
and introduce the auxiliary polynomials
— _ H+L
P (%) =x [8x) - gx)1=F p) " (A2)
an J m
‘ m=0
such that
N 2 P j{x)
Fn(x;n) = X Z _— (A3)
X - X
j=1 J
From Egs.(2.10,2.11) it follows that
™l =a -Z(x)s O=m=M+L (A4)
m m-L J m,L - ’

In order to evaluate the quotient in Eq. (A3) we expand P J(x)
n

around x = xJ, yielding:

b G = H+|E_:-1 [ “iL [m ] pn.J xm-l—i e )1+1 (AS)
) 1=0 m=1+1 e " J J '

33



1
where we have used P j{xj) = 0. If we now expand {x—xj] and make
n,

use of the identity

& 1-k 1 m+l| _
l);k{_l) [k ][“1] =1 (AB)

we obtain

Le¥rie LaM o3 m-ka)
P (x) = (x-x) Z [- E pﬂ' X, ] x , (A7)
n, ) 4Zo V ela
and therefore from Eq. (A3)
Hol & & n,) m-k=-1 k
F(xn) = ) [ Y ) oAl x) ] a (A8)
" kK=-L © me=k+1 J=1 :

According to this, the coefficients f: can be written:

M n
©f = Sl il ~L<ksM-1 , (A9)
o FZ+1 jzl L J

and using Eq. (A4) we finally get:

M n _
) a ):(xj)"‘"‘“ 0sk=M-1
r.n = m=k+1 Jj=1 (AIU]
k k n aiki
2 Z a ) (x) -L=k=-1
m=~-L j=1

as assessed in Egs.(3.2) and (4.5).
Similarly, for the symmetric situation, V(x)=W{u=x2), and from
Egs. (2.21) and (2.23) it is possible to obtain
(H-1)/2
® (uiv) = o’ u* (A11)

k=-(L+1)/2

where the coefficients w: are given by
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- (M+1)/2 v

A E (u )™ O=k=(M-1)/2
m J
m=k i=1
v
e (A12
¢, )
k-1 v X
-4 A [ (u )™ -(L+1)/2sks-1
L " J
m=-(L+1)/2 j=1
Appendix B

The set of coupled Eqs.{z.llj can be difficult to solve for
n = 2. In an application of the method it could be useful to have
an alternative route to solve the posed problem: Instead of
looking for the nodes {xj} we can try to solve for the

coefficients {bk} defined by
n n k
B (xin) = T (x-x) = ) box . (B1)
j=1 k=1
These coefficients are related to appropriate sums over all the

possible products of n-k distinct nodes xj. i.e.,

n-k

-~

= (-1)0k < = ? =
bk (-1) X X xg bk{{xj}] O=k=n-1
(B2)

In our approach to solubility, the constraints and the energy
both require the knowledge of the f:, which according to Eq. (A10)

depend on the sums

Bm
]
np~1=

(xj)’“ m=-L,....,M-1 (B3)

The relations between s and {bj} are explicitly given in
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Ref. [30] so it is always possible to write f. = f| (b }). Thus
the {bj} together with the function g(x) specify completely the
wave function, its energy énd consisténcy relations to attain
solubility.

By replacing both Eq.(2.7) and Eq.(2.9) in the Schrddinger
Eq. (2.3) the following differential equation is obtained for the

polynomial Bm{x;n} (we omit the indexes m and n)

B''(x) + 2 B (x) g(x) - 2 Fn{x) B(x) = 0. (B4)

For the particular potentials considered in Sections II-1IV we
assume for g(x) a finite Laurent series (see Eq.(4.2)); thus by
equating to zero the coefficients of the different powers in x in

Eq. (B4) we obtain

min{M-1,k) min{M, k} 0 n-1<k=M+n-1
Z f" Z(kﬂ 1) apb =
k 3 k-]
j=max{-L,k-n} j=max{-L,k+1-n} (k+1) (k+2) Osks: p=p
2 k+2
(B5)
i.e., a set of non linear equations for the coefficients {bJ}

equivalent to the system of Egs.(2.11) for the {xj}.

For the symmetric situation considered in section II.B, i.e.,
with the mapping u=x>, and Bm(x.n) = G“(u;v} xa, we obtaln as a
generalization of Eq.(B4), the following differential Eq. for the

() k
polynomial Cp(u;v] = 2::0 ck“ u (omitting indexes u,v):

qu C + [Bu G(u) + 2] c - @p{u;v] c = 0. (B6)
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The replacement of Egs.(2.23) and (A11) into (BE) would lead to a
set of Eqs. similar to (B5), i.e. a three term recursion relation
for the ck's whose coefficients depend on {¢:} and {Am}'. This
v
system would be in general non-linear as the coefficients @, (see
Eq. (A11)) also depend on the unknowns {ck}, ; B ¢E=¢:({o;})
m [(30] v_v
where o = {3 1(uj) and through them ¢k=¢k({ck}}. Thus, if
m =

C(u) is a polynomial solution of Eq.(B6), KC(u) with K an
arbitrary constant is not.
Here we will quote the results only for the interesting situations:

For the harmonic oscillator in its 1D(3D) version, i.e. L=0(1),
M=1 and W = w u/4 + 8(3-1)/u, we obtain G(u) = 8/2u + A with 4 =
-w/4 and 8 = n-2v if L=0 or &=Aa+1 if L=1. From Eq. (All) results
ou[u;v) = 4A0v, independent on the position of the nodes, so we
are confronted to an exactly solvable potential. In effect, after
changing variables to y = —2Aou = w u/2, the Eq.(B6) reduces to
the linear Kummer's differential equation:

d’c dc
y —+ (8+1/2 -y ) — +v C = 0. (B7)
2 g
dy dy

As C(u) is a polynomial with cv=1, only the regular solution

should be considered resulting in Cv(u;v) = (-1)"1 Lﬁqxz(

wu/2)
where L:(y) denotes the generalized Laguerre polynomial.

The symmetric sextic polynomial oscillator in its 1D(3D)
version corresponds to L=0(1) and M=3. When ths couplings are

subject to the constraint (3.17), we obtain G(u) = 6/2u+AO+Alu "

with Ao and A1 given in (3.16) and 8=n-2v if L=0 or &=A+1 if L=1.
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Now & (u;v)=[4Av - 4Ac_ ] + [4Av] u , where we have used
1] o 1 V-1 1

IS—1”J= & 4 Now The equation (BB) reduces to

Y6+ [u(A+ Au)+ 872 + 1/4] C
2 o 1
-[Av-Ac +Avu]lC=0 (B8)
o 1 v-1 1
clearly non linear in the coefficients ék. Grouping equal powers
in u the following three terms recursion relation is obtained
1
5 (8+k+1/2)(k+1) c, +[ Ac, - A(-k) ] c
+ (k-v-1) A 0 =0,..,v+1. (B9)
With €,,.5=C =0 as the 1initial condition, Eqgs.(B3) can be

v+1

backwards recurred. For k=v, (B3) reads Alc {cv—1)=0 which

v-1
for a non trivial solution requires cu=1. For k=v-1 we can
write ¢,, @ 2 quadratic function of Cpoy In general
from the k-th relation it 1s possible to obtain Chyq 25 2

polynomial of degree k+1 in Gy’ Thus, the k=0 relation reads

1
§(6+1/2] c!(cv-l] + [Ancv-f AD D]CD(Cv_l) = P{Cu—i) =0

where P[Cv-iJ is a polynomial of degree v+1. The v+l roots of P
will give place to v+l eigenfunctions and their corresponding
eigenenergies. (see Eq. (3.20)).

An alternative algorithm (more adequate from the computational
point of view) to solve Eq.(B6), has been recently developed“ll
for the 1D case (L=0) with arbitrary M. However the usefulness of
such approach is apparent for M=3. The scheme can be easily
extended to cope with the 3D case (L=1) with minor

modificationslau. Closely following Ref. 11, the unknown

a4



polynomial C(u) can be expanded in a basis of generalized
polynomials, i.e. C(u)= § q, Qk{u), where Qk{u) are defined trough
a Rodrigues-like formula. When the constraint relation (3.17)
holds, the first v+l coefficients of such expansion satisfy a
system of linear equations and the determinant of the associated
matrix coefficients vanishes. Consequently the system has v+1

distinct solutions.
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TABLE 1

Ve (x) ul(x) w®(u) G°(u)
2
1D harmonic % x2 = gﬁ - é
oscillator 4 4
2
515 harmonte x°, Aa+1) o2 u , A(A+1) A+l 1
oscillator 4 X 4 u 2u 2
2 -2x -x -x 2, 2 o-v-1/
Morse o |e -2e e o (u"- 2u) =
' u
Psschl- E(E;l) = n(n;l) sinZx | E(&-1) | n(n-1) € _ _n
Teller I sin“x cos“x u 1-u 2u  2(1-u)
Poschls 5(5;11 _ n(ngl) shx | §(6-1) _ n(n+1) E _ n
Teller 11 sh™x ch™x u 1+u 2u  2(1+u)
TABLE I. The mapping u(x) for some exactly solvable potentials

V(x)=W°(u) togheter with the corresponding regular function G (u)

(see Eq.(6.4)).




