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A bstract: The properties o f  single-particle states in the ^®*Pb región are obtained by subtracting 
from  the  empirical valúes the  dressing effects o f  the m ultipole particle-hole and  pairing 
phonons. Use is m ade o f  the particle-vibration form alism . Single-particle energies, one-body 
transfer spectroscopic factors and eñective quadrupole charges are exam ined within this 
fram ework.

1. Introduction

I t has become apparent tha t the best región for the apphcation o f  the shell 
model lies in the neighbourhood o f ^°®Pb. In addition, this región represents one o f 
the last known points for the extrapolation o f  single-particle properties in the search 
fo r new islands o f  stability. Therefore, it is im portant to  determine the properties 
o f  the single-particle states in this región as accurately as possible. This has been done, 
for instance, by optim izingthe choice o f the param eters in a Saxon-W oods potential ^). 
The single-particle wave functions thus determ ined have been used, for instance, 
to  obtain the renorm alized valué o f  the electric charge and  ^r-factors corresponding 
to  different m ultipole transitions ^).

However, it has also been recognized that in this región there are states with con- 
spicuous collective properties, such as the lowest j "  =  3 “ and O'̂  excited states in 
^°®Pb. It is clear th a t the presence o f these collective states may induce admixtures 
in the single-particle states through the particle-vibration interaction. A  well known 
case is th e 7 ’' =  State in ^°®Bi. In this paper we attem pt to  extract the “ bare” 
single-particle properties o f the states in 2 0 7.2 0 9pj,^ 207  j j  2 09g¡ difference 
between the present calculation and some o f the results reported in ref. '^) lies in the 
fact th a t we consider the effects associated with the pairing forces, bu t we do not 
explicitly include effects associated with the continuum , since we use harm onic os- 
cillator wave functions. W ithin this lim itation, we focus our attention on the properties 
o f  the “ bare” single-particle states. Therefore, from  the point o f view o f the energies, 
this paper follows a line similar to  refs. for spherical nuclei o r to  refs. for 
deform ed nuclei. W ith respect to  the transition rates, we examine to  which extent the 
conclusions o f ref. are modified by the presence o f  admixtures in the predom inan!
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single-particle states, and we analyze experimental evidence for transfer processes 
between these states ’ ).

2. Review of the formalísm

We shall use a  similar form alism  as in ref. ®). Therefore, we ha ve an  unperturbed 
H am iltonian consisting o f  independent partióles and independent phonons. Both 
particle-hole (a  =  0 ) and  pairing (a  =  + 2 ) bosons are included:

^  =  I  +  S  ^)- ( 1)
j ak

H ete j  and A denote no t only the angular m om entum  but also the rem aining variables 
th a t are necessary in order to  specify the state. F o r single-particle states above 
(below) the Ferm i level, 7 vk'ill be replaced by k{i).  The operators Cj and  X) 
create a partióle and  a boson, respectively, while the Sj and  fV{a, ?.) denote the 
single-particle energies and boson frequencies, respectively.

The interaction depends linearly either on the particle-hole or on the pairing col- 
lective variables. All possible tim e-ordering o f the vertices tha t appear diagram m ati- 
cally in perturbation  theory are to  be included ®). This interaction takes care o f  
violations o f  the Pauli principie and in general o f spurious effects associated with 
the over-completeness o f  the basis

+ (2)
aX

where the 2?. pole operators are defined as

<2(0, X) =  X  M(ki ,  X ) { P \ k i ;  0 1 ) + { - Y p { k i ;  Oi)},

Q { 2 , x )  =  - f L = [  E  Z
V2A-I-1 (1 +  ̂ 12^  ( l + ¿ i 2 r

= n u h - .  Z
n/2/1 +  1 (1 +  ̂ 12) (1 +  ̂ 12) ’

(3)
where

m O-i L U )  =

f i \ k i ,  OA) =  {c tc^Y,

P\k,k„2X) = {í + d ,,rH c:.c ,y ,  (4)

í } ^ ( i , i „  - 2 A) =  (1 +  ¿ , , ) - * K c ; J \
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The coupling strengths Á((x, ?.) are determined by the boson frequencies and single- 
particle energies through the RPA  relations

A { ± 2 ,  k) = ^ l i ±  ^  
\  ki.k

1

t .  {e,, + e , ,+  W ( ± 2 , X ) Y

(5)
In  lowest order, the corrections to  the single-particle energies are given by graphs 

o f fig. 1 :

=  I  —  Í4 0 , ( l  J í í t t i i i l L  -  5 ;
‘i 2 k ,  +  ¡ H ' ( 0 , A ) - e ,  +  e , ,  f e  » ' ( 0 , ; ) + 8 ,

+
2 A +  1 ( ^ \ A { - 2 X ) M ( k i k 2 , X ) \ ^y  2 X + Í  í y

x 2 k ^  + í  \ h
(6)

W { - 2 , X )  + e,^+e,^ Y  W(2

There are two kinds o f processes involved in (6 ): (i) Those represented by graphs 
which have a 2p -lh  state as interm ediate State. They tend to  repel the single-particle 
states from  the interm ediate states and, consequently, their contributions have a

(a) (c)

(b) (d)

Fig. ]. The graphs representing the four processes giving rise  to  eq. (6).



negative sign. (i¡) Those graphs which arise because o f ground State correlations. 
The presence o f th? odd-particle tends to  destroy these correlations and, the;refore, 
they yield a positive contribution to  the single-particle energy. Corresponding pro- 
cesses exist for the single-hole states. Similarly the particle-hole excitation energies 
are decreased by processes o f type (i) and are increased by processes o f  typ;; (ii).

O ur aim  is to  determine the bare single-particle energies which appear in the right 
hand side o f eq. (6 ). We assume tha t the exp3rim ental excitation energies are to  be 
substituted in the left hand side. The frequency W(0, X) o f  the particle-hole boson 
may be taken directly from  experiment, since these energies are aíTected only in 
fourth  order in A  and  thus they are correct to  the order o f  perturbation  theory which 
has been taken into account in (6 ). The usual procedure for the determ ination o f 
W{2, 0) is based on appropriate differences between the binding energies o f  °Pb 
(neutrón case) and o f ^°®Pb and ^^°Po (proton case). However, this procedure
offers some uncertainty since these differences only elim ínate the binding energies 
term s which are linear in the num ber o f  particles. Therefore, for instance, residual 
C oulom b and/or isospin contributions subsist in the resultant pairing energies.

In  order to  elimínate these effects we should use energy differences between levels 
belonging to  the same nucleus. For instance, we may use the experimental excitation 
energy W{2,  0 )+  W( — 2, 0) o f the two-pairing-phonon state in ^°®Pb, which is also 
unaffected in second order o f perturbation theory. We could thus determ ine the 
strength o f the pairing forcé associated with the A =  O channel through the RPA  
dispersión relation and, at the same time, calcúlate the rem aining properties o f  the 
a = ± 2 ,  Á — O phonons. Subsequently, we calcúlate fV(2,1) from  the empirical 
differences fV(2, Á)— IV(2, 0) and the valué o f  IV(2,0)  which has bsen previously 
obtained. The inconvenience with this m ethod lies in the fact that the energy difference 
JJV((x =  2 , A =  8 ) =  2Sg^— W(2, 8 ) is smaller than  the uncertainty in the valúes 

o f  the term s which have to  be subtracted from  each other, and therefore the resulting 
particle-phonon coupling constants corresponding to the pairing phonons with high 
A cannot be trusted.

A th ird  possibility consists o f  fixing the valué o f A W{2, 8 ) from  the beginning. We 
may use, for instance, the result o f a theoretical calculation. Subsequently, we de­
term ine the difference á JV(2,1 ), A #  8 , from  the experimentally know n excitation 
energies IV(2, 8 ) - W ( 2 ,  A). We have adopted this th ird  m ethod and we have verified 
th a t the properties o f  the more im portant a =  2  phonons (low valúes of 2 ) are no t 
significantly different for two different reasonable valúes o f  A fV (2 , 8)  (0.10 MeV 
and  0.05 MeV, respectively).

If  a  particle state is sufficiently cióse to a particle-phonon state, perturbation theory 
may no t converge. Therefore, we have m ade the decisión tha t if the am plitude o f  one 
(or several) particle-boson state in an otherwise predom inant single-particle state 
exceeds the valué 0.5, we perform  a diagonalization in a restricted basis consisting 
o f  the particle state and that (those) particle-boson state. The contribution  o f the
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last one in (6 ) is replaced by the energy difference between the roo t corresponding 
to  the largest amplitude o f the particle State and the unperturbsd position o f this State.

3. Determination of the bare single-particle energies

The left hand  side of eq. (6 ) (i.e., the experimental energies o f the predom inantly  
single-particle or single-hole states) is given in ref. ^). The collective param eters to  be 
used in the right hand  side are discussed in the previous section. In  the neutrón 
(proton) case, w euse as m inimization variables the “ bare” energy differencesfi^—e^o 
between the seven (six) particle states above the Ferm i level and  the differences 
2(0 —e¡ between the six (five) hole states below the Ferm i level, plus the smallest 
“ bare”  distance Ei¡o — £ío between particles and  holes. We include in (6 ) these thirteen 
single-neutrón states (eleven single-proton states) plus the collective phonons tha t 
appear in the low energy spectrum  o f ^°®Pb (table 1).

T a b l e  1

The valúes o f  the coupling constant A(oc, A) in units o f  {mci¡lh)i^ MeV

a Tr Exp
single-particle

energies

Bare single-particle energies

^■^14,0
A W(2, 8) =  0.05

Í-"Í4.0
A W (2 , 8) =  0.05

0 3 0 0.041 0.040 0.041
0 5 0 0.0011 0.00043 0.00036
0 2 0 0.154 0.137 0.141
0 4 0 0.011 0.0099 0.115
2 0 1 2.14 2.05 2.05

- 2 0 1 1.89 1.69 1.59
2 2 1 0.11 0.10 0.10

- 2 2 1 0.10 0.096 0.094
2 4 1 0.0059 0.0050 0.050

- 2 4 1 0.0048 0.0039 0.051
2 6 1 0.00038 0.00028 0.00028

- 2 6 1 0.00037 0.00024 0.00021
2 8 1 0.00002 0.00001 0.00001

- 2 8 1 0.00001 0.00001 0.00001
2 0 — 1 2.38 2.40 2.40

- 2 0 — 1 2.28 2.25 2.14
2 2 — 1 0.10 0.092 0.092

- 2 2 — 1 0.092 0.085 0.081
2 4 — 1 0.0068 0.0054 0.041

- 2 4 — 1 0.0077 0.0075 0.059
2 6 — 1 0.00068 0.00051 0.00051

- 2 6 — 1 0,00044 0.00041 0.00041
2 8 — 1 0.0004 0.00002 0.00002

- 2 8 — 1 0.00002 0.00002 0.00002

The d iñerent colum ns are obtained by replacing in (5) the experim ental single-particle energies o r 
the bare single-particle energies corresponding to  the hexadecapole field with a r* radial dependence 
(A W(2, 8) =  0.05 MeV) and with a radial dependence (A W(2. 8) =  0.05 MeV), respectively.



T a b l e  2 a

T he single-neutrón bare and perturbed energy differences (e* >  % ), e ^ —s, («, <  % ) and
e ^ —e^  for the  two different radial dependences o f  the  hexadecapole fleid (in MeV)

Single- Exp /-“Kt.o r^Y*.o
neutrón  energies A W(2, 8) =  0.05 M eV A W(2, 8) =  O.Oí MeV
States bare perturbed bare pertu rbed
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% 0.57 0.62 0.57 0.74 0.56

P i 0.90 0.98 0.88 1.06 0.88
1.63 1.71 1.53 1.77 1.51

h 2.34 3.36 2.23 3.61 2.24
h j 3.43 4.08 3.39 4.25 3.53

0.78 0.58 0.77 0.59 0.77
1.43 1.68 1.49 1.67 1.43

d f 1.57 1.96 1.58 2.09 1.61
2.04 3.00 2.04 1.93 2.05

H 2.50 2.90 2.53 2.91 2.51

d i 2.54 3.66 2.48 3.11 2.52
3.21 2.93 3.19 2.92

T a b l e  2 b

T he single-proton bare and perturbed energy differences (e* >  % ), E^—e¡ (e¡ <  Cp) and
fo r the  two different radial dependences o f  the hexadecapole field (in MeV)

Single-
p ro ton
states

Exp
energies

r*Y^.o  
A W (2 , 8) =  0.05 MeV A W (2 , 8) =  0.05 MeV

bare perturbed bare perturbed

d i 0.35 0.41 0.35 0.60 0.35
h ^ 1.34 1.60 1.36 1.71 1.37

S i 1.67 2.48 1.65 3.15 1.68

d i 3.48 4.29 3.40 4.37 3.54

% 0.89 1.21 0.90 1.26 0.90
1.60 1.97 1.60 1.99 1.60

% 2.81 4.17 2.95 4.18 2.74

P i 3.11 4.52 3.04 4.55 3.15

P i 3.62 4.46 2.84 4.55 3.16
3.89 3.95 3.76 3.79

Since the phonon energies are taken from  experimental results, we use the RPA 
form alism  only to  obtain the coupling strengths A{a, X). In  the sum m ation (5) we 
allow all the single-particle states corresponding to  the neutrón harm onio oscillator 
shells with A'’ ^  12 and pro ton  shells with iV ^  10. However, the results are not 
sensitive to  the highly excited states tha t we include in (5), since their contribution is 
inversely proportional to  the cube o f the excitation energy. We also let vary in (5)



the same single-particle energies that are indu d ed  in (6 ), while the rem aining single- 
particle energies are obtained from  a Nilsson spherical potential.

The neutrón and  p ro ton  variables are coupled through the expression for the inter- 
action param eters A{0,  A) corresponding to  the particle-hole phonons. In  order to 
decrease the num ber o f  m inim ization variables, we minimize first only with respect 
to  the neutrón single-particle energies. In a second step we vary the p ro ton  energies, 
keeping constant the neutrón energies which have been previously determ ined. Self- 
consistency is achieved after a few iterations. The resultant valúes o f  A(<x, 1) are 
listed in table 1 .

T a b l e  3

The displacem ent o f  the energy A E  for the g» single-neutrón states in second o rder o f  pertu rbation
theory
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G raphs la Ib le Id

Ij Oí, X A E h a, A A E Ij a, A A E Ij a, A A E

P i 0 ,2 - 0 .1 6 d f 0, 3 0.13 P i 2 ,0 0.07

h 0 ,2 - 0 .2 2 S i 0, 3 0.16 P i 2 ,2 0.06

h ,T 0 ,4 - 0 .1 0 f i 2 ,2 0.08

f i 0 ,4 -0 .1 7 h . 2 ,4 0.02

f i 2 ,4 0.04

% 0 ,3 -0 .1 9 2 ,2  -0 .0 5 0, 3 0.04 S i - 2 , 0 0.03

S i 0 ,2 - 0 .1 2 2 ,4  - 0 .0 2 P i 0, 3 0.08 S i - 2 , 2 0.04

d i 0 ,2 - 0 .0 7 0, 2 0.04 d i - 2 , 2 0.02

g f 0 ,4 - 0 .1 0 0, 4 0.04

d i 0 ,4 - 0 .0 6

H 0 ,4 - 0 .0 5

S i 0 ,4 - 0 .0 2

d i 0 ,4 -0 .0 2

The graphs are labelled as in fig. 1. The interm ediate State is identified in the first and second 
colum ns corresponding to  each graph. The displacement A E  is given in MeV. Only \AE\ ^  0.02 
M eV have been included.

We use the adjective “ bare” to  denote the properties o f  the single-particle states 
once we remove the effects o f the phonons tha t are listed in table 1. However, it is 
obvious tha t the particles are not yet free nucleons, bscause o f the existence o f higher 
energy bosons (giant resonancss) and short range repulsive correlations.

The reducsd m atrix elements A) are calculated using harm onic oscillator
wave functions and the radial depsndence for As in ref. the resultant
num bers are m ultiplied by the factor 13/(A^i +  iV2 -l-3 ), in order to  decrease the 
dependence o f the harm onic oscillator m atrix elements apon  the main quantum  
num ber N.

■f However, we have tried also dependence for the A =  4 phonon. See the discussion in the 
following.
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A  least-square fit for the relative excitation energies has been perform ed with 1:he aid 
o f the routine M IN U IT . The resulting bare and  dressed energies are given in tables 
2 a and 2 b.

We note tha t the bare single-particle states are m ore spread in energy than  the 
dressed ones.

Table 3 illustrates the contributions o f  the displacements corresponding to  the p^ 
and g= neutrón states. We verify tha t those graphs corresponding to  a 2 p -lh  inter- 
mediate state (graphs 1 a, 1 b) yield a negative contribution to  the single-particle energy, 
while those representing a partial cancellation o f the ground state correlations 
(graphs le. Id ) give apositive contribution. F o r p^ both  effects have the same ab- 
solute valué, while in the g^ case the first effect predom inates. This is the reason why 
the displacement o f  the g^ is larger than  the one corresponding to  the pj. level, 
although there are twice as m any contributions greater than  0.10 M eV for the p^ 
than  for the g j level.

T a b l e  4

The optim um  depth param eters o f  the Saxon-W oods po tential (eq. (7)) in order to  fit the  experi­
m ental and single-particle energies

Exp
single-particle

energies

Bare single-particle energies

r*Y^.o 
A W (1 , 8) =  0.05 MeV

r^y*.o 
A W (2 , 8) =  0.05 MeV

Vo (n) 44.1 44.6 45.0
Fs.o. (n) 32.0 33.7 32.;5
^'o Cp ) 58.0 58.7 58.9
n .o  (P) 32.0 28.4 28.5

There are several cases such that the contributions from  perturbation  theory are 
replaced by those coming from  a diagonalization. These cases correspond always to 
processes o f  the type graph la  and involve the A =  3, 4 particle-hole phonons.

Since we do no t have sufficient experience, for instance, on the radial dependence 
o f  the hexadecapole field, we have perform ed another search for the bare single- 
particle energies using the ^ dependence for the A =  4 field In  this case, the 
new bare energies are similar to  the previous ones, for the low single-particle levels. 
The three higher p ro ton  or neutrón level energies are now m uch closer to  the dressed 
single-particle energies. W ith this hexadecapole ñeld, perturbation theory is valid 
at all stages o f the m inim ization procedure in the sense tha t was m entioned p reviously.

In all the cases we are able to  reproduce the known properties o f  the one-boson 
states. In fact, the coupling param eters A  (a, X) do not change sufficient ly to  alter

■f The hexadecapole equilibrium  deform ations are reproduced using an r^ Í4 ,o (0 , dependence 
fo r the hexadecapole field * ’ ). In  such a case, our large m atrix  elem ents involving the Á =  4 phonon 
vanish, since all o f  them  involve a change in the num ber o f  nodes greater than  one.
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the previous results, if  we replace in (5) the bare single-particle energies by the ex­
perim ental ones. This is shown in table 1, where the valúes o f  ̂ ( a ,  ;.) are given.

We have attem pted to  reproduce the single-particle energies by optim izing the 
potential-depth param eters F q and in a Saxon-W oods central field,

V { r ) = _________ *'0 ^ Y e x p ( ( r - R ) / a )  s i
Im c/ l a r  [ 1 -|-exp ((r -J? ) /o )]^  '

(7)

Vq
1 -hexp ( ( r - R ) l a )

We have kept the same param eters a — 0.67 fm  and R  =  1.27 A*  fm as in ref. ^). The 
valúes o f  Vq and „ given in table 4 reproduce (a) the empirical single-particle 
energies, (b) the bare single-particle energies that are obtained using the radial 
dependence for the hexadecapole field and (c) the bare single-particle energies corre- 
sponding to  the dependence o f the /. =  4 field.

4. Verificatlon of the wave function

4.1. ON E-BO D Y  T R A N S FE R  PROCESSES

The am ount o f the adm ixtures in the single-particle wave functions may be mea- 
sured by the decrease in the cross sections corresponding to  one-body transfer pro- 
cesses. The expression for the spectroscopic amplitudes is

=  1 _  1 
2 2k + l

1 2 X + Í
2 ^

l \ í f ( - 2, A)+  £*+£,./ \W(0 ,X)  + e „ . - b J  i 

i r '  '  \ W ( 2 ,  A ) - s , - s j  \ W ( 0 , A ) - e, +  sJ  í

In  practice, the experimental evaluation o f (8 ) is com plicated due to  uncertainties 
in the valué o f the param eters determining, for instance, the neutrón well and the 
deuteron and  proton channels, and in the form  o f the corrections to  the DW BA 
(lower cut-oíf radii, finite range and  non-local effects, etc.). U p to 1969 [ref. ^^)], 
similar spectroscopic factors were derived from  the stripping cross sections to  the

y f l T./fl

V
k

. k

(a ) (b) (c)

Fig. 2. The graphs represent the three different processes entering in the one-body transfer reactions. 
The first ene corresponds to renorm alizations o f  the single-particle states.
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T a b l e  5 a

The predicted spectroscopic factors for one-neutron stripping and pick-up reactions on

Exp
single-particle

energies
r*Y^.o 

AWC2, 8) =  0.05 MeV

Bare single-particle energies 

r^Y^.o
A W(2, 8) =  0.05 MeV

gf

d i

8}

208pb 209pb
0.72 0.78 0.77
0.86 0.88 0.87
0.57 0.31 0.31
0.59 0.63 0.61
0.46 0.83 0.84
0.63 0.62 0.59
0.50 0.05 0.54

®Pb ■'Pb

P4- 1.34 1.46 1.46
% 4.38 4.62 4.44

2.60 2.88 2.80

ií 11.06 11.76 11.62
4.00 0.72 l.'M

h j 4.56 2.79 2.04

T he different listed valúes have been obtained by replacing in (8) the experim ental single-particle
energies o r the bare single-particle energies corresponding to  the hexadecapole fields with the r*
radial dependence (A lV(2, 8) =  0.05 MeV) and with the radial dependence (A ty (Z , 8) =  0.05
M eV), respectively

Table 5 b
The same as 5a but for the one-proton transfer reactions

Ij Exp Bare single-particle energies
single-particle /■“ 14.0 /•"K4.0

energies J  tV(2,S) =  0.05 MeV J  W(2, 8) =  0.05 MeV

208pb ^  209BÍ

h . 0.86 0.88 0.87
f i 0.76 0.78 0.77

0.74 0.69 0.72

h 0.47 0.21 0.27

P i 0.44 0.01 0.06

Pi 0.05 0.06 0.10

^“®Pb -> ^®’T1

1.50 1.58 1.58

d i 3.12 3.20 3.12
h ^ 10.08 10.44 10.32

d i 3.96 3.12 0.36

4 2.96 1.84 3.36
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(a) (b)

, l<2 ‘ 2
‘ 2

h
X—

►i

X—

k, \

( c ) (d) (e) (f)

X—  
k,

k2

(h) (i)

,,*<2

( J ) (k) ( I )

l<2

(m)

X---- J
X—

(n )

. k.2 >2
V

J''
/X ---- / j X_L

,k,

(o) ( p )

j ' t / i

(q ) ( r )

( s ) (t)
Fig. 3. The graphs used in the calculation o f  electrom agnetic transition  rates. The rectangles inserted 

in the arrow s represent renorm alization effects.

seven single-neutrón states in Since that year, a significant decrease in the
spectroscopic factor corresponding to  the - j-  State has been reported For in- 
stance, Vigdor et al. give the spectroscopic factors 1.06 (g ,), 0.97 (h*), 0.65 
( j> ), 1.06 (d^), 1.13 (s^), 1.12 (g .)  and 1.05 (d^).

As a result o f our calculation (table 5), the predom inantly s^ and d^ states should 
present spectroscopic factors considerable smaller than unity {r * dependence o f the 
hexadecapole field), o r cióse to unity {r^ dependence o f the hexadecapole field). 
Thus, the latter dependence appears to  be experimentally favoured.
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However (and bearing in mind the previous history o f the empirical spectroscopic 
factors), it is difficult to  m ake a definite statem ent. For instance, some o f the correc- 
tions to  the DW BA (like lE A ) tend to  depress the wave functions inside the nucleus 
and, consequently, they may affect differently the population o f states w ith different 
num ber o f  nodes. Therefore, the evidence concerning the relative population o f  g | , 
h ^  and  states is m uch m ore firm than  the evidence regarding the spectroscopic 
factors corresponding to  the low angular m om entum  states.

A nother way o f exploring the wave functions by one-body transfer processes is to 
lócate the intensity tha t is missing from  the predom inantly single-particle states 
However the available experim ental results do no t allow one to  extract a definite 
conclusión from  the corresponding analysis, which is no t attem pted here since a 
proper calculation involves the adm ixture o f  continuous states

T able 6

The valúes o f the effective nucleón charges in units o f the p ro ton  bare charge

Initial Final Exp
single-particle

energies

Bare single-particle energies

A W(2, 8) =  0.05 MeV /t fV(2, 8) =  0.05 MeV

N eutrón d j 0.77 0.57 0.50
states H  d |. 0.42 0.47 0.37

h  Pi 0.93 0.62 o.6:>
P i  P i 0.74 0.52 0.47

average 0.71 0.54 0.49
rm s

deviation
0.19 0.06 0.09

Proton h 3.58 1.61 1.59
states % H 2.64 1.89 2.17

Pi h 1.98 1.96 1.47
d^ 2.32 1.27 1.25

average 2.63 1.68 1.62
rms

deviation
0.60 0.27 0.?4

The predicted transition  rates are obtained by replacing in the equations o f  the appendix the 
experim ental o r  the bare single-particle energies.

The evidence concerning spectroscopic factors in ^®^Pb, ^°'^T1 and ^°®.Pb is even 
less conclusive. For instance, Vigdor et al. “ ) report the spectroscopic factors for 
the pick-up o f one neutrón [2.22 (p^), 6.22 (fj)  and 4.05 (p^)] which are in reasonable 
agreement with those o f table 5a.

4.2. E LE C T R O M A G N E T IC  T R A N S IT IO N  RATES

The present description o f the predom inantly single-particle states may be further 
tested by studying the electromagnetic transitions between these states. The correc- 
tions to  the puré single-particle valúes are represented in fig. 3.



We m ust calcúlate first the m atrlx elements o f  the electromagnetic raultipole oper- 
ators bstween the eigenfunctions o f a Saxon-W oods central potential. The Saxon- 
W oods param eters are given in table 4.

The graphical psrturbation  treatm ent introduces two main corrections to  the bare 
operators, acting in opposite directions. The first one tends to  decrease the transition 
rate because o f the decrease o f the single-particle am plitude (norm alization coefiicient, 
see figs. 3a and 3b). The second im portant contribution is m ade through the particle- 
phonon State which may b ;  admixed in the predom inantly single-particle state. Its 
contribution is obtained by multiplying by the factor / 1(0 , A )//(0 , 2 ) th s  valué o f the 
vertex o f figs. 3c and 3d (see appendix).

The resultant 5(E2),h valúes are obtained in units o f the electric charge. By com- 
paring w ith the experimental valúes we obtain the valué o f the eífective electric charge; 
table 6  shows four neutrón and four proton transitions between predom inantly 
single-particle states. We see tha t the valué o f the quadrupole effective charge de- 
creases (as it should) when we take explicitly into account through the perturbation  
procedure the effects associated with the (O, 2) 4.07 MeV phonon.

M oreover, we see tha t the rms deviations from  the mean valué are considerably 
smaller when we explicitly take into account this phonon, and tha t the polarization 
charge is the same for both protons and neutrons within the rms deviations. There 
is no significant difference between the results corresponding to  the use o f  the experi­
m ental energies from  those obtained using the bare single-particle energies. The 
calculations reported in column 1 o f table 6  reproduce the results o f ref. ^); those of 
colum n 2, refs. The fact that the neutrón and p ro ton  polarization charges
appear to  be the same is somewhat disturbing because o f the possible existence o f a 
r  =  1 giant quadrupole resonance.
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5. Comparison with previous calculations

In  the paper, we have studied the modification o f the single-particle states which 
are produced through adm ixtures with collective states o f norm al parity. (Thus, the 
relevant adm ixtures for M I m atrix elements are excluded from  this calculation.) 
M ost o f the previous papers which involve the same lim itation discuss only the 2p -lh  
o r 2 h -lp  states.

H am am oto discusses in detail the adm ixture o f the (g^3~)^ State in th e j  =  -V- 
single-neutron state and o f  the (h .3 “ )^  state in the i =  single-proton state. Our 
results are in substantial agreement with hers in this respect. She also gives the valué 
o f  0.13 [0.14] for the s^ [p,j,] adm ixture probability in the (g^ 4'^)* [(h. 4^)*] states. 
This num ber is to  be com pared with our adm ixture probability of 0.26 [0.36] o f the 
2 p - lh  (g»4‘'')^ [(h5 4 ''')*] in the s^ [p^] single-neutrón [proton] state tha t is obtained 
w ith the r ̂  radial dependence, or with the valué O which is obtained with the r ̂  radial 
dependence. This com parison indicates that the radial derivative o f the Saxon-W oods



potential gives results which lie in between those corresponding to  our two radial 
dependences.

As earlier m entioned, a difference between this calculation and those o f  refs. 
lies in the fact that we include the pairing phonons (following refs. ®)). However 
in ref. ’ ) only one particle-hole phonon (3“ ) is'included, and  the discussion concern- 
ing the predom inantly single-neutrón states in is centered on the two-body
transfer reactions populating these states. In  particular, it is show n th a t the cross 
sections to  the p u ré 7 ’' =  State or to  a state having an appreciable adm ixture os 
the (g |,3“ )^  com ponent are predicted to  have very similar valúes. Because o f  th if  
lack o f  sensitivity, we have not included two-body transfer calculations in this paper.

Ref. includes very similar effects to  those treated  in this paper, w ithin the 
fram ew ork o f the Migdal theory for finite Ferm isystem s. In  both  papers, valúes o f  the 
effective charge for the quadrupole transitions are obtained. H owever the results are 
difficult to  com pare, since it is no t possible to  separate in ref.  ̂ the effects v/hich are 
produced by the giant quadrupole resonances (which are ultim ately responsible for 
ou r final effective charges o f table 6 ) w ith those associated with the low energy 
phonons (which are explicitly taken into account in this calculation).

6. Conclusions

We have elim inated those renornializations o f  single-particle parameters; that are 
produced by the iowest phonon states. However, due to  uncertainties in the radial 
dependence o f the fields (mainly in the a =  O, 2 =  4 com ponent) we are left w ith two 
groups o f  results, corresponding to  the r ̂  and r ̂  dependences o f  the hexadecapole 
field, respectively. Each group o f bare single-particle energies is adequate;ly repro- 
duced by an appropriate choice o f the potential depth param eters in a Saxon-W oods 
central field.

In order to  distinguish between the two possibilities, we have looked a t the evidence 
in spectroscopic factors. This Inform ation favours the dependence, which is charac- 
terized  by the fact tha t the spectroscopic factors o f  the excited single-particle states 
th a t can  be mixed with the Iowest states plus an hexadecapole a =  O phonon, is closer 
to  unity. However, we feel tha t the present knowledge abou t the stripping process 
makes this evidence no t fully conclusive.

The electrom agnetic E2 transition rates are not very sensitive to  the differences 
between the two groups o f bare energies. W e find th a t the valúes o f the efTecti ve charges 
have a considerably smaller spread, once the effects associated with the lower phonons 
are removed.

Discussions with R. Broglia, G. G. Dussel, E. E. M aqueda and R. P. J. Perazzo 
are  kindly acknowledged.
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In this appendix we give the m atrix elements corresponding to  the
graphs o f  fig. 3. We denote by q{ j j ' )  the reduced m atrix elements o f  the quadrupole 
operator between the single-particle eigenstates o f the Saxon-W oods central field. 
They diífer from  2) by the fact th a t the last reduced m atrix elements are
calculated in harm onio oscillator bases (eq. (4)). The m atrix elements are as follows:

(figs. 3a, 3b),
V 2fe2 +  1

2 ) M ( k , k „ 2 )  /  1________________________ 1 \

^ 2 k , +  lyX0,2)  \b ,^ -£ ,^ -W '(0 , 2 ) e , , - s , ,  + W(0,2)J

(figs. 3c, 3d),

V 2k2 + 1  H2 fc2 +  l){£t2 +  'i)}

+ ---------- -------------------------- ■) (ñgs. 3e-3h),
(2fc, + l){£t, + £y+W^(a, A)}/

V2/C2 + I
í2 j  y  
U fci

- Sj-  W(a,  1 )}{£*̂  - Ej. -  W{ct, A)}
(figs. 3i, 3j),

V 2 fc2 +  1 " ' ‘"‘ U  ICi

M ( j ' k „ A ) M ( k , j , X )

K  - £j-  W{cí, A)}{e*. - e u , - £ j - £y}
(figs. 3k, 31),

V 2 fc2 +UV'«rA
Y^{2k + \ ) A \ o i , k ) q { j r )

j  r
.Á k2 k^j

M j j ' k ^ , 2)M(fc, j ,  A)-------------------------------------
{Ê  ̂+ ej. + W(ix, A)}{£t,-£*^

<4l{e,c,".n = li2 A  + í)A^(a,Á)q(jr){] /' f )
V 2 fc2 +  1 " '* '‘ U AT2 /CJ

^ M ( j ' k 2 , X ) M ( k , j , X )

{^k, -  fij' -  W{a, /)} {£*, - E k , - e j -  Ej.j

(figs. 3m, 3n),

(figs. 3o, 3p),



K \ { Q , c : , r >  =  - j J =  i i 2 Á + i ) A \ o ^ , M r j )  í ;  /  /
\2k2 + ÍJ J '“  ̂ U /C2
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{ £ t, + Ej +  W(cc, X)}{sj  +  Ej, + Ei, - J
(figs. 3q,3r),

= - = =  Z ( 2 A +  lM ^ (a ,A M ;j ')  
%■ 2^2  + 1

2  r  j
A k2 k i
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