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Summary. —  A description is given of the dynamics of crystals by meaus 
of co]lective variables, namely the Fourier transforms of the divergence 
and curl of the current. It is shown that, in the harmonio approximation, 
the classical equations of motion are reduced to a set of three equations 
involving only the collectiye variables themselves. From these equa­
tions the usual result for the frequency of phonons is obtained. Further- 
more. the quantum-mechanical equations of motion can again be reduced, 
in a suitable approximation, to a set of three coupled equations in the 
collective variables. A relationship between frequency and wave number 
is derived for the excitations of the system from them.

1. -  Introduction.

The use of collective variables for the description of quantum liquids has 
been exploited by L a n d a u  (x) in his discussion of the properties of superfluid He. 
A more formal basis for quantum h y  dr o dyna mics was then given by K r o n i n g  
and T h e l l u n g  but restricted to the description of irrotational flow. This 
was later extended by T h e l l u n g  (8) and by Zim atí (4) to rotational flow.

(!) L . D. L an d au : Journ. Phys. ÜSSR, 5, 71 (1941).
(2) H. K roning and A. T h e llu n g : Physica, 18, 749 (1952).
(3) A. T h e llu n g ; Physica, 19, 217 (1953).
(4) J .  M. Ziman : Proc. Boy. Soc., A 219, 257 (1953).
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On tlie other hand Z w a n z ig  (s) in a discussion on the existence of longitu­
dinal and transverse phonon modes in a classical liquid has also used collective 
variables (the eomponents of the momentum density) to describe the system.

Recently, Y e e  (6) lias proposed a current algebra formulation of quantum 
hydrodynamics, and rederived to lowest order the Hamiltonian obtained 
by Zim an.

We use here the Fourier transform of the divergence and rotational of 
the current j ( r )  to describe collective excitations in a many-body system, and 
show that they can be used for the description of phonons in classical crystals. 
The application of the method to quantum crystals is also discussed.

Since the variables are particularly suitable for the description of liquids 
(both, quantum and classical) it  seems reasonable to assume that they could 
be used with advantage to describe the dynamics of systems near or at the 
liquid-solid transition.

In  Sect. 2, we define the variables in terms of the classical individual par­
tióle variables, obtaining equations for them from a general Ilam iltonian with 
pair interaction.

We then show that, in the harmonio approximation, they reduce to a set 
of equations connecting the /c-th Fourier component of the divergence D k{t) 
with the two independent eomponents of the rotational C k for the same k. The 
ensuing third-order secular equation can be shown to be identical with the sec­
ular equation determining the phonon frequencies in the usual description 
of the dynamics of a crystal by the displacements of the partióles from their 
equilibrium positions.

In  Sect. 3 the corresponding quantum-mechanical variables are defined 
and their equations of motion determined. They are then approximated on 
the assumption that the state of the system is similar to a ground State in 
which each partióle is considered to be in a bound state whose center of mass 
coincides with its equilibrium poistion in the crystal (’). I t  is found th at in 
that way a third-order equation can again be obtained to determine the eigen- 
frequencies corresponding to the collective modes. For low k these eigenfre- 
quencies are very similar to those obtained in ref. (7) for quantum crystals, 
but they depart from them considerably for high k.

As a consequence of the use of Dk and Ck as dynamical variables the fre­
quencies are not periodic in reciprocal space. This feature is also discussed 
in Sect. 3.

(5) E . Z w a n z iG : Phys. Rev., 156, 190 (1967).
<6) D. D. H. Y e e : Phys. Rev., 184, 196 (1969).
(*) This, plus the assumption. that the ground and first excited states are those 

corresponding to the harmonio oscillator, were used by W e r t h a m e r  and N o s a n o w  ( 7) 

to calcúlate the phonon frequencies in quantum crystals.
(7) B . H. N o s a n o w  and N . R. W e r t h a m e r : Phys. Rev. Lett., 15, 618 (1965).
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2. -  Classical description.

Given a classical system of N  partióles whose positions and velocities are 
characterized by r } and v¡, v e  can define a local density and current in the usual 
form

(2.1) e (r) =  2 ^ ( r  — r *) j
i

(2.2) j(r) = ' £ v j d(r — r j) .
i

As is known (4-8) longitudinal vibrations are described by fluctuations 
in g(r). Through the continuity equation

(2.3) e(r) +  div /(r )  =  0 ,

these oscillations are connected to fluctuations of the quantity D(r)  deflned by

(2.4) D(r) — divjf(r) .

For a system that can also support transverse excitations, we can have 
a unified description by introducing a quantity C(r) independent of i>(r), given by

(2.5) C(r) =  c u rlj(r )  .

The longitudinal and transverse character of the excitations described by 
D(r)  and C(r) is clearly seen in the Fourier transforms

(2.6) Di¿¿) = j 'd 3/, exp [ik-r] .D(r , t) =  — i ^ k - V j  exp [ik-r~\ ,

(2.7) C h{t) = J d 8rexp  [ik-r]C(r ,  t) — — k x v ¡  [ik-r] .

Taking a Hamiltonian of the form

(2.8) B = 2 i t  +  ¡ l y ( \ r , ~ r ,1),

where p¡ — mx¡ , and using the fact that the time derivative of any dynamical

(*) O. P e n ro se : Phil. Mag., 45, 80 (1954).
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quantity A  is given by

(2.9) i ( í )  =  {A, H }  ,

where {A, B } indicates the Poisson brackets of A  and B,  we obtain.

(2.10) í>k==~ i ¿ í  [(k'Vj) +  3i{k-vs){k-vj) — (k v ¡)3] exp \ikr¡\
i

and

(2 .11 ) C k  =  —  i ^ [ { k x V } )  +  2 i { k x v i)(k-vj) +
i

- f  i(kxV;)(k'Vj)  — (fcxv,)(fe-Uj)2] exp [ikr ¡] .

Restricting ourselves to the description of the system in a región of phase 
space in the neighbourhood of the point of equilibrium, we can neglect third- 
order terms in the velocity.

W ithin this approximation, eqs. (2.10) and (2.11) can be written

(2.12a)

and

(2.126)

where

Dk ~  2  Qk’ { akk'^k-k' +  k̂k' ^k-k'} 
k

C k  —  2 0k- {dkk- & k -k ' + ekk' C k -k ’ + ( fk k '' C / f-k ') }  }

(2 .1 3 a )  a¡tfc' =

(2.136)

(2.13c)

bkk' =  

dkk' =

m V

1
m V

1
m V

( & « - (k ■ * ') )  F « .  +  (̂3t— (*•*' )  y.-

(k — k ' f

{ k x k ' )

(2.13d) (k-{k — k')) V„
m V  (k — k')2

and the dyadic

<2-13e> f - =  é v ¡ k ~ - w j < k - k ') k r >-

Here V k is the Fourier transform of the potential

7 (r ) =  T ? I F » exP C - 
¥ i

5 — II Nuovo Cimento B .
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We now want to apply eq. (12) to a crystalline solid and show that in the 
harmonio approximation the ensuing secular equation coincides with the se­
cular equation obtained by describing the excitations directly by means of 
the atomic displacements.

To do this we replace nk in the right-hand side of eqs. (12) by its equilibrium 
valué qI, whieh for a crystal is given by

where the 6Ps are the reciprocal lattice vectors.
Substituting (2.14) into eqs. (2.12) we get a coupling between I>k and C k 

on one side and Dk+G and Ck+G for all 6r’s on the other. These relations can be 
further simplified by noting th at

Combining (2.14), (2.15) and (2.16) with the equations of motion (2.12)

(2 .14) Ql =  N l d ( k - G )
G

Dk+G =  - i ' 2 ( ( k  +  G)-vj) e x  p [i(k +  G) • r¿]
i

and that to lowest order in the deviation from equilibrium

(2.15) l )k+G~ - i 2  « *  +  C) ■.,) esp [ikr‘-j =  í l  + D„ +  i  ((4 x  G) • Ck)

and similarly (*)

(2.16)

we obtain

and

N ífcx G
(2.176) C„ =  ^  |  J - i -  ( VG) (G ■ (k x  C J )  +

+  ( k x G )  [ l W -  Va ) 1 D kj  .

(*) In. deriving (2.16) we liave used the following vector identity: 

A 2(BxC)  =  (A -B)(A xC)~(A -C )(A xB)  — ( B - ( A x C ) } A .
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Since Ck is normal to k, we can completely characterize it by giving its 
eomponents relatiyc to a pair of orthogonal unit vectors e x, e 2 in the plañe normal 
to k. Calling these eomponents C™ and C{k eqs. (2.17) can be written as

(2.18a) Dk = X kDk +  Y ">Gkl +  Y™CK%,

(2.18b) CKi =  Z f D k +  F i ’11’ Gk¡x +  W™»Ckmt,

where

(2.19a) =  -  ^  |  [ ( *  • (k -  G ))2 F*_c - (fc • G)* VG] ,

(2.19 6) ~ - { - i y ^ l { k - { k - G ) ) V ^ G +  {k-G)VG\{G-ei,) (*# » ') ,m V q

(2.19o) kZ'-v — —y  2  (ei ' x ^) )  — (^•G)(T7fc_G— Fg)) ,

(2.19d) ^ f ^ = ( - l ) m J L j ( e ,A x G ) (G -ei) y M  ( j‘V  j) •
mv g

Equations (18) above can be shown to be identical to those obtained in the 
usual approach (9).

3. -  Quantum-mechanical description.

Tn this Section we write the quantum-mechanical expressions corresponding 
to the dynamical variables D h and Ck and derive equations of motion for them 
in the Heisenberg representation. The equations of motion thus obtained are 
approximated assuming that the system is in a state « cióse » to the ground 
state. The resulting equations, harmonio in Dk and C<k) provide the eigen- 
frequencies of the system.

The expressions for Dk and Ck in the notation of second quantization are

(3.1) Dk £ [ ( *  +  k'y  — /fc'2] ,

ñ
(3.2) C k =  —  2  ( k x k ' ) a t i.k.ak. ,%7íl fot

where and ak are the creation and annihilation operators for a particle in 
the fe-th eigenstate of the linear momentum.

(9) D. P in es: JSlementary Excitations in Solids (New ¥ork, 1964).
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In  the Heisenberg representation, the time derivative of an operator A  is

Separating H  into its kinetic (T) and potential (V) energies we have

where Vk is the Fourier transform of the two-particle potential and oh is the 
density operator

are the quantum-mechanical equivalents of the correctly symmetrized clas-

with the coefñcients obtained in the classical equations and are given by 
formulae (2.13).

We will now proceed to approximate eqs. (3.6) and (3.7) so th at they will 
correspond to the excitations of a quantum-mechanical crystalline system. 
In  order to do this, we will calculate the expectation valué of pk, Dk and Gk 
using wave functions obtained by making small changes in the ground-state 
wave function W0 and linearizing in the deviations.

iñÁ =  [A, H ] .

(3.3)

and

(3.4)

(3.5) Qk ~  2 a k+k' a k' >
k'

using (3.2) to (3.5) and after considerable algebra we obtain

(3.6) - ñ * $ k =  [[Dh, T], T ]

and

where

(3.8) Q k 'D k -k ' + B u -k ’ Qk’ 
& k,k' =  -----------------------------

and

(3.9) Q k ’ C h - k '  +  C k ~ k ’ Q k ’ 
V kk' = ------------- X--------------

sical variables Qu,Dk_k, and gk,C k_k, and ak k,, bkk,, d kk,, ekk, and fkk. coincide
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As in ref. (7), Wa is taken as an unsymmetrized product of real one-particle 
wave functions, all with the same form, localized, and centred abotit different 
equilibirum positions r®:

(3.10) r 4, ..., ry) =  (p{r1 — r\) <p{r2 — r°) ... (p(ry —  r£) .

We will assnme the overlap of the<j?’s negligible, so that the lack of sym- 
metry is inconsequential. The Jf-particle wave fnnction ¥  used to evalúate 
the expectation valúes is obtained from by multiplying it  by a phase factor 
exp [i ^  kt r , j . Purthermore we approximate (oD  +  Do)  by 2 (D )  <n>, with

the wave function described above and the expression

eM  -  ' Z d(r  — r d 
l

we obtain

(3.11) eu =  l S ( k - G ) Xh,
G

where the (r’s indicate reciprocal lattice vectora, and yk is the Fourier transform 
of [9?(r)]2.

Taking now the expectation valué of

J (r ) =  ¿  2  ÍPi ó(r  — r i) H- <5(*—  r l)p{\

(pl are the one-particle momentum operators), we obtain

zh
(3.12) j k =  ^  exp [**r£] %u .j líh

Using the relations between j k and Dk and Ck we see that

ftk
(3.13) <D*> =  — ik <jfc> =  — ik ^  - -  exp [¿ftr?]

l

and

ñk
(3.14) <C*> =  — i k x  < jfc> =  — ik x  2  — ‘ exP íikr°i] Xk 

and from these, with no further approximations,

« w > - « ( ( . - M ) , » . , - « i ® ® ]
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an d

(3.16) « W  =  lfc2 { ( l  -  « i >  +  <**£> a  +  *  ( C . f t ) }

replacing now (3.11), (3.15), (3.16) in (3.6) and (3.7) we obtain the following 
equations relating the time Fourier transform of Dk and Ch\

(3.17) -  co*I>k =  ^  |  ^ = ? | [ _ ( 3fc»_JfcG)(ft • G) 7G- ( f e  ■ ( f e - G ) ) 2 T W J ^ +

+  1  [(fe • G) r G +  fe(fe -  G) 7 ^ ]  ((fe x  G) • Cu) j  -  i  [[!>*, n  3a]

and

(3.18) _ 01.C ,  =  ^ | S ^ { [ ( l - í ^ ) r M - ( 2 - í ^ ) 7 e] ( * X C , S 1 +

+  ~  [ (T W -  Vc ) (fe x  G)] (G x  fe) C* -  (fe • G) yG C*} -  i  [[C *, T ], T ] .

The last terms in the right-hand side of eqs. (3.17) and (3.18) stem from the 
kinetic-energy part of the Hamiltonian. Thev can be written in the form

(3.19) — ^  [[.Dfc, T], T]  =  -D *+ one-particle terms ,

(3.20) — ̂ [ [ G fc, T], T ] =  G* +  one-particle terms .

The first term  is a purely quantum term as evidenced by the fact th at it 
vanishes as Ti goes to zero. This term  is obtained also in different treatments 
of the degenerate imperfect Bose gas (*) (10,11), and in the Bohm  and Pines 
treatm ent of the interacting electrón gas (®). The other terms are not exprés - 
sible in terms of the collective variables. In  the case of the electrón gas they 
give rise to the kz dependence of the plasma frequeney and to the electron- 
plasmon coupling (9).

Unlike the classical case, the secular determinant obtained from eqs. (3.17) 
and (3.18) for the fe-th mode is different from the one obtained for the fe +  G

(*) Notice that if the quantum-mechanical spread is comparable to the labtice 
spacing, this term contributes an energy of the order of the localization energy of the 
partióle for fe near the Brillouin-zone boundary.

(10) R. D. E t t e r s :  N uovo Cimento, 44 B , 68 (1966).
(“ ) N. B o g o l i u b o v : Journ. Phys. TJ88B, 11, 23 (1947).
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mode, the nonperiodicity of the ft>2-function in reciprocal space arising from 
the kinetic-energy terms as well as from the %k factors. This feature is a con- 
sequence of the description of the system by the collective variables B k and Ck: 
the periodicity of a>2 in the usual treatm ent results from the fact that the normal 
rriode Je -f  G describes exactly the same physical situation as the k-th normal 
mode, the information contained in them concerning only the deviation of 
the mean valué of the position operator from equilibrium. Since the informa­
tion contained in Dh or Ck involves also the spread of the partióles about their 
mean position through the yk factors, this is not so in our description.

Since the collective variables do not depend critically on the deviation of 
the position of the partióles from a fixed equilibrium point as discussed by 
Z w a n z iGt (5), they are also suitable for the description of quantum liquids, 
consequently they could be useful in the description of the solid-liquid transition 
in He for example.

We should also mention th at the neutrón scattering cross-section is re- 
lated to the Fourier transform of the density-density correlation function 
<e(r, t)e(r,  0)> (12).

The time derivative of g(r, t) is related to J)(r, t) through the continuity 
equation (*) ¿(r, t) -j- J)(r , t) — 0. Therefore it seems reasonable to expect that 
the results of neutrón scattering measurements in quantum crystals can be 
compared more easily with the predictions of eqs. (3.17) and (3..18) than with 
the results obtained by the usual method.

(12) L .  Van H ove: Phys. Bev., 95, 249 (1954).
(*) As is known (see ref. (6) for example) this equation is obtained direetly from 

the commutator [o, E[  and the definitions of o and D.

E I A S S U N T O  (*)

Si da una descrizione della dinamica dei cristalli tramite variabili collettive, cioé 
le trasformate di Fourier della divergenza e della rotazione della. corrente. Si dimostra 
che, nell’approssimazione armónica, le equazioni classiche del moto sono ridotte ad 
un insieme di tre equazioni che légano solo le variabili collettive stesse. Per queste eqna- 
zioni si ottiene il solito risultato per la frequenza dei fononi. Inoltre si possono ancora 
ridurre le equazioni quantomeccaniche, in una approssimazione opportuna, ad un 
insieme di tre equazioni accoppiate nelle variabili collettive. Si ricava un’equazione 
fra la frequenza ed il numero d’onda per le eccitazioni del sistema.

(*) Traduzione a cura della Redazionc.



72 B . a l a s  c í o  a n d  a . l ó p e z  d á v a l o s

Oimcaisie ;inna.MWKn KpHCTajuiOB c noiwombio KOJiJieKTHBHbix nepeMemrux.

Pe3H)M e (*)• ----  npHBOOTTCK OHHCaHHe flHHaMHKH KpHCTaJIJIOB C nOMOIUbtO KOJUI6KTHB-
h h x  n e p e M e H H B ix , a  H M e m io , ( jjy p b e  n p e o 6 p a 3 0 BaH H M  O T B e p re H m iH  h  p o T o p a  T O K a . 

n o K a 3M B a e rc H , t t o  b  ra p M o u m e c K O M  n p u S jiT O fc e H iiH  h x  K Jia c cH M e cK H e  y p a B H e H H a  .u b ií- 

X e H H H  C B O flH T CÍL K  C H C T e M e  T p e X  y p a B Iie H H H , K O T O p w e  B K JIIO H a iO T  T O J Ib K O  C a M H  K O J I- 

J ie K T H B H tie  n e p e M e H H w e . M s  3 t h x  y p a B H e m iM  n o n y iia c T c a  o S l ih h b ií í  p e 3 y jib T a T  a jih  

H a C T O T M  (JíO H O H O B . K p O M e  T O T O , K B a H T O B O M e xa H H H C C K H C  y p a B H e H H a  A B H a c e H H » T a o s e  

M o r y T  6 h t b  c B e ^ e H E i, b  c o o T B e T C T B y io m e M  n p iiS m o K e im ii, k  C H C T e M e  T p e x  C B jis a H H w x  

y p a B H e H it íí n o  K O JiJ ie K T H B H b iM  n e p e M e H H b iM . H 3 s t h x  y p a B H e m iíí B b iB o jiH T c a  C B H 3 b  M e a y iy  

H a C T O T O H  I I  B O JffiO B b lM  B e K T O p O M  /(JIH  p a C C M a T p H B a e M b lX  B 0 3 6 ya C fle H H Ü .

(*) üepeeedeHO pedaKifueü.


