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Indications on the g-Like Singularities in the Complex J-Plane.
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R . O d o r ic o  
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We present a sum rule wliich is satisfied by the amplitude of the forward jt-JV charge- 
oxcliange scattering. It relates the relevant high-energy parameters to lower-energy 
data. In contrast with other dispersión sum rules, the very-low-energy data contribute 
liere with much more weight.

This sum rule provides a new insight into the strueture of the singularities in the 
complex t7-plane. We find that, besides the o-polc, other singularities must be present 
to obtain consistency, and a rough indication of their strueture is obtained.

Let us indícate the 7r-p forward charge-exchange amplitude by -F<~)(j’) (1). We assume 
at first that the g-pole is the only Regge singularity with R e J >  — 1. Therefore, at 
largo \v\, .F<-)(t>) has the form

1 — exp [— inrx]
sm na.

By integrating F M {v) along the closed 
curve C indicated in Fig. 1, one gets the 
sum rule

"g

/<i(2) J dv Im F {~)(v) 

o v“ + 1 Vn.
’  = I m í H W  °a -f* 1 a +  1

quoted by the authors of ref. (2).

(*) Permanent address: Istituto di Física Teórica dell’Universitá, Napoli.
(**) On leave of absence from  Instituto de Física Balseiro (CNEA y  UNC), and Centro Atóm ico 

Bariloche (CNKA), R ío Negro.
(*) v is the n laboratory energy.
(a) A. A . Logttnov, L. IX Soloviev a n d  A. N. Tavkhelidze: Phys. Lclt., 24 B, 181  < 1 9 6 7 );  K. Igi 

a n d  S . Matsuda: Phys. Itev. Lett., 18, 6 2 5  ( 1 9 6 7 ) ;  R. Gatto: Phys. Itev.Lett., 18, 8 03  (1 9 6 7 ) ;  D. IIorn 
a n d  C. S c h m i d : CALTKCH r e p o r t  6 8 * 1 2 7  (1 9 6 7 ) .
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It is interesting to consider

(3) /(*-) =
F ^ (v)

v(v +  ft)a

Since /(v) is regular in the upper lialf-plane of v (3), we have

(4)

where O is 111<• closed curve.
At large ]»>|, f(v) has tlie forni

Jdv/(v

(5 ) f(v) ~ p  -

) =  0 ,

- exp [— Í7ix] 1

If v0 is sufficiently large as in Fig. 1, eq. (4) bocomes

(6)

*0

já v f(v ) =  jtfi 1 — ¿ t g -  a ) .

Tlie imaginary part of tliis equation talces the following form : 

4 nM
(7 ) / 2 u w h / ( —  /i2¡2M

(~>M -+  í  -  (sin na. (  ’ ° V  lie F<~>(v) -  [ (  V° V  -  (  V° V
J  v [ V  — W  . V a  + /V V  — f1/

=  n tg^  afívQ =  n tg ^  a Im F ( >(*>„) , 
Z ¿é

wliere // and M  are tlie mass of tlie pión and nucleón, respectively. The number a is 
determined by eq. (7), when tlie experimental results are used to evalúate F'~>(v) 
up to v0.

To evalúate the sum rule, one has to introduce tlie data for the real part of the 
amplitude. This data have errors considerably higlier than those for the imaginary part.

Howevcr, sum rule (7) is much more sensitive to variations in a tlian sum 
rule (2) (4). This fact allows meaningful conclusions to be drawn about the existence and 
structure of other singularities, in addition to the p-pole, in the complex .7-plane with 
Re J >  — 1.

Another cliaracteristic feature of the sum rule (7) is that the dominant contribution 
is given in the low-energy región up to 1.2 GeV, in contrast to sum rule (2) in wliich 
the contribution of this data is relatively small in comparison with the higli-energy tail.

(s) liccause Z',(—!(i') is odd, 1(v) is continuous at v =  0.
(4) Iu tho latter sum rule a variation of a as big as U.2 doos not cause disagreement with experi­

mental data within the errors.
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We observe in tliis connection tliat the o-pole does not contribute to tlio integral of 
eq. (7) as is apparent from eqs. (5) and (6).

In the evaluation (5) of the sum rule we have taken j’0 — 6 GeV. Im v0) has 
been calculated for a ranging froin 0.30 to 0.80. The results are rcported in Table 1.

T a b l e  I. -  I m Í ’H (»0) for vt¡ =  6 GeV calculated from the sum rule (7 ) for various valúes 
of oc. In column a) the calculated valué is reported, in columna b) and c) the máximum 
and mínimum figures compatible witli the errors of the input data are listed. 

Experimentally Im F i~)(va) =  0.415 ! 2

a
a)

Im í ,(“ )(v°) 
(n -1)

b)
Max

c)
Min
(fi-1)

0.30 0.40 0.68 0.17
0.40 0.26 0.55 0.02
0.50 0.06 0.32 — 0.18
0.60 — 0.21 0.02 — 0.42
0.70 — 0.52 — 0.35 — 0.69
0.80 — 0.79 — 0.69 — 0.89

Because of the large uncertainties in the data for the real part, we have reported in two 
distinct columns the máximum and minimum valúes of Im _F(->(v0) compatible witli 
errors. These calculated valúes are to be compared witli the experimental valué 
Im J,‘->(v0) =  0.415 ±  2% fi-K

From the Table, a appears to be too low by about 0.2 when compared witli the 
valué a. =  0.58 wliicli results from the high-energy fits. Tliis is in agreement witli wliat 
has been found by the authors of ref. (8) in their semi-quantitative analysis of non- 
forward 7t-JVr> charge-exchange scattering. The low valué of a indicates that otlier singu­
larices in the complex J-plañe with Re<7< a. must occur witli an appreciable weight. 
The sum rule (7) does not distinguish well between the various kinds of singularities 
(cuts, poles, etc.); it is sensitivo only to the J  at which the singularity occurs and to its 
weight in the high-energy fit.

In order to get consistency with the experimental data and the q parameters as 
determined by the high-energy fits, we may tentatively introduce a g'-pole togetlier 
witli the g-pole. However, wit.h the parameters given for the o ' by L o g a n  et al. (9), 
tlie disagreement is not noticeably reduced. To get better agreement, a stronger weiglit 
for the q' in the high-energy fit, the same sign for the residues of tlie o and o', and

(’ ) W e have taken f 1 =0.081 ±0.002. For the real part we have used tlic data quoted in ref. (*) 
and for the total cross-sections the data quoted in ref. (7).

(•) G. H ó h l e r ,  J. B a a c k e  and R. S t r a u s s :  Phys. L e t t . ,  2 1 ,  223 (19G6).
( ’ ) B .  A m b i .a u d ,  P. B o r g e a u d ,  Y .  D u c h o s ,  1>. F a l k - V a i r a n t ,  O . G u i s a n ,  W .  L a s k a r ,  P. S o n -  

d e r e g g e r ,  A .  S t i r l i n g ,  M .  Y v e r t ,  A .  T r a n  H a  a n d  S . I >. W a r s h a w :  Ph¡/s. Lett., 1 0 , 1 3 8  (1 9 f !4 ) ;  
A .  C i t r ó n ,  W .  G a l b r a i t h ,  T .  F .  K y c i a ,  B .  A .  L e o x t i ó ,  R .  T I. I ’ h i l l i p s ,  A .  I í o ü s s e t  a n d  1\ I I .  S h a r p  : 
Plu/S. liev., 1 4 4 ,  1 1 0 1  ( 1 9 6 6 ) ;  G . G i a c o m e l l i :  Proc. S .I.F .  C o u r s e  X L  ( t o  a p p e a r ) ,

(*) R . D o l e n , I). H o r n  and C. S o h m i d : Phys. liev. Lett., 1 9 , 402 (1967).
( ’ ) U. K . L o g a n , J. B e a u p r e  and L. S e r t o r i o : Phys. liev. Lett., 1 8 , 259 (1967).
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a valué of tlie q' intercept a' nearer to tliat quoted by I I ó g a a s e n  ' et al. (10) 
( « '=  — 0.63) rather than to tliat of L o g a n  et al. (9) (a '= 0 .17 ) is required. Instead of 
tlie q' one may introduce a cut. With the parameters given by Chiu et al. (n ) tho 
situation does not improve. In oidor to go in tho riglit direction, the discontinuity 
D (J, t =  0) along the cut has to be of the same sign as the q residue and be particularly 
large for low valúes of J.

The contribution of the resonances is of negligible weight, in tho above considera! ions; 
indeed, with our clioice of v0, it is roughly 15 times less than that of the r, (12).
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